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Abstract

Within thephaseeld communitytherehasbeenmuchdiscussioraboutthevariousmod-
els usedto simulatemultiphasesystems. The aim of this thesisis to qualitatvely and
guantitatvely testandcomparesomeof the main differencesetweenthesemodels. In

orderto achieve this the modelsusedare derived fully from the samemultiphasefree
enegy functionalfor an anisotropicsystem. This methodof derivation ensureghatthe
resultsfound from thesemodelswill be comparablevith eachother Additionally this
methodallowed directcomparisondetweerthe governingequationsof thesemodelsto
be carriedout. Simulationsare carriedout in both two and three phasesystemshow-

ever all simulationsarelimited to two dimensions.The two phasesimulationsprovide
a methodof analysingthe grid anisotroy of the modelsbeingtested,aswell astesting
the appliedanisotroy. Additionally ary two phaseresultsfrom thesemodelscanbe di-

rectly veri ed usinga singlephasemodel. Thethreephasesimulationswereof a highly
idealisedeutecticsystemthiswaschoserin orderto compareghesolidi cation velocities
from eachmodelwith eachother andto testwhetherthey obeyed the eutecticvelocity
scalinglaws. Additionally simulationsverecarriedoutto demonstrateutecticchanging
their spacing.
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Chapter 1

Intr oduction

The solidi cation of metals,andspeci cally of metallicalloys, is of greatimportancen
themodernworld. During solidi cation microscopicstructuredorm within the solidify-
ing melt. Predictingthe developmentandevolution of microstructuresindercontrolled
conditionsis of greatimportance.The techniqueof rapid solidi cation is usedto create
microstructuregor monitoringand examinationwithin the laboratory The microstruc-
turesformed using rapid solidi cation differ from thosefound in real world systems,
howeveranunderstandingainedrom rapidsolidi cation canbeappliedto therealworld
systemsThis techniquehasdevelopedasanexperimentakool for researclaswell asan
industrial process. Thereare two techniqueswhich bring aboutrapid solidi cation in
metalsor alloys, rapid quending or undercooling[2]. The rst of thesecanbeachieved
by a oneof severalmethodsgachof whichis intendedo causerapidsolidi cation by in-
troducinga steepiemperaturgradient(undercoolingalsointroducesa steepgtemperature
gradient),however this canleadto problemsin observingthe solidi cation andis only
possiblein onedimensionor whenthe samplesizeis small e.g. ribbonsor wires. The
secondmethod,undercoolingrequiresthe cooling of the meltto below its melting point
beforeit is nucleatedThisis achiezedby avoiding contactbetweerthe meltandarnything
which couldprovide anucleatiorpoint, the rst stageof thisis to remove oxidesandhigh
melting point impuritiesfrom the melt. This conceptcanbe extendedto remove contact
betweenthe melt andary container The nucleationmustbe preventedwhile the melt
is cooledby the requiredamount. This is achieved by a seriesof techniquesvhich are
classedogetheras containerlesrocessesnd include methodssuchaslevitation and
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droptubeprocessing2]. By doingthis, the large differencein the Gibbsfree enegy for

the solid andliquid stateswill causerapid solidi cation. Releaseof latentheatwithin

the solidifying zoneresultsin anincreasen the temperatureof the liquid aheadof the

solidifying front to a maximumof DH; Cp, whereDHs is the latentheatof fusion and
Cp, is the speci ¢ heatcapacity or until the temperatur@headof the front hasincreased
to the melting temperaturdl,,. Oncethis hasoccurredary further solidi cation will be
governedby the extractionof heatat the boundariesandthe systemis no longerwithin

therapidsolidi cation regime.

Phaseeld modelinghasbeenusedto simulatetheserapidsolidi cation experiments.
This techniqueprovides advantagesver more traditional interfacetracking techniques
wherethere are comple interface geometriesand especiallywhereinterfacesjoin to-
getheror separateThisis advantageousvhendealingwith thecomple« geometriesvhich
occurwhensimulatingeutecticmicrostructures.



Chapter 2

Background

The backgroundchapterfor this thesisis split into two sections: solidi cation theory
andphaseeld techniquesBasicsolidi cation theoryrequiredfor the phaseeld model
within this thesisis presentedn the rst section. This sectioncoversthe topics of nu-
cleationandsolid growth brie y beforelooking at speci ¢ microstructuresvhich will be
simulatedin greaterdetail. The secondsectionof this chapterinvestigategphase eld
modelspresentedn the availableliterature. Thesearesplit into categoriesdependingn
whatthe speci ¢ modelsimulates.

2.1 Solidi cation Theory

Thebackgroundo solidi cation theoryis split into thefollowing subsectionspuremet-
als, alloys, nucleation,solid gronth and microstructures.The pure metalssectionsde-
tails the thermodynamic®f pure metals,the alloys sectioncoversthe extensionsto the
pure metal casecreatedby the addition of alloying elements. The nucleationsubsec-
tion describesnethodsby which solidi cation startswhile solid growth thendealswith
the mechanism®f growth within the two systemslescribedsofar. The microstructures
subsectiorexamineswhat microstructuresre possiblein eachsystemandprovidesad-
ditionalinformationregardingthe microstructureso be simulatedn this thesis.
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2.1.1 PureMetals

The solidi cation of a puremetalfrom its parentmelt hasbeenwidely studiedanddoc-
umented(e.qg. [3, 4, 2]) andwhile this thesisis primarily interestedn the simulationof
alloy systemspuremetalsystemsprovide agoodbackgroundor understandinghealloy
systemsHow puremetalsandalloys behae whensolidi ed from their melt variessince
in the latterthereis the issueof the distribution of chemicalspeciesaswell astempera-
ture.

To examinethis transformationin greaterdetail the main characteristiaifferences
betweernhetwo statesmustbe examined,namelythe changan Gibbsfree enegy (DG),
thechangen enthally (DH) andthe changen entropy (DS).

The changean enthally causedy goingfrom T, to Ts (theliquidusandsolidustem-
peratures)s givenby ([3, 2]),
T
DH  DCydT (2.1.1)
T
whereDC,, is the differencein heatcapacityfor the solid andliquid phasefCps  Cpy).

Theentrogy changecausedy achangdn temperatures givenby,

© Dt

DS
T T

(2.1.2)

The Gibbsfree enegy providesthe principle driving force for solidi cation; the change
in the free enegy canbe expressedasa combinationof the differencesn the enthalyy
andentroyy asfollows,

DG DH TDS (2.1.3)

This arisesfrom the differencebetweenthe Gibbs free enepgy for the solid and liquid
statesvhich aregivenby

Gs Hs TSs (2.1.4)
GL H TS (2.1.5)

respectrely. We imaginethe Gibbsfree enengy, for a puremetal,asa doublewell func-
tion with minimafor thesolid andliquid states.Theform of thisis highly dependentipon
the conditionsof the system. For examplea systemabove its melting point will have a
lower enegy minimumfor theliquid statethanthe solid state while thereverseis trueif
thetemperatures below the meltingtemperatureFigure2.1.1is adaptedrom [1]

WhereDG; is theactivationenegy. Whetherthe nal equilibriumstateis liquid or solid
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Activated
State

Gibbs Free Energy

Initial State

Final State

Figure2.1.1:HypotheticalGibbsFreeEnegy asafunctionof State(adaptedrom [1])

is determinedy the temperatureWhile Figure2.1.1shows a region betweerthe initial
and nal stateshisdoesnotexist butis simply displayedo demonstratéheboundarybe-
tweenthetwo states Whena phasechangeoccurstwo new termsareaddedo Equations
(2.1.1)and(2.1.2),thesearethe enthalpy of fusion,DH;, andthe entrogy of fusion,DS;.
Theserepresenthe enegy changewhich occurswhenthe stateof the systemchanges
from solid to liquid, or liquid to solid.

2.1.2 Alloys

Whentwo or morepuremetalsarecombinedn moltenor solid form theresultingmixture
is referredto asanalloy. Sucha combinationof metalsresultsin signi cant changego
the systemdescribedabove for pure metals. An alloy canalsobe the combinationof a
metalanda non-metakuchassilicon or carbon.In the simplestcaseanalloy is madeup
of two elementsthis is referredto asa binary alloy. For this casea phasediagramcan
becreatedsuchasFigure2.1.3(phaseadiagramsanbe createdor higherorderalloys but
aresigni cantly morecomple). To createdhis the Gibbsfree enegiesat a certaintem-
peratureT; for theliquid andsolid (GS andGy) areplottedasfunctionsof concentration
c. A commontangents thendravn betweerthe two free enegy curvesandwherethis
tangentintersectsachcurve givesthe concentratiorior the liquidusline andthe solidus
line atthe selectedemperature];. Thecommontangeniminimisesthefreeenepy of the
two phasesThis processs shaovn in Figure2.1.2.
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_ - ~Common
Tangent

Figure2.1.2: Commontangentonstructiorfor phasediagrams

The phasediagramshown in Figure2.1.3is for anideal binary alloy, thisis a binary
alloy with zeroenthalpy of mixing (DH. for theliquid phase)[1].

Temperature
/

Figure2.1.3:Lensshapedghasediagramfor anidealbinaryalloy

The geometryof this type of phasediagramhascausedt to betermed‘lens” shapedIn
this casethe concentratioomeasureghe amountof the puremetalwith thelower melting
temperatureAt aconcentratiorof oneor zerothesystenis simply a puremetal,however
analloy is formedfor all intermediatevaluesof concentration.The diagramshows two
lines connectinghe pure metalmelting temperaturesabove the liquidus representsig-
uid, andbelow the solidusrepresentsolid. Theregion betweerthetwo is anareawhere
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bothsolid andliquid canco exist in equilibrium.

The presencef morethana singlecomponentltersthe entrofy andenthalyy terms.
For exampleanentrogy of mixing canbeformedfor abinaryalloy [1]

DS Rcnc 1 clInl c (2.1.6)

wherec denoteghe concentratiorof onepuremetalin another Theterm (2.1.6)repre-
sentghe changen entrogy createdoy mixing thetwo purecomponenténto analloy and
it is minimisedatc 05, which representan equalmixture of the 2 componentsin a
moregeneraform, for anM componenalloy wherec! is theamountof componentj, the
above becomes y
DS R§ clinc (2.1.7)
i1

whichwill besubjectto theconstraint

Mo

ac 10

i1
andDS; will be minimisedwhenthereareequalamountsof eachcomponentin boththe
binaryandthe generakystem.

An enthalfy of mixing term(DH;) alsoarisescomingfrom thefactthatwhentwo or
moreliquids are mixed heatmay be absorbedr expelled; it is worth noting that some
mixtureshave zeroenthalfy of mixing (e.g. the ideal alloy in Figure2.1.3). The en-
thalpy of mixing is de ned asthechangéan heatwhich occursduringmixing andis often
approximatedy:

DH. Wc1l c (2.1.8)

whereW is a (temperaturedependent)nteractionparameter. Thesecontrikutions are
combinedo give new versionsof Equationg2.1.1)and(2.1.2)[1]

.

DH DHe  DCudT (2.1.9)
T
Ts[x:p

DS DS P4t (2.1.10)
T T

Theseexpressionsresubstitutednto the Gibbsfree enegy givenby Equation(2.1.3)as
before.
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2.1.3 Nucleation

The nucleationof a solid within a meltis how solidi cation is initiated. Initial pointsof
solid materialor spontaneouslusteringof atomsactasnucleiandsolidi cation spreads
out from them. Whatform this nucleationtakeswill have a signi cant effecton how the
melt solidi es. In anundercoolednelt, with no externalsourceof nucleation the nuclei
appearthroughoutthe undercoolednelt. Thesenucleiarecreateddueto uctuationsin
thethermal eld or solute eld, andby the creationof aninterfacebetweerntheseinitial
clustersandthe surroundingliquid. It shouldbe notedthat as undercoolingincreases
the tendeng for homogeneousucleationalsoincreaseshowever at the sametime the
potentialfor growth of any nucleuswill alsobeincreasedThe secondype of nucleation
occurswhenthereis a preferentiallocationfor solidi cation to occur this caninclude
anything from impuritieswithin themeltto the containemwhich holdsthemelt. This type
of nucleationis called heterogeneousucleation. In rapid solidi cation heterogeneous
nucleationis controlledto the highestdegree possiblein orderto cool the melt to the
desiredundercoolingoeforenucleationcanoccur

For aninitial clusterof atomsto form a crystalnucleusanactivationenegy hasto be
overcome this canbe found by addingthe volumeandinterfacecontritutionsto obtain
theabsoluteGibbsfree enegy (asopposedo the Gibbsfreeenegy permole)[1,5],

DG DG DGy

sA vDg
3

4pr
S4prie — 5 Dy

wherernyc is the radiusof the cluster s is the interfaceenegy betweenthe solid and
liquid phasesand Dg is the Gibbsfree enegy of transformatiorper unit volume. This
hasassumedhatthe clusteris spherical. The Gibbsfree enegy perunit volumecanbe
written as

Dg  DsiDT (2.1.11)

whereDss is theentropy of fusionperunit volumeandDT is theundercoolingvhichwill
bedealtwith in thesolid growth section.BoththisandDT arepositive quantitiessoDg is
negative. The maximumvalueof DG is foundby nding thevalueof r,c which satis es
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DG
ruc

DG
M huc
Substitutingrnue 0 0r rpye 2s Dg givestherequiredcondition. Thesecondderiva-

tiveof dGis

8SProuc  4pDgri,. (2.1.12)

2
g 8sp 8pDgrauc (2.1.13)
ﬁrnuc

Substitutingrhye 0 givesa positive quantity in otherwordsa stablepoint. Substitut-
iNg rnuc 2s Dggives 8ps, this meanghatthis value correspondso a maximum.
Sincea systemwill alwaysseekthe minimum enegy con guration, if rpyc 2s Dg
theclusterwill shrink,andnot provide a point of nucleationhoweverif rnyc 2s Dg
the clusterwill grow, providing a point of nucleation.Thevalue 2s Dg is the critical
radiusr it ([5]).

Whena foreignsolid is introducedinto anundercoolednelt it may facilitate hetero-
geneousiucleation([3]), nucleationof anearsphericaklustermayoccuragainstheside
of thesolid. The presencef the solid reduceghe activationenepy of solidi cation by a
factorof f q, whereqy is thewettinganglewhichis the anglesubtendedetweerthe
foreignsolid andthe edgeof the cluster A valueof g, 0 is termedcompletewetting
andgy p iswherenowettingoccurs.

Thefunctionf g, isdervedin [3] as

Forelgn
Solid

Cluster

Figure 2.1.4: Solidi cation facilitated by the introductionof a foreign solid gy, is the
wettingangle

2 cosgw 1 cosgy ? (2.1.14)

F N

f aw
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Thisrangedrom 0to 1 asqy, variesfrom Oto p, whereq, p recorersthehomogeneous
nucleationsituation. The activation enegy, the heightof the potentialbarrierin Figure

2.1.1,is givenby
16p s3

3 Dg?
Theintroductionof aforeignsolid lowerstheactivationenegy, thismeanghatnucleation
canoccurmorereadilythanin thecaseof homogeneousucleation Additionally, because
Dg tendsto zeroastheundercoolingendsto zeroit becomeglearthatno nucleatiorwill
occurwithoutundercooling.

DG4 f G (2.1.15)

2.1.4 Solid Growth

Oncenucleationoccurs,the metastableundercoolediquid changesnto a stablesolid
stateproducinglatentheat. Solidi cation ratesare controlledby the undercooling.In a
puremetalthereare 3 possiblecontritutionsto the undercooling3]. Firstly thereis the
thermalundercoolingwhichis givenby

DT T T (2.1.16)

wherethis undercoolingrepresentdiow far belov the local (not the sameasthe equi-

librium) meltingtemperature];, a meltis. The secondcontribution to the undercooling
which must be accountedor in a pure metalis the curvature undercooling(or Gibbs
Thompsonundercooling) DT,, which occursdueto a pressuralifferencebetweeneach
sideof theinterfacethatis createdby the curvatureof theinterface. The smallerthe ra-

diusthebiggerthecurvature whichin turn providesfor agreatempressuralifferenceand

hencea largervalueof the cunvatureundercooling:

DT, KG (2.1.17)

whereK is thecurvatureandGis the Gibbs-Thompsoroefcient. Thecurvaturehereis
de nedas

K — — 2.1.18
r o ( )

wherer, andr, arethe principleradii of curvatureof a surface.Hencefor a spherewith
radiusr, K 2 r. Figure2.1.5shavsthe principleradii of curvature.

In Figure2.1.5thecirclesfor r1 andr;, areorientatedpoerpendiculato eachother In
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Figure2.1.5: Principleradii of curvature

the caseof asphereboththeradii arethesamehenceK 2 r. For acylinderoneradius
is that of the cylinder, however in the perpendiculaplanethereis no curvatureso the
radiusis ¥ . The Gibbs-Thompsomroefcient is givenby,

S

G -
Dst

(2.1.19)
wheres is theinterfaceenegy betweerthesolid andliquid phase®ndDs; is theentrogy
of fusion perunit volume. For mostmetalsGwill be of theorder10 ‘Km which means
thatthecurvatureundercoolingonly really becomesigni cant wherevery high valuesof
cunatureexist.

The third contrikution to the undercoolingin a pure metalis a kinetic contribution,
which comesfrom the movementof theinterface.

DT« bvn (2.1.20)

whereb is akinetic coefcient, andvy, is the normalinterfacevelocity. Typically b will
beof lessthan1 OKsm ! sothekinetic undercoolingwill only becomesigni cant where
the solidifying front is moving at high speedsTheseundercoolinggombineasfollows

DT DTt DI, DIk Tm T (2.1.21)

The equilibrium melting temperatureln, is the sameasthe local melting temperature
(Ti) fora at (DT, 0)stationary(DTx  0) interface.To extendthis undercoolingor an
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alloy systemanotherform of undercoolingthe solutalundercoolingDTg, is added.This
is givenby [3]
Dl mCy C (2.1.22)

whereCy is theinitial concentrationn theliquid, C; is the concentrationn theliquid at
the solid/liquid boundaryandmy is the slopeof theliquidus. From[3] it is shovn that

Co

CIllkeW

(2.1.23)

whereke is theequilibriumdistribution coefcient, whichis theratio of theconcentrations
in the solid andat the interface(Cs Cj) andWis a measureof supersaturationyhich is

givenby
G G

w 2.1.24
By combining(2.1.22)and(2.1.23)
W1 ke
Whenthe supersaturatiors very smallthis canbe approximatedy
Dl mCoW1 ke (2.1.26)

This undercoolings addedo the previousthreeforms of undercooling2.1.16),(2.1.17)
and(2.1.20)to give thetotal undercoolingor analloy.

2.1.5 Solidi cation Micr ostructures

Following nucleationthe undercoolingandcomposition(in the caseof alloys) will gov-
ernwhattype of microstructuregsorm, andhow they develop. In the puremetalscenario
only single phasecrystalscanform, however in the alloy caseit is possiblefor singleor
multiple crystallinephasego form asaresultof solidi cation.

2.1.5.1 Dendrites

Dendritic crystalsare single phasecrystalswhich canform in either pure metal or al-
loy systems.Dendritesarecrystalswhich grow in atree-like structure theinitial branch
movesin agivendirection(determinedy thethermalor solutepropertiesattheinterface
andthelocal crystallographyandcanthengrow sidebranches.Therearetwo forms of
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dendriticgrowth, constrainecdindunconstrained.

Constrainedyrowth is wherethe growth rateof the dendriteis limited by theimposed
thermalgradient.Neighbouringdendriteshave the samealignment,which is dictatedby
directionof the externallyimposedthermalgradient,for their primary branch(or trunk)
andthesidebranchegrow into eachother Thisis oftenthe situationwhich occurswhen
ametallicmeltis pouredinto acontaineythecontainemwalls actingasaheatsinkto allow
constrainediendriticgrowth.

A primary arm spacing(/ 1) canbe identi ed; this is the gap betweenthe tips of 2
neighboringorimarydendrites. Thetips of thedendritegshemselesareparabolicn form
([3, 6]), however the parabolicregion only lastsa shortdistancebehindthe tip before
uctuationsin thethermal/soluteelds generateinusoidaperturbationsTheseperturba-
tionscanevolve with timeto createsecondararmshoweverthesesidebranchesompete
againsteachotherandbrancheoften eliminateneighboringbranchesThesesecondary
branchedave aninitial characteristispacingof / 2 whichis determinedy the presence
of otherprimarybranche®r thethermal/solutaleld of otherbranchesThesesecondary
sidebranchegangrow in a similar mannerto a primary dendriteandform tertiary side
branching however oncethetips of thesearmsencountethethermal eld from another
armtheir growth tendsto slow down andthey coarsen.

The secondtype of dendriticgrowth is unconstrainedjronvth. Here heatand/orso-
lute is expelledat the interfaceinto the undercoolednelt. Ratherthanhaving numerous
branchegyrowing side by side, brancheggrow in an equiaxed manney the numberof
which is determinedby the underlyingcrystallography The velocity of growth is de-
terminedby the undercooling. Thesebrancheswill grow out in a radial directionwith
roughly equalspeedassuminganisotropicmelt) from the point of nucleationuntil they
encountebranchegrom anothempoint of nucleation.

The growth rate of the dendriteis controlledby featuresof the liquid aheadof the
dendritetip. The gradientsof the thermalor solute elds de ne the rate of diffusion of
heat,or heatandsolutein the caseof analloy. It wasshavn by Ivantsw ([7]) in 1947
thata paraboloidof revolution, which hasa tip radiusof curvatureR andtip velocity of
V would maintainits shapeasit grows, subjectto oneof thefollowing conditions.For a
solute-difusionlimited solidi cation, [3]

P (2.1.27)
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whereP; is the solutal PecletnumberandD is the diffusion coefcient for the liquid.
While the conditionfor athermal-difusionlimited caseis

RV

2 (2.1.28)

R

whereR is the thermalPécletnumberanda is the thermaldiffusivity. In eachcasethe
Pécletnumbercanbe uniquelyrelatedto the correspondingindercooling.This is done,
for low Péclethnumberswith a hemisphericalip, by thefollowing equations:

DTc  Pc:DToke (2.1.29)
and
DT; Pt% (2.1.30)
Cp
where
DTy % (2.1.31)

DTp is the liquidus solidusrangeat Cy. This solutionis degeneratesinceneitherR nor
V canbeexplicitly determinedrom this. Henceanin nite family of solutionsexist cor

respondingo fastthin dendritesor slow fat ones.Experimentationhowever, hasshavn

that this is not the case,anda well-de ned tip velocity canbe associatedvith a given
setof initial conditions. In orderto reconcilethe experimentalresultsto the theoretical
onesa stability conditionis createdandinvoked by a stability parameteis and,in the
thermal-difusionlimited casethisis achievedthroughthefollowing condition:

R G (2.1.32)

s G

whereG is the meantemperaturgradientgiven by

c R DH ¢
RCp

(2.1.33)

andby substitutingthis into the previousrelationshipit canbe shavn that

R 2 (2.1.34)

(2.1.35)

or
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col G
s RDHs s Rag

(2.1.36)

whereq DC—T. This canbefounddirectly from the Pécletnumberandnow the under
coolingcanbedirectly relatedto the velocity usingEquation2.1.30by

1 DH¢G
— \" 2.1.37
2s aCp ( )

DT

In mamginal stability theory[8] thevalueof s is1 4p? , howeverin the caseof mi-
croscopicsolvability theory[9],[10] andphaseeld, the anisotroly breaksthe degener
acy for low undercoolingvaluesandthe stability parametecanbe givenin termsof the
anisotroy parametep, thiswill bediscussedurtherwithin thephaseeld section,

FNEN|

S ug (2.1.38)

In the caseof solute-limiteddiffusiontheradiusis modi ed (dueto thepresencef solute)

to

G
R _— (2.1.39)
s mG. G

HereG; is the solutegradientaheadbf the solidi cation interface.If G is setto zerothe
radiusfor the purethermalsystemgivenin Equation2.1.32is recovered.Gc is givenby

2P 1 ke CoA R

Ge = (2.1.40)
where 1
AP 2.1.41
© 1 1 kel P ( )
and
¥ e z
| P, Pe® -z (2.1.42)
Pe

Thesearecombined(including Equation2.1.33)to give

G

R (2.1.43)
s mZPC 1 keRcoA P RDH ¢

RCp
R
R & RDH¢
S 2mP. 1 ke CoA R c,

(2.1.44)
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2.1.45
s 29 gR ( )

where

DH
Gt — " asbefore
Cp

Qe m 1l keCoAR

However by applyingEquation2.1.31this becomes

Qe DTokeA P

andagainthesecanbe found directly from the Pécletnumbers.So far thesehave been
consideringhe casefor low Pécletnumbersanda tip which is hemisphericalTo gener
alisethis systemfor a parabolicdendritetip the undercoolinggivenin Equations2.1.30
and2.1.29arechangedo

DT al R (2.1.46)
DT, mCol AP (2.1.47)

To accounfor thehighervaluesof the Pecletnumbergwo new quantitiesarealsode ned
as

X; 1 - (2.1.48)
2 2 2
1 R
2
Xc 1 kel (2.1.49)
2 2
1 %,g 1 2ke

Which both have the propertyof beingroughly equalto onefor low Péclethumbersand
tendingto zeroasthe Pécletnumbertendsto ¥ . Theseareaddedo Equation(2.1.45)as

follows
G

s xR 2x.qcR
This now givesthevalueof theradiuswhich breakshe degenerag for R andV allowing
thesepropertiego be predictedfor growing dendrites.

(2.1.50)
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2.1.5.2 Eutectics

Eutecticmicrostructuregorm in alloys whentwo or more phaseggrow co-operatiely
from the melt. The mary industriallyformedalloys areeutecticor neareutecticin com-
position. Thereis awide variationin thefeaturef eutecticsystemsthesimplestpossible
eutecticshave only two solid phasesandtwo alloy componentsRecentlytherehasbeen
anincreasedn interestin ternary(threealloy components)andhigher, eutecticdor lead-
free solderfor example,additionally eutecticsgenerallyhave low melting temperatures
(relative to their componentsyvhichis a usefulfeaturein mary situationsgg. solder As
well asthe numberof phasegpresentthe amountof eachphasef;, andthe entrofy of
fusion of the phasesigni cantly affectswhat structuresarevisible. With roughly equal
amountof eachphasepresent|amellarlik e structuresaremostprevalent.Low entropies
of fusiontendto produceregularmorphologiesthetheorybehindthegrowth of thesewas
describedy JacksorandHunt([11]). If theamountf eachphasevary signi cantly then
the structuregendto be more brous andhigherentropiestendto make the boundaries
betweerphasesnorefaceted.Eutecticscangrow in a similar mannero the constrained
growth dendriteswithout the dendriticarms,andin this situationthe eutecticequivalent
of the primary arm spacingis roughly 1 10 thatof the dendriticcase. This meanshat,
in a givenvolume,the amountof surfaceareabetweernphasess signi cantly morethan
theamountof surfaceareabetweerdendrites Additionally athigherundercoolingralues
thelamellareutecticstructurediave beennotedto breakdown [12] androughlyspherical
grainsof one phaseform within the secondphase furthermorethe growth of eutectics
within dendriteshasbeenreported13].

To describethe growth of eutecticst is bestto usethe simplestcaseavailable,athree
phase(two solid phasesand oneliquid phase)systemwith two componenimetals. As
solid phasea, whichis Arich, growsit will expel B, andassolid phaseb (B rich) grows
it expelsA. If thetwo phasesaresolidifying separatelffrom eachotherthenthis would
meanthatthereis abuild up of onecomponentn front of the solidifying interfaces how-
everin thecaseof lamellareutecticshe phasegrow in aparalleldirectionalongsidesach
otheralternatingoetweersolid phasea andb, andthedistancebetweeronea phaseand
thenext is calledthe eutecticwidth. This meanghatinsteadof solutebuilding upin front
of the solidifying surfaceandbeingdiffusedin the samedirectionassolidi cation, there
is a region of highersolutein front of one phaseanda region with a lower amountof
solutein front of the otherandthesearediffusedperpendicularlyo thedirectionof solid-
i cation andthereforeinto their neighboringphase.This meanghatthe two phasesre
now growing co-operatiely with a signi cantly smallerbuild up in front of the solidify-
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ing surface.Thisgivesriseto alargervalue(smallemegative)for thesoluteundercooling,
sosolidi cation occursmorequickly. It shouldbe notedthatfor narraver eutecticsthe

trans\ersediffusion of solutewill occurin a shortertime. This suggestghat narrover

eutecticawill be ableto solidify faster Howeverthereis a balancingfactorinvolved, the

interfaceenegy betweerthesolid phasesin thecaseof narraver eutecticghetotalinter-

facialareais highersothetotalamountof interfaceenegy will behigher Thiswill cause
solidi cation to proceedat a slower rate. An analysisof the competinginterfaceenegy

andundercoolingcontribtutionsis providedin PorterandEasterling([1]) andby Jackson
andHunt ([11]). This startsby consideringhetotal changen enegy which resultsfrom

thesolidi cation of aregion:

DG | DG DT DG s

whereDG DT is the changen enegy dueto aregion of undercoolediquid becoming
asolid while DG s isthechangen enegy causedy the creationof theinterface(s)in
the region (s is the interfaceenengy). If the regionis con ned to 1 Mol of liquid, for
simplicity, it canbewritten that

DG DT DHDT
Te
2sV,
DG s m

/

whereTg is the equilibrium eutectictemperaturendVy, is the volumeof onemole. The
valueof G DT is negative becauseoing from undercooledsolid to liquid reduceshe
enegy of the systemwhile G s is positive asthe creationof interfacesraisesit. Since
for solidi cation to occurthetotal enegy mustdecreas¢DG | 0) this givesa critical
minimum valuefor | : below this value solidi cation cannotoccurandary attemptto
arti cially nucleatewith suchavalueof I shouldresultin theinitial solid melting. This
critical valueof | is| andis expresseds

2SVmle
DHDT

(2.1.51)

This givesthe conditionsunderwhich growth will be possible. The next consideration
is the rate of growth. Clearlyfor | | thesolidi cation rateis zero. In the caseof
a growing lamellar eutecticit canbe assumedhat the limiting factor for solidi cation
will bethe diffusionrateof the solutein theliquid, in this casethe rate of solidi cation
shouldbe proportionalto therateof diffusionof thesolute. Thiswill becontrolledby the
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differencen theconcentratiormlongthesolid liquid interface(i.e. betweemeighbouring
lamellae). This differencewill be at a maximumin the middle of eachof the lamellae
andwill beroughlyproportionako thedifferencen theconcentratiorof eachsolid phase
andthe liquid one (for this simpleanalysisit is assumedhatthe liquid concentrations
the averageof thetwo solid phaseconcentrations)Thetrans\ersediffusion of the solute
will besloweddown if thedistancet hasto diffuseoveris increasedin otherwordsif /
increasesThis givesthefollowing relation

DX

VU DI_

or
\' k]_D%
whereDX is the maximumdifferencein liquid concentratioralongthe solid-liquid inter-
faceandD is the diffusivity of the liquid. This itself (DX) is a variable,in the caseof
I | thiswill be0 becausdhe interfacedoesnot move, sothe concentratiorpro le
will becomeat by way of diffusion. The concentratiordifference DX, will have amax-
imum valuewhich correspondso /| ¥ which canbe written asDXp, andin the limit
of smallundercoolingst canbe shavn thatDXp a DT [1]. Basedon this the following

relationshipsanbewritten
DX DXy 1 II—

or |
DXpDT 1 -

This canbe combinedwith the previousrelationshigfor velocity to give:

VU DIEDT 1 II—

or
v kZDIEDT 1 ’I— (2.1.52)

This suggestshatfor a givenundercoolingeutecticswill solidify with a rangeof widths
andvelocities,however experimentationinitially found,[1], thatat a givenundercooling
the eutecticsselecteda singlewidth and correspondingelocity, which is the maximum
velocity. Thisvelocityoccurswhen/ 2/ andthevelocityis givenby

k,DDT
Voo
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Furtherstudiesshavedthatif thelamellarspacingwasconstrainedandnot freeto adopt
ary value,thenother slower, eutecticvelocitieswereobsened. From Equation(2.1.51)
it canbe seerthat

DT u Ii (2.1.53)

andthis canbeintroducednto the equationfor the maximumvelocity to eliminateeither
DT or/ to producetwo moreproportionalityrelationships:
1

Voul—z

Vo B DT?

Thesetwo relationshipsveretestedusinga phaseeld modelby Nestleretal. [14] and
thesdestsareto berepeatedvithin this studyasonemethodo validatethecomputational
model.

2.2 PhaseField

Theideaof aphaseeld variablewas rst discussedn the1980s[15, 16, 17] howeverit
washot until theimprovementan computingof the 1990’ thatthe modelswereableto
betested[18, 19, 20]). TheclassicaWway of modelingsolidi cation is to explicitly track
thesolid-liquid interface howeverthis methodbecomesnorecomplicatedvheneer two
interfacesmeetor in a region where one phasesplits to createa pair of interfacesi.e.
whenthereis a changein the topology In this sensethe phase eld techniquehasa
signi cant advantageover traditional interfacetracking methods:ratherthan explicitly
track the interfacea newv imaginaryvariableis createdcalledthe phasevariable,this is
typically denotedas f. This variablehasone valuein the liquid and onein solid, it
usually hasa rangeof 0 to 1 or -1 to 1 dependingon the actualmodel. When more
thantwo statesarepossiblethenthis hasto be adaptecandthe full descriptionof thisis
in the multiphasesectionbelow. In classicalsolidi cation theory only pure statescan
exist e.g. solid or liquid (or solid two, threeetc) however by introducinga continuous
phasevariableintermediatestatesexist betweensolid andliquid states.This alsomeans
thatmodelsrequirevalidationagainstphysicalresultsto ensurethatthe diffuseinterface
region is not adwerselyaffecting results. Ideally, to mostaccuratelyrecreatea physical
system the interfaceshouldbe as small as possiblehowever computationakystemsdo
not behae well if therearelarge changesver a very smallregion. This arguesfor the
useof wider interfaces. Oneway aroundthis problemis to usea smallernodespacing
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in numericalsimulationshowever asthe node spacingis reducedthe maximumstable
timestepis alsoreducedvhich meanghatthe simulationwill proceedat a muchslower
pace.This createsa competitionbetweeraccurag andcomputationaef ciency.

Another featureof the phase eld approachis the ability to tailor a model to the
systembeingsimulated.If thesimulationis of a eutecticthentheanisotropiesntroduced
into the systemby the crystallographicorientationwill play a much smaller part than
in a dendriticsimulation. Due to this they canbe removed from the modelwhich will
allow the computationasimulationto proceedaster However caremustbetakenin this
scenaricsinceit hasbeenshavn thatundercertainconditionseutecticscanbreakdown
anddendriticcells cangrow out of the eutecticfront, suchcellswill requireanisotroy
within the model.

2.2.1 SinglePhase

A phaseeld modelis classedassingle phaseif only two phasesanexist. This does
not make sensanitially howeverin this scenariat is possibleto usejustonephaseeld
variable. Here f represent®ne of the phasespftenthe liquid, andthe amountof the
otherphasepresentis givenby 1  f. This reduceghe amountof calculationsrequired
comparedo having two phasevariablesandconstraininghemto sumto one.If themodel
is solvinga systemof varying compaositionin which thereareonly two pureelementga
binary alloy) thenthe sameapproachcan be taken with the concentratiorvariable. In
this casec representshe proportionof pureA presentandobviously the proportionof B
presenis givenby 1 c¢. Themultiphaseandmultisolutesectionselowv dealwith more
generalcaseghanthis however it is simplerto startby analysingthe simplestcase:the
singlephasanodel.

Single phasemodelscanbe usedto handlesolidi cation of pure metalsandsimple
binary alloys. In the caseof the pure metalsthereare only two equations:onefor the
thermalevolution andonefor the phaseevolution. In the caseof the alloys therecanbe
two or threeequationspneeachfor phaseandsoluteevolution, the third equationis for
thermalevolution. Thethermalevolutionis left outin certainsituationsbecaus¢hespeed
of thermaldiffusionis so muchfasterthenthe speedof solutediffusionthatthe system
canbetreatedasisothermal however therearesituations.e.g. very dilute alloys or high
undercoolingswherethe thermalevolution mustbe taken accountof. This is another
exampleof how aphaseeld modelcanbe adaptedo improve computationakf ciency
without sacri cing accurag of theresults.The next two sectiongdescribehe useof pure
metalphaseeld modelsandthesimplesolutalphaseeld modelsrespecitiely.
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2.2.1.1 PureMetal Models

As statedabove, in thesemodelsthereare only two time dependenvariablesthe tem-
peraturel andthephasef . The rst partof analysinghesemodelsis to investigatenow
the equationgor ’;I—I and”Ti arederived. Oneof the earliestpaperdgo testa phaseeld
modelwaspresentedby Kobayash{[18]), thisdescribedothanisotropicandanisotropic
purethermalphaseeld modelfor simulatingsolidi cation of anundercoolednelt. Ad-
ditionally resultswerepresentedo shav the effectsof changingthe dimensionlesfatent
heatof a solidifying system. Theseresultsshoved that for lower value of latentheata
at growing solid-liquid interfacewas a stablestructurehowever asthe latentheatwas
increasedheinterfacebecameancreasinglycontorted.This wastruein boththeisotropic
andanisotropiccaseshoweverin theanisotropiacaseshesolidi cation wasgovernedoy
the interfaceorientationso therewasa de nite structurewhile in the isotropiccasethe
solidi cation followedno obviouspattern.

The next stagein the developmentof phaseeld wasto compareit to othersolidi -
cationmodelingtechniques.The Ivantsw solution([7]), mawginal stability theory ([8])
and microscopicsolvability theory ([9, 10]) all provide informationaboutthe shapeof
dendritetips andassuchtheinitial phaseeld modelswerecomparedo theseheorieshy
Wheeleretal ([19]). Thiskind of analysisvascritical to ensurghatphaseeld wastaken
seriouslyasa scienti c methodfor the modelingof solidi cation. The startingpoint for
themodelusedin this studywasa Freeenegy functional(Landau-Ginzbeg functional).
Thisis givenby:

F FET Le Nf 2 dw (2.2.1)
W 2

wheree is a constantfor isotropicmodelsand f f T is the free enegy density The
simplesttime derivativesof f andT arethengivenby:

i dF
maf s

whereK is a constantproportionalto the latentheatper unit volume. Considerations,
suchasensuringthatfree enegy wasdecreasingnonotonicallywith time requiredalter
ationsto bemadeto Equationg2.2.2)and(2.2.3)resultingin thefollowing dimensionless
equations.

EN 0 ¢ r Y smabur1 f @R (2.2.4)
m Tt 2
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Tu 1 fﬂf

nu o <12
7t I:)p 7t N-u (2.2.5)

Whereu is dimensionlessemperaturgu TT—m) andt is the dimensionlessime. Many
otherstudieshave useda similar form for theseequationg[21, 22, 23, 24].

2.2.1.2 SimpleBinary Alloys

The rst publicationsusinga phaseeld modelwhich hadthe ability to simulatean al-
loy ratherthanjust a pure metalappearedt roughly the sametime asthe original pure
metalpublications.To extendthe existing modelsto solve for a concentratiorvariableas
well astemperaturendphasewould have addedsigni cant computationalvork, some-
thingwhichwould possiblyhave stretcheaxisting computationatacilities. To avoid this,
muchearly work ([25, 26, 27]), anda lot of currentwork, wasbasedon the assumption
thatthe systemwasisothermal. This assumptiorwasjusti ed on the basisthatthermal
diffusion typically occurssigni cantly faster(the Lewis number(the ratio betweenthe
thermaland solutaldiffusivities), Le, for liquid metalsis of the order10%) thanthe dif-
fusion of solute. This meansthat so long asthe solidi cation rate was limited by the
diffusionof solute,thethermaldiffusionwould be nearinstantaneouwith respecto the
rateof solidi cation anddiffusionof solute.This assumptiornimits theundercoolingsal-
ueswhich may be usedfor simulationssincethe conditionsfor the undercoolediquid
mustbe suchthatit falls above the solidusline andbelow the liquidus line on a phase
diagram.If it werebelow the solidusthensolidi cation could occurwithout diffusionof
soluteaway from the solidifying interface(andsolidi cation would not belimited by the
diffusionof solute),andif it wereabove theliquidusthensolidi cation would notoccur

Modi cations hadto be madeto the free enegy functionalgivenin Equation(2.2.1)
to accountfor the presencef secondcomponent.This is achieved by rewriting the free
enepy densityf f T toincludetheconcentratiorvariablec:

FfcT cfBfT 1 cfAfT lane 1 cinl ¢ (2.2.6)

Mm

wheref? f T isthefreeenegy densityfor pureA andsimilarly for B. The soluteand
phaseavolution equationsaregivenby

f dF
flc ~ ~ dF
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whereM; andM, arepositive constants.Thereareclearsimilaritiesbetweerthe phase
evolutionequationdor alloy andpuremetalmodelsgivenin Equationg?2.2.7)and(2.2.2)
respectrely. Similarapproachebave beenusedby variousotherstudieqg27, 28,29, 30].

2.2.2 Multiphase

Theprevioussectiondiscusseavhataretermedsinglephasemodels whichhave only one
phasevariable(andtwo phases).Thesemodelshave beensubdvidedinto purethermal
andsolutemodelsandbothweredevelopedover the sameperiodof time. The extension
of phaseeld modelingfrom two phasedo threeor more occurredseveral yearsafter
the original singlephasemodels. This re ects the extra computationaivork requiredin

dealingwith multiple phasevariables Multiphasemodelscanbe subdvidedinto two dis-

tinct cateyories. Multiphase,singlecomponentnodelscontainmultiple phasesut only

a singlesolutevariable(representin@n alloy madeup of two components)Multiphase
multicomponentmodelsareafurtherextensionon the dualcomponentmultiphasemod-
els,whichallow for any numberof alloy componentsThis sectiondealswith multiphase
modelswhich have only a singleconcentratiorvariable(a binaryalloy system)while the

next sectionwill describemultiphasemulticomponensystems.

In the singlephasesystems represente@itherthe solid or the liquid phasewhile
theamountof the otherphasewvasgivenby 1 f. Whentherearethree,or more,phases
presenthis simplenotationnolongerworksandnow thereneedto beatleastN 1 phase
variables(whereN is the numberof phasegpresent)More commonlythereareN phase
variablesusedandthereasorfor this will be describedn detaillater Thesephasevari-
ablesareplacedinto avectorf wheretheith elementof this vectoris the amountof the
ith phasepresentthisis often;vritten asfi.

In multiphasesystemspecausehe individual phasevariablescanactindependently
anew conditionmustbe appliedto ensurethatthe phasevariablessumto 1 at all times,

thisis written as \

afi 10 (2.2.9)
i1
This conditionwas implicit within the single phasesystemsincethe two phaseswvere
givenby f andl f whichwill alwayssumto 1. Thereareseveralwaysin which this
conditioncanbe applied,eitherby way of a Lagrangeundetermineanultiplier ([14, 31,
32]) or by specifyingexplicitly how the phasewary with respecto oneanother([33, 34,
35]).

The derivationof mary of the multiphasemodelscanbe comparedirectly with the
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derivationof singlephasanodels.A multiphasd-reeEnegy functional(comparablevith
thesinglephasdunctionalgivenin Equation2.2.1)is de ned andthendifferentiatedvith
respecto eachphasen f andc asfollows:

i I\/IdFLCT
Vi df
fic N 5 dF

m NDLclcNdC

(2.2.10)

(2.2.11)

Theseare clearly very similar to the differentiationsfor the single phasesolute model
describedn Equations(2.2.7)and(2.2.8). Theexactformof F f ¢ T will vary from
modelto modeldependingpnwhatthemodelis intendedo simulatehoweverthegeneral
form canbegivenby

FfcT GFfNf ffecT (2.2.12)

whereG is a gradientenegy term which handlesthe growth of phasegthe attachment
of freeliquid moleculesontothe solid phasdattice) while f is the densityof free enegy
which describeghe thermodynamic®f the system. This in turn is madeof threecom-
ponentsa doublewell potential(to representhelocal minimaof free enegy associated
with eachstate),an equipartitionof soluteterm (which carriesout diffusion)anda con-
tribution from the phasediagram(this componenwill vary mostbetweermodelsdueto
thedifferentphasediagramsaused).

The differentiationsdescribedn Equation(2.2.10)arewith respecto only a single
componenbf phase,, however the term being differentiatedis a function of multiple
componentgpossiblyall dependingupon the model). Becauseof this, the term ’17,—';:
wherei |, will appear How thesetermsare handledis a crucial differencebetween
multi phaseeld modelsbut whatever is donewith thesetermsit mustrespecthe con-
dition expressedn Equation(2.2.9). Oneway to handlethesetermswas describedby
Steinbachet. al. ([33]), this requiredan assumptiorthat all interfacesbetweenphases
werebetweenwo phase®nly, andthatthe dynamicsof atriple point weregovernedby
thedynamicsof thethree two phasanterfacesaroundit. While the physicalimplications
of this have beendebated[20]) it very neatlyresohesthe problemof whatto do with
quantitiesg—;i". All of thesearezeroexceptfor wheni | andfor the otherphasewhich
hasaninterfacewith phase andin this casel’i I

i T Furtheranalysiof thisis carried
outin Chapters3 and4.

The secondmethodof enforcingthe conditionin Equation(2.2.9)is by usinga La-
grangeundetermineanultiplier. This allows any two phasedo betreatedasif they were
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hili}

T, 0 wheni j. The multiplier is addedby rewriting

independenbf eachother
Equation(2.2.10)as
qTfi dE f cT d Y
— M ——— |i— fi 10 2.2.13
fit df, daf; &' (22.13)
wherel j is the Lagrangeundeterminednultiplier. Becausefj andf arenow indepen-
dent,Equation(2.2.13)canberewritten as

Mt dF f cT

- T T (2.2.14)

Sincethereis no netchangein the total amountof phasethe sum&N ; %‘ 00, andif

Equation(2.2.14)is summedromi 1to N we obtain:

Tt dF icT

N N

3 2! My ——=— |, 00 2.2.15
NdrFfcT N
a 7;’“ a [ (2.2.16)

i1 i1

This providesa conditionwhich the Lagrangemultipliers mustsatisfyhowever this does
not actuallygive the exactform of the multipliers. To nd this anotherassumptiommust

be made.In mary examplesin the literature([14, 31, 32]), it is assumedhatall of the
multipliersarethesamej.e. that

| LydifeT i 2.2.17
i NialT I (2.2.17)
Furtheranalysisof the mathematicalmplicationsof, andtheresultsfrom, thesetwo dif-

ferentiationtechniqguesanbefoundin Chapterst and6 respectiely.

Multiphasemodelswith a singlesolutevariablecanbe usedto simulateseveraltypes
of physicalsystemgachof whichis de ned by the phasadiagramandwhich phasdrans-
formationsarepossible.The principle systemsimulatedareeutecticq[14, 36, 32, 37]),
monotecticq[31]) and peritectics([14]). In the caseof a two solid phaseeutectic,the
liquid phasesolidi es into bothsolid phasesatransformatiorwhichis usuallywritten as
L a b. Thetransformationwhich takesplacein monotecticss morecomplicated,
theliquid phasdransformsnto anew liquid andasolid,orL; L, S Peritectictrans-
formationsoccurwhenonesolid phaseandtheliquid transforminto asecondsolid phase.
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Thiscanbedescribecoy L a  b. In eachof thesedifferentcasessolidi cation mi-
crostructuresvill be producedwhich canbe visibly identi ed. Due to the emphasisf
this study beingon eutecticsthe bulk of the literaturereviewed hasbeenfocusedupon
eutecticshowever theseothersystemsare mentionedo give the readeranideaof what
elseis possiblewith phaseeld systems.

Eutecticshave attractedsigni cant interestwithin phaseeld literature. Onereason
for thisis thatthe growth velocity of a eutecticcanbe predictedwhich providesanother
opportunityfor validationof phaseeld resultsagainstphysicalpredictionsand, more
importantly it providesa validationfor the multiphasemodels. Phaseeld analysisof
therelationshipsbetweenundercoolingJamellar spacingand eutecticvelocity hasbeen
carriedout by Nestlerand Wheeler([14]) and comparedwith the resultspredictedby
JacksorandHunt ([11]). The resultsof this analysisinitially appearedo be favorable,
howeverthis studyaimedonly to comparehe maximumvelocity with thelamellarspac-
ing andundercooling.Thesearethetwo proportionalityrelationswhich arerecoveredby
substitutingheproportionalityrelationgivenin Equation(2.1.53)into thevelocity Equa-
tion (2.1.52). This proportionality (Equation(2.1.53))relation could have beentested
directly addinga third testto the existing two. Phaseeld analysisalso allows for a
uniquetestof Equation(2.1.52)becausen real systemghe lamellarspacingcannot be
directly controlledandfor a givenundercoolinga growing eutecticwill alwaysadoptthe
samespacingwhile Equation(2.1.52)suggestghat for a x ed undercoolingary spac-
ing canexist. The spacingadoptedby a real systemcorrespondso the fastestvelocity,
however in phaseeld the spacingcanbe controlledto a much higherdegreebecause
theinitialisationcanbe speci ed exactly anda computationakystenmcanbe createdsuch
thatit containsno randomfeatures.Thesetwo meanthatary spacingcanbe choserfor
initialisationandthena simulationrun underconditionswhich preventthis spacingfrom
changingn the shortterm. Of courseit is inevitable for larger valuesof spacingthatthe
solidi cation ceases$o be classedseutecticsincetheclassiceutecticfront will notexist.
Also, roundingerrorsin the computationasystemwill begin to affectthe simulationdue
to the high instability of the solidi cation. At the otherendof the scale,for very small
valuesof spacingheincreasen interfaceenegy whichwould occurduringsolidi cation
is greaterthenthe lossin enegy associatedvith the solidi cation, which meanghatthe
lowestenepgy con gurationis theliquid stateandthe systemwill simply melt.

Someof theearlywork introducingmultiphaseeld systemsvascarriedoutby Stein-
bachet. al. ([33]). Their studyconcentratedipon eutecticand peritecticconsiderations
however it notedthatothersystemsvereentirely possible.They alsointroducedtheidea
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of treatinga multiple phasesystemascombinationsof two phasesystemsandthis tech-
niqueis usedfurther elsavhere,including analysisof eutecticvelocity laws ([36]), and
for peritecticswith a comparisoragainsta comparablesingle phasemodelby Tiadenet.
al. ([34]). For moreinformationaboutcomparisonsvith singlephasemodelsthereader
is referredto Chapter4. Furtherto this original work this concepthasbeenextendedto
threedimensionakystemg[36]) to simulatethegrowth of “rod” eutectics.Thereis some
discussionwithin the literatureasto whethera threephasgunction canbe reducedo a
setof two phaseinterfaces. Garcle et. al. [20] have suggestedhat this consideration
violatesthe conseration of stressest the triple point junction, however Steinbachand
Pezzolla([35]) have suggestedyy theintroductionof aninterface eld variablethatthe
LagrangeMultiplier formulationcanbereducedo sumsof dualphaseanteractions.

As statedpreviously the secondmethodof maintainingthe conditiongivenin Equa-
tion (2.2.9)is by a Lagrangeundeterminedanultiplier. Early work on thiswasdueto con-
cernsaboutthe physicalimplicationsof the Steinbachtype models([20]). An anisotropic
multiphasemodel using a Lagrangemultiplier was presentedy Nestlerand Wheeler
([38]) andthis papercontinuesdy consideringooththeinterfacesandthejunctionsmath-
ematically however the actualsimulationsof physicalsystemsareleft for furtherpapers
([14, 31, 32].

2.2.3 Multicomponent

Multicomponentmodelsextendthe multiphasemodelsdiscussegreviously to account
for morethantwo purecomponentg[39, 40, 41]). This allows several new featuresto

be simulatedwhich the multiphasemodelsdo not allow, speci cally ternary(or higher)
eutecticswhich have gainedinterestdueto the ervironmentalneedfor leadfree solder

This extensioncomesat the costof computationakpeedthe increasefrom one solute
variableto M (whereM is the numberof pure componentswill have a similar effect
uponcomputationthat the increasefrom one phasevariableto N had. While work has
beencarriedout usingthesemodelsit is beyondthe scopeof this thesis.

2.2.4 The Curr ent Stateof PhaseField Models

The subsections intendedto inform the readerwhatis currentlybeingsimulatedusing
phaseeld models.
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2.2.4.1 ThreeDimensions

Much of theliteraturecited sofar hasbeentwo dimensionalvork, extendingphaseeld
modelsto threedimensiongnassvely increaseshe computationaivork required.Since
muchof the earlywork in eachcateyory of modelwasdoneat a time whentwo dimen-
sionalmodelspushecturrentlimits of computingto theextreme theseearlystudiesvere
not threedimensional.Both threedimensionakingle ([42, 43]) and multiphasemodels
([44, 36, 49)) have beendevelopedandtested. In single phasethe addition of the third
dimensionallows for more complex dendriticstructures.Similarly the extensionof the
multiphasemodelgto thethird dimensiorallowsfor morecomplex structuresfor example
atwo dimensionakutecticcanonly simulatelamellareutecticsvhile in threedimensions
bothrod andlamellareutecticscanbe simulated.Figure2.2.1shavs schematiof these
eutecticspormalto the directionof growth, see[1] for furtherdetailsof thesestructures.

Figure 2.2.1: Lamellar and rod eutecticsin schematicwherethe growth directionis
into/outof thepage

Additionally, werethelamellareutecticdo varyin thethird dimensiorthenatwo dimen-
sionalmodelwould notbe ableto correctlysimulatethem.

2.2.4.2 Numerical Methods

As previously statedheadditionof thethird dimensiorsigni cantly increaseshecompu-
tationalrequirement®f simulations o helpreducethis increasinglycomplex numerical
methodsareemployedin bothtwo andthreedimensionakystemsOnenumericaimethod
to decreasehe computationaload is adaptvity ([46, 47]), this canbe appliedin either
spaceor time or in somecasesoth. In termsof spacialadaptvity the aim is to reduce
thenumberof computationatlatapointsusedin aregionwherethereis verylittle change
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in the local valuesof f, c or T (dependinguponthe model). This resultsin a smaller
amountof computatiorrequiredfor eachtime step,especiallyif the modelusesanim-
plicit schemeatherthananexplicit one.

Anothertechniqueusedto reducethe amountof computationcarriedout by phase
eld modelsis multigrid [48] and this hasstartedto gain usagein phase eld models
[46, 49 for dendritic simulation. This techniquereducesthe numberof iterationsre-
quiredpertime stepfor aniterative solver by usinga hierarchyof gridswith decreasing
nodespacing.

2.2.4.3 Parallel Computation

Parallel computingis the useof multiple processore orderto reducethetotal time re-

quiredfor agivenproblem.ldeallyif aproblemwassolvedin atimetgj,ge ONnoOneproces-
sorthenit would besolvedin ﬁ%?; on Nprocs ProcessorsThisideal, however, is unlikely

to ever berealisedasmostproblemswill have componentsvhich cannot be split evenly
betweertheavailableprocessorsandmostproblemswill requirethevariousprocesset

talk to eachother Parallelcomputingthereforehastwo uses;eitherto decreas¢hetime

requiredto solve a given problem,or to allow a biggerproblemto be solvedin a given
time. Parallel computinghasbeenusedin phase eld ([45]) to allow biggerproblems
to be solved. The studyby Suwo et. al. ([45]) is a threedimensionaimultiphasestudy
using320° (32,768,000)rid points,to put this into contet the largestdomainsusedin

this thesisare 200¢ (4,000,000which an orderof magnitudesmaller This makesthe
argumentfor the useof parallelcomputingquite compelling.
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Derivation of Models

Theliteratureon multiphaseeld modelsmaybedividedinto two broadclasse®f model
which we will refer to throughoutthis thesisas the Steinbachmodel and the Nestler

Wheelermodel. In this work we will investigatehow the differentdifferentiationtech-
niquesusedin thesetwo modelsaffect the form of the nal equationsandtheresultsthat
theseproduce. Additionally, within the phase eld communitythereare several differ-

entde nitions of the physicalparameterandthis thesiswill investigatethe effect upon
computationatesultsthatchangingthesevariableshas.The nal variationof themodels
appliesonly to the NestlerWheelermodel: this model calls for the useof a Lagrange
undetermineanultiplier andthis multiplier cantake severalformswhile still meetingthe

requiredcondition. A new form of this multiplier is implementedandthe effect of this

uponthe equationsandthe resultsis investigated.This givesthreecomparisonsvhich

canbecarriedout.

1. The Steinbachmodelagainsthe NestlerWheelemodel.
2. Thevariationof physicalparametersisingtwo setstakenfrom theliterature.
3. Thevariationof theform of the Lagrangemultiplier in the NestlerWheelemodel.

As well asthe differencesin the differentiationmethodthere are two different types
of conditionwhich canbe appliedto ary of the abose systems:anisotropiccondition,
wherethe orientationof the solidi cation front hasno effect onthe solidi cation, andan
anisotropiccondition. In the latter the orientationof the solidi cation front will either

31
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causeaslightincreaseor aslight decreas¢o the solidi cation rate,this addsto the simu-
lation the effect of crystallographiorientation.

The following equationshaws the free enegy functional for a multiphasesystem
[14,32]

fiNf, ANFZ2 ffcT dv (3.0.1)

It shouldbenotedthathjy is afunctionwhich controlstheanisotropiccontritutions,in an
isotropicsystenthis functionis equalto 1. Theform of this functionwill bediscussedn
theanisotropiaeriationsection.The g areentriesof asymmetriomatrix containingthe
gradientenegy coefcients. Additionally thefunctionf f ¢ T controlsthecontrikution
from free enegy densityandis composedf contributions from undercoolingandthe
interfacepotentialwell barriers. The equationgyoverningthe evolution of the phaseand
solutepro les canbegivenas

1fi ~dF :
I M”d—fi fori 1 N (3.0.2)
fic ~ ~ dF
m N Df ¢l cN s (3.0.3)
N
afi 10 (3.0.4)

i1

ThevariableM;j is aninterfacemobility term,for the purposef thisinvestigatiorall the
interfacesaregiventhesamemobility. D f is afunctionde ning thelocal diffusivity. It

shouldbenotedthatsinceany anisotropiccontributionwill only affectthegradientenegy

term, the differentiationsof f f ¢ T will be unafected. Also it is only the gradient
enegytermwhichdependsjpon&fj andassuchfor f f ¢ T thevariationaldervatives
reduceto partial derivatives. The free enegy densityis given by the following, adapted
from [14]:

N
ffcT a oWR 1 cWR AP
ikij k

N
a cf 1 cm}fPef? 15f; 10

j1

Eclnc 1 clnl c (3.0.5)

Nm
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ThevariabIeS/\/j’?( ande?( areentriesof asymmetriomatrix of valueswhicharedependent
uponthe double-wellpotentialbarrierbetweerphaseg andk, andthevariablesm'jA and
mP? relateto the undercoolingf phasej.

If thegradientenegy termis written as

fiNf, £ (Nf; 2 (3.0.6)

Qo=

Gf N

jkij k

thenthe variationalderivative canbe evaluatedusingthefollowing

daGc 916G . 1G

an o NN 0.1
of dG G G G

| 71 T (3.0.8)

of T Tl Ayl

The choiceof the above free enegy functionalwas madebecausen the specialcase
whereN 2 thisreducedo the singlephaseree enegy functionalusedby Warrenand
Boettinger([28]), which thereforeprovides a simple way to validatethe model. The
physicalparametersvhich areto be variedfor the secondof the threecomparisonsare
theaj, theV\/IjA andV\ll?. During the derivationsof the modelsthe following notationwill
be usedto simplify expressionsvherepossible.

fi o
fix % andsimilar for y (3.0.9)
W We 1 cWf (3.0.10)
m cn? 1 cm (3.0.11)

For eachmodelbothisotropicandanisotropicversionof theequationwill bederived.

3.1 Derivation of the Nestle-Wheeler model

This groupof modelshave beenusedextensvely within theliterature[38, 14, 37] andthe
commonfeaturebetweerthemodelsin this groupis thatthe condition

N
o

§f 10 (3.1.1)
k 1
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is maintainedusinga Lagrangeundetermineanultiplier. This allows f j to betreatedas
independentf f; solongasj i. Thischange€quation(3.0.2)to

. N
i d Li &f; 1 (3.1.2)

i1

Tt
Becausef theindependencef f; andf j, this canbereducedo

fi dF

Ttl Mijd—fi MijL; (3.1.3)
The next stageis the evaluationof L, thisis carriedout by summingﬂTfti andsettingthe
resultto 0. Thisis donebecauseatary pointthe netchangean thetotalamountof f is O:

N dF
0 Mij— MijL;
i1 df;
N N dF
le. Li — 3.1.4

The simplestexpressiorpossiblefor L is to setthemall equal,this yieldstheform used
by Nestleret. al. ([31],[14]), howeverany form of L; which satis esEquation(3.1.4)can
be used.Thealternatve form usedfor comparisor8in thiswork is

Y dF
Li fia —— (3.1.5)
i i & dfj
whichwhensummedover all possible gives
\ Y dF }
ali a 4 a fi (3.1.6)
i1 i1 i
N dF
a —— (3.1.7)
i1 df j

whichsatis estherequiredcondition.As statedpreviously, by applyingthis multiplier as
speci edit is now possibleto treatf; andf; asindependentariables.This meansthat
;[7—;:' is equialentto the Kronecler d-functiond i j , which from now onis written as
ahj.
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The rst partof thederivationof thismodelisto nd ,’77—;'

qf N . T 2 Tf \ 2 2 TIf |
— Wy 2fffy—— 2fifi— 30m;f£1 f; “—=
ffi jak T Pk, jal g T
L\l 2 L\I 2 C”\I 2 2
a 2 ifid - a W jficdj @ Somif L f %d;
j j j

N N
a 2Wif2fi & Wi fif ¢ 3omfZ 1 f; 2
j o ik

—

Becaus&\i; Wj; thetwo remainingsummationganbe combinedasfollows

foN
% a 2W;fif 7 3omf? 1 f;? (3.1.8)
| ] |
It is worth noting thatthe derivation of the soluteevolution equationis the samein both
models,it is presentedn both sectionshowever. To make this differentiationsimplerto

follow, thefunctionf f ¢ T is splitinto threepartsasfollows

N

A a Wi 1 cWRZf? (3.1.9)
ikj k
\

B 4 cf 1 cmifP6f? 15f; 10 (3.1.10)
i1
RT

C —<cnc 1 clnl c (3.1.11)
Nm

suchthat
ffcT A B C (3.1.12)

Sincethesearefunctionsof ¢ andnot the derivativesof c the partial derivativesandthe
variationalderivativesarethe same Differentiatingeachof 3.1.9-3.1.1with respecto ¢

gives,
dA 5 B \WA £2¢2
dC ka K J J J
dB ¥ oo g 3 ne2
I a m m} f7 6f7 15f; 10
J
dc RT C

dc Nm 1 c
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Thereforesince% 0, it canbewrittenthat

dF RT c \

— —In —— a WR Wi rer?

dc Nm 1 c ik k
\
a m nmifPer? 15f; 10 (3.1.13)
i1

This canbe placeddirectly into Equation(3.0.3)to give the soluteevolution equation.
Thenext taskthatwe addresss to nd theisotropicandanisotropidormsof g—?i.

3.1.1 Derivation of the Isotropic componentsto the NestlerWheeler
Model

As statedpreviously, to simulatesolidi cation without arny directionalbiasthe variable
hij in Equation(3.0.6)is setto 1 0, this effectively reduceghis equationto

eizk N T
— FiNfy  FNfj (3.1.14)

Gf R :

— QJOZ

ikij k

This mustbedifferentiatechasedntherelationgivenin Equation(3.0.7),andsothe rst
of thecomponents$o be evaluateds ,7;—)9'

1G 2 2 1R oo Mo T
— S FiNf FNFf; —=Nf ——Nf;
fi jk'éjlk e T T
N i i }
a €& fiNf fiNf) dj Rify
ikj k

N
a & fiNf f.Nf; dy Nfy
jkij k
N ~ ~ ~
a e fiNf £ 8f; Nfy
ki1l
iol
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N
a & fiNf; f;Nfi Nfj (3.1.15)
P

Additionally -5 will beneeded:

INF;
1G A\ N N TNf |
NF, Jk? K S ilhe 1l figges fegg,
\ - - 0
a & fiRfc ff; f i
ikij k 0 dk
N ~ di O
a ecfiNfic Alf; A "0
ikj k ot
i 1 N
j 1
N - N
a e fiNf fNf; fy
kil
i1 5 5
a e fiNfi fiRf £y
j 1
\ - N
a qzj fiNfj fiNfi f;
i1
N ~ ~
a & fiNfi £iNfj (3.1.16)

e
Rogr AN & rff £l 1

(3.1.17)
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This resultis combinedwith the resultin Equation(3.1.15)and the relation given in
Equation(3.0.7)to give

dG \ - S
aF a_(:‘l'zJ fiNfj  fiNfi Nf;
ijZfi fiNij fi fi&fj ijfi ij

N
é(:‘,'zj 2fi&fj fj&fi &fj ijzfi fiN2f,— fi (3.1.18)
j i

This form is equialentto the equationgresentedby Nestleret. al. ([31],[14]) andgives

thefull isotropicequation

_ N
e é qzj 2 fi&fj fj&fi &fj ijzfi fiNij fi
ji
\
a 2W;fif 7 3omfZ 1 fi? L (3.1.19)
joi
This equationobtainedby combining(3.1.3),(3.1.8)and(3.1.18),alongwith the equa-
tion for the soluteevolution allows for the simulationof ary systemwhereanisotropy is
negligible.

3.1.2 Derivation of the Anisotropic componentgo the NestlerWheeler
Model

This sectiondealswith theadditionof anisotroyy to the governingequationgpresentedn
the previous section.As statedpreviously anisotropy is neededo simulatethe effectsof
crystallographicrientationwithin a solidifying melt. The function hjy is a function of
gjk, theanglebetweerthe x-axisandanormalvectorto the j kinterface.Theonly thing
thatis importantaboutthis vectoris thedirection,it canhave ary magnitudesinceit only
senesto nd theanglegqjx. Thereareseveralthingsknown aboutthis vector:

1. If theregionin questionis away from eitherphasej or k thenthevectoris zero.

2. If theregion in questionhasonly phasej andk presentthenthe vector mustbe
parallelto Nfj (whichis equalto Nfy in this situation).

If thevectorin questionis labeledr ;, thenthefollowing generaform of r ; canbe used
to represengry vectorwithin the 2D planeaslong so the vectorsNf j andNf arenot
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parallel.
rik & @fj owfk Nfj by bofj  bsfy Nfy

Whereg,, @, &, b1, b» andbs areconstantso bedeterminedBecausehis canrepresent
ary vectorin the 2D planeit is generaknoughto representhe outwardfacingvector All
thatremaings to identify suitableconstang sandb's. Applying the rst condition,with
nophasej, Nf; Oandf; 0 thenvectorr; mustvanishfor all k.

by bsfy Nfy 0O

Assumingphasek existsthenbothof theseb's have to be 0. In a similar mannerg, and
@ arefoundto be0. Thisleaves

rik  BfNF; bof jNfy
By consideringcondition2, a2 phasesystenwheref, 1 f; whichyields
riw @1 fjNfj bfiN1 fj

aNf;  af Nfj  bofjNf  Nfj
By comparingthetwo sidesof this equationthe following canbefound

02} b, and @ 1
whichgivesb, 1 andtheoutwardfacingvectorfrom phasej to phasek is

rix  fiNf £ NF; (3.1.20)

It hasbeenstatedthatr j, couldrepresengary vectorsolong asNf j andNf arenot par
allel, howeverin the secondconditionthey areparallel. It is alsoknown in this situation
thatr ;, is alsoparallelto thesetwo vectors,andwill be parallelto thesetwo vectorsin
ary situationwherethefollowing conditionis true

N
a Nfi 0
i0jk
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Thefollowing notationis now de ned for corvenience

fi
fix ﬂ—X‘ (3.1.21)
r’fk fifix Fifix (3.1.22)
e fify fifiy (3.1.23)

Thelasttwo of theexpressionsiresimply thex andy componentsf thevectorr ;.. Using
this notation,theangleqjy canbeexpresseds

Yy
tan g rixk (3.1.24)
j
Yy
Qik tan 1 K (3.1.25)
This alsogivesthefollowing relations
: rﬁlk
sin gjk — (3.1.26)
Fik
X
cos ik LS (3.1.27)
Fik

Ratherthanexplicitly expressthefunctionhjy it will only bewrittenasa functionof gj.
Any differentiationof hj, will be carriedout usingthe chainrule by rewriting %J/k

%”ﬂi)‘f and similarly for higherorder differential quantities. This is doneso that the
form of the anisotroy canbe keptasgeneralaspossible thusallowing differentforms
of anisotropy to be used.As statedpreviously the only partof the free enegy functional
F f cT affectedby anisotropy is the gradientenegy term 3.0.6, andthereare three

requireddifferentialsof thisterm

1G \ ThixTak = o2 2. T
o2, & Mg g, e~ Mg (3.1.28)
1G c’>\l 62 ﬂhjk ﬁqjk 2 2 ”ij

2 hj—s K 2 g2y K 3.1.29
O R T [ L T (8:4:29)
1G \ Thik Tajk = » .o Tk
= 2 ke 1 2R3l e 3.1.30
T L T 9 L L 7Y (3139
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Additionally the following notationis used:

hjk

hjk

Thik
Tajx
Thjk
2
Tajx

The rst steptoward simplifying (3.1.28)-(3.1.30)s to nd thesix differentialswith re-
specto fj, fix andfjy, rememberinghattheuseof the Lagrangeundeterminednultiplier

hasrendered ; andf independent:

1
ffi

ffi

faix
ﬂfix

frix
fix

11 L T, T

r’ r’
seéqir2 K Ifi IR

1 r).( ”_)cjf ﬂ_fk .
kgt

rjyk djfix  difix

LpX 2
S

1
2 M difiy  difjy

r)j(kfky I’}/kka d,j

Lik 2
f; Ty
—Nfx —Nf
Tt mhi— :
y
1 X ﬂl’jk y ﬂr)j(k
[sz A TTLY %
Lo ¢ Ty Ty
Ik 2 ik fix fix
1
Lik
r}’k
ﬁ fkdj f1d|k
‘. TNF ¢ TNf
: ﬁfix . ﬁfix
i ﬂfjx
fix fix
f] ;szky fk #ij
ﬂTix ﬂfix
f o8 o aij

y

Y o oXf
Ffix  Tikfiy i

T
Jﬂfix

r]¥k fide frdj

ﬁfjx
k ﬂfix

(3.1.31)

(3.1.32)

(3.1.33)

(3.1.34)
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fajk 1 ”r)j/k Tk
iy [jk2 JI(ﬂfiy

1 X ﬁfky ﬁij 1 Tt ix
r, fi—2 fr=—>2 o i
ik ? gty kﬂfiy ik Tty kﬂfiy
1
W r)j(k fidk frdj I’}/k fi 0 fx O
r’j<k
r'—kz fidk fidj (3.1.35)
=J
rji mNF . INF,
— fi fx
ﬁfiy ﬁfiy ﬁfiy
T T ix
fi i
fj gfky fi %z
Ty Ty
0 0
f i (3.1.36)
ik aj

Thesequantitiescannow be placedinto therelevantpartsof Equationq3.1.28),(3.1.29)
and(3.1.30).

G 5 e2 Lik x y y x
I _kak ik hikhjk 2 My Mfec df fix Ty di
iki L
hirik diNfi diNf;

N
a ek hikhic Tify Mife hirRNfe d;
ikj k

N
A ek hikhj thfix Pifiy  hialNF; dy

ik k

N -
a e hihy rifiy Mific  hiraNfy
ki1

i1 -
a & hjh; hific rify  hfrENf
i 1

j
N

a & hijhij riifiy riyjfjx hiriNf |
|
|

e hihy  mifx rifiy  hirNf (3.1.37)
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At this stageit is necessaryo examinethe relation betweenh;j and hji. Going from
phasej to i ratherthani to j addsp radiansto theanglein questionhencegji  gij p.
If hj is atrigonometricfunctionthenit canbewrittenthathj gjk hik gix p or
hijx  hy; andsimilar for thedifferentialsof hj,. This meanghatit canbewritten that
hjihy;  hijh;; and h2 hizj sothe two sumsin Equation(3.1.37)canbe combinedto
give

G § ‘ y

7 jai & hijhi; rifyy rifix  hirNf; (3.1.38)
The differentiationdn Equationg3.1.29)and(3.1.30)alsoneedto be expressedn sim-
plerforms

2.y
7G N 2 Lik Tk
< hyh,———— fdi f;d
1 ix jkaj K ke UKk Fik 2 KTk
dk aj
hr.,. f; f
jk=jk J 0 k 0
N ZrY 1
k
kak 92 hikhj rjkzl fx hjzkljkfk 0 dj
ik
N ro 2ry
o ik k
a ej2k thth . 2J fi hjkﬁjkfl Gl
ikij k Lk
N r: 2
o Ljk k
a eq hihy 2 Tk hidide dj
jkj k ~jk
N r.2ry
o) Ljk k
a e hhyp——5-f; hirkfi d
ikij k Tik
N
o |
A & hikhg—Xf hirifi
ki1 i
3 @ hyn “f h3rkf,
a ji JLERST j ]Irjl j

j 1 —J

J

5 2
[
|

_é e hijhyrlif; harkf,

qz hijhirlifi h3rSf; (3.1.39)
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The nal componentequiredatthistimeis

1G \ ik
—— a €. hh foch firdhi
ﬁfiy ikj k Ik : Ik L]k 2 - :
0 0
hj2k£jk fJ fk
Ol ahj

N

2 X 2
a & hihprifc hid
Y

K
& 2

. X £ .
a e hihyrlifi  hadf|
kj k

j
A\ 2
ka &  hichyrife  hirife
|
i

B

a e2 hjih;r%f h r £
1

o= —.

a i hiih |ij h|21r|yjfl
ji

i
a & hijhyrif; hinif
J

qz hl]hlj IJJ hlzjrljf]

Furtherdifferentiationyields:

1 1G ) 2
N rY
) ﬂhlj Y ﬂhl] y ”'J
”ﬂ” r5f;  hf ﬂ”fJ harfix

I]”

~ Qo
EL W

7x ij'ij Tx i Ij

2h.,h..@rxf,- h? "fl h2rf |

I]”

ﬁy
”q”h”f, h.,”q”h Y hyhi=f; hih,

(3.1.40)

ij I]

i |ijX

JX
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74,
x

o
” huﬂ' hijf

N
I

h.rY.

ity harly hific g

i W
(3.1.41)

Thethreedifferentialswith respecto x in Equation(3.1.41)cannow befound.

L6

T My fifiy fidy fifig

Irx

ﬂ—)I(J fixfjx fifjxx fjxfix fjfixx
fifjxx fjfixx

LCT 11 T

x se@ qij r|X12 i x " 17x
1

Lij

riyj fif jxx fjfixx

Thesequantitieswill be evaluatedcomputationallyduring the updatephaseof the com-
puterprogram.

Repeatingheabove calculationfor y usingEquation(3.1.40)yields:

7 1G \ Taij
— — LY rf hiihieXfi 2hiihar) fi —=
ﬁy ﬂfiy jai qzj J gt ij 1] |] J ﬂy
i .
hirl§ iy hifiy fy huﬁ hijf |
(3.1.42)
y_
Thequantities* LT and ﬂq’ will be evaluatedcomputationallyasbefore.The quanti-

TIY’ Ty
ties(3.1.41)and(3.1. 42)arecombineoto give theanisotropiccomponents$o the Nestler

Wheelemodel.

3.2 Derivation of the SteinbachModel

Thederwationof this modeldifferssigni cantly from the previousderiation: this model
doesnot requirea Lagrangeundeterminednultiplier becausdhe requirementhat the
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sumof all the phasesnustbe 1 atall pointsis built into thederivationasfollows,

N
afe 10 (3.2.1)
k 1
Fromthisit canalsobewritten that
N
kK 1
K i
k j

andif thisis differentiatedwvith respecto f; it follows that

Mfi T g Ttk

— —= 0
UL LA L
k i
K]
1t L
7f, 1 f. (3.2.3)

~ x X

1
[
i

Thesumin theabove equationcannotbedirectly evaluated howeverif it is assumedhat
the dynamicsof a triple point (or higher)interactionis dominatedoy the movementof
dual-phaséoundariesthe sumbecome® andnow it canbewritten that

”—fj lfori | andﬂ—fj

1for onej suchthati | 3.24
. . j j ( )

This doesnot saywhich of the otherphaseg|) interactswith phasa howeveratary one
point only two phasesaninteract. Identifying which of the otherphasess presentwill
beimportantwithin themodel.

Additionally
hiLd} hild}
ﬂ—”’f 1fori jand U fx 1fori j (3.2.5)
Tfi Tfi
T T

Theserelationswill berequiredto evaluatethevariationaldifferentialsin Equations3.0.2
and 3.0.3. This informationcanbe usedto carry out the differentiationsrequired. Be-
causeit is unafectedby anisotropy, the function f f ¢ T , givenin Equation3.0.5is
differentiatedrst. To malke this differentiationsimplerto follow it is split into threeparts
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asfollows.
\
A a Wi 1 cWh S (3.2.6)
jkij k
\
B a cn 1 cnffPeff 15f; 10 (3.2.7)
i1
RT
C — clnc 1 clnl c (3.2.8)
m
Suchthat
ffcT A B C (3.2.9)

The differentiationswith respectto ¢ are muchsimplerthanthosewith respecto f;, as
suchthesewill bedone rst.

A N
B A WE Whrdf
jkij k
B N
8 a m mfPef? 15f; 10
fic i1
”_C Er“'] c
flc Nm 1 c
Therefore
7f RT C L\l B A £2¢2
— —In —— a W.k W.k fkf
[® Nm 1 c K] K J J J
N
a m mflef? 15f; 10 (3.2.10)
j

The differentiationswith respecto f; areslightly morecomplicateddueto the factthat
eachphases notindependent:

A A\ B A LY 2. Tk

— W 1 cW 2f i f2 2f fr

ﬂfl ]ka] k Jk Jk J ﬂf k ﬂfl
N fi f
a 2fjfucwi 1 cwh fk” L

k 'egf.
]k] k J ﬂfl ﬂfl
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The next stageof the calculationis to remove the casesvherej i andk i from the
doublesum.

TA N B A Mt Tk
2 2fif, N 1 cwd ! fi X 3.2.11
qf kai ) ik ik ik kﬂfi i qF, ( )
i1
o ﬁf ﬂf
2f ificwB 1 cwh fi—1 f 11 3.2.12
jal SRR J! Xii Xz ( )
N
) ﬁf ﬁfk
2f if, WB 1 cwh  f ) 21K
jkja ) itk ik jk kﬂfi ]ﬂfi
joi
k i
(3.2.13)

The term (3.2.13)is a threephaseinteractionterm, and from the assumptiongaid out
previously this is therefore0. The summationndex k in (3.2.11)canbe replacedwith |
to give

A N B A ffi ff;
— 2fif i AW 1 cW) fi— fi—
ﬁfi ]ail 1) 1] 1] Jﬂfi Iﬁfi
i1
9 £ AnB A o T Tf
jal 2fjf| CVVji 1 CVVji flﬂ—f| fjﬂ—fl
N
0 ﬂf| ﬂf
2fifj WP 1 cWE  fiot figr
j ]_a] i v ' ' Jﬂfl Iﬂfl

Theidentity in Equation(3.2.4)saysthatif thereis aninterfacebetweerphases and |

then ’17,—';: 1, additionallyf;f j is zerounlessthereis aninterfacebetweerphase and

phasej. This meanghat 1 canbewrittenfor all the ;[7—;: termsandthe productof the
f'satthe beginningof thistermwill actto selecttheinterface:

A & B A
T a 2fifjeN; 1 cW) f;1 fi 1
j1ji
&
a 2fifj WP 1 cWh f; f (3.2.14)

jo1joi
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The partial derivative of B with respecto f; is alsoneededandthisis foundin a similar

way:
18 A " 1 cmh 5 6f% 4 15f3 3 1072 1
7t jal cm ¢ m j j T
30‘5l 1 ocmd 2 2r 15200
jal Cmy cmp Ipo el I,
\ g
308 cnf 1 cnmf 1 f Zflzﬂf. (3.2.15)
j 1

From the previous calculationit is known that the only way that canbe evaluated
is if thereis a known interface. The only information known aboutthe phasegpresent
isviathe 1 f ij2 term, which selectsaninterfacein phasej, however this givesno

information aboutwhich other phasethis interfaceis with. Sinceit hasbeenassumed
thatthedynamicsof the systemaredominatedoy two-phasenterfacesatary pointthere

shouldbe only oneor two phasegpresentjn otherwords1 f; fy, for somek. This

now makes 1 f; zsz f f2 in otherwordsthis actsasa selectorfor aj kinterface.
This addsan additionalsummatlonover k which is usedto nd which phasek hasan

interfacewith phasej:

1B \ 2.2 TF
s 3ojkaj1k cnf 1 m‘\ff]ﬁfl

This summationensureghatthe contribution from eachj k interfaceis includedbut no
contributionsareaddedfor an'interaction’ betweera phaseanditself. The next stageis
to eliminateary interactionswhich correspondo interfaceswhich do not affect phase.
As statedbefore,the evolution of phase is controlledby the interactionbetweerphase
I andits neighboringphases.This meanghatthe j k interfaceis only of interestin the
casewhereeitherj iork i, theotherpossiblecasedeingtheeffectuponphasea of
a j kinterfacewhichwouldbeatriple pointinteraction.Hence

1B \ 2.2 Tfi
— 30 HF 1 m fcf;
ﬂfi ka.i ¢ ¢ ! ﬂfl

& mf;
3084 conf 1 cm} A
j i ﬂfl

N
304 cnP 1 cmPfE21 (3.2.16)
ki
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c? 1 cmpfAF 1 (3.2.17)

w
. (@]
Qo=

The term (3.2.16)comesfrom replacmg ’"' with 1 which is true unconditionally The

equivalentpartin (3.2.17)comesfrom replacmg ' with 1, which is only possibleif
thereis aninterfacebetweerphases andj. This condltlonls satis ed by the presencef
f2f Z whichwill selectthei j interface.The nal stepis to swapthek summatiorindex
for a j andbring thetwo sumstogether:
B \
o7 30a cnf 1 e fAfFE enf 1 cmp FAf?
joi
\
308 o 1 cnf cnP 1 ocmp A7
j i
L\l B 2¢2
30a cnmP my 1 ¢ m o A (3.2.18)
ji

Finally, by combiningthis with theresultin Equation(3.2.14)it canbewrittenthat

1f A\ B A
[T a 2fify Wy 1 cWy fj
i i
‘[-’\I B B nrﬁ 2¢2

joi

This nalises thederivationof 1= 7“ and T Tt . Bothof thesetermscannow beconvertedinto
computationaforms.

3.2.1 Derivation of the Isotropic componentsto the SteinbachModel

This sectionderivesthe differential g—ﬁ for the casewherethe orientationof theinterface
hasno effect uponthe growth.

N e My 2 fi TF | ;2
G - LS VY AL f2 L 3.2.20
]kaj 2 I x Ix x K x ( )
1G Nooe T, T . T i
™ ko op Mif2 of fo f FioX  2f i Kf
& 2 Tgn e Sed T Digg S

=~
=~
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N &2
2 Sk i f f« fk
a2 e el fgg fige gty
N
o) ﬁf ﬁf
a & kaﬂ—f{ fifiw Fixfi fjxﬂ—f" ffix  Fifi
ikj k i
N
o) ﬂf ﬁf
a & fycr fifiy fiyfi ij—k ffiy  fifky
N fi qf
2 @ fo o The o pog
jkaj_ ) ik kxﬁf| ixgr iTke  TixTk
o fi i
2 2 foltiop T g g 3.2.21
jkaj\k ik kyﬂﬂ v Tty TiyTk ( )

At this pointthefactthatonly dualphaseanteractionsoccuris appliedto thetermsf kxﬂ—;‘

andf ,xﬂf k. Therearethreepossibletwo phaseinteractionin theseterms,eitheri j,
i koraj k. Inthecaseofani | interface,fx ’%‘I‘ 0 andin thecaseof ani  k

Tt

ﬂ—f' 0. Inaj kinterfacef fix and%—;': ﬂf’

interface, f jx This means

thatfor all threep033|ble|nterfaceska r L f,x ﬂf" 0 andif asimilar argumenﬂs used
uponthey derwatlvestheseresultscanbe substltutednto Equation(3.2.21)giving:

1G

— 0 3.2.22
ffi ( )

Thenext stagerequiredis to carryoutsamecalculatlonfor ”G and ”G usingthefollow-
ing

7

0 j k
My :
iy -
—= 0 Kk
f kx :
Tt | :
— 0 k
f kx :
i o jk

iy
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Startingfrom
N f fro ©
G a —fi 2 )
ki K Fry Fiy
N e
o k
a — P& Ty 2ifcffi fofly  fRTR TR
jkj
it canbe shown that
1G N ejzk onp TFix f 1 1t ix one TFix
— fc2f 2fifx fix—0 f fe2f ixy—"
[ B Rt A (S (R 19
N
o) ﬂfx ﬁka
2 f2fix fifuf X 26 fifif
jkaj. k ]k ke I Ik ﬁfiX ] x KT ﬂfiX
N
o) ﬂfjx T kx
~ fufix Fifie f fif fufix fi—"
jkaj . ik Tkljx  TjTkx kﬁfix ilic Tkl jx igf
N f ﬁf'
2 & fife Fefi fioke g T
jkaj. k ]k : kx k X ) ﬁfiX kﬂfiX
i1 f. ﬁf'
8 @ fife fifn fibxo o T 3.2.23
jal i Tilix  Til jx T . ( )
N
o) ﬂka ”fix
fif ffi fi—— f 3.2.24
kail Gic fifioc i NI 1 ( )
N
o fi
A & fifix fifix f,-”;'_‘x fkﬁf{x (3.2.25)
j K ﬁ IX ﬂ IX
k i
joi

wheretheterm(3.2.23)coversthe casewherek
and(3.2.25)coversall theremainingcases.

i, (3.2.24)coversthecasewherej i

It canbe notedthat(3.2.25)describes triple pointinteractionthe effect of phaseg
andk on phase, hencebasedon the assumptiongaid out previously this term mustbe
zeroandis now removed. Additionally theassumptiorsetoutin (3.2.5)canbeappliedto

(3.2.23)and(3.2.24)to give;

1G !
ﬁfix j

1
é eﬁ fifix fifix f;1 f 1
1
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N

é qﬁfika frfix fi 1 frl

ki1
iol
a eﬁ fifix fifjx fj fi (3.2.26)
j 1

N

a & fifix fufix i fi (3.2.27)
ki1l

Thenext stepis to replacehe summatiorindex k with j in (3.2.27)andto movetheminus
signfrom the secondoracletinto the rst asfollows,

G o1
T aleﬁ fifix fifjx fj fi
J
\
alqzj fifix fifix fi f;
joi

Finally, usingthe symmetryof e, gj; canbewrittenasgj. By applyingthisit is clearthat
thesetwo sumsarein factthesameadditionallyf; f; 1 fromtheassumptiorthatthe
only interactionsaretwo phasenteractionshence

1G \
;oA & fifix fifjx (3.2.28)
O

The next stageof this derivationis to differentiatethe abose with respecto x

T 191G \ i, Pfi 1, T
g &8 e Dge e fge
A\
a qzj fjxfix fjfixx fixfjx fifjxx
i1
A\
a & fifix fifjxx (3.2.29)
i1

It is clearfrom theabove agumentthatit is alsotruethat

7 TG \
LI . fifoy Fif 3.2.30
oIty 13-J i & fifiyy fifjy ( )
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Fromthis derivationthe componentganbe addednto Equation(3.0.7).

dG 1G 719G 1 1G

df ffi ﬁxﬁ”ﬂ_fxi Wﬁ”ﬂ—f}j
N
0 é QZJ fjfixx fifjxx
j1gi
\
a & fifiy fifjy
j1ji
\
a qzj fjfixx fifjxx fjfiyy fiijy
j1ji
N
é qzj ijzfi fiﬂzfj
j1ji
N
é (:‘;2J fiNij ijzfi
j1ji
\ N
a &N (3.2.31)
j1ji

If thisis combinedwith Equationg3.2.10)and(3.2.19)it providestheability to simulate
systemavherethe orientationof theinterfaceshasa nggligible effect uponthe growth.

3.2.2 Derivation of the Anisotropic componentsof the SteinbachModel

Anisotropy is introducednto the systemasbeforeby rewriting ejx asejxhjx wherehjy is
afunctionof gj, theanglebetweerthex axisandthevectorfrom phasej to k normal
tothe j kinterface.lt canbeshavn thatthis vectoris

rix  fiNf £ NF; (3.2.32)
Whichmayberewritten as
rX fifix fifi
I Ik I TkEJx (3.2.33)
: rY fifiy fifi
jk ITky  Tkljy

ik arctan ¥ (3.2.34)
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r}’k
tangjk = (3.2.35)
jk
Startingfrom the original de nition of G
N e h? .
G a % fiRf filf; 2
jkij k
dG G T 919G 1 1G
dfi  Wh Tyl Tygin
[ Tfi ﬂxﬂﬂx ﬂyﬂﬂy
with
1G N ej2k Thik 277£jk2
— — 2hjxk——1r, h 3.2.36
o S 2 COn ke Tk (3239

imi JG i<
andsimilar for 7 and Ty

L : Tric? Trp? Trp? Thye Thy Thik
Fromthisit is clearthatexpressiondor ——, 57—, Ty T T andﬁTiy are

needed However examinationof the differentialswithin the isotropicderivationsshavs
that

2
r.
771;7;'? 0 (3.2.37)
|
Tri? T kx ff ix
—_— 2 fif fifi fi— fr— 3.2.38
”fix I K Ix ]ﬂfix kﬁfix ( )
Tri? My Mf iy
2 fif fifi fi—2 fr—==> 3.2.39
My ik  Tkljy Jﬂfiy kﬂfiy ( )

This justleavesthe calculationof ﬂﬁ'}"i", 177;:: and %’I‘y" For the rst of these

Thik Thik Tqix

Tt Tajk Tfi
but
tang;k Lik
™
SO
Tajx 1 « T fifiy Fifjy y Tfifix  fifix

r )
1fi se@qurt2 mfi Ik 1fi
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1 y Tf; y fk
W fkyr)j(k karjk wf. fjxrjk nyI’Jk Tt
Fy ity fiyfific Fiyfkfix  fixfjfiy  Ficfif jy

Fidifiy  Fioyfuf ix
Tt Mf5 M TF
Ix Ty Ty fix

At this stagethe dual phaseinterfaceconditionis appliedto 1%ka % %k Zlfx' , asin the

previoussectiontherearethreepossiblanterfacesj j,i kandj k. Inthecaseofthe
iy T ang T« ﬂfk UL

I jandi Kkinterfaceghistermiszero.lnaj kinterfaceW T ¥
LLPRILITS 11 L] x y
thereformd o W  0.S0fiyrf i O

Fixfc Fiyri Fixfify  Tixfifiy  Tiyfific Tiyfifjx
fixfifiy Fiyfifx
LR L LA L
ooy 1y
o Wfy U T fy
oy xooy

andby applyingasimilar agumentaspresentedbove,

This leadsto the conclusiornthat

Thik

0
Tfi

2
Whenthisis combinedwith whatis known aboutthedifferential ﬂf];‘kl the resultg—?i 0
is found.

Thecalculationof df still needscontributionsfrom Zlf;'k and -~k ”h'k . Notethat

Thix Thix 79«

fix Taix Tfix

fajx 1 rxﬂfif"y ffiy ryﬂfjka ffix
fix se@qjkr’j‘kz Ik fix Ik 1 ix

where
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1 X ﬂka ﬁfjx
—— 5 0 Y fi
se@quariZ e Tl ﬂfux
1 y T kx ﬁfjx
—r, fi—— f
se@quri 2 K iy “NFix
ﬂh k 1 y 1 ﬁfjx
Hence —— ) fi—2" f
fix Jkse@qjkr]-‘kz jk 1 ix K 1 ix
whereh, %‘E Similarly
Thik gk
L L Rikar
”fiy ”fiy
i fif ffi fif fifi
where 1dik ! , rlkﬂ ky Tkljy yk” o Fifjx
Mfiy se@qjkr Mfiy J iy
1 x ¢ Ty 77ny y
rie fi r 0
Se@ijr)j(kz e efy Tfiy ﬂfly Ik
;rxk fier My 77f1y
sec?qjkr]-‘kz J ﬂf|y ﬂfly
Thik 1 Tty f i
Hence——— hyp—— % .29 g Y
iy ‘kse@qjkr}(kz L iy k iy
Mk 2 Ui 2
but cosgjk T Sosecqjk o SO
Thik hjkrjyk 1 kx Tt ix
i f 3.2.40
fix Fik 2 ) fix X fix ( )
Thik hy i, Ty f iy
fi f 3.241
”fiy [jk z : ”fiy k ﬂfiy ( )

With thesecomponent# is now possibleto assembléhe quantitiesbeingsought:

N h r fi
1G 3 Lk Zhjkfjkz ]kzjk fjﬂka fkﬂ jx
”fiX ikij k 2 [Jk ﬂfiX ”fiX

f 1 f ix

h32 fifix fufix i f

ik I e Ix X ﬁfIX k ﬂfix

N

o) ﬂf ”f

a ejzk fi < Frer

it hj hichir?
ki k Tfix TFix Kk hikhjri
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i while discardingtheremainingcasegives

Remwing thecasesvherej i andk
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Hence
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Thefollowing componentsvill berequiredwhentheabove is evaluatedcomputationally
(howeverwill notbesubstitutednto theequatiorhere)
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This concludeghe derivationsfor the modelswhich will be usedin this thesis. Both of
thesemodelshave beenderived from the samefree enegy functionalin orderto reduce
the differenceshetweenthemandto allow a realisticcomparisorof the differentiation

techniques.



Chapter 4

Reductionto SinglePhase

In this chapterthetwo classef modelderivedin the previous chaptemwill bereduced
to comparablesingle phasemodelsasa meansof validation. This procesgequirestwo
stagesthe rst stages reducingthe modelsfrom N phasesystemso two phasesystems,
orf;y fytofqandf,. Thesetwo phasesarethenrelabeledassolid (f,  fg) and
liquid (f1  f,); the secondstageis thento reducethis into a single phasemodelwith
onlyonef , bywriting f; f andfs 1 f.Becausdothofthemodelsderivedinthe
previous sectionarederived from the sameinitial free enegy functionalit is possibleto
reducethis functionalto anequialentsinglephaseunctionalby theabove method.This
single phasefunctionalcanthenbe differentiatedusingthe methodusedby Warrenand
Boettinger([28]) to give a single phasemodel. This modelwill thenbe comparedwith
thetwo modelswhich arederivedby reducingthe multiphasemodels.

4.1 SoluteReduction

Becausdhe soluteevolution equationis the samefor both modelsderivedin Chapter3,
the reductionto single phaseis presentedas a separatesection,here. The multiphase
soluteevolution equationis givenby (givenin Equation3.1.13).
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As describedpreviously, the rst stageof the reductionis to reducethis to a two phase
equatiorby settingn  2:
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Them parameterareonly known relatively to eachother becausef thisoneis arbitrarily
setto zero(see[14]). In thisthesisit is theliquid phasewhichis setto zero.
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Thiscompleteghereductionto atwo phasesquationsothenext stepis to replacef | with
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wherem® % andsimilarly for B.Becausan® andm® a constantgin an isothermal
simulation)thisreducedo

3 . RT
T R bf c1 e "in -& wB wA 1 f 22
Vi Nm 1 c

mP mtf36f2 15f 10 (4.1.1)

Thenext stepis to reducethe multiphasdree enegy functionalto a singlephaseoneand
differentiatat with respecto cto nd anothersinglephasesoluteevolutionequation.The
startingpoint for this calculationis the multiphasefree enegy functionalfrom Equation
(3.0.2):
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RT

— clnc 1 clnl ¢ dVv

Nm
This mustnow bedifferentiatedvith respecto ¢ beforethe soluteevolution equationcan
bewritten out:

dF RT
ar WB WA 1 fF2F2 N &
dc Nm 1 c

me m™ 1 f36f2 15f 10

wherethe integral hasbeenremoved sincethe equationmusthold over anarbitraryvol-
ume so mustalsohold for a unit volume. This cannow be usedasfollows to give the
soluteevolution equation.

fc ~ ~ dF
— N Df c¢cl1 cN —
Mt - — dc
i i RT
RN Df c1 cN W8 wA 1 f2,2 Shp &
Nm 1 c

me m™ 1 f36f2 15f 10

Againthe 1 atthe endrepresents constantandthis will be 0 whendifferentiatedsocan
beremoved.
€ R bf c1 cR we wA1 fr22 Ry, ©
Vi Nm 1 c
me mtf36f2 15f 10

This is the sameas Equation4.1.1 presentedoreviously, which meansthat the solute
evolution equationis consistenin single phaseand multiphasemodels,however since
the soluteis dependenbn the phasethe actualsolutepro le will only be the samein
multiphaseandsinglephasef the phaseavolution equationreducesdentically. It would
have beenequialentto shawv that % is the sameby both differentiationbecause’%—f is
assembledh the samemanneiin bothmultiphaseandsinglephasecalculations.

4.2 Nestler Reduction

As with the soluteequationscomparinghetwo differentialsof F is thesameascompar

ing the two forms of ”Ti sincethe evolution equationis assembledn the samemanner

in boththe singleandthe multiphasecases.The only complicationis thatin the caseof
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theNestlermodelthe Lagrangeundetermineanultiplier mustbetakenaccounof. In this
rst examplethe Lagrangemultiplier speci ed by Nestleret al. ([31]) is chosernrather
thanthe onewhich wasdevelopedfor this study (laterin this chapter).Also a decision
mustbe madewhetherto compareheisotropicor anisotropicequationsin this casethe
isotropic equationsare compareddue to the compleity of the anisotropicforms. Ad-

ditionally, sincef is the liquid phaseit is the evolution equationfor that phase(rather
thanthe solid phasewhich will be obtainedfrom the reductionof the multiphasemodel
(startingfrom Equation3.1.19):

N
% Li ae; 2fiNfy £Nf NfF; o R £iR2FG f
| ] i
A\
a 2W;fif? 3omfZ1 fi? L
ji
dF & N if. N 32 32
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Wiof1f2 30mifZ 1 f12 Ly
3—:;:' I—I 6123 2fI&fs fs&ﬂ &fs fSN2f| f|N2fS fs

Msf f2 3omfZ 1 £ 2 L

The contribution from my is 0 becauseahe valuesof m are only known relative to each
otherandoneis setto zero.

dF

d_ﬁL' e 2fN1 f 1 fRf N1 f
1 fRN%F fN?1 f 1 f 2Wf 1 f? L
e 2fN1 f 1 fNf N1 f
1 f N’ fN?1 f 1 f 2Wf1 f? L
e 2 fNf Nf fNf Nf
N°f  fR%fF fN?f 1 f 2Wf 1 f? L
e 2Nf Nf N?f fRN?fF  2wf 1 f 2 L (4.2.1)
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It is now necessaryo nd L, andtherearetwo formswhich have beenusedsofar: the

rst is givenby
dF
fi

A
a

1
L, =
Ni1

(o

. For this the differential 3'—2 will be needed.This is foundin a similar mannerto the
differentialfor theliquid phase:

2
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S

With thisknown it is possibleto expressthetwo-phasd.agrangemultiplier as

1 dF dF
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This now allows Equation(4.2.1)to be evaluatedn full:

dF

aF L & 2Nf Nf N%F fRN%F  2wWf 1 f 2
e 2Nf 2 %sz f Nf

WFf 1 f 16m1 f 2f2
%ezﬂlzf WFf 2 4f 2f%2 1 f 15m1 f 2f2

%ezﬂlzf WFf 1 3f 2f%2 15m1 f 2f2

%ezﬂzf Wf1 f 1 2f 15m1 f %f? (4.2.3)

This givesthe function which mustbe comparedagainstthe single phasederivation (to
befoundlaterin this chapter).

4.3 Nestler ReductionPart Il

This sectioncontinuesfrom the previous sectionhowever usesthe Lagrangemultiplier
developedfor thisstudyin Chaptel3. TheEquationg4.2.1)and(4.2.2)from theprevious

sectionremainunchangedit is only the form of the Lagrangemultiplier which changes.
Thisis now givenby
o dF
L fla -+
i df
Clearly the calculationof this quantity will follow in a similar mannerto that of the
calculationin the previous sectionwhich gives

L f e 4Nf 2 N?f 2f N?f
2Wf 1 f 30m1 f 2f?

& 4af Nf 2 fN?f  2f 2N°f
2Wf21 f 30m1 f %3

This canbe combinedwith the previousexpressiorgivenin Equation(4.2.1)to yield
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rr e 2Nf 2 R%f fR?f 2wf1 f?2
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€ 21 2f NF?2 1 fR?F 1 2f fN?f

W1 ff1 f2 30m1 f?2f3

e 21 2f NF?2 1 f RN 1 2f fN?f

2wWf 1 f°3 30m1 f %f3 (4.3.1)

Thisis rathermorecomplicatedhantheform foundin Equatiord.2.3.

4.4 SteinbachReduction

This modelis reducedn the samemannerasthe modelsin the previous sections. Again
thestartingpointis thedifferentialof themultiphasdreeenegy functionalgivenin Equa-
tion 3.2.31.Thismodeldoesnot usethe Lagrangeundetermineanultiplier employed by
theNestlertypemodels,nsteadhereis anunderlyingassumptiorthatall interactionsare
dominatedoy two phasdnteractions.
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N fNf Nf fRNf 2f1 fwW1 2f
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eN%f 2wf 1 f 1 2f 30mf21 f? (4.4.1)

Thisis thethird functionto be comparedagainsthe singlephasederivation.
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4.5 SinglePhaseDerivation

The startingpoint for this derivationis the single phasefree enegy functionalgivenin
Equation(3.0.1). This mustbedifferentiatedwvith respecto f sothatit canbecompared
with the equationdor g—f derivedin theprevioussections.

dF e? d Nf 2 B A T1 f2f2
df 2 df VT 1 oew 9
3 2
o 1 o N1 fR6f2 157 10
q7f
e TNf2 o 7Nf?2 B A
7 g N cWB 1 cwh2f1l f 1 2f
cnP 1 cm30f%1 f 2
go 2K°f owWB 1 cwh2f1 f 1 2f
cnf 1 cnm30f%1 f 2
eN?f 2wf 1 f 1 2f 30mf21 f 2 (4.5.1)

This chaptethasreducedall themultiphaseequationdor thethreemodelsto singlephase
equialents,it hasalsoderiveda single phasemodelwhich startedfrom the sameinitial
free enepgy functionalasthe multiphasemodels. Theseequationsannow be compared
againstone anotherto validatethe multiphasemodels. Firstly the Steinbachreduction
(Equation(4.4.1)) and the single phasederivation (Equation(4.5.1))are clearly identi-
cal. Brief computationatests,usingthe Steinbachsolver written from this thesisand
a separatesingle phasesolver written for a differentstudy shoved very similar results,
differenceswere attributed to the exact useof nite differencestencilswithin the two
models.

Theseconccomparisorbetweerthe Nestlerreductionandthe singlephasederivation
show differences.In factthe reducedNestlerversionevolvesat exactly half the rate of
the single phase. This doesnot meanthat at ary time stepthe Nestlercodewill have
exactly half the amountof solid as a single phasemodel becauseof two facts. Firstly
the two simulationswill be dependenbn the initialisation, at very early time stepsthe
two simulationswill have nearlyidenticalamountf solid. Secondlythe phaseevolution
is affectedby the stateof the solute eld andthe soluteevolution is the sameasin the
singlephasecase.Whatthis doessuggeshowever is thatfor identicalsoluteandphase
pro les, for the rst iterationthe Nestlermodelwill predictonly half the phasechange

thatthe singlephaseandthe Steinbachmodelspredict. Alternatively if all the ”Tfti's were
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multiplied by two thenthis shouldthenmale this versionof the Nestlermodelequvalent
to the singlephasemodel. This wastestedover a seriesof singlephasesimulationsand
theresultsshavedavery high degreeof similarity, in all testsit wasimpossibleto tell ary
differencefrom justthe plots of phaseor soluteandthe amountof solid phasan thetwo
modelsdiffers by lessthan 1% (typically 0 1% 0 2%), this differenceis likely to be
dueto theexactformulationof thetermsinvolvedandtheroundingerrorsontheseterms.

Thesecondrersionof the Nestlerreductionlooksnothinglik e thesinglephasereduc-
tion andthereis no obviousway to changet to reproducdhesinglephaseresult.

This hasshavn thatthetwo Nestlermodelswith Lagrangeundeterminednultipliers
do not producethe sameresultsas a single phasemodel, while ary issuesthis causes
arebeyondthe scopeof this discussionjt wasconsideredvhetherarny N phaseNestler
modelusinga Lagrangemultiplier could reducemathematicallyto a singlephasemodel
andhenceproduceidenticalresults. With this aim in mind, a nev Lagrangemultiplier
wasdervedby way of reversingthe calculationscarriedoutin this chaptey startingwith
asingle phaseg—f andcreatinga two phasethenN phasesystem.The following multi-
phaselLagrangemultiplier wasfound, which recoreredthe singlephaseequation(given
in Equation(4.5.1))whenreducedn asimilarmanneto theothertwo Nestlerreductions:

1 Y aF

N 1@ dr;

(4.5.2)

It wasdecidednot to testa modelusingthis multiplier. This wasbecausat only over-
cameoneof thetwo percevedissueswith the Lagrangemultiplier generallyusedin the
literature. Thesetwo issuesare not reducingto single phase(asshown in this chapter),
andthe ability to nucleatea phaseby way of the multiplier only. Thelatter problemcan
occurwhenf; 0 anddd—fFi 0, thesetwo suggesthatphasa is notpresentaaindshouldnt
be nucleated however if é?‘ 1g—fj 0 (which is L;) thenthe Lagrangemultiplier will
causehevalueof f; to change.The secondmultiplier, which wasderivedfor this thesis
overcomeghis secondproblem,but clearly not the rst asshown by the calculationsn

this chapter



Chapter 5

Computational Techniques

This chaptercoversthosepartsof the researchassociatedvith the practicalrealization
of themodelsdescribedn Chapter3 ascomputemprogramsjncludingissuessuchasthe
introductionof noiseandadaptvity. A real systemhasmary smallvariationswithin it,
for examplethe liquid is not entirely the samecomposition. Becauseahe modelsso far
discussedack this “random” element,a noisetermis addedto simulatethis. In phase
eld systemghis noiseis requiredto producesecondaryarmsin dendritic systemsfor
example. In this work the noisehastwo forms: the rst is a basicinterfacenoisewhich
is adaptedrom the singlephaseform givenby Warrenet. al. [28]; theseconds referred
to asthe nucleationnoise,which wascreatedspeci cally for this study This nucleation
noiseallows onesolid phaseto nucleateanothersolid phase an effect which appearsn
reality but doesnot appeain somephaseeld models.

Dueto the authorsprior experiencewith programmingt wasdecidedto useC rather
thanFortranfor this study

5.1 Finite Differ enceDiscretization

This sectiondescribesow the equationsarecorvertedinto a computationasolver.

73
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5.1.1 Finite DifferenceStencils

The solver usedthroughouthis studyis a uniformly spacednite differencesolver. An
issuethatmustbeconsidereavith suchanapproachs thatof theaccurag of the nite dif-
ferencestencil: whetherto usea simpler lower order schemeor amoretime-consuming
but more accuratescheme.Oneof the simplest nite differenceschemess basedupon
secondrdercentraldifferences

1Q 1

ij >ix Q1 Q1 (5.1.1)

whereQ; Q X . Thiscouldbereplacedy amoreaccuratefourth ordercentraldiffer-
encescheme
Q1

Tx 12dx Q2 8Q 1 Qi1 Qo2 (5.1.2)

As implied by their ordet the truncationerrorsfor theseschemesireO h? andO h*

respectrely (whereh is thenodespacingdx). Clearlythe secondschemas signi cantly
more accuratefor sufciently small h, however this accurag comesat the expenseof
executiontime This stencilwill be signi cantly slower when handlingtermssuchas
”X'; or ﬂxﬂy ; the rst of theseis expandedn Equationss.1.3and5.1.4andthe latteris
computedby repeatedlyapplying one of the stencilsgivenin Equations5.1.1or 5.1.2.

. 2 . .
Thelower orderexpansionof ’{[—X’; is givenby;

7°Q 1
W X W Q1 2Q Q1 (5-1-3)
thisis an O h* expressionandby applying Equation5.1.2 twice the following higher
orderschemas found.
7Q 16Q; 64Q; 16Q; 130Q;
W % 144dX2 Qi 4 6Qi 3 Qi 2 6Qi 1 0Q;

16Qi 1 64Qi 2 16Qi 3 Qi 4 (5.1.4)

This schemeis O h® . It mustbe decidedwhetherthis improvementin accurag can
justify theincreasen executiontime andthiswill beaddressethterin this chapter More
accurateschemegO h° for the rst differentialor better)could be usedhowever it was
decidedthatarny furtherincreasan accurag would signi cantly increasehe execution
time andcodingcompleity.
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5.1.2 Time Stepping

Thetime steppingusedthroughouthis thesisis afully explicit schemegivenby:

(o
Vi

More complicatedjmplicit, schemesvere considerecsuchasthoseusedby Rosamet.
al. ([46]) however it wasdecidedthatthe explicit schemewvasadequatenoughfor the
purposeof thisthesis.

Qqt qQ dt (5.1.5)

5.1.3 Accuracy versuskEf ciency

To comparethe two nite differenceschemegresentedn Equations5.1.1or 5.1.2a
seriesof simulationswerecarriedout usinga two phasesystemfor a signi cant number
of iterations(6 000)andtheir executiontimeswererecorded.In eachcasethetime step
waskept closeto the theoreticalmaximumfor the secondorder stencil of %—’g, whereD
is the diffusivity of solutefor the liquid phase.Becausdéhe maximumtime stepfor the
fourth orderschemenill be smallerthanthistime step(dt will be of the orderdx* rather
thandx?) it is possiblethat this will causeinstability in the fourth order solver, while
this may presenta problemfor thesetestsit is alsoanothemossibledisadwantageto the
fourth orderschemeAdditional parametersuchasthe adaptvity (discussedaterin this
chapter)wereturnedoff to avoid introducingary errorswhich werenotdueto the nite
differencestencil. To calculatethe errorsa moreaccurateversionof this simulationwas
required.This versionusedthe samephysicalparametersiovever the nodespacingwvas
halved andthe time stepwassetto half of the time stepusedpreviously. For this more
accurateversionthe fourth ordersolver wasused. Becausdherearetwo solversin this
model(thereis apossiblenaximumof N 1 solverssinceeachphasecouldhaveit'sown
solver however it wasdecidedthateachphaseshouldusethe samesolver) therearefour
possiblesimulationsto compareasshavnin Table5.1.1.

ParameteSet| Phase&solver | SoluteSolver
1 O h? O h?
2 O h? O h?
3 O K2 O h*
4 O h? O h?

Table5.1.1: Possiblecombinationof Solver accuracies
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Table5.1.2showvs theresultsfor eachof the four parametesetsafter 6000iterations,
the errorswerefound by runninga moreaccurateversionof the codeandcomparingthe
answerdrom eachof thefour parametesetsagainsthis.

ParameteSet| Time (mins) | Percentag&rror
1 885 4.53%
2 1055 3.16%
3 909 3.12%
4 1063 1.79%

Table5.1.2: Finite differencestencilcomparisonsgErrorsandtimesfor 6000iterations.

It is worth noting that the simulationusedto obtainthe datain Table5.1.2wasa
two phasesimulation: if this hadbeena threephase(or more)simulationthenthe time
differencecausedy usingthe moreaccuratghasesolverwould belarger. This hasto be
takeninto considerationvhendecidingwhich stencilto usefor eachsolver.

To ensurehattheseerrorsarecorrect(andthatthe accurate simulationwasaccurate
enough)a secondaccuratesimulationwas carriedout, this time the node spacingwas
halved again (now one quarterthe original). If this simulationproducessigni cantly
differentresultsto the rst onethenit is clearthatthe rst simulationwasnot accurate
enoughhoweverif theresultsaresimilar thenthe rst simulationwasaccurateenough.
The errorsproducedby comparingwith this secondsimulationare presentedn Table
5.1.3

ParameteiSet | Percentag&rror
1 4.63%
2 3.25%
3 3.21%
4 1.89%

Table5.1.3: Finite differencestencilcomparisonskErrorsfor 6000iterations.

Table5.1.3shows the errorsusingthe secondaccuratesimulation. Thesearesimilar
to the errorsproducedrom the rst simulationsoit is clearthatthe rst simulationwas
sufciently accurate. While Table 5.1.2 shows the errorsat 6000 iterationsit is also
importantto considerthe evolution of theseerrorsrunningup to 6000iterations,Figure
5.1.1shows how the errorshave variedoverthe rst 6000iterations.
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Figure5.1.1: Percentagerrorsasa functionof iterationfor thefour solvers

This shaws that while the initial magnitudesof the errorsarein uenced by which
phasesolver wasused,the developmentof the errorsover the 6000iterationsappeargo
be controlledby the solutesolver. Theseconclusionsarereachedlueto theobsenations
thatinitially thefour solverscanbe splitinto two pairs,thelower (but highermagnitude)
fourth orderphasepair andthe higher (but smallermagnitude)secondorder phasepair.
Theresultsafter6000iterationscannot be soeasilygroupedthe pair of simulationswith
mixed ordersolvershave a similar error, however it is clearfrom the previousiterations
that their developmentis signi cantly differentand the fact they are the sameis just
chance.Closerexaminationhowever suggestshat the two simulationsusingthe second
order solute solver are approximatelyparallel and similarly for the fourth order solute
solver. Thefourth ordersolutesolver hasa smallergradientthanthe secondrdersolver,
afterthe 6000iterationsthesepro les arealmost at.

5.1.4 Grid Anisotropy

Grid anisotroyy is a naturalfeatureof phaseeld models.In arealworld systema circu-
lar nucleusgrowing into a uniform liquid will increasen sizeasa circle beforebreaking
down in a randompattern. The presencef a grid in a simulationcausessolidi cation



Chapters 78 Computationallechniques

to befavoredin certaindirections,thusary circulargrowth will be shortlived. In mary

waysthis anisotropy is similar to the anisotroly addedinto the modelandit is possible
to usethe model's own anisotroyy to reducethe effect of grid anisotroy althoughthese
efforts arelimited dueto the compleity of grid anisotropy.

While the initial testswere concernedwith the overall accurag of the schemethe
effect of the schemeuponthe implicit grid anisotroy hasto be consideredlIt hasbeen
suggested[50]) thatthe grid anisotropy is predominantlyin uenced by the solutesolver
ratherthanthe phasesolver. This meanghathaving a solutesolver which is moreaccu-
ratethanthe phasesolver, suchasparameteset3 in Table5.1.1,might have additional
bene ts otherthanaccurag or simulationtime. As notedpreviously, becausehereis
only ever onesolutevariableto solve andat leasttwo phasevariablesjncreasinghe ac-
curay of the solutesolver only would have a smallerimpacton the total runningtime
thanincreasinghephasesolver only.

Althoughquantifyingthe effect of anisotroy uponasystemis dif cult, therearesev-
eralfeaturesvhich would suggesthow strongthe anisotropy is. With thelowestpossible
grid anisotropy thereshouldbe no discernibledirectionalpreferencef solidi cation, the
meltshouldgrow thesameamountin all directionsandary featureshouldberandom.It
is highly unlikely thatthiswill bethecaseunlesghenodespacings signi cantly smaller
thantheinterfacewidth. However small nodespacingmeanshatthe time stepalsohas
to be smallwhich in turn meanghatthe total numberof iterationsfor a simulationmust
increase With very low grid anisotroy doublontype structureswill bevisible (seeFig-
ure 6.1.2),this is the type of structureexpected.If the grid anisotropy is high thenthe
doubloonswill bereplacedy dendrites Theeffectsof increasinganisotroy canbeseen
in Figures6.1.3-6.1.5aswell asin the literature,e.g. [18], andalthoughthesearethe
effectsof increasingthe appliedanisotroy the effect of increasinggrid anisotropy will
besimilar

To bestmonitor the effect of anisotroy, aswell asthe errors,a two phasesystem
is used,with aninitial circle of solid growing into anundercoolednelt. By usingonly
two phasesandaninitially circularsolid the effect of the initial conditionsupongrowth
directioncanbeminimised.If threephasegtwo solid andoneliquid) wereusedthenthe
initial alignmentof thesephasesvould in uence how the solid grew. By minimisingall
othereffectsuponthedirectionalpreferencef growth, the effectsof grid anisotroly can
be betterobsered. While theseconsiderationsemove other effects on the directional
preferencef growth, the effectsof the grid anisotroy canbeincreasedy usinga hode
spacingwhich is large whencomparedo the interfacewidth parametefof the sameor-
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der), or choosingan interface parametemvhich is small comparedo the grid spacing.
Sincethe interface parameteihasphysicalmeaningwhile the grid spacingis a feature
of the solver it is the grid spacingwhich is chosenasthe variable. This will meanthat
therearelessnodesn theinterfacewhichwill amplify thegrid anisotropy, usingastencil
which hasa qualitatively low grid anisotroly undertheseconditionswould signi cantly

reducethe effect of thegrid anisotrofy undernormaloperatingconditions.

In orderto comparethe four solvers' grid anisotroy they shouldbe run for a signif-
icant numberof iterationsandto a point whereeachsimulationhassolidi ed the same
amountof solid. However becausehe four simulationsrun in the previous sectiondif-
feredfrom eachotherby sucha smallamount(seeTable5.1.2)it wasdecidedto run all
four for the samenumberof iterations.Figure5.1.2shows theresultsof the four solvers
after40 00O0iterations.lIt is worth noting thatthesesimulationsarejust continuationsof
the simulationsusedin the previous sectionto get estimatef the errorscausedy the
four solvers.

It is dif cult to quantify the differencesdbetweenthe four imagesin Figure5.1.2in
termsof the grid anisotropy. Clearly the fourth is signi cantly differentfrom the other
three,whichis not evidentin thedatashovn in Table5.1.2.1t maybe concludedhatthe
effectsseenin this imagearedueto aninstability in the chosertimestepwhich hadnot
beenevidentat 6000iterations. Interestinglyit is only the simulationwith both solvers
usingfourth orderwhich shavs signsof problems:thetop right andbottomleft bothhave
onesolver usingfourth orderbut shav no sign of instability. The otherthreeimagesare
all similar: alongthe axesthereis somekind of growth formationand on lines at 45°
to the axesthepro le is at (or perpendiculato theselines). From theseimagesvery
little canbe concludedaboutthe natureandrelative magnitudef the grid anisotropies
for the four solver setsapartfrom parametesetfour exhibiting strangebehaior dueto
theimposedimits, andthatnoneof the parametesetsshoveda particularlystronggrid
anisotropy.

In light of the informationpresentedhereit wasdecidedthatthe secondorderphase
solver would be used. This waspartially dueto the increasen time requiredto goto a
fourth orderstencil,it is worth notingagainthatif this simulationwerethreephaseather
thantwo thenthe increaseincurredby using a fourth order phasesolver ratherthana
secondvould have beengreater Figure5.1.1suggestshatthelong termdevelopmenif
errorswasin uenced moreby the solutesolver, soincreasinghe accurag of the phase
solver madelessof animprovement. For the solutesolver the fourth order stencilwas
chosen.This wasmainly becausef the evidenceshown in Figure5.1.1,which shoved
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Figure5.1.2: Resultsafter 40 000 iterationsfor the four solvers,top left 1, top right 2,
bottomleft 3 andbottomright 4

clearlythatthe reductionin errorachiezed by switchingto the fourth orderstencilin the
solutesolver wasincreasingwith time. It shouldalsobe notedthatthe dualfourth order
simulationencounteredhstabilitiesat the chosertime stepwhile noneof the othersimu-
lation did. This suggestshata smallertime stepwould berequiredfor this solver which
makesit evenslower thanthe datapresentedh Table5.1.2.
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5.2 Interface Noise

As previously statedthis form of noiseis anextensionof the approachusedin thesingle
phasenoisetermof [28]. In the singlephasesystemthe only interfacewhich existsis the
solid-liquid interfaceandthe noisetermfor this, aspresentedy WarrenandBoettinger
[28] is

M—lle—: Mif% ar16f21 f 2 1 cH”A cHB
Herer is arandomnumberselectedrom a uniform distribution between1 and1, anda

is usedto controlthe strengthof theinterfacenoise. ThetermHA is givenby

TA T
TTA

HA 2WAf 1 f 1 2f 30f21 f 2LA

andsimilarly for HB. Whencomparedwvith Equation(4.5.1)in Chapter4, it canbe seen
that the thermodynamigart of this noisetermis equalto g—f (without the contribution
from €). Becausehe versionshown in Chapter4 had beenderived from a multiphase
equationthe procesanbereversedo give a multiphaseversionof thenoiseterm:

1 1fi dF

N
— & apnr 16f7f

1 2 T
Mij Tt df; PP

FoF (5.2.6)

whereaj, is themultiphasenterfacenoisestrengthparameterlt is critical thattheversion
of ,’77—; usedis theversionwhich reducedo the matchingsinglephase.This meanseither
using,’,[—;i from the Steinbachmodel(in Equation(3.2.19))or 217,[—;i from theNestlermodel
(in Equation(3.1.8)).

In the singlephaseversiontheinterfacenoiseis appliedto the solid-liquid interface,
however in the multiphaseversionit is appliedto all interfacespresent.Careshouldbe
taken to ensurethat the noiseis appliedto eachinterfaceonly once,andto implement
thistheconditionj iisusedasseenn Equation5.2.6.Also, to maintainthe condition
thatthe sumof all phasegpresenis one,whateseris addedo phase mustbe subtracted
from phasej. If this noisetermis usedin atwo phasesystemthenthe resultsshouldbe
comparabldo a regular single phasemodelwith identical parametersalthoughprecise
resultswill vary dueto the seeding of therandomnumbers.
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5.3 Nucleation Noise

Thenucleatiomoisetermis addedo the systemo allow the nucleationof a phasewhich
is not currently present. This additionis madein orderto simulatespeci ¢ microstruc-
tures,for examplethe splitting of a seriesof wide eutecticsto form narrover eutectics.
Thesigni canceof this canbe seenaterin theresults(Section6.5.1)aswell asin litera-
turesuchas[14].

Theform of thistermwaschoserto be quitesimilar to theform of theinterfacenoise.
It wasdecidedthatratherthanallow full homogeneousucleationanywherewithin the
domain,the nucleationcould only occuron a solid-liquid interface. This wasdonebe-
causdahenucleatiomoisetermis createdspeci cally to allow the splitting of wide eutec-
ticsinto narraver eutecticsandthis only requiresnucleationon, or near the solid-liquid
interface.Hadnucleationoccurredanywherewithin the domainthenthe methodusedfor
adaptvity would have stoppedeingeffective. The conditionsfor the nucleatiorof phase
I canbewritten asfollows.

Only nucleatephass if it is notalreadypresentj.e. f; 0.

Make surethereis aninterfacebetweera solid andtheliquid phasethis condition
canbewrittenasf; f; Oandj I, wheref, denotegheliquid phase.

Additionally, a thermodynamienultiplier is needed.In the interfacenoiseexampleit is
;,[—;i. Unfortunatelybecausef theform of the f; multiplierswithin 1’,’—;' thistermis zeroif
fi 0. Thereforehethermodynamienultiplier hereusegheundercoolingf phase (m;)
multiplied by theappropriatd jf| interfacemultiplier. Thenucleatiomoiseequialentof

Equation(5.2.6)is thereforegivenby

. i1
ﬂf| M dF [o]

it a2

anud 16f 7 30m; f 27 (5.3.7)

wherean is the nucleatiomoiseequvalentof aj,. It shouldbe notedthatthis hasto be
largerthantheinterfacenoiseparameterif only asmallamountof phases nucleatedhen
it is possiblethatthedoublewell potentialwithin the systemwill reducethisto zeroeven
thoughit is undercooledTestingfoundthatthe minimumvaluefor a,yc (which provided
actualnucleation)varieddependinguponthe parametersvithin the model,suchaslocal
undercoolingandinterfacevelocities. As with the interfacenoise,whena smallamount
is addedto phasé in the form of nucleationnoisethe sameamounthasto be subtracted
from oneof the otherphasegpresenin orderto maintainEquation(2.2.9). Which phase
the extraamountis subtractedrom is arbitrary
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5.4 Adaptivity

It wasdecidedthata form of adaptvity shouldemployedby the programin orderto im-

prove the executiontime. Initially eitherthe useof parallelprocessind[45]) or adaptve
grid re nement ([46, 47]) were consideredhowever a third methodwas chosen. This
methodavoided solving in the liquid regions whereboth the phaseand solute pro les

were at andidenticalto theinitial liquid parametersTheinitial approacho this method
involved startingwith a smalldomainandadaptvely addingextra nodesasthe soluteor

phasepro le changedapproachinghe edgeof the old domain. This method,however,

tendedto only offer a smallimprovementbecauseheresizingof the domainwasa time
consumingtask. Additionally it requiredthe useof dynamicarrayswhereasup to now

only staticarrayswerein use:the dynamicarraysare handledmoreslowly during exe-
cution so this methodfailedto yield a reasonablémprovementin executiontimes. The
secondapproacho this methodrequiredthe full domainto be createdat the startof the
execution,however the solver only operatedupona limited region of this domain. This
techniquepundercertainconditionswasfoundto yield a largeimprovementin execution
time.

This introducedinto the modela nev module,calledresize. This wasexecutedafter
the phaseand soluteupdatesand was responsiblgor decidingwhetherto increasethe
sizeof the region which the solver wasappliedto. The rst consideratiorwhenwriting
the resizesubroutinewas how far from the boundaryshouldbe checled andcompared
with theinitial liquid parametersObviously if the resizesubroutinechecled exactly on
theboundaryandfoundthatthelocal conditionsdid not matchtheinitial liquid condition
thenthedomainshouldhave alreadybeenextendedhoweverif it checledalargenumber
of nodesaway from the boundarythentherewould be a large numberof liquid nodesbe-
ing solvedfor, whichis exactly whatthe adaptvity aimsto avoid. This distancefrom the
boundaryis notthe only parameteassociateavith this method:a decisionis requiredas
to how mary nodeso addeachtime, if too few areaddedthensolidi cation canovertale
the growing domainwhich will causenaccurataesults,however if too mary areadded
thentherewill betoo largeanumberof liquid nodes.Thesetwo parameterarecalledthe
boundarycheck(b) andadd-on(a).

While this methodcanimprove uponthe executiontime withoutchanginghe nal re-
sult of the programit wasdecidedo try to improve uponthis further Ratherthanextend
thedomainif the conditionsat the boundarycheckpoint do not exactly matchtheinitial
liquid condition,the domainis only extendedif they differ by morethanat leastcertain



Chapters 84 Computationallechniques

amount.This parameteis referredto asthe cutoff variable(c).

Thesethreeparametersieedto betestedio nd valuesfor eachonewhich will yield
accurataesultswith a reasonablspeedup over the non-adaptie model. In the caseof
the parametera and b, the smallertheir value thenthe fasterthe simulationwill run,
however the parametec operatesn the oppositeway. In the caseof all threethe faster
they make the simulationrun the morelikely it is thaterrorswill beintroducedandthese
testswerecarriedout to quantifytheseerrors. A eutecticsimulationwasusedto testthe
adaptvity: this simulationwaschoserbecausehe resizingwould only occurin onedi-
rection,whichwill demonstratéhe smallesttime savzing. The largesttime sarzing would
beachievedby startingthe simulationwith a solid regionin themiddle of thedomainand
allowing it to grow in all directions. To nd the errorsintroducedby the adaptvity the
total amountof solid phaseoneis monitored. This choiceis arbitrarysincein a eutectic
systenthesolid/liquid boundaryadvancesn analmoststraightline, meaninghatneither
solid phaseshouldbe closerto edgeof the solver'sdomain.

The rst testcarriedoutwasa“control” test. Thislackedarny adaptvity andgivesval-
uesfor theamountof the rst solid phaseandthe executiontime which werecompared
againsthosefor subsequerdadaptve simulations.The next seriesof testsincludedadap-
tivity however the c variablewassetto 0 0. Thesewerecarriedoutto seehow variables
a andb affectedthe accurag andthe executiontime. The third seriesof testsvariedc
to improve the time savings achieved with the othertwo variables. The resultsof these
testsarepresentedn Table5.4.4andFigure5.4.3. The differenceshowvn in Table5.4.4
arethepercentageifferencedbetweerthe currenttestedsimulationandthe non-adaptie
simulation.

alb c SolidPhasel | % Difference| Time (m:s) | % Time Saving
- - - 17077.121273 0.0 74:14 0
15| 15 0 17077.121273 0.0 74:07 0.16
5|5 |1 10 °|17077.473488 0.002063 31:22 57.75
15| 15| 1 10 °| 17077.214727 0.000547 32:37 56.06
5| 5|1 10 %|17077.228638 0.000629 31:52 57.07
15| 15| 1 10 | 17077.167533 0.000270 33:23 55.03
5|5 |1 10 7|17077.173859 0.000308 33:10 55.32
15(15(1 10 7| 17077.141203 0.000117 34:28 53.56
5|5 |1 10 8| 17077.143315 0.000129 34:23 53.68
15(15(1 10 8| 17077.125691 0.000026 37:33 49.42
7171 10 °|17077.122889 0.000010 39:14 47.14
15|15|1 10 °| 17077.121601 0.000002 41:25 44.20

Table5.4.4: A Selectionof resultsafter 100,000iterations
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Figure5.4.3: Percentagéme saving asa functionof percentagerrorfor varioussetsof
adaptvity parameters

Table 5.4.4 shawvs a small subsetof the resultsdisplayedin Figure 5.4.3 (although
several valuesfrom the table are outsidethe boundariesof the graph). Both of these
showv thesamegeneratrend:the highesttime savingsareaccompanietby relatively high
errors(althoughit could be aguedthat 0 0021%is still quite small) andthatfor a small
reductionin thetime saving theerroris reducedy severalordersof magnitude Basedon
theseteststhevaluesa 15,b 15andc 1 10 ©werechosenThe nal testwasto
monitorhow the errorsfor this parametesetdevelopedovertime. Theresultsof this are
presentedn Figure5.4.4. Thisinformationis importantbecauséf it wasshavn thatthe
errorsweregrowing rapidly with the numberof timestepghenthis methodof adaptvity
would be of little value for very long simulationsandit is theselong simulationsare
targettedto gainthe mostfrom the adaptvity.
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Figure 5.4.4: Percentagerror as a function of iteration for the chosenparameterset
(@ 15,b 15andc 1 10 9)

Figure5.4.4shavs thatat 100 000time stepsthe percentagerroris still increasing,
however by the 300 000" iterationthe percentageerror is shoving signsof becoming
stable.Thisis importantbecausét meanghatwhile the adaptvity introduceserrors,the
errorsdo notdominatethe system Additional testswerecarriedout with otherparameter
setsandtheseshavedthatby 300 000iterationsthe errorshadalmostceasedjrowing in
thesecasedoo0.

This chapter combinedwith Chapter3, allows for the constructionof a working,
ef cient andaccuratecomputationamodelfrom the phaseeld equations Additionally,
two extra featureshave beenincludedinto the model;the interfaceandnucleationnoise
terms. Thesetwo forms of noiseallow for featuresto be simulatedwhich the models
alonedo notallow.



Chapter 6

Results

This chaptepresentanddiscusses broadselectiornof resultsobtainedusingthemodels
describedn Chapters3 and5. Theseresultsareinitially splitinto two distinctcategories:
two phasesystemsandthreephasesystemsWhile testshave alsobeencarriedout using
four phasesystemgheseweredoneprimarily to validatethe modelsratherthanprovide
resultsin their own right. Becausehis studyis focusedupon multi-phasesystemshe
two-phasedestsare includedmainly to provide a contrastbetweenthe four modelsthat
areusedfor thethree-phaséests.

Themodelswhich areusedin this chaptediffer from eachotherthrougheither:their
derivation method;the Lagrangemultiplier (only in the Nestlerderivation method);the
derivedthermodynamiterms.Thespeci c choicesaretalulatedin Table6.0.1wherethe
thermodynamiderms1 and2 representhe differentforms of &, W/, W?, m®* andmpP
which areusedin bothmodelsderivedin Chapter3. The valuesfor theseareasfollows.
For parametesetl (adaptedrom [28])

WA 3si} (6.0.1)
|J = . A . .
2TAdY
W8 3sij (6.0.2)
IJ —————— . .
2TRd
6 2sfdh
aj —<a (6.0.3)

87
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WheresA is theinterfaceenegy for thei | interfaceof pureA, TA is the meltingtem-
peratureof pureA in phase and dﬁ is theinterfacewidth for thei | interfaceof pure
A (in all threecaseghe superscripB indicatespureB ratherthanA). For parameteset?2
thesearechangedo (adaptedrom [51])

96s{}

WA 6.0.4
5 96s

W gpszB (6.0.5)
. 3sfidf

8] = (6.0.6)

whereT is theoperatingemperaturefor both parametesetsrniA and miB aregivenby:

TA T

rLA- 6.0.7

nﬁ TAT ( )
TB T

B riBdl 6.0.8

rni TBT ( )

whereL/ is thelatentheatof fusionfor pureAin phase (againsimilarly for pureB). The
differentchoicesof Lagrangemultipliers are discussedn Chapter3, aswerethe basic
derivations.The nal parameters the phasemobility termM:

M cMB 1 cMA (6.0.9)

where 5
TA DS,
AL (6.0.10)
6 2rLfas

andsimilarly for B.

Model Number| Derivation Lagrange Thermodynamiderm
1 Nestler Nestler 1
2 Steinbach - 1
3 Nestler | Jimak Green 1
4 Nestler Nestler 2

Table6.0.1: Thefour modelscompared

In reportingtheresultsthatwe presentthreesetsof directcomparisonganbedravn
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betweerpairsof thesefour models
1. Modelsland2,thiscompareshedifferencebetweerthetwo derivationtechniques.
2. Models1 andg3, this compareshe effect of the Lagrangemultiplier.

3. Modelsl1 and4, thiscompareswo modelswhich differ only by theexactde nition
of thedervedthermodynamit¢erms.

This choiceof direct comparisonsllows analysisof eachchangemadeto the original
model.

6.1 Two PhaseComparisons

This sectionis split into isotropicresultsandanisotropiaesults.Theisotropicsubsection
demonstratethe four modelsoperatingwith only two phasesn anisotropicmode. This
is includedto show thatthe modelsproducesigni cantly differentresults(for furtherevi-
denceof thisthereaderis remindedof theresultsfrom Chapter, whereit wassuggested
thatin the Nestlermodelthe phaseupdateterm shouldbe doubledin orderto make it
consistenwith the Steinbachmodel). The anisotropicsectiondemonstratesariousre-
sultsobtainedwith the Steinbachmodelwhenthe anisotroy parameters non-zero.This
particularmodelwaschoserbecausdt maybe comparedagainstresultsfrom a separate
singlephaseamodelto verify thattheresultsarecorrect.

6.1.1 Isotropic Models

Theseresultsshav the four modelsrunningwith an anisotroy parameteof zero. Of
courseimplicit grid anisotropy is still presentandexaminationof Figure6.1.2suggests
thatthegrid anisotropy variesin eachcase.In all four caseghe conditionswereidentical
apartfrom the speci c variationbetweerthe models. Initialisation wasthrougha small
quartercircle in thebottomleft cornerof the domainwhich wasthenallowedto grow for
a certainamountof time. This time wasdetermineduy testingthe four modelsto make
sureall four would exhibit a reasonablemountof growth, but nonewould out-grow the
choserdomain.Figure6.1.1shavstheresultsfor thesetestswhile Table8.2.1(Appendix
1) shawvsall theparametersisedfor thesemodelsandtheir values.
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Figure6.1.1: Plotsshawving the concentratiorvariablefor eachmodelafter 150,000it-
erations. Top left model1, top right model2, bottomleft model 3, bottomright model
4.

By examiningFigure6.1.1it is clearthatthe four modelsbehae signi cantly differ-
ently whensimulatinga two phaseisotropic system. For example,the total amountof
solid phasevariesbetweerthe four setsof resultspresentedit appearshatthe effectsof
grid anisotropy alsovary. Model two hasthe mostsolid phaseof ary of the results:the
generaltructureseenin this cases calleda doubloonwhichis alow anisotropy feature.
It is interestingto obsene thatfor this modeltherearedoubloongrowing bothalongthe
axesandat45 totheaxes.In contrastfor model4 thereappeardo beadoubloonstruc-
ture growing at 45 to the axeshowever on the axesthemselesthereis amorerandom
structurewhichis possiblyof “seaveed”type. Models1 and3 arebothrelatively circular
howeverbothshaw signsof someanisotropy: for modell thereappearso beslightly less
growth alongthe axeswith a slight depressiorforming, while for model 3 the edgeof
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the circle hasbecomeattened alongthe axes. It is possiblethat model 3 would adopta
similarstructureo modellif left longerhoweverthis experimentwasintendedo demon-
stratethedifferencesetweerthe four modelsandhassucceedeh doingso.

To gain a betterunderstandingf the differencesbetweenthe grid anisotropiedor
thesefour modelsa new experimentis needed this time ratherthan running the four
modelsfor the sameamountof time, they arerun until they have all solidi ed the same
amount. The amountof solidi cation chosento stop eachsimulationafteris 578,229
nodesworth of solid. This is the amountof solidi cation carriedout by model2 in the
original 150,000iterations,andwaschoserbecauseof the rst four simulations,it had
carriedout the mostsolidi cation. Figure6.1.2shaws the concentratiormapsfor each
of the four modelsoncethey have solidi ed the requiredamount. Obviously for model
2 thisis after 150,000iterations the otherthreerequiremore. Model 1 requires239,235
iterations,model3 480,743andmodel4 215,350.



Chapteré 92 Results

Figure6.1.2: Plotsshaving the concentratiorvariablefor eachmodelafterthe solidi ca-
tion of 578,229no0des.Top left model1, top right model2, bottomleft model3, bottom
right model4.

The plots presentedn Figure 6.1.2 shav mary of the trendsshavn in the earlier
plots (Figure6.1.1): modelsl1 and 3 are both the closestto circular (althoughshowving
strongernisotropideatureghanthey werein theearlierplot), while model4 hasthemost
comple structure All four simulationshave displayedheeffectsof grid anisotrogy, none
arecircular Model four shaws the strongeseffects,while modeltwo shaws the second
strongestin bothmodelstwo andfour theanisotroyy is notactuallythatstrong,but along
eachdirectionof growth (alongtheaxesandat45° to theaxesin modeltwo, at45° to the
axesandjust off axisin modelfour) thereis a channelof liquid. As explainedpreviously
(Chapters) this channelsigni es a low anisotropy structure. Betweenmodelsoneand
threeit is dif cult to concludewhich shaws the strongesgrid anisotroly sincethe two
modelsarevery similarin termsof their shape Both modelsoneandthreeshaw signsof
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whatis lik ely to becoméhedoubloonstructureseenn modeltwo: growth alongthe axes
hasprogressedtaslightly slowerratethanelsavhereandmodeloneshavsindicationsof

asecondpointof slowergrowth at45° degreedo theaxes. To drawv ade niti ve conclusion
on which of modelsoneandthreehasthe strongestnisotroy would requiremoresolid

to begrown.

6.1.2 Anisotropic Model

In this subsectioronly onemodelfrom thefour is used speci cally model2, with a non-
zeroanisotroly parameterTheanisotroy hasbeenleft asgenerabspossiblethroughout
the derivation of the models,this is doneto allow the readerto usetheir own form of

anisotroly shouldthey wish. The form of the anisotroly usedfor this section(andthe

form usedfor all furthersimulationsunlessstated)s

hij 1 gcoskg;j (6.1.1)

As statedn Chapte3, gi; is theanglebetweerthenormalto thei j interfaceandthex-

axis. Theparameterk& andg arethe orderandthe strengthof the anisotropy respectiely,

andfor thesesimulationsk is left x edatfour (to provide a four-fold equiaxed dendrite)
while g is varied. The rst setof resultsarean extensionof the resultfor model2 from

the previous section. They show the four fold anisotroly with increasingvaluesof g
rangingfrom 0 O (the resultpresentedop right in Figure6.1.1)to 0 02. In all of these
casedhe anisotropy is directedtowardsthe cornersof the domain(which is achiezed by
usingnegative valuesof g ratherthanpositive ones),this is doneto increaseghe amount
of solidi cation which may occurbeforethe solidifying interfaceencountershe edgeof

the domain. Additionally the domainsizeis increasedslightly from the previous setof

simulations. This increasein domainsize also allowed the simulationto continuefor

longerbeforethe solid encounteredhe edgeof the domain. The parametersisedarethe
sameasthosein Table8.2.1(Appendix1) apartfrom the anisotropy (g) whichis varied
throughouthesesimulations.
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Figure6.1.3:Plotsshaving theconcentratiowariablefor model2 after150,000terations
with low amountsof anisotropy: top left g 0, topright g 00001, bottomleft g
0 0005andbottomrightg 0 001.

Figure 6.1.3 shaws a seriesof plots with low anisotroy, apartfrom the rst plot
which hasno anisotroly. This is the sameplot asshavn in Figure 6.1.1 however this
simulationhasbeenrepeatedn the larger domainusedfor the anisotropictests.As the
anisotroy parameters increasedherearetwo mainchangesthedoubloonat45 to the
axesinitially attens outthenstartsto form whatwill laterbecomea dendritetip. Along
the axesthe doubloonstartsto form a morecomplicatediwin tipped,structure;partof it
continuegto grow parallelto the axeswhile partstartsto grow in the directionfavoured
by theanisotrop.
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Figure 6.1.4: Plots shaving the concentratiorvariableafter 150,000iterationswith in-
termediateamountsof anisotrop, top left g 0 0025,topright g 0 005, bottom|eft
g 00075andbottomrightg 00L1.

While Figure 6.1.3 shaws plots with a low value of anisotropy, the plots shovn in
Figure 6.1.4 are for intermediatevalues,theseare valuesapproachinghosegenerally
usedfor simulationg([18]). The generakrendshown in this seriesof plotscontinueghat
from the low anisotroy set. Higheranisotroly producesa muchbetterde ned dendrite
tip. Additionally the highervaluesof anisotroy producea more complicatedstructure
within the spacedetweenthe dendritetips, in the rst plot shavn the structurehassplit
to shav two distincttips andastheanisotropy is increasedurthermoreandmoreof these
tips startto becomevisible. Thesestructuresarereferredto asinter dendriticseaveed,
alsoseenin earlystudiesby Kobayash[18].
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Figure6.1.5: Plotsshaving the concentratiorvariableafter 150,000iterationswith high
amountf anisotropy, left g 0 015andrightg 0 02.

The nal resultspresentedh Figure6.1.5,arefor furtherincreasingnisotropy. These
usevaluesfor the anisotroy which arequite high relative to otherstudiesjt shouldalso
be notedthatthe facetingof the dendritetip is dueto the dendriteencounteringhe edge
of the domain. Theseplots shav someof the featuresof the rst plots (Figures6.1.3
and6.1.4): the dendriteis becomingwider and more pronouncedas the anisotropy is
increasedThe seaveedstructurewhich hadbeenpresennearthe axesin previousplots
appearso have shrunkconsiderablyhoweverthisis mostlik ely dueto themaindendrite
itself restrictingthegrowth of theseaveedasit is clearthattheregion previously occupied
by the seaveedis now partof the primarydendrite.

6.2 Interface Noise

All simulationgpresentedofar have beenwithouttheinterfacenoise(discussedh Chap-
ter5). Thisnoiseis usedspeci cally to createdendriticsidebranchesndis neededlueto

thelack of randomnoisewithin the computationakystem.The rst seriesof simulations
(againusingmodel 2) presentedisingthe interfacenoiseareisotropic simulationswith

increasingamountsof noise. As with the anisotropictests,the valuesfor the interface
noiseselectoraj, (seeEquation(5.2.6))arevariedfrom 0 0 up to a maximumvalue of

0 5. Again the parametersisedarethe sameasthosein Table8.2.1(Appendix1) apart
from the interfacenoiseselectorn(aj,) which is variedthroughoutthesesimulations(the
anisotropy parameters now 0 0).
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Figure6.2.1: Plotsshaving the concentratiorvariableafter 150,000iterationswith vary-

ing noiseparameterstop left aj;, 001, topright aij, 01, bottomleft a;, 03 and
bottomrightaj, 005.

Theresultspresentedn Figure6.2.1shawv avery cleartrend: whenthe noiseselector
is introducedthe total amountof solid phaseincreases. This initially raisedconcerns
abouttheway the noisewasbeingcalculatedwith the suggestiorthatthe noisetermwas
addingsigni cant amountsof solid to the simulation. Equation(5.2.6)speci eshow the
interfacenoisetermaffectsthe phasevariablesjt wasdecidedo monitorhow muchwas
beingaddedto the solid phaseby this equationduring a simulation. If the total amount
addedo thesolid phases nggligablewhencomparedo the extraamountof solid present
in Figure 6.2.1,thenit may be concludedthat this equationis not responsiblefor the
increasedamountof solid. While the total amountaddedby the noiseterm was non-
zeroit wassigni cantly lessthanthe differencebetweerthe plotsin 6.2.1. This means
thatarny extra growth mustbe dueto the solidifying structurebeingableto form a more
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complicatedgeometrythan that allowed by the grid anisotropy. It is also clear from
Figure6.2.1theeventhesmallesamountof noiseis enoughto deformtheregularpattern
seenin thetop left of Figure6.1.3. This valueof aj, 0 01 also exhibits the smallest
total amountof solidi cation of any presentedere(however still morethanthe initial
simulationwhich had no noise). This is becausehe small amountof noisewill take
longerto disrupttheinitial patternandallow new structurego form. Theremainingthree
gures showv similar amountsof growth, which suggestshatthe noisetermis allowing
thesesimulationsto diverge from the original growth relatively earlyin the simulationin
all threecasesandsubsequentlgolidify atanincreasedate.

6.3 ThreePhaseResults

This sectionpresent®utecticresultsobtainedfrom thefour models.The rst subsection
involvestestingeachmodelto seehow well it reproducesheeutecticscalinglawslaid out
in Equation(2.1.52)in Chapter2. The secondsubsectiorcompareghe microstructures
selectedby oneof the modelsfor variousoperatingconditions. The phasediagramused
for this threephasesystemis a highly idealisedeutecticphasediagram with the eutectic
point at a concentratiorof 0 5. It represents 50-50mix of the two componentandis
symmetricalaboutthis 0 5 concentrationasshowvn in Figures6.3.1and6.3.2.
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Concentration variable

Figure6.3.1: The eutecticphasadiagramusedin this model
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Figure6.3.2: A magni ed imageof the eutecticphasediagramusedin this model

The magni ed imageof the phasediagram(Figure 6.3.2)shavs the region in which the
eutecticsimulationsoperate Thelimitations of this modelforcethe operatingconditions
to be within thelensesandfor the caseof two solid phaseghis meansoperatingin the
regionwherethetwo lensesco-incide. Thisregionis shaovn asthediamondshapedarean

themiddleof Figure6.3.2andalthoughthisis only a smallfractionof thewholediagram
it still represents reasonableangefor undercoolinggandconcentrationsThe physical
parametersisedto createthe phasediagram,andusedduring the simulations aregiven
in Table8.2.2(Appendix1). Theseparametersreusedthroughoutthe eutecticsection
unlessstatedotherwise.

6.3.1 Eutectic Velocity ScalingLaws
Theeutecticscalinglaw which wastesteds asfollows (describedn detailin Chapter2):

v kzD%DT 1 ll— (6.3.1)
This givesagrowth velocity thatis dependenbnundercoolingdDT), eutecticspacing/ ),
minimal eutecticspacing(/ ) andthediffusivity of solutein theliquid phasgD). For the

purposeof the testscarriedout diffusivity, D, is held constantsothe above equationcan
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berewritten as

VL %DT 1 II—

The methodusedto comparethe modelsagainstthis scalinglaw is asfollows. Firsta
x ed valuefor the temperaturas chosen.This in turn x esthe undercoolingDT. By
xing thisthescalinglaw cannow bewritten as

1 —

VU I

1 !
I
or

viZul | (6.3.2)

The latter of thesecan be graphedto producea straightline for vi 2 against/ . From
this graphthe constanof proportionality(k,DDT) andthe minimumspacingl maybe
found from the gradientandthey interceptrespectrely. A seriesof valuesof eutectic
spacings/ , werechosenandthe stablegrowth velocity foundin eachcaseto provide a
setof | -v pairingswith which to createa graph. This methodwasrepeatedor different
valuesof theundercoolingDT .

This test carriescertaincomplications. Firstly, the valuesof eutecticspacingused
while carryingout the testsare not always stable,andif allowedto they would adopta
differentspacing.To avoid this all forms of noisewereturnedoff, which meanghatan
unstablesutecticwill grow for a muchlongertime periodbeforeit canadopta different
spacing.Thisallowedsufciently longrunsto nd astablegrowth velocity for the unsta-
ble spacing.

A secondcomplicationconcernednding the velocity, for which two methodswere
employed. The rst carriedoutinterpolationto nd theinterface,or morespeci cally the
locationof the 0 5 contour This methodhowever resultedin 'spikes' in the velocity as
the interfacecrossedhodelines. Fortunately for a stablegrowth velocity the interface
crossesiodelineswith aregulartime periodandthis allows thesespikesto be smoothed
quite easily The secondnethodfor computingthe growth velocity wasbasedn the as-
sumptionthatthe movementof theinterfacecouldbefoundby measuringherateof loss
of liquid (i.e. therateof solidi cation) from the system. This methodfails in the event
of liquid remainingbehindthe eutecticfront, whichwascommonwhenusingthe Nestler
modelwith the NestlerLagrangemultiplier, wherea smallamountof liquid waspresent
at the solid-solidinterfaces. This methodalsoled to two more sourcesof oscillationin
thevelocity. The rst wasonly presentwhenthe solid-liquid interfacewasnarrov when
comparedo the nodespacing. In this scenariowhenthe eutecticfront crosseda node
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line therewasanoscillationin therateof lossof liquid. To reducehis, theinterfacewidth
parametersverekeptlargerelative to the nodespacing.The secondoscillationobsened
could be attributedto a periodic uctuation in the eutecticspacinghowever no speci c
causdor thiswasfound. Both of theseoscillationswereextremelysmallcomparedo the
actualvelocity and becausef this the smoothingof the interpolationmethodremoved
them. Thesetwo methodsof calculatingthe velocity producedvalueswhich agreedto
high precisionfor the Steinbachmodel(Model 2) becausehis modelleft no liquid be-
hind the eutecticfront.

Figure 6.3.3 shaws the velocity multiplied by the spacingsquaredas a function of
spacing(which is the form requiredby Equation6.3.2)for onetemperaturezaluealong
with thelinearbestt to this data(this datawastakenfrom Model 1 operatingat 155&).
This best t line hasbeentransferedonto the secondgraphin Figure 6.3.3which is a
graphof velocity againstspacing
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Figure6.3.3: Left, v 2 asafunctionof | , includinglinearbestt. Right,v asafunction
of I , includingpredictedvaluesgainedfrom previousline of best t.
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It is clearfrom examiningFigure 6.3.3(left) thatthe recordeddatafollows a straight
line to areasonabléegreeof accurag. It is only theverylow valuesof I whichappeato
not follow this line. Thesevaluescorrespondo negative velocities,which indicatesthat
ratherthansolidifying the systemis melting. Becausehis experimentis for solidifying
eutecticsthesevaluesareexcludedfrom all furthercalculations.

In theremaindeof this subsectionwe presentiatageneratdoy thefour modelswhich
investigateghe expectedproportionalityrelationships.Theserelationshipsare givenin
Chapter2 andare:

DT 1 (6.3.3)
1
Vo g DT? (6.3.5)

Eachmodelwill presengraphsfor eachof theserelationshipsin eachcasethe axeswill
be choserto reducetherelationshipgo linearones.

6.3.1.1 Model 1

This model usesboth the Nestlerderivation methodand the Lagrangemultiplier from
thosepublicationq[38, 14,31]). Thegraphsn Figure6.3.4show all threeproportionality
relationshipgor this model.

The rst two graphsin Figure 6.3.4 reproduceapproximatestraightlines however
neitherpassthroughthe origin. For the rst relationshipit would be expectedthat the
line shouldhit the origin sinceasthe undercoolingtendsto zero,the minimum spacing
for eutecticgo grow would have to tendto in nity to balanceout the competingeffects
of undercoolingandinterfaceenegy. It is questionablevhetherthe secondgraphshould
passthroughthe origin, thisis becausea zerovaluefor the maximumvelocity will occur
ata nite valueof I . Thethird graphin Figure6.3.4appeardo be curving up wards
slightly. No explainationcould be foundfor this effect however it wasfoundthatif DT
weremodi ed to make the rst graphhit the origin thenmuchof the curve in the thrid
graphwould be removed. Table 6.3.1shaws the raw valuesfrom which the graphsin
Figure6.3.4areplotted.

As well asthe datausedto createthe graphsin Figure6.3.4, Table6.3.1alsoshowvs
thevaluesfor ko,DDT andk,D for eachtemperatureselectedlt is clearthatthesevalues
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Figure 6.3.4: Graphsshawing the proportionalityrelationshipgestedfor model1. Top
left, DT againstt. Topright, v against,. Bottom,v againsiDT?

T DT Vo | kzDDT kzD

1558| 39 [885 10 4[254 10 7[898 1010|230 10 10
1557| 49 | 132 103|216 10 7| 114 10° | 232 10 10
1556| 59 | 180 10°3|{191 10 7| 137 109|232 1010
1555| 69 |231 103|175 107|161 10° | 234 1010
1554| 79 | 284 103|161 107|183 109|232 1010
1553| 89 |{340 103|151 107|205 109|231 10 10
1552| 99 | 400 103|142 107|227 109|229 10 10
1551/ 109|460 10°3|135 10 7| 249 109|228 10 10
1550| 119|524 103|127 10 7| 266 10° |224 10 10

Table6.3.1: Rav dataextractedfrom modell

areall closeto eachotherandthedifferencedetweerthemarenot systematic.
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6.3.1.2 Model 2

This modelis the only one testedwhich usesthe Steinbachderivation method. This
methoddoesnot requirethe useof a Lagrangeundeterminednultiplier so this method
haslesscomponentsvhich canbevaried. Thereadelis directedto Chaptel3 for morein-

formationaboutspeci c differencedetweernthis modelandthe NestlerWheelemrmodel.
The resultswere gatheredn the samemannerasthosefor the rst modelandthe lim-

itationsdescribedor model 1 alsoapply here. Onefeatureof this modelcomparedo
the rst is thatthereis no build up of liquid behindthe eutecticfront: this meansthat
thetwo methodssuggesteth the previoussectionfor calculatingthevelocity (liquid loss
andinterpolation)producethe samevalue. Additionally, from the calculationssetoutin

Chapter4 it is expectedthat the actualvelocitiesfor this modelshouldbe higherthan
thosefor the previousmodel.
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Figure 6.3.5: Graphsshawing the proportionalityrelationshipgestedfor model2. Top
left, DT against:. Topright, vo againstliz. Bottom, Vo againstDT 2

The graphspresentedn Figure6.3.5shav similar trendsto thosefor the rst model
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(Figure 6.3.4). The rst two relationshipsshav approximatelystraightlines, however
for this Model the third relationshipalsoproducesa straightline whereasn the previous
modelthethird graphwascurved.

T DT Vo kzDDT kzD

1560 | 19 [ 252 104628 10 | 632 1010332 10 10
15595 | 24 | 385 104|516 107|795 1010331 1010
1559 | 29 | 541 104|445 107|963 1010|332 10 10
15585| 34 | 718 104393 10 7| 113 10° (332 1010
1558 | 39 | 909 104|347 107|126 10° |322 1010
15575| 44 | 113 103|323 10 7| 146 10° |331 1010
1557 | 49 135 103|297 107|161 10° |329 1010
15565 | 54 | 160 103|278 107|178 10° (329 1010
1556 | 59 |186 103|261 107|194 10° |329 10 10
1555 | 69 | 243 103|230 107|223 109|324 10 10
1554 | 79 |309 103|211 107|261 109|330 10 10
1553 | 89 |380 103|195 10 7| 296 10 ° |333 10 10
1552 | 99 |459 103|181 10 7| 333 109|336 10 10
1551 | 109|556 103|165 10 /| 367 10 ° |337 10 10
1550 | 119|672 103|148 10 7| 397 10°|333 10 10

Table6.3.2: Rav dataextractedfrom model2

The valuesin Table 6.3.2 showv similar trendsto thosepresentedn Table 6.3.1. The
expectationthat, for a given undercoolingmodel2 will producea highervelocity than
model 1 hasbeenrealisedwith the velocitiesfor model 2 beingthe highestof all four

models.

It shouldbe notedthat the rangeof valuesfor T in Table6.3.2differ from thosein
Table6.3.1.Ratherthanusingthesamesetof valuesfor temperaturés wasdecidedhata
similar rangeof maximumvelocitiesshouldbe used however this modelwastestedwell
outsidetherangeof velocitieswhich wasusedfor the otherthreemodels.This wasdone
to verify thatlimiting the rangeof velocitieswould not hide problemswhich occurred
outsideof thisrange.
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6.3.1.3 Model 3

Thethird modeltestedusesthe NestlerWheelerderivationhowever the Lagrangemulti-
plier is changed.n theliteratureNestlerandWheelerusethe samelLagrangemultiplier
for eachphasgmodell). Whentestingthis modelit wasshavn thatthis couldresultin
asmalldeviation from thecondition0 f 1. Additionally it wasfoundthatthis form
of themultiplier could causethe nucleationof a phasewhich waspreviously absenfrom
the simulation. A new multiplier wasthereforderived for this study (seeChapter3 for
moredetails)to maintaintheconditiond N  fi 1, while alsoeitherremaving or limiting
the above two problemswith the previous multiplier. This multiplier was successfuin
removing the spuriousnucleationandin maintaining0 f 1, andFigure6.3.6and
Table6.3.3show the dataobtainedusingthis model.
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Figure 6.3.6: Graphsshawing the proportionalityrelationshipgestedfor model3. Top
left, DT against}. Topright, v againstliz. Bottom, Vg againstDT 2

It is clearfrom the datashawvn in Figure 6.3.6and Table6.3.3thatthis modelalsofol-
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T DT Vo | kzDDT kzD

1555 | 69 |[651 10 4[326 10 '[849 1010123 10 10
1554 | 79 | 108 103|268 10 116 109 | 147 1010
15535 | 84 [ 128 103|250 10 128 109 |152 10 10
1553 | 89 | 153 103|236 10 144 10° |162 10 10
15525| 94 | 175 103|224 10 157 109|167 10 10
1552 | 99 | 201 103|215 10 173 109|175 10 10
1551 | 109|255 103|198 10 201 10° (185 10 10
1550 | 119|310 102|187 10 232 1092|195 10 10
15495 | 124 | 340 103|182 10 247 109|199 10 10
1549 | 129|369 103|178 10 263 10° | 204 10 10

N NN NN NN N NN

Table6.3.3: Rav Dataextractedfrom model3

lows similar trendsto thoseseenin the previous models.Onedifferencevisible from the
graphsis thatthe rst two graphsin Figure6.3.6both have a decreasingyradientasthe
undercoolingor velocity increasesin Figures6.3.4and6.3.5this wasnotthe case.This
modelalsoshavs problemsin Table6.3.3,the calculatedvaluesfor the constank,D are
quiteclearlyincreasingandacrosghe rangeof temperaturetestedthey almostdouble.

6.3.1.4 Model 4

The nal model consideredvaried the derived parametersvhich are usedwithin the
model. Otherthanthis it is identicalto the rst model. As statedat the beginning of
this chapter the parameterwi’j*, Wi? andg;j usedin modelsl, 2 and3 have beensetto
(adaptedrom [28])

WA 3si] (6.3.6)
|J - = A . 0
2TAd
wB 3sij (6.3.7)
|J T — . .
2T8d3
6 2sfid}
aj — (6.3.8)
Theseparameterarenow setto
96sA
WA 3 (6.3.9)
. 9p2Td}
5 96s 2
WE — (6.3.10)
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3sijd)

T (6.3.11)

Qi
In orderto investigatavhateffectschangingheseparametermake, therunsarerepeated
oncemore.As with thepreviousmodels theresultsarepresentedh graphicalandtabular
form.
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Figure 6.3.7: Graphsshawing the proportionalityrelationshipgestedfor model4. Top
left, DT against}. Topright, vo againstliz. Bottom, Vo againstDT 2
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T DT Vo kzDDT kzD
1555 | 69 [ 983 10 %[ 213 10 7[839 1010122 1010
1554 | 79 | 142 103|191 107|109 109|137 10 10
15535| 84 | 166 103|183 107|121 10° 144 1010
1553 | 89 | 189 103|176 10 7| 133 10°|150 10 10
15525| 94 | 213 103|171 107|146 10° |155 10 10
1552 | 99 | 238 103|166 10 /| 158 10° |160 10 10
1551 | 109|289 103|158 10 /| 183 10° |168 10 10
1550 | 119|342 103|152 107|208 10°|175 10 10
15495 (124|369 103|149 107|221 10°9 (178 1010
1549 | 129|396 103|147 107|233 109|181 10 10

Table6.3.4:Rav dataextractedfrom model4

The resultspresentedn Figure6.3.7and Table6.3.4shav similar trendsto the pre-
viousthreemodels,andareespeciallysimilar to model3 in termsof the behaior of the
gradientdn the rst two graphsandthefactthethetahulatedvaluesfor koD areincrease-
ing with increasingDT .
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6.4 Comparisonsof the four models

Theresultspresentedso far in this chapterallow for speci ¢ comparisondetweenthe
four modelsto be carriedout.

6.4.1 Two Phase

The two phasetestscarriedout shaved clearly that the four modelssolidify at different
ratesdespitethe operatingconditionsbeingidentical. Thisresultis expectedafterthecal-
culationscarriedoutin Chapterd. Thegrid anisotropy results presentedn Figure6.1.2
provide additionalmaterialfor carryingout directcomparisorbetweerthefour models.

The rst comparisorsoughtto nd the effect uponthe nal model(andits results)
causedyy changingthederivationtechniqueln Figure6.1.1model2 displayedhe most
growth of all the modelsandthis amountof growth waschoserfor Figure6.1.2.Clearly
model2 hasstrongergrid anisotrofy thanmodell althoughby examiningFigure6.1.2it
appearshatmodell is forming similar structuresalbeitmuchslower.

The secondcomparisorbetweernthe modelscompareghe effect of the Lagrangeun-
determinednultiplier. Examinationof thegrid anisotroy resultsin Figure6.1.2suggests
thatchanginghis multiplier hasverylittle effectuponthegrid anisotropy: thesetwo plots
arethe mostalike of all four. It hasto be noted,however, thatmodel 3 requiredalmost
exactly twice asmary iterationsto getto this stageasmodell (480 743 comparedwith
239 235),sowhile thegrid anisotropy is almostidenticalmodel3 clearlygrowsatamuch
slowerrate.Thisis alsoclearlyvisible from Figure6.1.1.

The nal comparisorfor thetwo phaseesultsisto nd theeffectcausedy changing
the dervedthermodynamigarametersisedwithin the models. This hadthe mostobvi-
ouseffectin termsof grid anisotrofy: modelsl and4 yield very differentshapesn both
Figures6.1.1and6.1.2. While their shapesrevery differentthe solidi cation rateis the
closestetweerthesetwo modelsof all themodelstested.

6.4.2 Eutectic

The eutecticsimulationspresentedo far have beencarriedout with the speci ¢ aim of
testinghow well thefour modelsconformto known laws abouteutectics For the purpose
of this a highly idealisedeutecticphasediagramwascreated.This wasdoneto simplify
the testingconditions. As a basicconclusionit canbe saidthat all four modelsagreed
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with the eutecticscalinglaws to somedegree.

The rst comparisons betweenmodelsl and2. Chapter4 predictedthat model 2
would solidify fasterin single phaseg(a resultwhich wasshawn to betrue) however it is
signi cantly moredif cult to extendthe calculationsin Chapter4 to threephases.For
ary givenvalueof undercooling(DT), however, model2 hasa fastermaximumeutectic
velocity. Model 1 (andmodel4) alsonucleatesnissingphasesat two-phasdnterfaces.
This meansa small amountof liquid is nucleatedat the solid-solid interfacesbetween
eutecticbandsthis made nding thevelocity slightly moredif cult. Thisnucleatioralso
causedsmallamountof solid phasewo ata solid one-liquidinterface it wasknown from
usingthe nucleationtermin the Steinbachmodelthat this could potentially slow down
solidi cation andthismighthave arti cially slowedtheeutecticgrowth ratesin thesetwo
models(1 and4). Thereare somedifferencesbetweenthe resultsfor modelsl and 2.
Firstly model2 shows a betteragreementvith the scalinglaws beingtested for modell
thecomparisorbetweervelocity andundercoolingsquaregroduceda curvedline while
for model2 thiswasstaight. Thesetwo modelswerethe only two which producedvalues
for koD which were constantthe standarddeviationson thesevaluesare2 98 10 12
and381 10 2for modelsl and?2 respectiely. Additionally model2 is the closestto
interceptingthe origin in theundercoolingversusspacingelationshig(it is the closesiof
all four models).

Theseconccomparisons betweertwo modelswith differentLagrangeundetermined
multipliers (modelsl and3). Examinationof thesemodelsrunningwith only two phases
notedthatthe structuresormedarevery similar, howeverthe solidi cation ratesaresig-
ni cantly different.In termsof eutecticghe structuresare x edinto thea-b bandshow-
ever solidi cation ratescanvary. Examinationof Tables6.3.1and6.3.3shaws thatthe
maximumvelocity (Vo) for modelsl is higherthanmodel2 for any givenundercooling.
Additionally model3 predictsa wide rangeof valuesfor the constank,D, andthe rst
two scalinglaws showv anotablecurve ratherthanthe straightlinesseenin the rst model.
Interestinglythethird scalinglaw appearsnuchstraighter

The nal comparisons betweemmodelsl and4. Thisis a comparisorof thederived
thermodynamigarameters.In the two-phaseestsit wasfound that thesetwo models
have comparablesolidi cation ratesbut very differentstructuresAs notedpreviously the
structurehave muchlessfreedomwithin eutecticsimulationssoit mightbeexpectedhat
the resultsfor thesetwo modelsarevery similar. Thisis not the casehowever, sinceat
ary givenundercoolingnodel4 is signi cantly slowerthanmodell. Model4 alsoshowns
arangeof valuesfor koD (asseenin model3) howeverin this modelall four scalinglaws
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appearcurved which suggestshatthis is the wealestof the four modelstestedin terms
of matchingthe eutecticscalinglaws.

6.5 Microstructure Selection

The previoussectionconsideredvhateffect changingcertainpartsof the rst phaseeld
model hasuponthe computedresults. This sectioninvestigatesvhat physicalsystems
canbesimulatedusingananisotropianultiphasemodel. For this the secondnodelfrom
the previous sectionis used.This waschoserbecausesomeof the microstructureboeing
simulatedcanonly be simulatedif thereis no nucleationwithin the modelandthis rules
outmodelsoneandfour. Additionally, modeltwo reducedo a singlephasemodelandit
wasexpectedthatsomeof the simulationswould involve regionswhereonly two phases
arepresent.

6.5.1 Eutectic Spacing(/ ) changes

This sectionshowns how eutecticschangeheir width in orderto grow at a fastervelocity.
The rst setof resultsshov a eutecticgrowing in a stableway. Theseare presentedo
demonstratdo the readerthe featuresin the velocity graphsand the solute mapsthat
areindicative of stableeutecticgrowth. In eachcaseresultsfrom the modelareshovn
with andwithout noise;this is to demonstratevhy the noiseis needecandalsoto shov
how resultsfor eutecticvelocitiesmay be collectedfor eutecticswith unstablewidths.
The physicalparametersisedthroughoutthis sectionarethe sameasthoseusedfor the
velocity scalinglaws sectiongivenin Table8.2.2 (Appendix 1) however obviously ary
varying parameterarenow X ed for eachsimulation. The rst simulationlacks both
interfaceandnucleationnoisesoaj, anuc 0 0, thetemperatures setto 15500 and
thenodespacingdx anddyis 598 10 °.
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Figure6.5.8: A solutepro le andavelocity graphfor a stableeutecticwith no forms of
computationahoise

Figure6.5.9: A solutepro le anda velocity graphfor a stableeutecticwith multiphase
interfacenoise

Figures6.5.8and6.5.9shawv solutepro les andvelocity historiesfor eutecticggrow-
ing with the samestablewidth. The velocity pro le shavn wascreatedusingthe liquid
lossmethodto nd velocities. Thiswaschoserbecausét is betterthentheinterpolation
methodwhenthevelocitiesarenotconstan{recallthismethodaveragedhetimerequired
for the 0 5 contourto crossnodeboundariespndsinceit is the Steinbachmodelbeing
usedthetwo methodgproducethe sameresultfor constantelocities.In Figure6.5.9the
multiphaseinterfacenoisehasbeenturnedon (with aj, 0 3) andthis hascausedhe
velocity pro le to becomedistorted.However it is clearthatthe averageof this velocity
still matchesloselythevelocity of the eutectiowith no noise.This obsenationis bacled
up by the factthatthe two solutemapsshon approximatelythe sameamountof growth
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for botheutectics.

The next casesimulateds thatof a eutecticwhoseinitial width is too narrow for eu-
tectic growth to be stable,however the width is largerthan/ (the minimum spacing,
which correspondso a eutecticvelocity of 0) sosolidi cation canoccut All the param-
etersarethe sameasfor the previoustwo simulations,andthe interfacenoisecaseuses
ain 03.

Figure6.5.10: A solutepro le andavelocity graphfor anunstablenarrav, eutecticwith
noformsof noise

Figure6.5.11: A solutepro le andavelocity graphfor anunstablenarrav eutecticwith
multiphasenterfacenoise
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Figure 6.5.10shows the solutepro le andvelocity history for sucha eutecticcom-
putedin the absenceof noise. From examiningthe solutepro le only, it might be as-
sumedthat this was a stablegrowth sincethereis nothing visible herewhich suggests
otherwise. However examining the velocity history shows that after a period of stable
growth (following aninitial rapid decelerationjhe velocity is startingto decreaseThis
is a clearindicationthat this choiceof eutecticwidth is not stable,sincewhendealing
with a stableeutecticthe only reasorfor a decreasén velocity would bea changean the
operatingconditions(which hasnot happenedpr encounteringhe edgeof the domain
(examinationof the solutepro le in Figure6.5.10shawns thatthisis clearlynotthecase).
In the eutecticvelocity sectionit wasnotedthatvelocitiesaregatheredor widthswhich
arenot stableby remaving from the simulationanything which would allow anunstable
eutecticto changets width (i.e. noise). Thestablegrowth periodin Figure6.5.10clearly
providesafeasiblevelocity measuremeror this choiceof width. Figure6.5.11shovsthe
effect of theinterfacenoiseuponthe eutecticin Figure6.5.10.Initially thesolutepro les
appeaisimilar; however asthe numberof iterations(timestepsjncreaseshe cumulatve
effects of the noise causethe eutecticsto changetheir widths to a more stablewidth.
Examinationof the velocity historiesin Figures6.5.10and6.5.11suggest very similar
scenariojnitially the two velocitiesarealmostthe same(assuminghatthe noiseeffects
uponthe secondareaveragedut) however atabout20 000iterationsthe velocity for the
eutecticwith noiseincreasesapidly. This correspond$o whenthewidths change After
this sharpincreasethe velocity oscillateswith a decayingamplitude. This corresponds
to the region on the solutemap of oscillatingwidth andthe factthat the oscillationsare
decayingatherthangrowing indicateshatthe new width is stable.

The nal casesimulatedhereis for a eutecticwhoseinitial width is signi cantly
wider thanthe maximumwidth for stablegrowth. The width hasto be a lot wider than
the previous two casesbecausedhe stablegrownth rangeoccupiesa large stretchof po-
tential widths and this simulationhad to usea larger value for width than the stable
ones. To betterhandlethe increasen the width the nodespacing(dx) is doubled(now
dx dy 1196 10 8. Thisreducegheamountof nodesrequiredandbecausef this
eachtime stepis now four timesbigger(asnotedin Chaptelb, thetime stepbeingusedis
proportionalto dx?) which meanghatthe total time for the simulationis alsofour times
longer Thesimulationin Figure6.5.12hasno noiseatall, thesimulationin Figure6.5.13
hasonly the interfacenoise(againaj, 0 3) while the simulationin Figure6.5.14uses
thenucleatiomoise(an,c 8 0) whichwasdevelopedfor model2. Apartfrom thethose
discussedhe parametersrethe sameasprevious.
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Figure6.5.12: A solutepro le anda velocity graphfor anunstablewide, eutecticwith
no formsof noise

Figure6.5.13: A solutepro le anda velocity graphfor anunstablewide, eutecticwith
themultiphasenterfacenoise

Fromexaminationof Figures6.5.12,6.5.13and6.5.14it shouldbecomeclearto the
reademwhy thesesimulationsarerun on a larger domain(the samenumberof nodesare
usedbut dx anddy aredoubled)andfor alongertime. Hadtherunsbeenonly for 50 000
of the old time stepsthey would only have covered12 500 of the new time step. This
would not have beenenoughtime to seeall of the featuresvisible on theseFigures.Fig-
ure 6.5.12shows an unstablywide eutecticwithout arny forms of noise. In this casethe
simulationhasceasedyrowing asa eutectic. This wasone of the main problemswhen
trying to getvelocity measurementfor wider eutecticsduring the velocity scalinglaws
section.Thereasorfor this breakdevn canonly be putdown to the exactnucleationcon-
ditions becauseaestswith other similar, widths did not alwaysproducethe sameresults
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Figure6.5.14: A solutepro le anda velocity graphfor anunstablewide, eutecticwith
nucleatiomoise

(seeFigure 6.5.15). In the simulationpresentedn Figure 6.5.13a similar breakdevn

hasoccurrednowever this time it canbe attributedto a combinationof initial conditions
andthe interfacenoise. Examinationof the solutepro le shows threedifferent cut-off

points(whereonephase'overruns”or “cuts off” anotherjandtheseaccounfor thethree
distinctpeakson the velocity graph(the readeris remindedthatin this casethe velocity
is the rate of solidi cation ratherthenthe velocity of a eutecticfront growing from left

to right). It is worth notingthatin both Figures6.5.12and6.5.13the nal growth mode
is atwo phasegrowth modeandthat, without the presencef the nucleationnoiseterm,
this initial eutecticwidth cannot nd a stableeutecticwidth andboth simulationssettle
to approximatelythe samegrowth velocity. The nal simulationin this group,shavnin

Figure6.5.14 emplo/sthenucleatiomoisedescribedn Chaptels. Thissimulationis the
only oneof the threewhich endsgrowing like a eutectic. This simulationalso explains
the needto extendthe domainandthe total simulationtime from the previous simula-
tions. It hasbeenleft runninglong enoughto ensurethatthis new width is stable,andto

demonstrat¢hatthis methodof changingeutecticwidth producesstableeutectics.

The previous two examplespresentedof eutecticschangingtheir widths, have been
choserspeci cally sothatafteronechangeof width the newv width would be stable. Ad-
ditionally, in eachcasethenew width is either% or two timestheold width. Othermodes
of width changingcanoccurbut will requiremoretime andpossiblya wider initial re-
gion(morethanfoura b pairsin thecaseof narrav eutectics)If left long enoughary
unstablewidth will changesufciently to nd a stablewidth. The next seriesof gures
shov an even wider (almosttwice aswide) initial eutecticthanthat shovn in Figures
6.5.12-6.5.14andagainin this casethewider nodespacinghasbeenused.These gures
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demonstraténow a eutecticcanadaptits width even morethanjust by a factorof % (in
this caseeventuallygettingto % theoriginal). The physicalparameteri this simulation
arethe sameasprevious, whereinterfacenoiseis usedaj, 0 3 andwherenucleation
noiseis usedan,c 80.

Figure6.5.15: A solutepro le anda velocity graphfor anunstablewide, eutecticwith
no formsof noise

Figure6.5.16: A solutepro le anda velocity graphfor anunstablewide, eutecticwith
multiphasenterfacenoise
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Figure6.5.17: A solutepro le anda velocity graphfor anunstablewide, eutecticwith
nucleatiomoise

Figures6.5.15and6.5.16show very similarfeaturedo Figures6.5.12and6.5.13.The
mainregionsof growth areatthesolid-solidboundariesvhile avay from theseboundaries
thereis very little growth. While Figures6.5.12and6.5.13hadclearly alreadybecome
unstableFigures6.5.15and6.5.16have yetto do this, however the startof thisis clearly
visible with the solid-solid boundariegurning ratherthan growing straight. The nal

gure in thisgroup(Figure6.5.17)shavs this simulationwith the nucleatiomoiserather

thantheinterfacenoise.Initially it appearsimilarto Figure6.5.14howeverary similarity
is lost when a secondnucleationevent occurs,which resultsin a nal spacingwhich
is about %th the initial spacing. It is unclearwhetherthis is stabledue to the amount
of oscillationin the width of individual bands,however longerrunsfailed to shov arny
signof anotherchangeof width andtheseoscillationscontinuedto the endof thelonger
simulations.

The next resultsshov anothersimulationof a narrav eutecticchangingits width to
becomewider. Unlike in the previous example of this type, wherethe nal width is
approximatelytwo timestheinitial width (andthewidth changeequiredevery otherband
of onephaseto be cut off). This examplehasa nal spacingof about4 3 the original.
For this run we have usedthe samenodespacingasfor the initial simulations(dx and
dyis 598 10 °) however the domainhasbeenextendedin the x directionby adding
extranodes,andthe simulationtime hasbeenincreasedy runningfor a highernumber
of iterations.

Figure6.5.18shaws this simulation,for which only oneof theinitial eutecticbands
getscut off.
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Figure6.5.18: A solutepro le andavelocity graphfor anunstablenarrav, eutecticwith
interfacenoise

6.5.2 TransverseGrowth

This microstructureusesthe sameparameterasthoseshovn in Table8.2.2with T
154K anddx dy 92 10 °m. The rst simulation (Figure 6.5.19) usesinter-
facenoiseonly (aj, 0 3) while the second(Figure 6.5.20)usesnucleationnoiseonly
(@nuc  40).

Figure6.5.19: A solutepro le anda velocity graphfor an unstable wide, eutecticat
higherundercoolingwith interfacenoise

The width of the eutecticsusedin this simulationis slightly narraver thanthatused
for the “wide” eutecticsimulationspresentedn Figures6.5.12-6.5.14slightly smaller
dx, dy andfewer nodesper eutectic). Additionally the temperatures lower by 5K. The
structurevisible in Figure6.5.19is very similar to thosepresentedn Figures6.5.12and
6.5.13: the no-noiseand the interfacenoise casedor the “wide” eutectic. It might be
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expectedthereforethat, by introducingnucleationnoiseto this casethe resultsshown in
Figure6.5.14will bereproduced.

Figure6.5.20: A solutepro le anda velocity graphfor an unstable wide, eutecticat
higherundercoolingwith nucleatiomoise

Figure 6.5.20shaws the effect of nucleationnoiseuponthe simulationpresentedn
Figure6.5.19.Clearlytheexpectatiorthatthisresultwouldbesimilarto Figure6.5.14has
failedto berealised.Theinitial region (nodes50 250in the x direction)demonstrates
a seriesof nucleationevents,however aftereachof theseeventstheresultingeutectichas
failed to becomestable. From nodes250 on wardsit becomestlear that thesenucle-
ation eventsthemseleshave becomeunstableandthe directionof the alternatingbands
switchedrom parallelto thegrowth directionto perpendiculaor trans\erseto thegrowth
direction.

This structurehasbeenwitnessedn severaldifferentsimulationsandin noneof these
wasthereary signof a further changeto the growth mode. In all casesvhereit hasap-
pearedt hasbeenat high undercoolingsadditionallyit hasbeenseenn casesvherethe
eutecticwidth is too narraw. At the highestvaluesfor undercoolingested(T  15435)
it hasbeendif cult to getany microstructureotherthanthis oneto form. Similar results
have beenwitnessedn literature([52]).

6.5.3 Eutectic Cells Micr ostructure

This microstructurewas simulatedby nucleatinga narrav eutectic,however insteadof
having a at front the eutecticfront wassetto be periodic. In all previous eutecticsim-
ulationstheinitial solid hada at front, all the eutecticbandswerethe samelength. In
this simulationthe lengthof theinitial bandswasperiodic,with a periodof roughly ten
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timesthe eutecticspacing. This periodicinitialisation createda fan type of structurein
the simulationwhich followed. Figure6.5.21showns this microstructure.

Figure6.5.21: A solutepro le for anunstable harrav, eutecticwith a periodically nu-
cleatedfront

Figure6.5.21showns the main featuresof this microsctructure Theinitial conditions
canbe seenon the left-handside of the imageandasthe simulationhasproceededhe
eutecticdbandsontheedgeof neighboringf anshave cuteachotheroff. The nal resulting
microstructurenasanalmost at front. It hasbeensuggested[3]) thatif athird compo-
nentwere presentin the alloy this structurewould be ableto continueto grow with the
periodicfront, howeverwith thebinaryalloy systenmbeingusedhereit wasimpossibleto
malke this extension.
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6.5.4 Dendritic Cells aheadof Eutectic Fronts

This microstructurecan form when a eutecticsystemstopsgrowing as a eutecticand
only onephasecontinuego grow, it hasbeensuggestedhatto form this microstructure,
one of the two solid phaseshasto becomeunstable([3]). To causethis to happenin

the following simulationthe liquid concentratiorwas increasedoy 0 1% (from 0 5 to

0 501),this favouredonephaseovertheotherandonly this phasecontinuedo grow. The

rst of thetwo gures (Figure6.5.22)shaws this systemwithout arny anisotroyy, while

in the simulationshown in Figure6.5.23the anisotroly hasbeenturnedon (g 0 035).

Additionally, thetemperaturés setto 154K andthenodespacingdx dy 92 10 °,

apartfrom thesethe parametersrethe sameasthe previous eutecticsimulations.

Figure6.5.22: Dendriticcellsgrowing aheadf a eutecticfront without anisotrogy

Figure 6.5.22shows the main featuresof this system. Initially (the left) thereis a
eutecticjdenti able by thealternatingolackwhite bandsontheleft handborder andthis
grows for a shortdistancebeforeone phaseout-gravs the otherandcutsit off. As this
singlephasegrows, perturbationdeft over from the previoustwo-phasegrowth increase
in amplitudeuntil they form true cells (ratherthanjust an oscillatinggrowth front), and
asthesecells grow they competewith eachotherandcut eachotheroff assmallercells
getswampedby the solute eld of thelargercells. Becausehis is now really only atwo
phasegrowth anisotroly shouldbe usedin orderto geta moreaccuratepicture of what
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will happen.

Figure6.5.23: Dendriticcellsgrowing aheadf a eutecticfront with anisotroy

Figure 6.5.23shavs the samesimulation(in termsof startingparameterand number
of iterations)asFigure6.5.22however in this simulationanisotroy hasbeenturnedon

(g 0035),with the favoredgrowth directionsbeingthe four bordersof the domain.In

this simulationthe total amountof solidi cation is signi cantly higherthanthe previous
(isotropic)simulation. This is becauseghe anisotroy acceleratethe growth of the cells
from theoscillatinggrowth front sothe appearancef the cell-typestructureis atamuch
earlieriterationthanin theisotropicsimulation.

It shouldbe notedthat several modi cations were madeto the systemin orderto
make this microstructureappearafter fewer iterations(the anisotropic3 phasesystemis
the most computationallycomplicatedof thoseused). Firstly the initial eutecticwidth
was setsuchthat it approximatelymatchedthe spacingof the cells, which meantthat
the oscillatinggrowth front would have aninitial frequeng which wasfavorableto the
cells.If thishadnotbeendonethenthesinglephasegrowth regionwould have existedfor
longerbeforethe cellsemeged. Also it wasdecidedto setall of theliquid to thealtered
concentration(0 1% higher)ratherthanhave a region of liquid at eutecticcomposition
followedby aregion at the higheramount:if this hadbeendonethenthe eutecticwould
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have grown furtherbeforeit becamea singlephasegrowth.

6.5.5 Conclusion

The simulationspresentethave demonstrate@ phase eld modelexhibiting a required
featureof eutecticstheability to changeheeutecticspacingo adoptafaster morestable
width. It wasnotedthatfor real experimentsjf eutecticsarefreely ableto changetheir
width thenthey will alwaysadoptthewidth which correspondso thefasteswvelocity. In a
two dimensionaphaseeld modelit is verydif cult to allow for continuousfreechanges
of width, the domainwould have to be very wide andthe simulationwould have to run
for avery longtime (thusthe domainwould alsohave to be very long). The simulations
have shovn thatthe eutecticsdhehae asexpectedalthoughthey have beenlimited by the
sizeof thesimulations.

Thesimulationshave alsoshovn somemorecomple eutecticstructureswhich have
beenlinked to exampleswithin the literature. This shavs thatthe phaseeld modelis
clearly capableof simulatingmorecomplex structuresandthesesimulationsalsopresent
possibilitiesfor furtherwork.
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Discussion

This thesishaspresentedn analysisof multiphasemodels,speci cally with the aim of
simulatingeutecticgrowth. The mainpartof this thesishasbeenconcernedvith the dif-
ferentmodelsfoundin theliterature,andhow the variationsbetweerthesemodelscould
affectthetwo andthreephasesimulations While mathematicahnalysishasbeencarried
out in the literature previously, to the authors knowledgetherehasbeenno attemptto
comparedirectly, the resultsof simulations.To this endtwo separatenisotropicmulti-
phasemodelswerederived (seeChapter3) from the sameinitial free enegy functional.
A further two variationson one of thesemodelsresultedin four distinct modelsbeing
formed (seeTable6.0.1)with the aim of comparingtheir resultsfor bothtwo andthree
phasesimulations While thevariationsof themultiphasenodelstestedareclearlynotthe
only possibledifferencedetweermodelsthey represensomeof themostcommonways
in which modelscandiffer from eachotherin the literature. Additionally a multiphase
interfacenoiseand a nucleationnoiseterm were developedspeci cally for the models
presentedavithin this thesisalthoughthey canbothbeadaptedor othermodels.

It hasbeenshawvn that, whenusingonly two phasesn total, only the secondmodel
reproducesheresultswhichwould have beenobtainedusingasinglephasenodel. How-
ever a new Lagrangeundeterminednultiplier waswritten which would allow the other
threemodelsto reproducedhis result (seeChapterd4). The agreemenbetweena two
phaseanda single phasemodelis usefulin somecircumstanceg¢seeresultsin Chapter
6), but doesnot necessarilymply thatthis modelis any betterthanthe otherthree. The
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resultsto testthe strengthof grid anisotroy do notshow ary clearbene tin usingmodel
two, which hadthe secondhighestgrid anisotrojy of all themodels.

Theresultsfrom the eutecticscalinglaw testssuggestedhatthereweretwo models
whichweresigni cantly betterthantheothertwo. Models1 and2 bothshavedmuchbet-
ter featureghanmodels3 and4 in termsof the threeproportionalityrelationshipgested,
model2 agreedwith thesescalinglaws slightly betterthanmodell. Additionally models
3 and4 predictedarangeof valuesfor the constank,D while modelsl and?2 did not.

Thecomparisongarriedout,andtheanalysisn Chapter, tendto suggesthatof the
four modelstestedmodel2 hasproducedhe mostfavourableresults.

As well asthe comparisorbetweerthe four models,eutecticresultswere presented
demonstratinghe changesn width/velocity which occur wheneer a eutecticis in an
unstablecon guration. Theseresultsdemonstratedlearly the usefulnessf theinterface
andnucleatiomoisedescribedn Chapters.

7.1 FutureWork

Thework presentedhn this thesiscanbeextendedo cover severalothertopicsor simula-
tions. This sectiondetailswhatfurtherwork couldbe carriedout with the existing model,
aswell aswhatextensionscanbe madeto the modelto extendits usefulness.

7.1.1 Further Work

Firstly themodi cation madeto the multiphasemodelswerenot exhaustve, the mostob-
viousfurtherchangewould be examininghow changingheinitial freeenegy functional
might affect the resultsin boththe two andthreephasesimulationcarriedout. The de-
cision not to carry out this modi cation in this studywas madebecausehis would add
signi cant extrawork in termsof comparisorandderivations.

Although it is technicallynot a multiphasesystem,twinned dendritesexhibit multi
crystalfeatures.Becauseof this simulatingthemwith a single phasemodelis dif cult.
In amultiphasemodel,however, two identicalsolid phasesanbe createdsuchthatthey
have adistinctinterface(andtheassociateihterfaceparameters)initial work hasshavn
thatsimulatingthis systenshouldpresenno dif culties for the modelsdevelopedin this
thesis.Additionally thesesimulationscould make useof the anisotropy, which hasbeen
mostlyleft out of multiphasesimulations.
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7.1.2 Extensionsto the Model

It is possibleto extendthe solutepart of this study suchthat simulationsof ternaryor
higheralloys is possible.This would allow for the simulationof signi cantly morecom-
plex eutecticsystemgo be carriedout.

The adaptvity usedin this thesisis a very simpleform of adaptvity, morecomple,
adaptve meshre nement could have beenusedinstead. This would have beensigni -
cantlymorecomplex thanthe adaptvity used,however this would almostcertainlyhave
provided a larger improvementthan the very simple schemewhich was implemented.
Additionally the explicit time steppingusedcould have beenreplacewith animplicit
scheme. Again this would have signi cantly increasedhe compleity however would
have improvedthe ef ciency of the simulationsby increasinghe maximumtime step.
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Appendix 1

This Appendix containsthe operatingparametersisedby the modelfor all the simu-
lations carriedout and a summarytable containingthe informationrequiredto createa
computationakolver.

8.1 Operating Parametersfor Simulationsin Chapter 5

Term Value Term Value
dfy 1196 10 8m| TR 17280K
df 1196 10 8m| TP 13580K

s 037Jm 2 L7 | 29728003kg !
sk 029Jm 2 L% | 21859003kg !
by, | 00033anK 1| Dy | 10 10 ®n?s?
bf, | 00039nK 1| D; |10 10 ’Ps?

dx&dy | 11 108m | T 15700K
ain 00 anuc 00
g 00 dt g—éf)s
r 790%gm 3

Table8.1.1: The physicalparametersisedfor the stencilcomparisons
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Term Value Term Value

T 15500K dx&dy | 46 10 °m
Do |1 10 °’s !| D;&D, |1 10 ¥nPs !
T 172&K TE 135&

LY | 29728Qkg ? LB 218590kg *
shy 037 s& 029

bg, | 00033nK 1! b§, 00039nK 1!
dy | 196 108n | df | 196 10 ®m
1 135&K T8 172&K

L2 | 21859Qkg ? L3 29728Qkg *
st 037Jm 2 s 029Im 2
bg, | 00033nK 1! b, 00039nK 1!
d | 196 108%m | of, | 196 10 ®m
st 037Jm 2 s§ 029Im 2
bfy, | 00033nK 1! bE, 00039nK 1!
d, | 196 108n | dE, | 196 10 ®m
dt g—E‘)is r 790%gm 3
ain 00 anuc 00

Table8.1.2: Thephysicalparametersisedfor the adaptvity tests

8.2 Operating Parametersfor Simulationsin Chapter 6

Term Value Term Value
dfy 196 10 8m| T/ 17280K
dé 1196 10 ®m| TP 13580K
sty 037Jm 2 L7 | 29728003kg !
sk 029Im 2 LB | 21859003kg !
by | 0003anK * | Dy | 10 10 %nPs?
bE, | 00039nK ' | D; |10 10 '%nPs?
dx&dy | 10 108m | T 15720K
ain OO anuc 020
g 00 dt &-s
r 7905%gm 3

Table8.2.1: The physicalparametersisedfor thetwo phaseasotropicmodel

8.3 Computational Construction
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Term Value Term Value

T Varies dx&dy Varies

Do |1 10 °mPs ! | D;&D, |1 10 P?nPs !
T 172&K TE 135&K

LT | 29728Qkg 1! LB 218590kg !
s 037 s 029

by | 0003anK 1 | bE 00039mK 1!
dy | 196 108%n | of, | 196 10 ®m

5 135&K T2 172&K
L5 | 21859Qkg 1! L3 297280kg 1!
st 037Jm 2 s& 029Im 2

by, | 0003anK 1 | bk 00039mK 1!
dy | 196 108m | of, | 196 10 ®m
st 037Jm 2 sg 029Im 2
b | 00033anK 1 | bE 00039mK 1!
d | 196 108%n | dE | 196 10 ®m
dt g—és r 790%gm 3
ain 00 anuc 00

Table8.2.2: The physicalparametersisedfor the eutecticsimulations

Parameter Model 1 Model 2 Model 3 Model 4
IsotropicPhase Page38 Pages32-3, Page38 Page38
Update 50& 54
AnisotropicPhase | Pages32-3, Pages32-3, Pages32-3, Pages32-3,
Update 43& 45 50,56 & 61 43 & 45 43 & 45

SoluteUpdate Pages32& 36 | Pages32& 47 | Pages32& 36 | Pages32& 36

Finite Difference Pages/4-5 Pages/4-5 Pages/4-5 Pages/4-5

Stencils & 79 & 79 & 79 & 79
Thermodynamic Pages37-8 Pages37-8 Pages37-8 Page88
Parameters
LagrangeMultiplier | Refs.[14, 3]] N.A. Refs.[14,31] | Refs.[14,31]
AdaptedFrom [14,5]] [33] [14,5]] [51]

Table8.3.1: Detailsfor the assemblyof all models
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