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Abstract

Within thephase�eld communitytherehasbeenmuchdiscussionaboutthevariousmod-

els usedto simulatemultiphasesystems.The aim of this thesisis to qualitatively and

quantitatively testandcomparesomeof the main differencesbetweenthesemodels. In

order to achieve this the modelsusedare derived fully from the samemultiphasefree

energy functionalfor an anisotropicsystem.This methodof derivationensuresthat the

resultsfound from thesemodelswill be comparablewith eachother. Additionally this

methodalloweddirectcomparisonsbetweenthegoverningequationsof thesemodelsto

be carriedout. Simulationsare carriedout in both two and threephasesystemshow-

ever all simulationsarelimited to two dimensions.The two phasesimulationsprovide

a methodof analysingthegrid anisotropy of themodelsbeingtested,aswell astesting

theappliedanisotropy. Additionally any two phaseresultsfrom thesemodelscanbedi-

rectly veri�ed usinga singlephasemodel.Thethreephasesimulationswereof a highly

idealisedeutecticsystem,thiswaschosenin orderto comparethesolidi�cation velocities

from eachmodelwith eachother, andto testwhetherthey obeyed the eutecticvelocity

scalinglaws. Additionally simulationswerecarriedoutto demonstrateeutecticschanging

their spacing.
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Chapter 1

Intr oduction

Thesolidi�cation of metals,andspeci�cally of metallicalloys, is of greatimportancein

themodernworld. During solidi�cation microscopicstructuresform within thesolidify-

ing melt. Predictingthedevelopmentandevolution of microstructuresundercontrolled

conditionsis of greatimportance.Thetechniqueof rapidsolidi�cation is usedto create

microstructuresfor monitoringandexaminationwithin the laboratory. The microstruc-

turesformed using rapid solidi�cation differ from thosefound in real world systems,

howeveranunderstandinggainedfromrapidsolidi�cation canbeappliedto therealworld

systems.This techniquehasdevelopedasanexperimentaltool for researchaswell asan

industrial process. Thereare two techniqueswhich bring aboutrapid solidi�cation in

metalsor alloys, rapid quenching or undercooling[2]. The�rst of thesecanbeachieved

by aoneof severalmethods,eachof which is intendedto causerapidsolidi�cation by in-

troducingasteeptemperaturegradient(undercoolingalsointroducesa steeptemperature

gradient),however this canleadto problemsin observingthe solidi�cation andis only

possiblein onedimensionor whenthe samplesizeis small e.g. ribbonsor wires. The

secondmethod,undercooling,requiresthecoolingof themelt to below its meltingpoint

beforeit is nucleated.This is achievedby avoidingcontactbetweenthemeltandanything

whichcouldprovideanucleationpoint,the�rst stageof this is to removeoxidesandhigh

meltingpoint impuritiesfrom themelt. This conceptcanbeextendedto remove contact

betweenthe melt andany container. The nucleationmustbe preventedwhile the melt

is cooledby the requiredamount. This is achieved by a seriesof techniqueswhich are

classedtogetherascontainerlessprocessesand includemethodssuchas levitation and

1



Chapter1 2 Introduction

droptubeprocessing[2]. By doingthis, thelargedifferencein theGibbsfreeenergy for

the solid and liquid stateswill causerapid solidi�cation. Releaseof latentheatwithin

the solidifying zoneresultsin an increasein the temperatureof the liquid aheadof the

solidifying front to a maximumof DH f
�

Cp whereDH f is the latentheatof fusion and

Cp is thespeci�c heatcapacity, or until thetemperatureaheadof thefront hasincreased

to themelting temperatureTm. Oncethis hasoccurredany further solidi�cation will be

governedby theextractionof heatat the boundariesandthe systemis no longerwithin

therapidsolidi�cation regime.

Phase�eld modelinghasbeenusedto simulatetheserapidsolidi�cation experiments.

This techniqueprovidesadvantagesover more traditional interfacetracking techniques

wherethereare complex interfacegeometriesand especiallywhereinterfacesjoin to-

getherorseparate.Thisis advantageouswhendealingwith thecomplex geometrieswhich

occurwhensimulatingeutecticmicrostructures.



Chapter 2

Background

The backgroundchapterfor this thesisis split into two sections:solidi�cation theory

andphase�eld techniques.Basicsolidi�cation theoryrequiredfor thephase�eld model

within this thesisis presentedin the �rst section. This sectioncoversthe topicsof nu-

cleationandsolid growth brie�y beforelookingat speci�c microstructureswhich will be

simulatedin greaterdetail. The secondsectionof this chapterinvestigatesphase�eld

modelspresentedin theavailableliterature.Thesearesplit into categoriesdependingon

whatthespeci�c modelsimulates.

2.1 Solidi�cation Theory

Thebackgroundto solidi�cation theoryis split into thefollowing subsections:puremet-

als, alloys, nucleation,solid growth andmicrostructures.The puremetalssectionsde-

tails the thermodynamicsof puremetals,the alloys sectioncoversthe extensionsto the

pure metal casecreatedby the addition of alloying elements. The nucleationsubsec-

tion describesmethodsby which solidi�cation startswhile solid growth thendealswith

themechanismsof growth within thetwo systemsdescribedsofar. Themicrostructures

subsectionexamineswhatmicrostructuresarepossiblein eachsystem,andprovidesad-

ditional informationregardingthemicrostructuresto besimulatedin this thesis.

3



Chapter2 4 Background

2.1.1 PureMetals

Thesolidi�cation of a puremetalfrom its parentmelt hasbeenwidely studiedanddoc-

umented(e.g. [3, 4, 2]) andwhile this thesisis primarily interestedin thesimulationof

alloy systems,puremetalsystemsprovideagoodbackgroundfor understandingthealloy

systems.How puremetalsandalloys behavewhensolidi�ed from theirmelt variessince

in the latter thereis the issueof thedistribution of chemicalspeciesaswell astempera-

ture.

To examinethis transformationin greaterdetail the main characteristicdifferences

betweenthetwo statesmustbeexamined,namelythechangein Gibbsfreeenergy (DG),

thechangein enthalpy (DH) andthechangein entropy (DS).

Thechangein enthalpy causedby goingfrom TL to TS (theliquidusandsolidustem-

peratures)is givenby ([3, 2]),

DH ���

TS

TL

DCpdT � (2.1.1)

whereDCp is thedifferencein heatcapacityfor thesolid andliquid phases(CpS
� CpL).

Theentropy changecausedby achangein temperatureis givenby,

DS ���

TS

TL

DCp

T
dT � (2.1.2)

TheGibbsfreeenergy providestheprincipledriving force for solidi�cation; thechange

in the free energy canbe expressedasa combinationof the differencesin the enthalpy

andentropy asfollows,

DG � DH � TDS � (2.1.3)

This arisesfrom the differencebetweenthe Gibbs free energy for the solid and liquid

stateswhich aregivenby

GS � HS
� TSS (2.1.4)

GL � HL � TSL (2.1.5)

respectively. We imaginetheGibbsfreeenergy, for a puremetal,asa doublewell func-

tion with minimafor thesolidandliquid states.Theform of this is highly dependentupon

the conditionsof the system.For examplea systemabove its meltingpoint will have a

lowerenergy minimumfor theliquid statethanthesolid state,while thereverseis trueif

thetemperatureis below themeltingtemperature.Figure2.1.1is adaptedfrom [1]

WhereDGa is theactivationenergy. Whetherthe�nal equilibriumstateis liquid or solid
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Figure2.1.1:HypotheticalGibbsFreeEnergy asa functionof State(adaptedfrom [1])

is determinedby thetemperature.While Figure2.1.1shows a region betweenthe initial

and�nal statesthisdoesnotexist but is simplydisplayedto demonstratetheboundarybe-

tweenthetwo states.Whenaphasechangeoccurstwo new termsareaddedto Equations

(2.1.1)and(2.1.2),thesearetheenthalpy of fusion,DH f , andtheentropy of fusion,DSf .

Theserepresentthe energy changewhich occurswhenthe stateof the systemchanges

from solid to liquid, or liquid to solid.

2.1.2 Alloys

Whentwo or morepuremetalsarecombinedin moltenor solidform theresultingmixture

is referredto asanalloy. Sucha combinationof metalsresultsin signi�cant changesto

the systemdescribedabove for puremetals.An alloy canalsobe the combinationof a

metalandanon-metalsuchassilicon or carbon.In thesimplestcaseanalloy is madeup

of two elements,this is referredto asa binaryalloy. For this casea phasediagramcan

becreatedsuchasFigure2.1.3(phasediagramscanbecreatedfor higherorderalloysbut

aresigni�cantly morecomplex). To createdthis theGibbsfreeenergiesat a certaintem-

peratureTi for theliquid andsolid (GS andGL) areplottedasfunctionsof concentration

c. A commontangentis thendrawn betweenthe two freeenergy curvesandwherethis

tangentintersectseachcurve givestheconcentrationfor theliquidusline andthesolidus

line at theselectedtemperature,Ti . Thecommontangentminimisesthefreeenergy of the

two phases.Thisprocessis shown in Figure2.1.2.
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Figure2.1.2:Commontangentconstructionfor phasediagrams

Thephasediagramshown in Figure2.1.3is for anidealbinaryalloy, this is a binary

alloy with zeroenthalpy of mixing (DHc for theliquid phase)[1].

Figure2.1.3:Lensshapedphasediagramfor anidealbinaryalloy

Thegeometryof this typeof phasediagramhascausedit to betermed“lens” shaped.In

thiscasetheconcentrationmeasurestheamountof thepuremetalwith thelowermelting

temperature.At aconcentrationof oneor zerothesystemis simplyapuremetal,however

analloy is formedfor all intermediatevaluesof concentration.Thediagramshows two

linesconnectingthepuremetalmelting temperatures:above the liquidusrepresentsliq-

uid, andbelow thesolidusrepresentssolid. Theregion betweenthetwo is anareawhere
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bothsolid andliquid cancoexist in equilibrium.

Thepresenceof morethana singlecomponentalterstheentropy andenthalpy terms.

For exampleanentropy of mixing canbeformedfor abinaryalloy [1]

DSc � R� cln � c����� 1 � c� ln � 1 � c���

� (2.1.6)

wherec denotestheconcentrationof onepuremetalin another. The term(2.1.6)repre-

sentsthechangein entropy createdby mixing thetwo purecomponentsinto analloy and

it is minimisedat c � 0 � 5, which representsanequalmixtureof the2 components.In a

moregeneralform, for anM componentalloy wherec j is theamountof componentj, the

abovebecomes

DSc � R
M

å
j � 1

c j ln � c j
� (2.1.7)

whichwill besubjectto theconstraint

M

å
j � 1

c j
� 1 � 0 �

andDSc will beminimisedwhenthereareequalamountsof eachcomponent,in boththe

binaryandthegeneralsystem.

An enthalpy of mixing term(DHc) alsoarises,comingfrom thefactthatwhentwo or

moreliquids aremixed heatmay be absorbedor expelled; it is worth noting that some

mixtureshave zeroenthalpy of mixing (e.g. the ideal alloy in Figure2.1.3). The en-

thalpy of mixing is de�ned asthechangein heatwhichoccursduringmixing andis often

approximatedby:

DHc � Wic � 1 � c�

� (2.1.8)

whereWi is a (temperaturedependent)interactionparameter.Thesecontributions are

combinedto givenew versionsof Equations(2.1.1)and(2.1.2)[1]

DH � DHc � �

TS

TL

DCpdT (2.1.9)

DS � DSc �
�

TS

TL

DCp

T
dT � (2.1.10)

Theseexpressionsaresubstitutedinto theGibbsfreeenergy givenby Equation(2.1.3)as

before.
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2.1.3 Nucleation

Thenucleationof a solid within a melt is how solidi�cation is initiated. Initial pointsof

solid materialor spontaneousclusteringof atomsactasnucleiandsolidi�cation spreads

out from them.Whatform this nucleationtakeswill have a signi�cant effect on how the

melt solidi�es. In anundercooledmelt, with no externalsourceof nucleation,thenuclei

appearthroughouttheundercooledmelt. Thesenucleiarecreateddueto �uctuations in

the thermal�eld or solute�eld, andby thecreationof an interfacebetweentheseinitial

clustersand the surroundingliquid. It shouldbe notedthat as undercoolingincreases

the tendency for homogeneousnucleationalsoincreases,however at the sametime the

potentialfor growth of any nucleuswill alsobeincreased.Thesecondtypeof nucleation

occurswhenthereis a preferentiallocationfor solidi�cation to occur, this caninclude

anything from impuritieswithin themelt to thecontainerwhichholdsthemelt. This type

of nucleationis calledheterogeneousnucleation. In rapid solidi�cation heterogeneous

nucleationis controlledto the highestdegreepossiblein order to cool the melt to the

desiredundercoolingbeforenucleationcanoccur.

For aninitial clusterof atomsto form a crystalnucleusanactivationenergy hasto be

overcome,this canbe foundby addingthevolumeandinterfacecontributionsto obtain

theabsoluteGibbsfreeenergy (asopposedto theGibbsfreeenergy permole)[1,5],

DG � DGi � DGv

� s A � vDg

� s 4pr2
nuc

�

4pr3
nuc

3
Dg �

wherernuc is the radiusof the cluster, s is the interfaceenergy betweenthe solid and

liquid phasesandDg is the Gibbsfree energy of transformationper unit volume. This

hasassumedthat theclusteris spherical.TheGibbsfreeenergy perunit volumecanbe

writtenas

Dg �

� Dsf DT � (2.1.11)

whereDsf is theentropy of fusionperunit volumeandDT is theundercoolingwhichwill

bedealtwith in thesolidgrowth section.Both thisandDT arepositivequantitiessoDg is

negative. Themaximumvalueof DG is foundby �nding thevalueof rnuc which satis�es
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¶DG
¶rnuc

� 0.
¶DG
¶rnuc

� 8s prnuc � 4pDgr2
nuc� (2.1.12)

Substitutingrnuc � 0 or rnuc �

� 2s
�

Dg givestherequiredcondition.Thesecondderiva-

tiveof dG is
¶2DG
¶r2

nuc
� 8s p � 8pDgrnuc� (2.1.13)

Substitutingrnuc � 0 givesa positive quantity, in otherwordsa stablepoint. Substitut-

ing rnuc �

� 2s
�

Dg gives � 8ps , this meansthat this valuecorrespondsto a maximum.

Sincea systemwill alwaysseekthe minimum energy con�guration, if rnuc �

� 2s
�

Dg

theclusterwill shrink,andnot provide a point of nucleation,however if rnuc �

� 2s
�

Dg

theclusterwill grow, providing a point of nucleation.Thevalue � 2s
�

Dg is thecritical

radiusrcrit ([5]).

Whena foreignsolid is introducedinto anundercooledmelt it mayfacilitatehetero-

geneousnucleation([3]), nucleationof anearsphericalclustermayoccuragainsttheside

of thesolid. Thepresenceof thesolid reducestheactivationenergy of solidi�cation by a

factorof f � qw � whereqw is thewettinganglewhich is theanglesubtendedbetweenthe

foreignsolid andtheedgeof thecluster. A valueof qw � 0 is termedcompletewetting

andqw � p is wherenowettingoccurs.

Thefunction f � qw � is derivedin [3] as

Figure 2.1.4: Solidi�cation facilitatedby the introductionof a foreign solid qw is the
wettingangle

f � qw � �

1
4

� 2 � cosqw � � 1 � cosqw �

2
� (2.1.14)
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Thisrangesfrom 0 to 1 asqw variesfrom 0 to p, whereqw � p recoversthehomogeneous

nucleationsituation. The activationenergy, the heightof the potentialbarrierin Figure

2.1.1,is givenby

DGa �

16p
3

s 3

Dg2 f � qw � � (2.1.15)

Theintroductionof aforeignsolidlowerstheactivationenergy, thismeansthatnucleation

canoccurmorereadilythanin thecaseof homogeneousnucleation.Additionally, because

Dg tendsto zeroastheundercoolingtendsto zeroit becomesclearthatnonucleationwill

occurwithoutundercooling.

2.1.4 Solid Growth

Oncenucleationoccurs,the metastableundercooledliquid changesinto a stablesolid

stateproducinglatentheat. Solidi�cation ratesarecontrolledby theundercooling.In a

puremetalthereare3 possiblecontributionsto theundercooling[3]. Firstly thereis the

thermalundercooling,which is givenby

DTt � Ti � T � (2.1.16)

wherethis undercoolingrepresentshow far below the local (not the sameas the equi-

librium) melting temperature,Ti, a melt is. Thesecondcontribution to theundercooling

which must be accountedfor in a pure metal is the curvatureundercooling(or Gibbs

Thompsonundercooling),DTr , which occursdueto a pressuredifferencebetweeneach

sideof the interfacethat is createdby thecurvatureof the interface.Thesmallerthera-

diusthebiggerthecurvature,which in turnprovidesfor agreaterpressuredifference,and

hencea largervalueof thecurvatureundercooling:

DTr � KG� (2.1.17)

whereK is thecurvatureandGis theGibbs-Thompsoncoef�cient. Thecurvaturehereis

de�ned as

K �

1
r1

�

1
r2

� (2.1.18)

wherer1 andr2 aretheprincipleradii of curvatureof a surface.Hencefor a spherewith

radiusr, K � 2
�

r. Figure2.1.5shows theprincipleradii of curvature.

In Figure2.1.5thecirclesfor r1 andr2 areorientatedperpendicularto eachother. In
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Figure2.1.5:Principleradii of curvature

thecaseof asphereboththeradii arethesame,henceK � 2
�

r. For acylinderoneradius

is that of the cylinder, however in the perpendicularplanethereis no curvatureso the

radiusis ¥ . TheGibbs-Thompsoncoef�cient is givenby,

G �

s
Dsf

� (2.1.19)

wheres is theinterfaceenergy betweenthesolidandliquid phasesandDsf is theentropy

of fusionperunit volume.For mostmetalsGwill beof theorder10�

7Km which means

thatthecurvatureundercoolingonly reallybecomessigni�cant whereveryhighvaluesof

curvatureexist.

The third contribution to the undercoolingin a puremetal is a kinetic contribution,

whichcomesfrom themovementof theinterface.

DTk � bvn � (2.1.20)

whereb is a kinetic coef�cient, andvn is thenormalinterfacevelocity. Typically b will

beof lessthan1 � 0Ksm�

1 sothekinetic undercoolingwill only becomesigni�cant where

thesolidifying front is moving athighspeeds.Theseundercoolingscombineasfollows

DT � DTt � DTr � DTk � Tm � T � (2.1.21)

The equilibrium melting temperature,Tm, is the sameas the local melting temperature

(Ti) for a �at (DTr � 0) stationary(DTk � 0) interface.To extendthis undercoolingfor an
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alloy systemanotherform of undercooling,thesolutalundercoolingDTc, is added.This

is givenby [3]

DTc � ml � C0 � Cl �

� (2.1.22)

whereC0 is the initial concentrationin the liquid, Cl is theconcentrationin the liquid at

thesolid/liquidboundaryandml is theslopeof theliquidus.From[3] it is shown that

Cl �

C0

1 �

� 1 � ke� W
� (2.1.23)

whereke is theequilibriumdistributioncoef�cient, whichis theratioof theconcentrations

in thesolid andat the interface(Cs
�

Cl ) andWis a measureof supersaturation,which is

givenby

W �

Cl
� C0

Cl
� Cs

� (2.1.24)

By combining(2.1.22)and(2.1.23)

DTc � mlC0

� W� 1 � ke�

1 � W� 1 � p�

� (2.1.25)

Whenthesupersaturationis verysmallthiscanbeapproximatedby

DTc �

� mlC0W� 1 � ke� � (2.1.26)

Thisundercoolingis addedto thepreviousthreeformsof undercooling(2.1.16),(2.1.17)

and(2.1.20)to give thetotal undercoolingfor analloy.

2.1.5 Solidi�cation Micr ostructures

Following nucleation,theundercoolingandcomposition(in thecaseof alloys) will gov-

ernwhattypeof microstructuresform, andhow they develop. In thepuremetalscenario

only singlephasecrystalscanform, however in thealloy caseit is possiblefor singleor

multiplecrystallinephasesto form asa resultof solidi�cation.

2.1.5.1 Dendrites

Dendritic crystalsaresingle phasecrystalswhich can form in eitherpure metalor al-

loy systems.Dendritesarecrystalswhich grow in a tree-like structure,theinitial branch

movesin agivendirection(determinedby thethermalor solutepropertiesat theinterface

andthe local crystallography)andcanthengrow sidebranches.Therearetwo formsof
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dendriticgrowth, constrainedandunconstrained.

Constrainedgrowth is wherethegrowth rateof thedendriteis limited by theimposed

thermalgradient.Neighbouringdendriteshave thesamealignment,which is dictatedby

directionof theexternally imposedthermalgradient,for their primarybranch(or trunk)

andthesidebranchesgrow into eachother. This is oftenthesituationwhichoccurswhen

ametallicmelt is pouredinto acontainer, thecontainerwallsactingasaheatsinkto allow

constraineddendriticgrowth.

A primary arm spacing(l 1) canbe identi�ed; this is the gapbetweenthe tips of 2

neighboringprimarydendrites.Thetipsof thedendritesthemselvesareparabolicin form

([3, 6]), however the parabolicregion only lastsa shortdistancebehindthe tip before

�uctuationsin thethermal/solute�elds generatesinusoidalperturbations.Theseperturba-

tionscanevolvewith timeto createsecondaryarmshoweverthesesidebranchescompete

againsteachotherandbranchesofteneliminateneighboringbranches.Thesesecondary

brancheshaveaninitial characteristicspacingof l 2 which is determinedby thepresence

of otherprimarybranchesor thethermal/solutal�eld of otherbranches.Thesesecondary

sidebranchescangrow in a similar mannerto a primarydendriteandform tertiaryside

branching,however oncethetips of thesearmsencounterthethermal�eld from another

armtheirgrowth tendsto slow down andthey coarsen.

The secondtype of dendriticgrowth is unconstrainedgrowth. Hereheatand/orso-

lute is expelledat the interfaceinto theundercooledmelt. Ratherthanhaving numerous

branchesgrowing side by side, branchesgrow in an equiaxed manner, the numberof

which is determinedby the underlyingcrystallography. The velocity of growth is de-

terminedby the undercooling.Thesebrancheswill grow out in a radial directionwith

roughlyequalspeed(assuminganisotropicmelt) from thepoint of nucleationuntil they

encounterbranchesfrom anotherpointof nucleation.

The growth rateof the dendriteis controlledby featuresof the liquid aheadof the

dendritetip. Thegradientsof the thermalor solute�elds de�ne the rateof diffusionof

heat,or heatandsolutein the caseof an alloy. It wasshown by Ivantsov ([7]) in 1947

thata paraboloidof revolution, which hasa tip radiusof curvatureR andtip velocity of

V would maintainits shapeasit grows,subjectto oneof thefollowing conditions.For a

solute-diffusionlimited solidi�cation, [3]

Pc �

RV
2D

� (2.1.27)
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wherePc is the solutalPéclet numberandD is the diffusion coef�cient for the liquid.

While theconditionfor a thermal-diffusionlimited caseis

Pt �

RV
2a

� (2.1.28)

wherePt is the thermalPécletnumberanda is the thermaldiffusivity. In eachcasethe

Pécletnumbercanbeuniquelyrelatedto thecorrespondingundercooling.This is done,

for low Pécletnumberswith ahemisphericaltip, by thefollowing equations:

DTc � PcDT0ke � (2.1.29)

and

DTt � Pt
DH f

Cp
� (2.1.30)

where

DT0 �

� ml
C0 � 1 � k �

ke
� (2.1.31)

DT0 is the liquidus solidusrangeat C0. This solutionis degeneratesinceneitherR nor

V canbeexplicitly determinedfrom this. Henceanin�nite family of solutionsexist cor-

respondingto fastthin dendritesor slow fat ones.Experimentation,however, hasshown

that this is not the case,anda well-de�ned tip velocity canbe associatedwith a given

setof initial conditions. In orderto reconcilethe experimentalresultsto the theoretical

onesa stability conditionis createdandinvokedby a stability parameters
�

and,in the

thermal-diffusionlimited case,this is achievedthroughthefollowing condition:

R �

�

G
� s

�

G
� (2.1.32)

whereG is themeantemperaturegradientgivenby

G �

�

PtDH f

RCp
� (2.1.33)

andby substitutingthis into thepreviousrelationshipit canbeshown that

R � ��

�

�

G

s
� PtDH f

RCp

(2.1.34)

R2
�

GRCp

s
�

PtDH f
� (2.1.35)

or
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R �

GCp

s
�

PtDH f
�

G
s

�

Ptqt
� (2.1.36)

whereqt �

DH f
Cp

. This canbefounddirectly from thePécletnumberandnow theunder-

coolingcanbedirectly relatedto thevelocityusingEquation2.1.30by

DTt �

1
2s

�

DH f G
aCp

V � (2.1.37)

In marginal stability theory[8] the valueof s
�

is 1
�

� 4p2
� , however in the caseof mi-

croscopicsolvability theory[9],[10] andphase�eld, theanisotropy breaksthedegener-

acy for low undercoolingvaluesandthestability parametercanbegivenin termsof the

anisotropy parameterg, thiswill bediscussedfurtherwithin thephase�eld section,

s
�

µ g
7
4

� (2.1.38)

In thecaseof solute-limiteddiffusiontheradiusis modi�ed (dueto thepresenceof solute)

to

R �

G

s
�

� mlGc � G�

� (2.1.39)

HereGc is thesolutegradientaheadof thesolidi�cation interface.If Gc is setto zerothe

radiusfor thepurethermalsystemgivenin Equation2.1.32is recovered.Gc is givenby

Gc �

�

2Pc � 1 � ke� C0A � Pc �

R
� (2.1.40)

where

A � Pc � �

1
1 �

� 1 � ke� I � Pc �

� (2.1.41)

and

I � Pc � � PcePc
�

¥

Pc

e�

z

z
dz� (2.1.42)

Thesearecombined(includingEquation2.1.33)to give

R � �
�

�

�

G

s
�

�

� ml
2Pc �

1
�

ke �

C0A
�

Pc �

R �

PtDH f
RCp

�

(2.1.43)

R2
�

RG

s
�

�

� 2ml Pc � 1 � ke� C0A � Pc � �

PtDH f
Cp

�

(2.1.44)
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R �

G
s

�

� 2qcPc � qtPt �

� (2.1.45)

where

qt �

DH f

Cp
asbefore�

qc �

� ml � 1 � ke� C0A � Pc �

�

Howeverby applyingEquation2.1.31thisbecomes

qc � DT0keA � Pc �

�

andagainthesecanbe found directly from the Pécletnumbers.So far thesehave been

consideringthecasefor low Pécletnumbersanda tip which is hemispherical.To gener-

alisethis systemfor a parabolicdendritetip theundercoolingsgivenin Equations2.1.30

and2.1.29arechangedto

DTt � qt I � Pt �

� (2.1.46)

DTc � mlC0 � 1 � A � Pc ��� � (2.1.47)

To accountfor thehighervaluesof thePécletnumberstwo new quantitiesarealsode�ned

as

xt � 1 �

1
�

1 ���

2p
Pt �

2 �

1
2

� (2.1.48)

xc � 1 �

2ke
�

1 �
�

2p
Pc �

2
�

1
2

� 1 � 2ke

� (2.1.49)

Which bothhave thepropertyof beingroughlyequalto onefor low Pécletnumbers,and

tendingto zeroasthePécletnumbertendsto ¥ . Theseareaddedto Equation(2.1.45)as

follows

R �

G
s

�

� xtqtPt � 2xcqcPc �

� (2.1.50)

Thisnow givesthevalueof theradiuswhichbreaksthedegeneracy for R andV allowing

thesepropertiesto bepredictedfor growing dendrites.
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2.1.5.2 Eutectics

Eutecticmicrostructuresform in alloys when two or morephasesgrow co-operatively

from themelt. Themany industrially formedalloys areeutecticor neareutecticin com-

position.Thereis awidevariationin thefeaturesof eutecticsystems,thesimplestpossible

eutecticshave only two solid phasesandtwo alloy components.Recentlytherehasbeen

anincreasedin interestin ternary(threealloy components),andhigher, eutecticsfor lead-

free solderfor example,additionallyeutecticsgenerallyhave low melting temperatures

(relative to their components)which is a usefulfeaturein many situations,eg. solder. As

well asthe numberof phasespresent,the amountof eachphase,f i, andthe entropy of

fusion of the phasesigni�cantly affectswhat structuresarevisible. With roughly equal

amountsof eachphasepresent,lamellarlikestructuresaremostprevalent.Low entropies

of fusiontendto produceregularmorphologies,thetheorybehindthegrowth of thesewas

describedbyJacksonandHunt([11]). If theamountsof eachphasevarysigni�cantly then

thestructurestendto bemore�brous andhigherentropiestendto make theboundaries

betweenphasesmorefaceted.Eutecticscangrow in a similar mannerto theconstrained

growth dendrites,without thedendriticarms,andin this situationtheeutecticequivalent

of theprimaryarm spacingis roughly1
�

10 thatof thedendriticcase.This meansthat,

in a givenvolume,theamountof surfaceareabetweenphasesis signi�cantly morethan

theamountof surfaceareabetweendendrites.Additionally athigherundercoolingvalues

thelamellareutecticstructureshavebeennotedto breakdown [12] androughlyspherical

grainsof onephaseform within the secondphase,furthermorethe growth of eutectics

within dendriteshasbeenreported[13].

To describethegrowth of eutecticsit is bestto usethesimplestcaseavailable,a three

phase(two solid phasesandoneliquid phase)systemwith two componentmetals. As

solid phasea , which is A rich, grows it will expel B, andassolid phaseb (B rich) grows

it expelsA. If the two phasesaresolidifying separatelyfrom eachotherthenthis would

meanthatthereis abuild upof onecomponentin front of thesolidifying interfaces,how-

everin thecaseof lamellareutecticsthephasesgrow in aparalleldirectionalongsideeach

otheralternatingbetweensolidphasea andb, andthedistancebetweenonea phaseand

thenext is calledtheeutecticwidth. Thismeansthatinsteadof solutebuilding up in front

of thesolidifying surfaceandbeingdiffusedin thesamedirectionassolidi�cation, there

is a region of highersolutein front of onephaseanda region with a lower amountof

solutein front of theotherandthesearediffusedperpendicularlyto thedirectionof solid-

i�cation andthereforeinto their neighboringphase.This meansthat the two phasesare

now growing co-operatively with a signi�cantly smallerbuild up in front of thesolidify-
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ing surface.Thisgivesriseto alargervalue(smallernegative)for thesoluteundercooling,

sosolidi�cation occursmorequickly. It shouldbe notedthat for narrower eutecticsthe

transversediffusion of solutewill occur in a shortertime. This suggeststhat narrower

eutecticswill beableto solidify faster. However thereis a balancingfactorinvolved,the

interfaceenergy betweenthesolidphases.In thecaseof narrowereutecticsthetotal inter-

facialareais highersothetotalamountof interfaceenergy will behigher. Thiswill cause

solidi�cation to proceedat a slower rate. An analysisof thecompetinginterfaceenergy

andundercoolingcontributionsis providedin PorterandEasterling([1]) andby Jackson

andHunt ([11]). This startsby consideringthetotal changein energy which resultsfrom

thesolidi�cation of a region:

DG � l � � DG � DT � � DG � s �

�

whereDG � DT � is thechangein energy dueto a region of undercooledliquid becoming

a solid while DG � s � is thechangein energy causedby thecreationof theinterface(s)in

the region (s is the interfaceenergy). If the region is con�ned to 1 Mol of liquid, for

simplicity, it canbewritten that

DG � DT � �

�

DHDT
TE

�

DG � s � �

2s Vm

l
�

whereTE is theequilibriumeutectictemperatureandVm is thevolumeof onemole. The

valueof G � DT � is negative becausegoing from undercooledsolid to liquid reducesthe

energy of thesystemwhile G � s � is positive asthecreationof interfacesraisesit. Since

for solidi�cation to occurthetotal energy mustdecrease(DG � l �

�

0) thisgivesacritical

minimum valuefor l : below this valuesolidi�cation cannotoccurandany attemptto

arti�cially nucleatewith sucha valueof l shouldresultin theinitial solid melting. This

critical valueof l is l
�

andis expressedas

l
�

�

2s VmTE

DHDT
� (2.1.51)

This givesthe conditionsunderwhich growth will be possible.The next consideration

is the rateof growth. Clearly for l � l
�

the solidi�cation rate is zero. In the caseof

a growing lamellareutecticit canbe assumedthat the limiting factor for solidi�cation

will be thediffusionrateof thesolutein the liquid, in this casetherateof solidi�cation

shouldbeproportionalto therateof diffusionof thesolute.Thiswill becontrolledby the
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differencein theconcentrationalongthesolid liquid interface(i.e. betweenneighbouring

lamellae). This differencewill be at a maximumin the middle of eachof the lamellae

andwill beroughlyproportionalto thedifferencein theconcentrationof eachsolidphase

andthe liquid one(for this simpleanalysisit is assumedthat the liquid concentrationis

theaverageof thetwo solid phaseconcentrations).Thetransversediffusionof thesolute

will besloweddown if thedistanceit hasto diffuseover is increased,in otherwordsif l

increases.Thisgivesthefollowing relation

v µ D
DX
l

�

or

v � k1D
DX
l

�

whereDX is themaximumdifferencein liquid concentrationalongthesolid-liquid inter-

faceandD is the diffusivity of the liquid. This itself (DX) is a variable,in the caseof

l � l
�

this will be 0 becausethe interfacedoesnot move, so the concentrationpro�le

will become�at by wayof diffusion.Theconcentrationdifference,DX, will haveamax-

imum valuewhich correspondsto l � ¥ which canbe written asDX0, andin the limit

of small undercoolingsit canbeshown thatDX0 a DT [1]. Basedon this the following

relationshipscanbewritten

DX � DX0

�

1 �

l
�

l

�

�

or

DX µ DT

�

1 �

l
�

l

�

�

Thiscanbecombinedwith thepreviousrelationshipfor velocity to give:

v µ D
1
l

DT

�

1 �

l
�

l

�

�

or

v � k2D
1
l

DT

�

1 �

l
�

l

�

� (2.1.52)

This suggeststhat for a givenundercoolingeutecticswill solidify with a rangeof widths

andvelocities,howeverexperimentationinitially found,[1], thatat a givenundercooling

theeutecticsselecteda singlewidth andcorrespondingvelocity, which is themaximum

velocity. Thisvelocityoccurswhenl � 2l
�

andthevelocity is givenby

v0 �

k2DDT
2l

�

�



Chapter2 20 Background

Furtherstudiesshowedthatif thelamellarspacingwasconstrained,andnot freeto adopt

any value,thenother, slower, eutecticvelocitieswereobserved. FromEquation(2.1.51)

it canbeseenthat

DT µ
1

l
�

(2.1.53)

andthiscanbeintroducedinto theequationfor themaximumvelocity to eliminateeither

DT or l
�

to producetwo moreproportionalityrelationships:

v0 µ
1

l
� 2

�

v0 µ DT2
�

Thesetwo relationshipsweretestedusinga phase�eld modelby Nestleret al. [14] and

thesetestsareto berepeatedwithin thisstudyasonemethodto validatethecomputational

model.

2.2 PhaseField

Theideaof aphase�eld variablewas�rst discussedin the1980's [15, 16, 17] however it

wasnot until the improvementsin computingof the1990's that themodelswereableto

betested([18, 19,20]). Theclassicalwayof modelingsolidi�cation is to explicitly track

thesolid-liquid interface,howeverthismethodbecomesmorecomplicatedwhenever two

interfacesmeetor in a region whereonephasesplits to createa pair of interfacesi.e.

when thereis a changein the topology. In this sensethe phase�eld techniquehasa

signi�cant advantageover traditional interfacetrackingmethods:ratherthanexplicitly

track the interfacea new imaginaryvariableis createdcalledthe phasevariable,this is

typically denotedas f . This variablehasone value in the liquid and one in solid, it

usually hasa rangeof 0 to 1 or -1 to 1 dependingon the actualmodel. When more

thantwo statesarepossiblethenthis hasto beadaptedandthefull descriptionof this is

in the multiphasesectionbelow. In classicalsolidi�cation theory, only purestatescan

exist e.g. solid or liquid (or solid two, threeetc) however by introducinga continuous

phasevariableintermediatestatesexist betweensolid andliquid states.This alsomeans

thatmodelsrequirevalidationagainstphysicalresultsto ensurethat thediffuseinterface

region is not adverselyaffecting results. Ideally, to mostaccuratelyrecreatea physical

system,the interfaceshouldbe assmall aspossiblehowever computationalsystemsdo

not behave well if therearelarge changesover a very small region. This arguesfor the

useof wider interfaces.Oneway aroundthis problemis to usea smallernodespacing
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in numericalsimulationshowever as the nodespacingis reducedthe maximumstable

timestepis alsoreducedwhich meansthat thesimulationwill proceedat a muchslower

pace.Thiscreatesacompetitionbetweenaccuracy andcomputationalef�ciency.

Another featureof the phase�eld approachis the ability to tailor a model to the

systembeingsimulated.If thesimulationis of aeutecticthentheanisotropiesintroduced

into the systemby the crystallographicorientationwill play a much smallerpart than

in a dendriticsimulation. Due to this they canbe removed from the modelwhich will

allow thecomputationalsimulationto proceedfaster. Howevercaremustbetakenin this

scenariosinceit hasbeenshown thatundercertainconditionseutecticscanbreakdown

anddendriticcells cangrow out of the eutecticfront, suchcells will requireanisotropy

within themodel.

2.2.1 SinglePhase

A phase�eld model is classedassinglephaseif only two phasescanexist. This does

not make senseinitially however in this scenarioit is possibleto usejust onephase�eld

variable. Here f representsoneof the phases,often the liquid, andthe amountof the

otherphasepresentis givenby 1 � f . This reducestheamountof calculationsrequired

comparedtohaving two phasevariablesandconstrainingthemto sumtoone.If themodel

is solvinga systemof varyingcompositionin which thereareonly two pureelements(a

binary alloy) thenthe sameapproachcanbe taken with the concentrationvariable. In

this casec representstheproportionof pureA presentandobviously theproportionof B

presentis givenby 1 � c. Themultiphaseandmultisolutesectionsbelow dealwith more

generalcasesthanthis however it is simplerto startby analysingthesimplestcase:the

singlephasemodel.

Singlephasemodelscanbe usedto handlesolidi�cation of puremetalsandsimple

binary alloys. In the caseof the puremetalsthereareonly two equations:onefor the

thermalevolution andonefor thephaseevolution. In thecaseof thealloys therecanbe

two or threeequations,oneeachfor phaseandsoluteevolution, thethird equationis for

thermalevolution. Thethermalevolutionis left out in certainsituationsbecausethespeed

of thermaldiffusion is somuchfasterthenthespeedof solutediffusion that thesystem

canbetreatedasisothermal,however therearesituations,e.g. very dilute alloys or high

undercoolings,wherethe thermalevolution mustbe taken accountof. This is another

exampleof how a phase�eld modelcanbeadaptedto improvecomputationalef�ciency

withoutsacri�cing accuracy of theresults.Thenext two sectionsdescribetheuseof pure

metalphase�eld modelsandthesimplesolutalphase�eld modelsrespectively.



Chapter2 22 Background

2.2.1.1 Pure Metal Models

As statedabove, in thesemodelsthereareonly two time dependentvariables,the tem-

peratureT andthephasef . The�rst partof analysingthesemodelsis to investigatehow

theequationsfor ¶T
¶t and ¶f

¶t arederived. Oneof theearliestpapersto testa phase�eld

modelwaspresentedby Kobayashi([18]), thisdescribedbothanisotropicandanisotropic

purethermalphase�eld modelfor simulatingsolidi�cation of anundercooledmelt. Ad-

ditionally resultswerepresentedto show theeffectsof changingthedimensionlesslatent

heatof a solidifying system.Theseresultsshowed that for lower valueof latentheata

�at growing solid-liquid interfacewasa stablestructurehowever asthe latentheatwas

increasedtheinterfacebecameincreasinglycontorted.Thiswastruein boththeisotropic

andanisotropiccases,howeverin theanisotropiccasesthesolidi�cation wasgovernedby

the interfaceorientationso therewasa de�nite structurewhile in the isotropiccasethe

solidi�cation followednoobviouspattern.

Thenext stagein thedevelopmentof phase�eld wasto compareit to othersolidi�-

cationmodelingtechniques.The Ivantsov solution([7]), marginal stability theory([8])

andmicroscopicsolvability theory([9, 10]) all provide informationaboutthe shapeof

dendritetipsandassuchtheinitial phase�eld modelswerecomparedto thesetheoriesby

Wheeleretal ([19]). Thiskind of analysiswascritical to ensurethatphase�eld wastaken

seriouslyasa scienti�c methodfor themodelingof solidi�cation. Thestartingpoint for

themodelusedin this studywasa Freeenergy functional(Landau-Ginzberg functional).

This is givenby:

F �
�

W �

f � f � T ���

1
2

e2
� Ñf �

2 � dW� (2.2.1)

wheree is a constantfor isotropicmodelsand f � f � T � is the free energy density. The

simplesttimederivativesof f andT arethengivenby:

¶f
¶t

µ �

dF
df

(2.2.2)

¶T
¶t

� K
¶f
¶t

� Ñ2T � (2.2.3)

whereK is a constantproportionalto the latentheatper unit volume. Considerations,

suchasensuringthatfreeenergy wasdecreasingmonotonicallywith time requiredalter-

ationsto bemadeto Equations(2.2.2)and(2.2.3)resultingin thefollowing dimensionless

equations.

ẽ2

m
¶f
¶t

� f � 1 � f �

�

f �

1
2

� 30ẽa Duf � 1 � f �

�

� ẽ2Ñ2f (2.2.4)
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¶u
¶t

�

1
D

p� � f �

¶f
¶t

� Ñ2u � (2.2.5)

Whereu is dimensionlesstemperature(u �

T
Tm

) andt is the dimensionlesstime. Many

otherstudieshaveusedasimilar form for theseequations([21, 22, 23,24].

2.2.1.2 Simple Binary Alloys

The �rst publicationsusinga phase�eld modelwhich hadtheability to simulateanal-

loy ratherthanjust a puremetalappearedat roughly the sametime asthe original pure

metalpublications.To extendtheexistingmodelsto solve for aconcentrationvariableas

well astemperatureandphasewould have addedsigni�cant computationalwork, some-

thingwhichwouldpossiblyhavestretchedexistingcomputationalfacilities.To avoid this,

muchearlywork ([25, 26, 27]), anda lot of currentwork, wasbasedon theassumption

that thesystemwasisothermal.This assumptionwasjusti�ed on thebasisthat thermal

diffusion typically occurssigni�cantly faster(the Lewis number(the ratio betweenthe

thermalandsolutaldiffusivities), Le, for liquid metalsis of the order104) thanthe dif-

fusion of solute. This meansthat so long as the solidi�cation ratewas limited by the

diffusionof solute,thethermaldiffusionwould benearinstantaneouswith respectto the

rateof solidi�cation anddiffusionof solute.Thisassumptionlimits theundercoolingval-

ueswhich may be usedfor simulationssincethe conditionsfor the undercooledliquid

mustbe suchthat it falls above the solidusline andbelow the liquidus line on a phase

diagram.If it werebelow thesolidusthensolidi�cation couldoccurwithout diffusionof

soluteaway from thesolidifying interface(andsolidi�cation would not belimited by the

diffusionof solute),andif it wereabove theliquidusthensolidi�cation wouldnot occur.

Modi�cations hadto bemadeto thefreeenergy functionalgivenin Equation(2.2.1)

to accountfor thepresenceof secondcomponent.This is achievedby rewriting thefree

energy density f � f � T � to includetheconcentrationvariablec:

f � f � c � T � � cf B
� f � T ����� 1 � c� f A

� f � T ���

RT
nm

� clnc � � 1 � c� ln � 1 � c� �

� (2.2.6)

where f A
� f � T � is thefreeenergy densityfor pureA andsimilarly for B. Thesoluteand

phaseevolutionequationsaregivenby

¶f
¶t

�

� M1
dF
df

(2.2.7)

¶c
¶t

� M2Ñ �

�

c � 1 � c� Ñ
dF
dc

�

� (2.2.8)



Chapter2 24 Background

whereM1 andM2 arepositive constants.Thereareclearsimilaritiesbetweenthephase

evolutionequationsfor alloy andpuremetalmodelsgivenin Equations(2.2.7)and(2.2.2)

respectively. Similarapproacheshavebeenusedby variousotherstudies[27, 28,29,30].

2.2.2 Multiphase

Theprevioussectiondiscussedwhataretermedsinglephasemodels,whichhaveonly one

phasevariable(andtwo phases).Thesemodelshave beensubdivided into purethermal

andsolutemodelsandbothweredevelopedover thesameperiodof time. Theextension

of phase�eld modelingfrom two phasesto threeor moreoccurredseveral yearsafter

theoriginal singlephasemodels.This re�ects theextra computationalwork requiredin

dealingwith multiplephasevariables.Multiphasemodelscanbesubdividedinto two dis-

tinct categories.Multiphase,singlecomponentmodelscontainmultiple phasesbut only

a singlesolutevariable(representinganalloy madeup of two components).Multiphase

multicomponentmodelsarea furtherextensionon thedualcomponent,multiphasemod-

els,whichallow for any numberof alloy components.Thissectiondealswith multiphase

modelswhichhaveonly asingleconcentrationvariable(a binaryalloy system)while the

next sectionwill describemultiphase,multicomponentsystems.

In the singlephasesystemsf representedeitherthe solid or the liquid phase,while

theamountof theotherphasewasgivenby 1 � f . Whentherearethree,or more,phases

presentthissimplenotationnolongerworksandnow thereneedto beat leastN � 1 phase

variables(whereN is thenumberof phasespresent),More commonlythereareN phase

variablesusedandthereasonfor this will bedescribedin detail later. Thesephasevari-

ablesareplacedinto a vectorf wheretheith elementof this vectoris theamountof the

ith phasepresent,this is oftenwrittenasf i .

In multiphasesystems,becausethe individual phasevariablescanact independently

a new conditionmustbeappliedto ensurethat thephasevariablessumto 1 at all times,

this is writtenas
N

å
i � 1

f i � 1 � 0 � (2.2.9)

This conditionwas implicit within the single phasesystemsincethe two phaseswere

givenby f and1 � f which will alwayssumto 1. Thereareseveralwaysin which this

conditioncanbeapplied,eitherby way of a Lagrangeundeterminedmultiplier ([14, 31,

32]) or by specifyingexplicitly how thephasesvarywith respectto oneanother([33, 34,

35]).

Thederivationof many of themultiphasemodelscanbecompareddirectly with the
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derivationof singlephasemodels.A multiphaseFreeEnergy functional(comparablewith

thesinglephasefunctionalgivenin Equation2.2.1)is de�nedandthendifferentiatedwith

respectto eachphasein f andc asfollows:

¶f i

¶t
�

� M
dF � f � c � T �

df i
(2.2.10)

¶c
¶t

� Ñ �

�

D � f �

�

c � 1 � c� Ñ

�

dF
dc

�

���

� (2.2.11)

Theseareclearly very similar to the differentiationsfor the singlephasesolutemodel

describedin Equations(2.2.7)and(2.2.8). The exact form of F � f � c � T � will vary from

modelto modeldependingonwhatthemodelis intendedto simulatehoweverthegeneral

form canbegivenby

F � f � c � T � � G � f � Ñf � � f � f � c � T �

� (2.2.12)

whereG is a gradientenergy term which handlesthe growth of phases(the attachment

of freeliquid moleculesontothesolid phaselattice)while f is thedensityof freeenergy

which describesthe thermodynamicsof the system.This in turn is madeof threecom-

ponents,a doublewell potential(to representthelocal minimaof freeenergy associated

with eachstate),anequipartitionof soluteterm(which carriesout diffusion)anda con-

tribution from thephasediagram(this componentwill vary mostbetweenmodelsdueto

thedifferentphasediagramsused).

The differentiationsdescribedin Equation(2.2.10)arewith respectto only a single

componentof phase,i, however the term beingdifferentiatedis a function of multiple

components(possiblyall dependingupon the model). Becauseof this, the term ¶f j
¶f i

,

wherei �� j , will appear. How thesetermsarehandledis a crucial differencebetween

multi phase�eld modelsbut whatever is donewith thesetermsit mustrespectthecon-

dition expressedin Equation(2.2.9). Oneway to handlethesetermswasdescribedby

Steinbachet. al. ([33]), this requiredan assumptionthat all interfacesbetweenphases

werebetweentwo phasesonly, andthat thedynamicsof a triple point weregovernedby

thedynamicsof thethree,two phaseinterfacesaroundit. While thephysicalimplications

of this have beendebated([20]) it very neatlyresolvesthe problemof what to do with

quantities¶f j
¶f i

. All of thesearezeroexceptfor wheni � j andfor theotherphasewhich

hasaninterfacewith phasei andin thiscase¶f j
¶f i

�

�

¶f i
¶f i

. Furtheranalysisof this is carried

out in Chapters3 and4.

The secondmethodof enforcingthe conditionin Equation(2.2.9)is by usinga La-

grangeundeterminedmultiplier. This allows any two phasesto betreatedasif they were
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independentof eachother, ¶f j
¶f i

� 0 when i �� j . The multiplier is addedby rewriting

Equation(2.2.10)as

¶f i

¶t
�

� M �

dF � f � c � T �

df i

� l i
d

df i
�

N

å
j � 1

f j � 1 � 0���

� (2.2.13)

wherel i is theLagrangeundeterminedmultiplier. Becausef i andf j arenow indepen-

dent,Equation(2.2.13)canberewrittenas

¶f i

¶t
�

� M

�

dF � f � c � T �

df i

� l i
�

� (2.2.14)

Sincethereis no netchangein the total amountof phasethesumå N
i � 1

¶f i
¶t � 0 � 0, andif

Equation(2.2.14)is summedfrom i � 1 to N weobtain:

N

å
i � 1

¶f i

¶t
�

� M
N

å
i � 1

�

dF � f � c � T �

df i

� l i
�

� 0 � 0 � (2.2.15)

N

å
i � 1

dF � f � c � T �

df i
�

N

å
i � 1

l i � (2.2.16)

This providesa conditionwhich theLagrangemultipliersmustsatisfyhowever this does

not actuallygive theexactform of themultipliers. To �nd this anotherassumptionmust

be made. In many examplesin the literature([14, 31, 32]), it is assumedthat all of the

multipliersarethesame,i.e. that

l i �

1
N

N

å
i � 1

dF � f � c � T �

df i �

i � (2.2.17)

Furtheranalysisof themathematicalimplicationsof, andtheresultsfrom, thesetwo dif-

ferentiationtechniquescanbefoundin Chapters4 and6 respectively.

Multiphasemodelswith asinglesolutevariablecanbeusedto simulateseveraltypes

of physicalsystem,eachof which is de�nedby thephasediagramandwhichphasetrans-

formationsarepossible.Theprinciplesystemssimulatedareeutectics([14, 36,32,37]),

monotectics([31]) andperitectics([14]). In the caseof a two solid phaseeutectic,the

liquid phasesolidi�es into bothsolidphases,a transformationwhich is usuallywrittenas

L � a � b. The transformationwhich takesplacein monotecticsis morecomplicated,

theliquid phasetransformsinto anew liquid andasolid,or L1 � L2 � S. Peritectictrans-

formationsoccurwhenonesolidphaseandtheliquid transforminto asecondsolidphase.
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This canbe describedby L � a � b. In eachof thesedifferentcasessolidi�cation mi-

crostructureswill be producedwhich canbe visibly identi�ed. Due to the emphasisof

this studybeingon eutectics,the bulk of the literaturereviewed hasbeenfocusedupon

eutectics,however theseothersystemsarementionedto give thereaderan ideaof what

elseis possiblewith phase�eld systems.

Eutecticshave attractedsigni�cant interestwithin phase�eld literature. Onereason

for this is thatthegrowth velocity of a eutecticcanbepredicted,which providesanother

opportunityfor validationof phase�eld resultsagainstphysicalpredictionsand,more

importantly, it providesa validationfor the multiphasemodels. Phase�eld analysisof

the relationshipsbetweenundercooling,lamellarspacingandeutecticvelocity hasbeen

carriedout by Nestlerand Wheeler([14]) andcomparedwith the resultspredictedby

JacksonandHunt ([11]). The resultsof this analysisinitially appearedto be favorable,

however this studyaimedonly to comparethemaximumvelocitywith thelamellarspac-

ing andundercooling.Thesearethetwo proportionalityrelationswhicharerecoveredby

substitutingtheproportionalityrelationgivenin Equation(2.1.53)into thevelocityEqua-

tion (2.1.52). This proportionality(Equation(2.1.53))relation could have beentested

directly addinga third test to the existing two. Phase�eld analysisalso allows for a

uniquetestof Equation(2.1.52)becausein realsystemsthe lamellarspacingcannot be

directly controlledandfor a givenundercoolinga growing eutecticwill alwaysadoptthe

samespacingwhile Equation(2.1.52)suggeststhat for a �x ed undercoolingany spac-

ing canexist. The spacingadoptedby a real systemcorrespondsto the fastestvelocity,

however in phase�eld the spacingcanbe controlledto a muchhigherdegreebecause

theinitialisationcanbespeci�edexactlyandacomputationalsystemcanbecreatedsuch

that it containsno randomfeatures.Thesetwo meanthatany spacingcanbechosenfor

initialisationandthena simulationrun underconditionswhich preventthis spacingfrom

changingin theshortterm. Of courseit is inevitablefor largervaluesof spacingthatthe

solidi�cation ceasesto beclassedaseutecticsincetheclassiceutecticfront will notexist.

Also, roundingerrorsin thecomputationalsystemwill begin to affect thesimulationdue

to the high instability of thesolidi�cation. At theotherendof the scale,for very small

valuesof spacingtheincreasein interfaceenergy whichwouldoccurduringsolidi�cation

is greaterthenthelossin energy associatedwith thesolidi�cation, which meansthatthe

lowestenergy con�gurationis theliquid stateandthesystemwill simplymelt.

Someof theearlywork introducingmultiphase�eld systemswascarriedoutby Stein-

bachet. al. ([33]). Their studyconcentrateduponeutecticandperitecticconsiderations

however it notedthatothersystemswereentirelypossible.They alsointroducedtheidea
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of treatinga multiple phasesystemascombinationsof two phasesystemsandthis tech-

niqueis usedfurther elsewhere,including analysisof eutecticvelocity laws ([36]), and

for peritecticswith a comparisonagainsta comparablesinglephasemodelby Tiadenet.

al. ([34]). For moreinformationaboutcomparisonswith singlephasemodelsthereader

is referredto Chapter4. Furtherto this original work this concepthasbeenextendedto

threedimensionalsystems([36]) to simulatethegrowth of “rod” eutectics.Thereis some

discussionwithin the literatureasto whethera threephasejunctioncanbereducedto a

setof two phaseinterfaces. Garcke et. al. [20] have suggestedthat this consideration

violatesthe conservation of stressesat the triple point junction,however Steinbachand

Pezzolla([35]) have suggested,by theintroductionof aninterface�eld variable,thatthe

LagrangeMultiplier formulationcanbereducedto sumsof dualphaseinteractions.

As statedpreviously thesecondmethodof maintainingtheconditiongivenin Equa-

tion (2.2.9)is by aLagrangeundeterminedmultiplier. Earlywork on thiswasdueto con-

cernsaboutthephysicalimplicationsof theSteinbachtypemodels([20]). An anisotropic

multiphasemodel using a Lagrangemultiplier was presentedby Nestlerand Wheeler

([38]) andthispapercontinuesby consideringboththeinterfacesandthejunctionsmath-

ematically, however theactualsimulationsof physicalsystemsareleft for furtherpapers

([14, 31, 32].

2.2.3 Multicomponent

Multicomponentmodelsextendthe multiphasemodelsdiscussedpreviously to account

for morethantwo purecomponents([39, 40, 41]). This allows several new featuresto

besimulatedwhich the multiphasemodelsdo not allow, speci�cally ternary(or higher)

eutectics,which have gainedinterestdueto theenvironmentalneedfor leadfreesolder.

This extensioncomesat the costof computationalspeed,the increasefrom onesolute

variableto M (whereM is the numberof purecomponents)will have a similar effect

uponcomputationthat the increasefrom onephasevariableto N had. While work has

beencarriedout usingthesemodelsit is beyondthescopeof this thesis.

2.2.4 The Curr ent Stateof PhaseField Models

Thesubsectionis intendedto inform the readerwhat is currentlybeingsimulatedusing

phase�eld models.
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2.2.4.1 ThreeDimensions

Much of theliteraturecitedsofar hasbeentwo dimensionalwork, extendingphase�eld

modelsto threedimensionsmassively increasesthecomputationalwork required.Since

muchof theearlywork in eachcategory of modelwasdoneat a time whentwo dimen-

sionalmodelspushedcurrentlimits of computingto theextreme,theseearlystudieswere

not threedimensional.Both threedimensionalsingle([42, 43]) andmultiphasemodels

([44, 36, 45]) have beendevelopedandtested.In singlephasethe additionof the third

dimensionallows for morecomplex dendriticstructures.Similarly the extensionof the

multiphasemodelsto thethirddimensionallowsfor morecomplex structures,for example

atwo dimensionaleutecticcanonly simulatelamellareutecticswhile in threedimensions

bothrod andlamellareutecticscanbesimulated.Figure2.2.1shows schematicof these

eutectics,normalto thedirectionof growth, see[1] for furtherdetailsof thesestructures.

Figure 2.2.1: Lamellar and rod eutecticsin schematic,wherethe growth direction is
into/outof thepage

Additionally, werethelamellareutecticsto vary in thethird dimensionthena two dimen-

sionalmodelwouldnotbeableto correctlysimulatethem.

2.2.4.2 Numerical Methods

As previouslystatedtheadditionof thethird dimensionsigni�cantly increasesthecompu-

tationalrequirementsof simulations,to helpreducethis increasinglycomplex numerical

methodsareemployedin bothtwo andthreedimensionalsystems.Onenumericalmethod

to decreasethe computationalload is adaptivity ([46, 47]), this canbe appliedin either

spaceor time or in somecasesboth. In termsof spacialadaptivity theaim is to reduce

thenumberof computationaldatapointsusedin aregionwherethereis very little change
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in the local valuesof f , c or T (dependinguponthe model). This resultsin a smaller

amountof computationrequiredfor eachtime step,especiallyif the modelusesan im-

plicit schemeratherthananexplicit one.

Another techniqueusedto reducethe amountof computationcarriedout by phase

�eld modelsis multigrid [48] and this hasstartedto gain usagein phase�eld models

[46, 49] for dendritic simulation. This techniquereducesthe numberof iterationsre-

quiredper time stepfor an iterative solver by usinga hierarchyof gridswith decreasing

nodespacing.

2.2.4.3 Parallel Computation

Parallelcomputingis theuseof multiple processorsin orderto reducethe total time re-

quiredfor agivenproblem.Ideally if aproblemwassolvedin atimetsingle ononeproces-

sorthenit wouldbesolvedin tsingle
Nprocs

on Nprocs processors.This ideal,however, is unlikely

to ever berealisedasmostproblemswill have componentswhich cannot besplit evenly

betweentheavailableprocessors,andmostproblemswill requirethevariousprocessesto

talk to eachother. Parallelcomputingthereforehastwo uses;eitherto decreasethetime

requiredto solve a givenproblem,or to allow a biggerproblemto be solved in a given

time. Parallel computinghasbeenusedin phase�eld ([45]) to allow biggerproblems

to be solved. The studyby Suwo et. al. ([45]) is a threedimensionalmultiphasestudy

using3203 (32,768,000)grid points,to put this into context the largestdomainsusedin

this thesisare20002 (4,000,000)which an orderof magnitudesmaller. This makesthe

argumentfor theuseof parallelcomputingquitecompelling.
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Derivation of Models

Theliteratureonmultiphase�eld modelsmaybedividedinto two broadclassesof model

which we will refer to throughoutthis thesisas the Steinbachmodel and the Nestler-

Wheelermodel. In this work we will investigatehow the differentdifferentiationtech-

niquesusedin thesetwo modelsaffect theform of the�nal equationsandtheresultsthat

theseproduce.Additionally, within the phase�eld communitythereareseveral differ-

entde�nitions of thephysicalparametersandthis thesiswill investigatetheeffect upon

computationalresultsthatchangingthesevariableshas.The�nal variationof themodels

appliesonly to the Nestler-Wheelermodel: this modelcalls for the useof a Lagrange

undeterminedmultiplier andthismultiplier cantakeseveralformswhile still meetingthe

requiredcondition. A new form of this multiplier is implementedandthe effect of this

uponthe equationsandthe resultsis investigated.This givesthreecomparisonswhich

canbecarriedout.

1. TheSteinbachmodelagainsttheNestler-Wheelermodel.

2. Thevariationof physicalparametersusingtwo setstakenfrom theliterature.

3. Thevariationof theform of theLagrangemultiplier in theNestler-Wheelermodel.

As well as the differencesin the differentiationmethodthereare two different types

of conditionwhich canbe appliedto any of the above systems:an isotropiccondition,

wheretheorientationof thesolidi�cation front hasno effect on thesolidi�cation, andan

anisotropiccondition. In the latter the orientationof the solidi�cation front will either

31
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causeaslight increaseor aslightdecreaseto thesolidi�cation rate,thisaddsto thesimu-

lation theeffect of crystallographicorientation.

The following equationshows the free energy functional for a multiphasesystem

[14, 32]

F � �

V �

N

å
j � k

�

j � k
���

e2
jkh

2
jk

2 �

f jÑf k
� f kÑf j

�

2 �

� f � f � c � T ��� dV� (3.0.1)

It shouldbenotedthath jk is afunctionwhichcontrolstheanisotropiccontributions,in an

isotropicsystemthis functionis equalto 1. Theform of this functionwill bediscussedin

theanisotropicderivationsection.Theejk areentriesof asymmetricmatrixcontainingthe

gradientenergy coef�cients. Additionally thefunction f � f � c � T � controlsthecontribution

from free energy densityand is composedof contributions from undercoolingand the

interfacepotentialwell barriers.Theequationsgoverningtheevolution of thephaseand

solutepro�les canbegivenas

¶f i

¶t
�

� Mi j
dF
df i

for i � 1 � N � (3.0.2)

¶c
¶t

� Ñ �

�

D � f �

�

c � 1 � c� Ñ

�

dF
dc

�

� �

� (3.0.3)

N

å
i � 1

f i � 1 � 0 � (3.0.4)

ThevariableMi j is aninterfacemobility term,for thepurposesof this investigationall the

interfacesaregiventhesamemobility. D � f � is a functionde�ning thelocaldiffusivity. It

shouldbenotedthatsinceany anisotropiccontributionwill only affectthegradientenergy

term, the differentiationsof f � f � c � T � will be unaffected. Also it is only the gradient

energy termwhichdependsuponÑf j andassuchfor f � f � c � T � thevariationalderivatives

reduceto partialderivatives. The freeenergy densityis givenby the following, adapted

from [14]:

f � f � c � T � �

N

å
j � k

�

j � k
�
	

� cWB
jk � � 1 � c� WA

jk � f 2
k f 2

j �

�

N

å
j � 1

	

� cmB
j ��� 1 � c� mA

j � f 3
j � 6f 2

j
� 15f j � 10�

�

�

RT
nm

� cln � c� ��� 1 � c� ln � 1 � c��� � (3.0.5)
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ThevariablesWA
jk andWB

jk areentriesof asymmetricmatrixof valueswhicharedependent

uponthedouble-wellpotentialbarrierbetweenphasesj andk, andthevariablesmA
j and

mB
j relateto theundercoolingof phasej.

If thegradientenergy termis writtenas

G � f � Ñf � �

N

å
j � k

�

j � k
� �

e2
jkh

2
jk

2 �

f jÑf k
� f kÑf j

�

2 �

� (3.0.6)

thenthevariationalderivativecanbeevaluatedusingthefollowing

dG
df i

�

¶G
¶f i

� Ñ �

¶G
¶Ñf i

� (3.0.7)

or
dG
df i

�

¶G
¶f i

�

¶
¶x

¶G

¶ ¶f i
¶x

�

¶
¶y

¶G

¶ ¶f i
¶y

� (3.0.8)

The choiceof the above free energy functional was madebecausein the specialcase

whereN � 2 this reducesto thesinglephasefreeenergy functionalusedby Warrenand

Boettinger([28]), which thereforeprovides a simple way to validatethe model. The

physicalparameterswhich areto be variedfor the secondof the threecomparisonsare

theei j , theWA
i j andWB

i j . During thederivationsof themodelsthefollowing notationwill

beusedto simplify expressionswherepossible.

f ix �

¶f i

¶x
andsimilar for y (3.0.9)

Wi j � cWB
i j ��� 1 � c� WA

i j (3.0.10)

mj � cmB
j ��� 1 � c� mA

j � (3.0.11)

For eachmodelbothisotropicandanisotropicversionof theequationswill bederived.

3.1 Derivation of the Nestler-Wheelermodel

Thisgroupof modelshavebeenusedextensively within theliterature[38, 14, 37] andthe

commonfeaturebetweenthemodelsin thisgroupis thatthecondition

N

å
k� 1

f k � 1 � 0 � (3.1.1)



Chapter3 34 Derivationof Models

is maintainedusinga Lagrangeundeterminedmultiplier. This allows f j to betreatedas

independentof f i solongas j �� i. ThischangesEquation(3.0.2)to

¶f i

¶t
�

� Mi j
d

df i
� F � L i �

N

å
j � 1

f j � 1� � � (3.1.2)

Becauseof theindependenceof f i andf j , this canbereducedto

¶f i

¶t
�

� Mi j
dF
df i

� Mi jL i � (3.1.3)

Thenext stageis theevaluationof L i , this is carriedout by summing¶f i
¶t andsettingthe

resultto 0. This is donebecauseatany point thenetchangein thetotal amountof f is 0:

0 �

N

å
i � 1 �

� Mi j
dF
df i

� Mi jL i
�

�

i.e.
N

å
i � 1

L i �

�

N

å
i � 1 �

dF
df i

�

� (3.1.4)

Thesimplestexpressionpossiblefor L i is to setthemall equal,this yieldstheform used

by Nestleret. al. ([31],[14]), howeverany form of L i whichsatis�esEquation(3.1.4)can

beused.Thealternative form usedfor comparison3 in thiswork is

L i �

� f i

N

å
j � 1 �

dF
df j

�

� (3.1.5)

whichwhensummedoverall possiblei gives

N

å
i � 1

L i �

�

N

å
j � 1 �

dF
df j

�

�

N

å
i � 1

f i (3.1.6)

�

�

N

å
j � 1 �

dF
df j

�

� (3.1.7)

whichsatis�estherequiredcondition.As statedpreviously, by applyingthismultiplier as

speci�ed it is now possibleto treatf i andf j asindependentvariables.This meansthat
¶f j
¶f i

is equivalentto theKronecker d-functiond � i � j � , which from now on is written as

di j .
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The�rst partof thederivationof thismodelis to �nd ¶ f
¶f i

:

¶ f
¶f i

�

N

å
j � k

Wjk

�

2f 2
j f k

¶f k

¶f i
� 2f j f 2

k
¶f j

¶f i

�

�

N

å
j � 1

30mj f 2
j � 1 � f j �

2¶f j

¶f i

�

N

å
j � k

2Wjkf
2
j f kdik �

N

å
j � k

2Wjkf j f 2
k di j �

N

å
j � 1

30mj f 2
j � 1 � f j �

2di j

�

N

å
j � i

2Wj if 2
j f i �

N

å
i � k

2Wikf i f 2
k

� 30mif 2
i � 1 � f i �

2
�

BecauseWi j � Wj i thetwo remainingsummationscanbecombinedasfollows

¶ f
¶f i

�

N

å
j

�

� i
2Wi j f i f 2

j
� 30mif 2

i � 1 � f i �

2
� (3.1.8)

It is worth notingthat thederivationof thesoluteevolution equationis thesamein both

models,it is presentedin bothsectionshowever. To make this differentiationsimplerto

follow, thefunction f � f � c � T � is split into threepartsasfollows

A �

N

å
j � k

�

j � k
� 	

� cWB
jk ��� 1 � c� WA

jk � f 2
k f 2

j �

� (3.1.9)

B �

N

å
j � 1

	

� cmB
j ��� 1 � c� mA

j � f 3
j � 6f 2

j
� 15f j � 10�

�

� (3.1.10)

C �

RT
nm

� cln � c� � � 1 � c� ln � 1 � c� �

� (3.1.11)

suchthat

f � f � c � T � � A � B � C � (3.1.12)

Sincethesearefunctionsof c andnot thederivativesof c thepartial derivativesandthe

variationalderivativesarethesame.Differentiatingeachof 3.1.9-3.1.11with respectto c

gives,

dA
dc

�

N

å
j � k

�

j � k
� 	

� WB
jk

� WA
jk � f 2

k f 2
j �

�

dB
dc

�

N

å
j � 1

	

� mB
j

� mA
j � f 3

j � 6f 2
j

� 15f j � 10�

�

�

dC
dc

�

RT
nm

ln

�

c
1 � c

�

�
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ThereforesincedG
dc � 0, it canbewritten that

dF
dc

�

RT
nm

ln

�

c
1 � c

�

�

N

å
j � k

�

j � k
� 	

� WB
jk

� WA
jk � f 2

k f 2
j �

�

N

å
j � 1

	

� mB
j

� mA
j � f 3

j � 6f 2
j

� 15f j � 10�

�

� (3.1.13)

This canbe placeddirectly into Equation(3.0.3) to give the soluteevolution equation.

Thenext taskthatweaddressis to �nd theisotropicandanisotropicformsof dG
df i

.

3.1.1 Derivation of the Isotropic componentsto the Nestler-Wheeler

Model

As statedpreviously, to simulatesolidi�cation without any directionalbiasthe variable

hi j in Equation(3.0.6)is setto 1 � 0, thiseffectively reducesthisequationto

G � f � Ñf � �

N

å
j � k

�

j � k
���

e2
jk

2 �

f jÑf k
� f kÑf j

�

2 �

� (3.1.14)

Thismustbedifferentiatedbasedontherelationgivenin Equation(3.0.7),andsothe�rst

of thecomponentsto beevaluatedis ¶G
¶f i

:

¶G
¶f i

�

N

å
j � k

�

j � k
�

�

e2
jk � f jÑf k

� f kÑf j � � �

¶f j

¶f i
Ñf k

�

¶f k

¶f i
Ñf j �

�

�

N

å
j � k

�

j � k
�
	

e2
jk � f jÑf k

� f kÑf j � di j � Ñf k
�

�

N

å
j � k

�

j � k
� 	

e2
jk � f jÑf k

� f kÑf j � dik � Ñf j
�

�

N

å
k � i � 1

�

e2
ik � f iÑf k

� f kÑf i � � Ñf k �

�

i
�

1

å
j � 1

�

e2
ji � f jÑf i � f iÑf j � � Ñf j

�

�

N

å
j � i � 1

�

e2
i j � f iÑf j � f jÑf i � � Ñf j

�

�

i
�

1

å
j � 1

�

e2
ji �

� f jÑf i � f iÑf j � � Ñf j
�
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�

N

å
j

�

� i

�

e2
i j � f iÑf j � f jÑf i � � Ñf j

�

� (3.1.15)

Additionally ¶G
¶Ñf i

will beneeded:

¶G
¶Ñf i

�

N

å
j � k

�

j � k
�

�

e2
jk � f jÑf k

� f kÑf j � � � f j
¶Ñf k

¶Ñf i

� f k
¶Ñf j

¶Ñf i
�

�

�

N

å
j � k

�

j � k
� �

e2
jk � f jÑf k

� f kÑf j � f j
�

dik 0

0 dik

� �

�

N

å
j � k

�

j � k
� �

e2
jk � f jÑf k

� f kÑf j � f k
�

di j 0

0 di j

� �

�

i
�

1

å
j � 1

�

e2
ji � f jÑf i � f iÑf j � f j

�

�

N

å
k� i � 1

�

e2
ik � f iÑf k

� f kÑf i � f k �

�

i
�

1

å
j � 1

�

e2
ji � f jÑf i � f iÑf j � f j

�

�

N

å
j � i � 1

�

e2
i j �

� f iÑf j � f jÑf i � f j
�

�

N

å
j

�

� i

�

e2
i j � f jÑf i � f iÑf j � f j

�

� (3.1.16)

The�nal stepin thisderivationis to �nd Ñ �

¶G
¶Ñf i

Ñ �

¶G
¶Ñf i

�

N

å
j

�

� i
Ñ �

�

e2
i j � f jÑf i � f iÑf j � f j

�

�

N

å
j

�

� i

�

e2
i j �

� Ñf j � Ñf i � f jÑ2f i � Ñf i � Ñf j � f iÑ2f j � f j

� � f jÑf i � f iÑf j � � Ñf j �

�

�

N

å
j

�

� i

�

e2
i j �

� f jÑ2f i � f iÑ2f j � f j �

� f iÑf j � f jÑf i � � Ñf j �

�

�

(3.1.17)
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This result is combinedwith the result in Equation(3.1.15)and the relation given in

Equation(3.0.7)to give

dG
df i

�

N

å
j

�

� i
e2

i j �

� f iÑf j � f jÑf i � � Ñf j

�

�

� f jÑ2f i � f iÑ2f j � f j �

� f iÑf j � f jÑf i � � Ñf j ���

�

N

å
j

�

� i
e2

i j �

2 � f iÑf j � f jÑf i � � Ñf j �

� f jÑ2f i � f iÑ2f j � f j
�

� (3.1.18)

This form is equivalentto theequationspresentedby Nestleret. al. ([31],[14]) andgives

thefull isotropicequation

�

1
Mi j

¶f i

¶t
�

N

å
j

�

� i
e2

i j �

2 � f iÑf j � f jÑf i � � Ñf j �

� f jÑ2f i � f iÑ2f j � f j �

�

N

å
j

�

� i
2Wi j f i f 2

j
� 30mi f 2

i � 1 � f i �

2
� L i � (3.1.19)

This equation,obtainedby combining(3.1.3),(3.1.8)and(3.1.18),alongwith theequa-

tion for thesoluteevolution allows for thesimulationof any systemwhereanisotropy is

negligible.

3.1.2 Derivation of theAnisotropiccomponentsto theNestler-Wheeler

Model

Thissectiondealswith theadditionof anisotropy to thegoverningequationspresentedin

theprevioussection.As statedpreviously anisotropy is neededto simulatetheeffectsof

crystallographicorientationwithin a solidifying melt. The functionh jk is a functionof

q jk, theanglebetweenthex-axisandanormalvectorto the j
�

k interface.Theonly thing

thatis importantaboutthisvectoris thedirection,it canhaveany magnitudesinceit only

servesto �nd theangleq jk. Thereareseveralthingsknown aboutthis vector:

1. If theregion in questionis away from eitherphasej or k thenthevectoris zero.

2. If the region in questionhasonly phasej andk presentthenthe vectormustbe

parallelto � Ñf j (which is equalto � Ñf k in this situation).

If thevectorin questionis labeledr jk thenthefollowing generalform of r jk canbeused

to representany vectorwithin the 2D planeaslong so thevectorsÑf j andÑf k arenot
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parallel.

r jk � � g1 � g2f j � g3f k � Ñf j ��� b1 � b2f j � b3f k � Ñf k �

Whereg1, g2, g3, b1, b2 andb3 areconstantsto bedetermined.Becausethiscanrepresent

any vectorin the2D planeit is generalenoughto representtheoutwardfacingvector. All

thatremainsis to identify suitableconstantg'sandb 's. Applying the�rst condition,with

nophasej, Ñf j � 0 andf j � 0 thenvectorr jk mustvanishfor all k.

� b1 � b3f k � Ñf k � 0 �

Assumingphasek exists thenbothof theseb 's have to be0. In a similar mannerg1 and

g2 arefoundto be0. This leaves

r jk � g3f kÑf j � b2f jÑf k �

By consideringcondition2, a2 phasesystemwheref k � 1 � f j which yields

r jk � g3 � 1 � f j � Ñf j � b2f jÑ � 1 � f j �

� g3Ñf j � g3f jÑf j � b2f jÑf �

� Ñf j �

By comparingthetwo sidesof thisequationthefollowing canbefound

g3 �

� b2 and g3 �

� 1 �

whichgivesb2 � 1 andtheoutwardfacingvectorfrom phasej to phasek is

r jk � f jÑf k
� f kÑf j � (3.1.20)

It hasbeenstatedthatr jk couldrepresentany vectorsolong asÑf j andÑf k arenot par-

allel, however in thesecondconditionthey areparallel. It is alsoknown in this situation

that r jk is alsoparallelto thesetwo vectors,andwill be parallelto thesetwo vectorsin

any situationwherethefollowing conditionis true

N

å
i �

�

i
�

� j � k
�

Ñf i � 0



Chapter3 40 Derivationof Models

Thefollowing notationis now de�ned for convenience

f jx �

¶f j

¶x
� (3.1.21)

rx
jk � f j f kx

� f kf jx � (3.1.22)

ry
jk � f j f ky

� f kf jy � (3.1.23)

Thelasttwo of theexpressionsaresimplythex andy componentsof thevectorr jk. Using

thisnotation,theangleq jk canbeexpressedas

tan
�

q jk �

�

ry
jk

rx
jk

� (3.1.24)

q jk � tan�

1
�

ry
jk

rx
jk

� � (3.1.25)

Thisalsogivesthefollowing relations

sin
�

q jk �

�

ry
jk

�

r jk
�

� (3.1.26)

cos
�

q jk �

�

rx
jk

�

r jk
�

� (3.1.27)

Ratherthanexplicitly expressthefunctionh jk it will only bewrittenasa functionof q jk.

Any differentiationof h jk will be carriedout using the chain rule by rewriting ¶h jk
¶y �

¶h jk
¶q jk

¶q jk
¶y andsimilarly for higherorderdifferentialquantities. This is doneso that the

form of theanisotropy canbekeptasgeneralaspossible,thusallowing differentforms

of anisotropy to beused.As statedpreviously theonly partof thefreeenergy functional

F � f � c � T � affectedby anisotropy is the gradientenergy term 3.0.6,andthereare three

requireddifferentialsof this term

¶G
¶f i

�

N

å
j � k

�

j � k
�

�

e2
jk

�

h jk
¶h jk

¶q jk

¶q jk

¶f i �

r jk
�

2
� h 2

jkr jk �

¶r jk

¶f i

�

�

� (3.1.28)

¶G
¶f ix

�

N

å
j � k

�

j � k
�

�

e2
jk

�

h jk
¶h jk

¶q jk

¶q jk

¶f ix �

r jk
�

2
� h 2

jkr jk �

¶r jk

¶f ix

�

�

� (3.1.29)

¶G
¶f iy

�

N

å
j � k

�

j � k
�

�

e2
jk

�

h jk
¶h jk

¶q jk

¶q jk

¶f iy �

r jk
�

2
� h 2

jkr jk �

¶r jk

¶f iy

�

�

� (3.1.30)
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Additionally thefollowing notationis used:

h �jk �

¶h jk

¶q jk

h � �jk �

¶2h jk

¶q jk
2

The�rst steptowardsimplifying (3.1.28)-(3.1.30)is to �nd thesix differentialswith re-

spectto f i , f ix andf iy, rememberingthattheuseof theLagrangeundeterminedmultiplier

hasrenderedf j andf k independent:

¶q jk

¶f i
�
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(3.1.33)
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Thesequantitiescannow beplacedinto therelevantpartsof Equations(3.1.28),(3.1.29)

and(3.1.30).
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At this stageit is necessaryto examinethe relationbetweenh i j andh j i . Going from

phasej to i ratherthani to j addsp radiansto theanglein question,henceq j i � qi j � p.

If h jk is a trigonometricfunctionthenit canbewritten thath jk � q jk � �

� h jk � q jk � p � or

h jk �

� hkj andsimilar for thedifferentialsof h jk. This meansthatit canbewritten that

h j ih �j i � hi jh �i j andh 2
ji � h 2

i j so the two sumsin Equation(3.1.37)canbe combinedto

give
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Thedifferentiationsin Equations(3.1.29)and(3.1.30)alsoneedto beexpressedin sim-

pler forms
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The�nal componentrequiredat this time is
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Furtherdifferentiationyields:
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Thethreedifferentialswith respectto x in Equation(3.1.41)cannow befound.
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Thesequantitieswill be evaluatedcomputationallyduring theupdatephaseof thecom-

puterprogram.

Repeatingtheabovecalculationfor y usingEquation(3.1.40)yields:
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(3.1.42)

Thequantities
¶ry

i j
¶y ,

¶rx
i j

¶y and¶qi j
¶y will beevaluatedcomputationallyasbefore.Thequanti-

ties(3.1.41)and(3.1.42)arecombinedto givetheanisotropiccomponentsto theNestler-

Wheelermodel.

3.2 Derivation of the SteinbachModel

Thederivationof thismodeldifferssigni�cantly from thepreviousderivation: thismodel

doesnot requirea Lagrangeundeterminedmultiplier becausethe requirementthat the
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sumof all thephasesmustbe1 atall pointsis built into thederivationasfollows,

N
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f k � 1 � 0 � (3.2.1)

Fromthis it canalsobewritten that
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andif this is differentiatedwith respectto f i it follows that
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Thesumin theaboveequationcannotbedirectlyevaluated,howeverif it is assumedthat

the dynamicsof a triple point (or higher) interactionis dominatedby the movementof

dual-phaseboundaries,thesumbecomes0 andnow it canbewritten that

¶f j

¶f i
� 1 for i � j and

¶f j

¶f i
�

� 1 for one j suchthati �� j � (3.2.4)

Thisdoesnot saywhich of theotherphases( j) interactswith phasei howeveratany one

point only two phasescaninteract. Identifying which of theotherphasesis presentwill

beimportantwithin themodel.

Additionally
¶ ¶f j

¶x

¶ ¶f i
¶x

� 1 for i � j and
¶ ¶f j

¶x

¶ ¶f i
¶x

�

� 1 for i �� j � (3.2.5)

Theserelationswill berequiredto evaluatethevariationaldifferentialsin Equations3.0.2

and3.0.3. This informationcanbe usedto carry out the differentiationsrequired. Be-

causeit is unaffectedby anisotropy, the function f � f � c � T � , given in Equation3.0.5 is

differentiated�rst. To makethisdifferentiationsimplerto follow it is split into threeparts
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asfollows.
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Suchthat

f � f � c � T � � A � B � C � (3.2.9)

Thedifferentiationswith respectto c aremuchsimplerthanthosewith respectto f i , as

suchthesewill bedone�rst.
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Thedifferentiationswith respectto f i areslightly morecomplicateddueto the fact that

eachphaseis not independent:
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The next stageof the calculationis to remove the caseswhere j � i andk � i from the

doublesum.
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The term (3.2.13)is a threephaseinteractionterm, and from the assumptionslaid out

previously this is therefore0. Thesummationindex k in (3.2.11)canbereplacedwith j

to give
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The identity in Equation(3.2.4)saysthat if thereis an interfacebetweenphasesi and j

then ¶f j
¶f i

�

� 1, additionallyf i f j is zerounlessthereis aninterfacebetweenphasei and

phasej. This meansthat � 1 canbewritten for all the ¶f j
¶f i

termsandtheproductof the

f 'sat thebeginningof this termwill actto selecttheinterface:
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Thepartialderivativeof B with respectto f i is alsoneededandthis is foundin a similar

way:
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From the previous calculationit is known that the only way that ¶f j
¶f i

canbe evaluated

is if thereis a known interface. The only informationknown aboutthe phasespresent

is via the � 1 � f j �

2f 2
j term,which selectsan interfacein phasej, however this givesno

informationaboutwhich otherphasethis interfaceis with. Sinceit hasbeenassumed

thatthedynamicsof thesystemaredominatedby two-phaseinterfaces,atany point there

shouldbeonly oneor two phasespresent,in otherwords1 � f j � f k, for somek. This

now makes � 1 � f j �

2f 2
j � f 2

k f 2
j ; in otherwordsthis actsasaselectorfor a j

�

k interface.

This addsan additionalsummationover k which is usedto �nd which phasek hasan

interfacewith phasej:

¶B
¶f i

� 30
N

å
j � k

�

j
�

� k
�

�

� cmB
j � � 1 � c� mA

j � f 2
k f 2

j
¶f j

¶f i

�

�

This summationensuresthat thecontribution from eachj
�

k interfaceis includedbut no

contributionsareaddedfor an'interaction' betweena phaseanditself. Thenext stageis

to eliminateany interactionswhich correspondto interfaceswhich do not affect phasei.

As statedbefore,theevolution of phasei is controlledby the interactionbetweenphase

i andits neighboringphases.This meansthat the j
�

k interfaceis only of interestin the

caseswhereeither j � i or k � i, theotherpossiblecasesbeingtheeffectuponphasei of

a j
�

k interfacewhich wouldbea triple point interaction.Hence

¶B
¶f i

� 30
N

å
k

�

� i �

� cmB
i ��� 1 � c� mA

i � f 2
k f 2

i
¶f i

¶f i

�

� 30
N

å
j

�

� i �

� cmB
j ��� 1 � c� mA

j � f 2
i f 2

j
¶f j

¶f i

�

� 30
N

å
k

�

� i
	

� cmB
i ��� 1 � c� mA

i � f 2
k f 2

i � 1�

�

(3.2.16)
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� 30
N

å
j

�

� i
	

� cmB
j � � 1 � c� mA

j � f 2
i f 2

j �

� 1�

�

� (3.2.17)

The term (3.2.16)comesfrom replacing¶f i
¶f i

with 1 which is true unconditionally. The

equivalentpart in (3.2.17)comesfrom replacing¶f j
¶f i

with � 1, which is only possibleif

thereis aninterfacebetweenphasesi and j. Thisconditionis satis�edby thepresenceof

f 2
i f 2

j which will selectthei
�

j interface.The�nal stepis to swapthek summationindex

for a j andbring thetwo sumstogether:

¶B
¶f i

� 30
N

å
j

�

� i
	

� cmB
i ��� 1 � c� mA

i � f 2
j f 2

i
�

� cmB
j ��� 1 � c� mA

j � f 2
i f 2

j �

� 30
N

å
j

�

� i
	

��� cmB
i ��� 1 � c� mA

i �

�

� cmB
j ��� 1 � c� mA

j ��� f 2
i f 2

j �

� 30
N

å
j

�

� i
	

� c � mB
i

� mB
j ����� 1 � c� � mA

i
� mA

j � � f 2
i f 2

j
�

� (3.2.18)

Finally, by combiningthiswith theresultin Equation(3.2.14)it canbewritten that

¶ f
¶f i

�

N

å
j

�

� i
	

2f i f j � cWB
i j � � 1 � c� WA

i j �

�

f j � f i �

�

� 30
N

å
j

�

� i
	

� c � mB
i

� mB
j ����� 1 � c� � mA

i
� mA

j ��� f 2
i f 2

j �

� (3.2.19)

This �nalises thederivationof ¶ f
¶f i

and¶ f
¶c . Bothof thesetermscannow beconvertedinto

computationalforms.

3.2.1 Derivation of the Isotropic componentsto the SteinbachModel

Thissectionderivesthedifferential dG
df i

for thecasewheretheorientationof theinterface

hasnoeffectuponthegrowth.

G �

N

å
j � k

�

j � k
�

�

e2
jk

2
� f 2

j

�

¶f k

¶x

�

2
� 2f j f k

¶f k

¶x
¶f j

¶x
� f 2

k

�

¶f j

¶x

�

2

�

� (3.2.20)

¶G
¶f i

�

N

å
j � k

�

j � k
� �

e2
jk

2

�

2f j
¶f j

¶f i
f 2

kx
� 2f kxf jx

�

f k
¶f j

¶f i
� f j

¶f k

¶f i

�

� 2f k
¶f k

¶f i
f jx

�

�
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�

N

å
j � k

�

j � k
� �

e2
jk

2

�

2f j
¶f j

¶f i
f 2

ky
� 2f kyf jy

�

f k
¶f j

¶f i
� f j

¶f k

¶f i

�

� 2f k
¶f k

¶f i
f jy

�

�

�

N

å
j � k

�

j � k
�

�

e2
jk

�

f kx
¶f j

¶f i
� f j f kx

� f jxf k � � f jx
¶f k

¶f i
� f kf jx � f j f kx �

�

�

�

N

å
j � k

�

j � k
�

�

e2
jk

�

f ky
¶f j

¶f i
� f j f ky

� f jyf k ��� f jy
¶f k

¶f i
� f kf jy � f j f ky �

�

�

�

N

å
j � k

�

j � k
�

�

e2
jk

� �

f kx
¶f j

¶f i

� f jx
¶f k

¶f i

�

� f j f kx
� f jxf k �

�

�

�

N

å
j � k

�

j � k
�

�

e2
jk

� �

f ky
¶f j

¶f i

� f jy
¶f k

¶f i

�

� f j f ky
� f jyf k �

�

� (3.2.21)

At thispoint thefactthatonly dualphaseinteractionsoccuris appliedto thetermsf kx
¶f j
¶f i

andf jx
¶f k
¶f i

. Therearethreepossibletwo phaseinteractionin theseterms,either i � j ,

i � k or a j � k. In thecaseof ani � j interface,f kx �

¶f k
¶f i

� 0 andin thecaseof ani � k

interface,f jx �

¶f j
¶f i

� 0. In a j � k interfacef kx �

� f jx and ¶f k
¶f i

�

�

¶f j
¶f i

. This means

thatfor all threepossibleinterfacesf kx
¶f j
¶f i

� f jx
¶f k
¶f i

� 0 andif asimilarargumentis used

uponthey derivativestheseresultscanbesubstitutedinto Equation(3.2.21)giving:

¶G
¶f i

� 0 � (3.2.22)

Thenext stagerequiredis to carryoutsamecalculationfor ¶G
¶f ix

and ¶G
¶f iy

usingthefollow-

ing

¶f jx

¶f ky
� 0

�

j � k

¶f jy

¶f kx
� 0

�

j � k

¶f j

¶f kx
� 0

�

j � k

¶f j

¶f ky
� 0

�

j � k
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Startingfrom

G �

N

å
j � k

�

j � k
�

��

e2
jk

2

�

�

�

�

�

f j �

f kx

f ky
�

� f k �

f jx

f jy
�

�

�

�

�

�

2 ��

�

N

å
j � k

�

j � k
���

e2
jk

2
� f 2

j � f 2
kx � f 2

ky �

� 2f j f k � f kxf jx � f kyf jy ��� f 2
k � f 2

jx � f 2
jy �

�

�

�

it canbeshown that

¶G
¶f ix

�

N

å
j � k

�

j � k
���

e2
jk

2

�

f 2
j 2f kx

¶f kx

¶f ix

� 2f j f k

�

f jx
¶f kx

¶f ix
� f kx

¶f jx

¶f ix

�

� f 2
k 2f jx

¶f jx

¶f ix

�

�

�

N

å
j � k

�

j � k
�

�

e2
jk

�

� f 2
k f jx � f j f kf kx �

¶f jx

¶f ix
��� f 2

j f kx
� f kf j f jx �

¶f kx

¶f ix

�

�

�

N

å
j � k

�

j � k
�

�

e2
jk

�

� f kf jx � f j f kx � f k
¶f jx

¶f ix
��� f j f kx

� f kf jx � f j
¶f kx

¶f ix

�

�

�

N

å
j � k

�

j � k
�

�

e2
jk �

f j f kx
� f kf jx �

�

f j
¶f kx

¶f ix

� f k
¶f jx

¶f ix

�

�

�

i
�

1

å
j � 1 �

e2
ji �

f j f ix � f i f jx �

�

f j
¶f ix

¶f ix

� f i
¶f jx

¶f ix

�

� (3.2.23)

�

N

å
k� i � 1 �

e2
ik � f if kx

� f kf ix �

�

f i
¶f kx

¶f ix

� f k
¶f ix

¶f ix

�

� (3.2.24)

�

N

å
j � k

k
�

� i

j
�

� i

�

e2
jk �

f j f kx
� f kf jx �

�

f j
¶f kx

¶f ix

� f k
¶f jx

¶f ix

�

�

� (3.2.25)

wheretheterm(3.2.23)coversthecasewherek � i, (3.2.24)coversthecasewhere j � i

and(3.2.25)coversall theremainingcases.

It canbenotedthat(3.2.25)describesa triple point interaction,theeffect of phasesj

andk on phasei, hencebasedon the assumptionslaid out previously this term mustbe

zeroandis now removed.Additionally theassumptionsetout in (3.2.5)canbeappliedto

(3.2.23)and(3.2.24)to give;

¶G
¶f ix

�

i
�

1

å
j � 1

�

e2
ji �

f j f ix � f i f jx �

�

f j � 1�

� f i �

� 1�

�

�
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�

N

å
k� i � 1

�

e2
ik � f i f kx

� f kf ix � � f i �

� 1�

� f k � 1���

�

�

i
�

1

å
j � 1

�

e2
ji �

f j f ix � f i f jx �

�

f j � f i �

�

(3.2.26)

�

N

å
k� i � 1

�

e2
ik � f i f kx

� f kf ix � �

� f i � f k �

�

� (3.2.27)

Thenext stepis to replacethesummationindex k with j in (3.2.27)andto movetheminus

signfrom thesecondbracket into the�rst asfollows,

¶G
¶f ix

�

i
�

1

å
j � 1

�

e2
ji �

f j f ix � f i f jx �

�

f j � f i �

�

�

N

å
j � i � 1

�

e2
i j �

� f i f jx � f j f ix �

�

f i � f j �

�

�

Finally, usingthesymmetryof e, ej i canbewrittenasei j . By applyingthis it is clearthat

thesetwo sumsarein factthesame,additionallyf i � f j � 1 from theassumptionthatthe

only interactionsaretwo phaseinteractions,hence

¶G
¶f ix

�

N

å
j � 1

�

j
�

� i
�

�

e2
i j �

f j f ix � f i f jx �

�

� (3.2.28)

Thenext stageof thisderivationis to differentiatetheabovewith respectto x

¶
¶x

�

¶G
¶f ix

�

�

N

å
j � 1

�

j
�

� i
�

�

e2
i j

�

¶f j

¶x
f ix � f j

¶2f i

¶x2
�

¶f i

¶x
f jx � f i

¶2f j

¶x2

�

�

�

N

å
j � 1

�

j
�

� i
�

�

e2
i j �

f jxf ix � f j f ixx � f ixf jx � f i f jxx�

�

�

N

å
j � 1

�

j
�

� i
�

�

e2
i j �

f j f ixx � f i f jxx
�

�

� (3.2.29)

It is clearfrom theaboveargumentthatit is alsotruethat

¶
¶y

�

¶G
¶f iy

�

�

N

å
j � 1

�

j
�

� i
�

�

e2
i j �

f j f iyy � f i f jyy�

�

� (3.2.30)
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Fromthisderivationthecomponentscanbeaddedinto Equation(3.0.7).

dG
df i

�

¶G
¶f i

�

¶
¶x

¶G

¶ ¶f i
¶x

�

¶
¶y

¶G

¶ ¶f i
¶y

� 0 �

N

å
j � 1

�

j
�

� i
�

�

e2
i j �

f j f ixx � f i f jxx�

�

�

N

å
j � 1

�

j
�

� i
�

�

e2
i j �

f j f iyy � f i f jyy�

�

�

�

N

å
j � 1

�

j
�

� i
�

�

e2
i j �

f j f ixx � f i f jxx � f j f iyy � f i f jyy�

�

�

�

N

å
j � 1

�

j
�

� i
�

�

e2
i j �

f jÑ2f i � f iÑ2f j �

�

�

N

å
j � 1

�

j
�

� i
�

�

e2
i j �

f iÑ2f j � f jÑ2f i �

�

�

N

å
j � 1

�

j
�

� i
�

�

e2
i jÑ � r i j �

� (3.2.31)

If this is combinedwith Equations(3.2.10)and(3.2.19)it providestheability to simulate

systemswheretheorientationof theinterfaceshasanegligible effectuponthegrowth.

3.2.2 Derivation of theAnisotropiccomponentsof theSteinbachModel

Anisotropy is introducedinto thesystemasbeforeby rewriting ejk asejkh jk whereh jk is

a functionof q jk, theanglebetweenthex � axisandthevectorfrom phasej to k normal

to the j
�

k interface.It canbeshown thatthis vectoris

r jk � f jÑf k
� f kÑf j � (3.2.32)

Whichmayberewrittenas

r jk �
�

rx
jk

ry
jk

�
�

�

f j f kx
� f kf jx

f j f ky
� f kf jy

�
� (3.2.33)

Fromsimplegeometryit canbewritten that

q jk � arctan �

ry
jk

rx
jk

� (3.2.34)
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tanq jk �

ry
jk

rx
jk

� (3.2.35)

Startingfrom theoriginalde�nition of G

G �

N

å
j � k

�

j � k
� �

e2
jkh

2
jk

2

�

� f jÑf k
� f kÑf j

�

�

2
�

dG
df i

�

¶G
¶f i

�

¶
¶x

¶G

¶ ¶f i
¶x

�

¶
¶y

¶G

¶ ¶f i
¶y
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¶G
¶f i

�

N

å
j � k

�

j � k
���

e2
jk

2
� 2h jk

¶h jk

¶f i �

r jk
�

2
� h 2

jk
¶

�

r jk
�

2

¶f i
�

�

� (3.2.36)

andsimilar for ¶G
¶f ix

and ¶G
¶f iy

.

Fromthis it is clearthatexpressionsfor
¶ � r jk �

2

¶f i
,

¶ � r jk �

2

¶f ix
,

¶ � r jk �

2

¶f iy
, ¶h jk

¶f i
, ¶h jk

¶f ix
and ¶h jk

¶f iy
are

needed.However examinationof thedifferentialswithin the isotropicderivationsshows

that

¶
�

r jk
�

2

¶f i
� 0 � (3.2.37)

¶
�

r jk
�

2

¶f ix
� 2

�

f j f kx
� f kf jx �

�

f j
¶f kx

¶f ix

� f k
¶f jx

¶f ix

�

� (3.2.38)

¶
�

r jk
�

2

¶f iy
� 2

�

f j f ky
� f kf jy �

�

f j
¶f ky

¶f iy

� f k
¶f jy

¶f iy

�

� (3.2.39)

This just leavesthecalculationof ¶h jk
¶f i

, ¶h jk
¶f ix

and ¶h jk
¶f iy

. For the�rst of these

¶h jk

¶f i
�

¶h jk

¶q jk

¶q jk

¶f i
�

but

tanq jk �

ry
jk

rx
jk

�

so

¶q jk

¶f i
�

1

sec2q jkrx
jk

2

�

rx
jk

¶ � f j f ky
� f kf jy �

¶f i

� ry
jk

¶ � f j f kx
� f kf jx �

¶f i

�
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�

1

sec2q jkrx
jk

2
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� f kyr
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� f kxr
y
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¶f i
��� f jxr

y
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� f jyrx
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�
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x
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�
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¶x
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¶y
�

¶f k

¶y
¶f j

¶x

�

�

At this stagethe dual phaseinterfaceconditionis appliedto ¶f k
¶x

¶f j
¶y

�

¶f k
¶y

¶f j
¶x , as in the

previoussectiontherearethreepossibleinterfaces,i � j , i � k and j � k. In thecaseof the

i � j andi � k interfacesthis termis zero.In a j � k interface¶f k
¶x �

�

¶f j
¶x and¶f k

¶y �

�

¶f j
¶y

therefor¶f k
¶x

¶f j
¶y

�

¶f k
¶y

¶f j
¶x � 0, sof kyrx
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� f kxr

y
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f jxr
y
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� f jyrx
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�
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�
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�

andby applyingasimilar argumentaspresentedabove,

f jxr
y
jk

� f jyrx
jk � 0 �

This leadsto theconclusionthat

¶h jk

¶f i
� 0 �

Whenthis is combinedwith whatis known aboutthedifferential
¶ � r jk �

2

¶f i
theresult ¶G

¶f i
� 0

is found.

Thecalculationof dG
df i

still needscontributionsfrom ¶h jk
¶f ix

and ¶h jk
¶f iy

. Notethat
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�
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�
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¶h jk

¶f iy
�

h
�jkr

x
jk
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With thesecomponentsit is now possibleto assemblethequantitiesbeingsought:
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Removing thecaseswhere j � i andk � i while discardingtheremainingcasesgives
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Noting that ry
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� ry
i j andrx

ji �
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i j , andthat thereareonly evenpowersof h i j so the

indecesmaybeswappedwithout changingthesignweobtain
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Hence
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Thefollowing componentswill berequiredwhentheabove is evaluatedcomputationally

(howeverwill not besubstitutedinto theequationhere)
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Also requiredis thecorrespondingy derivative.
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Thefollowing componentswill beneededto computationallyevaluatethisexpression:
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It is worthnotingthatwhenh i j � 1 thisequationreducesto theisotropiccase:
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This concludesthederivationsfor themodelswhich will beusedin this thesis.Both of

thesemodelshave beenderivedfrom thesamefreeenergy functionalin orderto reduce

the differencesbetweenthemandto allow a realisticcomparisonof the differentiation

techniques.



Chapter 4

Reduction to SinglePhase

In this chapter, thetwo classesof modelderivedin thepreviouschapterwill bereduced

to comparablesinglephasemodelsasa meansof validation. This processrequirestwo

stages:the�rst stageis reducingthemodelsfrom N phasesystemsto two phasesystems,

or f 1 � f N to f 1 andf 2. Thesetwo phasesare thenrelabeledassolid (f 2 � f s) and

liquid (f 1 � f l ); the secondstageis thento reducethis into a singlephasemodelwith

only onef , by writing f l � f andf s � 1 � f . Becausebothof themodelsderivedin the

previoussectionarederivedfrom thesameinitial freeenergy functionalit is possibleto

reducethis functionalto anequivalentsinglephasefunctionalby theabovemethod.This

singlephasefunctionalcanthenbedifferentiatedusingthemethodusedby Warrenand

Boettinger([28]) to give a singlephasemodel. This modelwill thenbe comparedwith

thetwo modelswhicharederivedby reducingthemultiphasemodels.

4.1 SoluteReduction

Becausethesoluteevolution equationis thesamefor bothmodelsderivedin Chapter3,

the reductionto singlephaseis presentedas a separatesection,here. The multiphase

soluteevolutionequationis givenby (givenin Equation3.1.13).
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As describedpreviously, the �rst stageof the reductionis to reducethis to a two phase

equationby settingn � 2:
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Themparametersareonly knownrelatively toeachother, becauseof thisoneis arbitrarily

setto zero(see[14]). In this thesisit is theliquid phasewhich is setto zero.

¶c
¶t

� Ñ �

�

D � f �

�

c � 1 � c� Ñ

�

RT
nm

ln

�

c
1 � c

�

��� WB
ls

� WA
ls � f 2

s f 2
l

�

� mB
s

� mA
s � f 3

s � 6f 2
s

� 15f s � 10�

�

�

�

�

Thiscompletesthereductionto atwo phaseequation,sothenext stepis to replacef l with

f andf s with 1 � f . It canbeeasilyshown that � 1 � f �
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wheremA
� mA

s andsimilarly for B.BecausemB andmA a constants(in an isothermal

simulation)this reducesto
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Thenext stepis to reducethemultiphasefreeenergy functionalto asinglephaseoneand

differentiateit with respectto c to �nd anothersinglephasesoluteevolutionequation.The

startingpoint for this calculationis themultiphasefreeenergy functionalfrom Equation

(3.0.1):
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Thismustnow bedifferentiatedwith respectto c beforethesoluteevolutionequationcan

bewrittenout:
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wherethe integral hasbeenremovedsincetheequationmusthold over anarbitraryvol-

umeso mustalsohold for a unit volume. This cannow be usedasfollows to give the

soluteevolutionequation.
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Again the1 at theendrepresentsa constantandthis will be0 whendifferentiatedsocan

beremoved.
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This is the sameas Equation4.1.1 presentedpreviously, which meansthat the solute

evolution equationis consistentin singlephaseandmultiphasemodels,however since

the soluteis dependenton the phasethe actualsolutepro�le will only be the samein

multiphaseandsinglephaseif thephaseevolutionequationreducesidentically. It would

have beenequivalentto show that dF
dc is the sameby both differentiationbecause¶c

¶t is

assembledin thesamemannerin bothmultiphaseandsinglephasecalculations.

4.2 NestlerReduction

As with thesoluteequations,comparingthetwo differentialsof F is thesameascompar-

ing the two forms of ¶f
¶t , sincethe evolution equationis assembledin the samemanner

in both thesingleandthemultiphasecases.Theonly complicationis that in thecaseof
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theNestlermodeltheLagrangeundeterminedmultiplier mustbetakenaccountof. In this

�rst examplethe Lagrangemultiplier speci�ed by Nestleret al. ([31]) is chosenrather

thanthe onewhich wasdevelopedfor this study(later in this chapter).Also a decision

mustbemadewhetherto comparetheisotropicor anisotropicequations.In this casethe

isotropicequationsarecompareddue to the complexity of the anisotropicforms. Ad-

ditionally, sincef is the liquid phaseit is the evolution equationfor that phase(rather

thanthesolid phase)which will beobtainedfrom thereductionof themultiphasemodel

(startingfrom Equation3.1.19):
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The contribution from ml is 0 becausethe valuesof m areonly known relative to each

otherandoneis setto zero.
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It is now necessaryto �nd L l andtherearetwo formswhich have beenusedsofar: the

�rst is givenby

L l �

�

1
N

N

å
i � 1 �

dF
df i

�

. For this the differential dF
df s

will be needed.This is found in a similar mannerto the

differentialfor theliquid phase:
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With this known it is possibleto expressthetwo-phaseLagrangemultiplier as
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Thisnow allowsEquation(4.2.1)to beevaluatedin full:
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This givesthe functionwhich mustbe comparedagainstthesinglephasederivation (to

befoundlaterin thischapter).

4.3 NestlerReductionPart II

This sectioncontinuesfrom the previous sectionhowever usesthe Lagrangemultiplier

developedfor thisstudyin Chapter3. TheEquations(4.2.1)and(4.2.2)from theprevious

sectionremainunchanged,it is only theform of theLagrangemultiplier which changes.

This is now givenby
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Clearly the calculationof this quantity will follow in a similar mannerto that of the

calculationin theprevioussection,whichgives
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Thiscanbecombinedwith thepreviousexpressiongivenin Equation(4.2.1)to yield
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This is rathermorecomplicatedthantheform foundin Equation4.2.3.

4.4 SteinbachReduction

This modelis reducedin thesamemannerasthemodelsin theprevioussections.Again

thestartingpoint is thedifferentialof themultiphasefreeenergy functionalgivenin Equa-

tion 3.2.31.Thismodeldoesnot usetheLagrangeundeterminedmultiplier employedby

theNestlertypemodels,insteadthereis anunderlyingassumptionthatall interactionsare

dominatedby two phaseinteractions.
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This is thethird functionto becomparedagainstthesinglephasederivation.
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4.5 SinglePhaseDerivation

The startingpoint for this derivation is the singlephasefree energy functionalgiven in

Equation(3.0.1).Thismustbedifferentiatedwith respectto f sothatit canbecompared

with theequationsfor dF
df derivedin theprevioussections.
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Thischapterhasreducedall themultiphaseequationsfor thethreemodelsto singlephase

equivalents,it hasalsoderiveda singlephasemodelwhich startedfrom thesameinitial

freeenergy functionalasthemultiphasemodels.Theseequationscannow becompared

againstoneanotherto validatethe multiphasemodels. Firstly the Steinbachreduction

(Equation(4.4.1)) and the single phasederivation (Equation(4.5.1))are clearly identi-

cal. Brief computationaltests,using the Steinbachsolver written from this thesisand

a separatesinglephasesolver written for a differentstudyshowed very similar results,

differenceswere attributed to the exact useof �nite differencestencilswithin the two

models.

ThesecondcomparisonbetweentheNestlerreductionandthesinglephasederivation

show differences.In fact the reducedNestlerversionevolvesat exactly half the rateof

the singlephase. This doesnot meanthat at any time stepthe Nestlercodewill have

exactly half the amountof solid asa singlephasemodelbecauseof two facts. Firstly

the two simulationswill be dependenton the initialisation, at very early time stepsthe

two simulationswill havenearlyidenticalamountsof solid. Secondlythephaseevolution

is affectedby the stateof the solute�eld andthe soluteevolution is the sameasin the

singlephasecase.What this doessuggesthowever is that for identicalsoluteandphase

pro�les, for the �rst iterationthe Nestlermodelwill predictonly half the phasechange

thatthesinglephaseandtheSteinbachmodelspredict.Alternatively if all the ¶f i
¶t 's were
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multipliedby two thenthisshouldthenmakethisversionof theNestlermodelequivalent

to thesinglephasemodel. This wastestedover a seriesof singlephasesimulationsand

theresultsshowedaveryhighdegreeof similarity, in all testsit wasimpossibleto tell any

differencefrom just theplotsof phaseor soluteandtheamountof solid phasein thetwo

modelsdiffers by lessthan1% (typically 0 � 1% � 0 � 2%), this differenceis likely to be

dueto theexactformulationof thetermsinvolvedandtheroundingerrorsontheseterms.

Thesecondversionof theNestlerreductionlooksnothinglikethesinglephasereduc-

tion andthereis no obviousway to changeit to reproducethesinglephaseresult.

This hasshown that thetwo Nestlermodelswith Lagrangeundeterminedmultipliers

do not producethe sameresultsasa singlephasemodel,while any issuesthis causes

arebeyond thescopeof this discussion,it wasconsideredwhetherany N phaseNestler

modelusinga Lagrangemultiplier couldreducemathematicallyto a singlephasemodel

andhenceproduceidenticalresults. With this aim in mind, a new Lagrangemultiplier

wasderivedby way of reversingthecalculationscarriedout in this chapter, startingwith

a singlephasedF
df andcreatinga two phase,thenN phasesystem.Thefollowing multi-

phaseLagrangemultiplier wasfound,which recoveredthesinglephaseequation(given

in Equation(4.5.1))whenreducedin asimilarmannerto theothertwo Nestlerreductions:

L i �

�

1
N � 1

N

å
j

�

� i

dF
df j

(4.5.2)

It wasdecidednot to testa modelusingthis multiplier. This wasbecauseit only over-

cameoneof thetwo perceivedissueswith theLagrangemultiplier generallyusedin the

literature. Thesetwo issuesarenot reducingto singlephase(asshown in this chapter),

andtheability to nucleatea phaseby way of themultiplier only. Thelatterproblemcan

occurwhenf i � 0 and dF
df i

� 0, thesetwo suggestthatphasei is notpresentandshouldn't

be nucleated,however if å N
j � 1

dF
df j

�� 0 (which is L i) then the Lagrangemultiplier will

causethevalueof f i to change.Thesecondmultiplier, which wasderivedfor this thesis

overcomesthis secondproblem,but clearlynot the �rst asshown by thecalculationsin

this chapter.
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Computational Techniques

This chaptercoversthosepartsof the researchassociatedwith the practicalrealization

of themodelsdescribedin Chapter3 ascomputerprograms,includingissuessuchasthe

introductionof noiseandadaptivity. A real systemhasmany small variationswithin it,

for examplethe liquid is not entirely the samecomposition.Becausethe modelsso far

discussedlack this “random” element,a noiseterm is addedto simulatethis. In phase

�eld systemsthis noiseis requiredto producesecondaryarmsin dendriticsystems,for

example. In this work thenoisehastwo forms: the �rst is a basicinterfacenoisewhich

is adaptedfrom thesinglephaseform givenby Warrenet. al. [28]; thesecondis referred

to asthenucleationnoise,which wascreatedspeci�cally for this study. This nucleation

noiseallows onesolid phaseto nucleateanothersolid phase,aneffect which appearsin

realitybut doesnotappearin somephase�eld models.

Dueto theauthorsprior experiencewith programmingit wasdecidedto useC rather

thanFortran for this study.

5.1 Finite Differ enceDiscretization

Thissectiondescribeshow theequationsareconvertedinto acomputationalsolver.

73
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5.1.1 Finite Differ enceStencils

Thesolver usedthroughoutthis studyis a uniformly spaced�nite differencesolver. An

issuethatmustbeconsideredwith suchanapproachis thatof theaccuracy of the�nite dif-

ferencestencil:whetherto useasimpler, lowerorder, schemeor a moretime-consuming

but moreaccuratescheme.Oneof the simplest�nite differenceschemesis basedupon

secondordercentraldifferences

¶Q
¶x

�

�

�

�

Xi

�

1
2dx

� Qi � 1
� Qi

�

1 �

� (5.1.1)

whereQi �

Q � Xi � . Thiscouldbereplacedby amoreaccurate,fourthordercentraldiffer-

encescheme
¶Q
¶x

�

�

�

�

Xi

�

1
12dx

�

� Qi � 2 � 8 � Qi � 1 � Qi
�

1 ��� Qi
�

2 � � (5.1.2)

As implied by their order, the truncationerrorsfor theseschemesareO � h2
� andO � h4

�

respectively (whereh is thenodespacingdx). Clearlythesecondschemeis signi�cantly

moreaccuratefor suf�ciently small h, however this accuracy comesat the expenseof

executiontime. This stencilwill be signi�cantly slower whenhandlingtermssuchas
¶2f
¶x2 or ¶2f

¶x¶y; the �rst of theseis expandedin Equations5.1.3and5.1.4andthe latter is

computedby repeatedlyapplyingoneof the stencilsgiven in Equations5.1.1or 5.1.2.

Thelowerorderexpansionof ¶2f
¶x2 is givenby;

¶2Q
¶x2

�

�

�

�

Xi

�

1
dx2 � Qi � 1

� 2Qi � Qi
�

1 �

� (5.1.3)

this is an O � h4
� expressionandby applyingEquation5.1.2twice the following higher

orderschemeis found.

¶2Q
¶x2

�

�

�

�

Xi

�

1
144dx2 � Qi � 4 � 16Qi � 3 � 64Qi � 2 � 16Qi � 1 � 130Qi

� 16Qi
�

1 � 64Qi
�

2 � 16Qi
�

3 � Qi
�

4 � (5.1.4)

This schemeis O � h6
� . It must be decidedwhetherthis improvementin accuracy can

justify theincreasein executiontimeandthiswill beaddressedlaterin thischapter. More

accurateschemes(O � h5
� for the�rst differentialor better)couldbeusedhowever it was

decidedthatany further increasein accuracy would signi�cantly increasethe execution

timeandcodingcomplexity.
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5.1.2 Time Stepping

Thetimesteppingusedthroughoutthis thesisis a fully explicit schemegivenby:

Qn� 1
i � Qn

i �

¶Qn
i

¶t
dt � (5.1.5)

More complicated,implicit, schemeswereconsideredsuchasthoseusedby Rosamet.

al. ([46]) however it wasdecidedthat the explicit schemewasadequateenoughfor the

purposeof this thesis.

5.1.3 Accuracy versusEf�ciency

To comparethe two �nite differenceschemespresentedin Equations5.1.1 or 5.1.2 a

seriesof simulationswerecarriedout usinga two phasesystemfor a signi�cant number

of iterations(6 � 000)andtheir executiontimeswererecorded.In eachcasethetime step

waskeptcloseto the theoreticalmaximumfor thesecondorderstencilof dx2

5D , whereD

is thediffusivity of solutefor the liquid phase.Becausethemaximumtime stepfor the

fourth orderschemewill besmallerthanthis time step(dt will beof theorderdx4 rather

thandx2) it is possiblethat this will causeinstability in the fourth ordersolver, while

this maypresenta problemfor thesetestsit is alsoanotherpossibledisadvantageto the

fourthorderscheme.Additionalparameterssuchastheadaptivity (discussedlaterin this

chapter)wereturnedoff to avoid introducingany errorswhich werenot dueto the�nite

differencestencil. To calculatetheerrorsa moreaccurateversionof this simulationwas

required.This versionusedthesamephysicalparametershowever thenodespacingwas

halvedandthe time stepwassetto half of the time stepusedpreviously. For this more

accurateversionthe fourth ordersolver wasused.Becausetherearetwo solversin this

model(thereis apossiblemaximumof N � 1 solverssinceeachphasecouldhaveit' sown

solver however it wasdecidedthateachphaseshouldusethesamesolver) therearefour

possiblesimulationsto compare,asshown in Table5.1.1.

ParameterSet PhaseSolver SoluteSolver
1 O � h2

� O � h2
�

2 O � h4
� O � h2

�

3 O � h2
� O � h4

�

4 O � h4
� O � h4

�

Table5.1.1:Possiblecombinationof Solveraccuracies
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Table5.1.2shows theresultsfor eachof thefour parametersetsafter6000iterations,

theerrorswerefoundby runninga moreaccurateversionof thecodeandcomparingthe

answersfrom eachof thefour parametersetsagainstthis.

ParameterSet Time(mins) PercentageError
1 885 4.53%
2 1055 3.16%
3 909 3.12%
4 1063 1.79%

Table5.1.2:Finitedifferencestencilcomparisons:Errorsandtimesfor 6000iterations.

It is worth noting that the simulationusedto obtain the datain Table 5.1.2 was a

two phasesimulation: if this hadbeena threephase(or more)simulationthenthe time

differencecausedby usingthemoreaccuratephasesolverwouldbelarger. Thishasto be

takeninto considerationwhendecidingwhichstencilto usefor eachsolver.

To ensurethattheseerrorsarecorrect(andthattheaccuratesimulationwasaccurate

enough)a secondaccuratesimulationwascarriedout, this time the nodespacingwas

halved again(now one quarterthe original). If this simulationproducessigni�cantly

differentresultsto the �rst onethenit is clearthat the �rst simulationwasnot accurate

enough,however if theresultsaresimilar thenthe �rst simulationwasaccurateenough.

The errorsproducedby comparingwith this secondsimulationare presentedin Table

5.1.3

ParameterSet PercentageError
1 4.63%
2 3.25%
3 3.21%
4 1.89%

Table5.1.3:Finitedifferencestencilcomparisons:Errorsfor 6000iterations.

Table5.1.3shows theerrorsusingthesecondaccuratesimulation.Thesearesimilar

to theerrorsproducedfrom the�rst simulationsoit is clearthat the �rst simulationwas

suf�ciently accurate. While Table 5.1.2 shows the errorsat 6000 iterationsit is also

importantto considertheevolution of theseerrorsrunningup to 6000iterations,Figure

5.1.1showshow theerrorshavevariedover the�rst 6000iterations.
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Figure5.1.1:Percentageerrorsasa functionof iterationfor thefour solvers

This shows that while the initial magnitudesof the errorsare in�uenced by which

phasesolver wasused,thedevelopmentof theerrorsover the6000iterationsappearsto

becontrolledby thesolutesolver. Theseconclusionsarereacheddueto theobservations

thatinitially thefour solverscanbesplit into two pairs,thelower (but highermagnitude)

fourth orderphasepair andthehigher(but smallermagnitude)secondorderphasepair.

Theresultsafter6000iterationscannotbesoeasilygrouped,thepairof simulationswith

mixedordersolvershave a similar error, however it is clearfrom theprevious iterations

that their developmentis signi�cantly different and the fact they are the sameis just

chance.Closerexaminationhowever suggeststhat thetwo simulationsusingthesecond

ordersolutesolver are approximatelyparallel andsimilarly for the fourth ordersolute

solver. Thefourthordersolutesolverhasasmallergradientthanthesecondordersolver,

afterthe6000iterationsthesepro�les arealmost�at.

5.1.4 Grid Anisotropy

Grid anisotropy is a naturalfeatureof phase�eld models.In a realworld systema circu-

lar nucleusgrowing into a uniform liquid will increasein sizeasa circle beforebreaking

down in a randompattern. The presenceof a grid in a simulationcausessolidi�cation
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to befavoredin certaindirections,thusany circulargrowth will beshortlived. In many

waysthis anisotropy is similar to theanisotropy addedinto the modelandit is possible

to usethemodel's own anisotropy to reducetheeffect of grid anisotropy althoughthese

effortsarelimited dueto thecomplexity of grid anisotropy.

While the initial testswereconcernedwith the overall accuracy of the scheme,the

effect of theschemeuponthe implicit grid anisotropy hasto beconsidered.It hasbeen

suggested([50]) thatthegrid anisotropy is predominantlyin�uencedby thesolutesolver

ratherthanthephasesolver. This meansthathaving a solutesolver which is moreaccu-

ratethanthephasesolver, suchasparameterset3 in Table5.1.1,might have additional

bene�ts other thanaccuracy or simulationtime. As notedpreviously, becausethereis

only ever onesolutevariableto solve andat leasttwo phasevariables,increasingtheac-

curacy of the solutesolver only would have a smallerimpacton the total runningtime

thanincreasingthephasesolveronly.

Althoughquantifyingtheeffectof anisotropy uponasystemis dif�cult, therearesev-

eralfeatureswhich wouldsuggesthow strongtheanisotropy is. With thelowestpossible

grid anisotropy thereshouldbenodiscernibledirectionalpreferenceof solidi�cation, the

meltshouldgrow thesameamountin all directionsandany featuresshouldberandom.It

is highly unlikely thatthiswill bethecaseunlessthenodespacingis signi�cantly smaller

thanthe interfacewidth. However smallnodespacingmeansthat the time stepalsohas

to besmallwhich in turn meansthat thetotal numberof iterationsfor a simulationmust

increase.With very low grid anisotropy doublontypestructureswill bevisible (seeFig-

ure 6.1.2),this is the type of structureexpected.If the grid anisotropy is high thenthe

doubloonswill bereplacedby dendrites.Theeffectsof increasinganisotropy canbeseen

in Figures6.1.3-6.1.5aswell as in the literature,e.g. [18], andalthoughthesearethe

effectsof increasingthe appliedanisotropy the effect of increasinggrid anisotropy will

besimilar

To bestmonitor the effect of anisotropy, aswell as the errors,a two phasesystem

is used,with an initial circle of solid growing into an undercooledmelt. By usingonly

two phasesandan initially circularsolid theeffect of the initial conditionsupongrowth

directioncanbeminimised.If threephases(two solid andoneliquid) wereusedthenthe

initial alignmentof thesephaseswould in�uence how thesolid grew. By minimisingall

othereffectsuponthedirectionalpreferenceof growth, theeffectsof grid anisotropy can

be betterobserved. While theseconsiderationsremove othereffectson the directional

preferenceof growth, theeffectsof thegrid anisotropy canbeincreasedby usinga node

spacingwhich is largewhencomparedto the interfacewidth parameter(of thesameor-
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der), or choosingan interfaceparameterwhich is small comparedto the grid spacing.

Sincethe interfaceparameterhasphysicalmeaningwhile the grid spacingis a feature

of the solver it is the grid spacingwhich is chosenasthe variable. This will meanthat

therearelessnodesin theinterfacewhichwill amplify thegrid anisotropy, usingastencil

which hasa qualitatively low grid anisotropy undertheseconditionswould signi�cantly

reducetheeffectof thegrid anisotropy undernormaloperatingconditions.

In orderto comparethefour solvers' grid anisotropy they shouldberun for a signif-

icant numberof iterationsandto a point whereeachsimulationhassolidi�ed the same

amountof solid. However becausethe four simulationsrun in the previous sectiondif-

feredfrom eachotherby sucha smallamount(seeTable5.1.2)it wasdecidedto run all

four for thesamenumberof iterations.Figure5.1.2shows theresultsof thefour solvers

after40� 000iterations.It is worth notingthatthesesimulationsarejust continuationsof

thesimulationsusedin the previoussectionto get estimatesof theerrorscausedby the

four solvers.

It is dif�cult to quantify the differencesbetweenthe four imagesin Figure5.1.2 in

termsof the grid anisotropy. Clearly the fourth is signi�cantly differentfrom the other

three,which is not evidentin thedatashown in Table5.1.2.It maybeconcludedthatthe

effectsseenin this imagearedueto an instability in thechosentimestepwhich hadnot

beenevidentat 6000iterations. Interestinglyit is only thesimulationwith bothsolvers

usingfourthorderwhichshowssignsof problems:thetopright andbottomleft bothhave

onesolver usingfourth orderbut show no signof instability. Theotherthreeimagesare

all similar: alongthe axesthereis somekind of growth formationandon lines at 45o

to the axesthe pro�le is �at (or perpendicularto theselines). From theseimagesvery

little canbeconcludedaboutthenatureandrelative magnitudesof thegrid anisotropies

for the four solver setsapartfrom parametersetfour exhibiting strangebehavior dueto

theimposedlimits, andthatnoneof theparametersetsshoweda particularlystronggrid

anisotropy.

In light of the informationpresentedhereit wasdecidedthat thesecondorderphase

solver would beused.This waspartially dueto the increasein time requiredto go to a

fourthorderstencil,it is worthnotingagainthatif thissimulationwerethreephaserather

than two then the increaseincurredby usinga fourth orderphasesolver ratherthan a

secondwouldhavebeengreater. Figure5.1.1suggeststhatthelong termdevelopmentof

errorswasin�uenced moreby thesolutesolver, so increasingtheaccuracy of thephase

solver madelessof an improvement. For the solutesolver the fourth orderstencilwas

chosen.This wasmainly becauseof theevidenceshown in Figure5.1.1,which showed
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Figure5.1.2: Resultsafter 40� 000 iterationsfor the four solvers,top left 1, top right 2,
bottomleft 3 andbottomright 4

clearlythatthereductionin errorachievedby switchingto thefourth orderstencilin the

solutesolver wasincreasingwith time. It shouldalsobenotedthat thedual fourth order

simulationencounteredinstabilitiesat thechosentimestepwhile noneof theothersimu-

lation did. This suggeststhata smallertime stepwould berequiredfor this solver which

makesit evenslower thanthedatapresentedin Table5.1.2.
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5.2 Interface Noise

As previously statedthis form of noiseis anextensionof theapproachusedin thesingle

phasenoisetermof [28]. In thesinglephasesystemtheonly interfacewhichexistsis the

solid-liquid interfaceandthenoisetermfor this, aspresentedby WarrenandBoettinger

[28] is
1

Mf

¶f
¶t

�

1
Mf

¶f
¶t

� a r � 16f 2
� 1 � f �

2
� ��� 1 � c� HA

� cHB
� �

Herer is a randomnumberselectedfrom a uniform distributionbetween-1 and1, anda

is usedto controlthestrengthof theinterfacenoise.ThetermHA is givenby

HA
� 2WAf � 1 � f � � 1 � 2f � � 30f 2

� 1 � f �

2
� LATA

� T
TTA

�

andsimilarly for HB. Whencomparedwith Equation(4.5.1)in Chapter4, it canbeseen

that the thermodynamicpart of this noiseterm is equalto dF
df (without the contribution

from e). Becausethe versionshown in Chapter4 hadbeenderived from a multiphase

equationtheprocesscanbereversedto giveamultiphaseversionof thenoiseterm:
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a inr � 16f 2
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� (5.2.6)

wherea in is themultiphaseinterfacenoisestrengthparameter. It is critical thattheversion

of ¶ f
¶f i

usedis theversionwhich reducedto thematchingsinglephase.This meanseither

using ¶ f
¶f i

from theSteinbachmodel(in Equation(3.2.19))or 2 ¶ f
¶f i

from theNestlermodel

(in Equation(3.1.8)).

In thesinglephaseversionthe interfacenoiseis appliedto thesolid-liquid interface,

however in themultiphaseversionit is appliedto all interfacespresent.Careshouldbe

taken to ensurethat the noiseis appliedto eachinterfaceonly once,andto implement

this thecondition j
�

i is used,asseenin Equation5.2.6.Also, to maintainthecondition

thatthesumof all phasespresentis one,whatever is addedto phasei mustbesubtracted

from phasej. If this noisetermis usedin a two phasesystemthentheresultsshouldbe

comparableto a regular singlephasemodelwith identicalparameters,althoughprecise

resultswill varydueto theseeding of therandomnumbers.
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5.3 NucleationNoise

Thenucleationnoisetermis addedto thesystemto allow thenucleationof aphasewhich

is not currentlypresent.This additionis madein orderto simulatespeci�c microstruc-

tures,for examplethe splitting of a seriesof wide eutecticsto form narrower eutectics.

Thesigni�canceof this canbeseenlaterin theresults(Section6.5.1)aswell asin litera-

turesuchas[14].

Theform of this termwaschosento bequitesimilar to theform of theinterfacenoise.

It wasdecidedthat ratherthanallow full homogeneousnucleationanywherewithin the

domain,the nucleationcould only occuron a solid-liquid interface. This wasdonebe-

causethenucleationnoisetermis createdspeci�cally to allow thesplittingof wideeutec-

tics into narrower eutectics,andthis only requiresnucleationon,or near, thesolid-liquid

interface.Hadnucleationoccurredanywherewithin thedomainthenthemethodusedfor

adaptivity wouldhavestoppedbeingeffective. Theconditionsfor thenucleationof phase

i canbewrittenasfollows.

� Only nucleatephasei if it is notalreadypresent,i.e. f i � 0.

� Makesurethereis aninterfacebetweena solid andtheliquid phase:this condition

canbewrittenasf l
� f j �� 0 and j �� l , wheref l denotestheliquid phase.

Additionally, a thermodynamicmultiplier is needed.In the interfacenoiseexampleit is
¶ f
¶f i

. Unfortunately, becauseof theform of thef i multiplierswithin ¶ f
¶f i

, thistermis zeroif

f i � 0. Thereforethethermodynamicmultiplier hereusestheundercoolingof phasei (mi)

multipliedby theappropriatef j f l interfacemultiplier. Thenucleationnoiseequivalentof

Equation(5.2.6)is thereforegivenby

¶f i

¶t
�

� M �
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�

i
�

1

å
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anucr � 16f 2
j f 2

l � 30mi � f 2
j f 2
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�
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whereanuc is thenucleationnoiseequivalentof a in. It shouldbenotedthatthishasto be

largerthantheinterfacenoiseparameter. If only asmallamountof phaseis nucleatedthen

it is possiblethatthedoublewell potentialwithin thesystemwill reducethis to zeroeven

thoughit is undercooled.Testingfoundthattheminimumvaluefor anuc (whichprovided

actualnucleation)varieddependingupontheparameterswithin themodel,suchaslocal

undercoolingandinterfacevelocities.As with the interfacenoise,whena smallamount

is addedto phasei in theform of nucleationnoisethesameamounthasto besubtracted

from oneof theotherphasespresentin orderto maintainEquation(2.2.9).Which phase

theextraamountis subtractedfrom is arbitrary.
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5.4 Adaptivity

It wasdecidedthata form of adaptivity shouldemployedby theprogramin orderto im-

prove theexecutiontime. Initially eithertheuseof parallelprocessing([45]) or adaptive

grid re�nement ([46, 47]) wereconsidered,however a third methodwaschosen.This

methodavoided solving in the liquid regionswhereboth the phaseandsolutepro�les

were�at andidenticalto theinitial liquid parameters.Theinitial approachto thismethod

involvedstartingwith a smalldomainandadaptively addingextra nodesasthesoluteor

phasepro�le changed,approachingtheedgeof theold domain. This method,however,

tendedto only offer a small improvementbecausetheresizingof thedomainwasa time

consumingtask. Additionally it requiredthe useof dynamicarrayswhereasup to now

only staticarrayswerein use: thedynamicarraysarehandledmoreslowly duringexe-

cutionso this methodfailed to yield a reasonableimprovementin executiontimes. The

secondapproachto this methodrequiredthefull domainto becreatedat thestartof the

execution,however thesolver only operatedupona limited region of this domain. This

technique,undercertainconditions,wasfoundto yield a largeimprovementin execution

time.

This introducedinto themodela new module,calledresize.This wasexecutedafter

the phaseandsoluteupdatesandwasresponsiblefor decidingwhetherto increasethe

sizeof theregion which thesolver wasappliedto. The �rst considerationwhenwriting

the resizesubroutinewashow far from the boundaryshouldbe checked andcompared

with the initial liquid parameters.Obviously if theresizesubroutinecheckedexactly on

theboundaryandfoundthatthelocalconditionsdid notmatchtheinitial liquid condition

thenthedomainshouldhavealreadybeenextended,howeverif it checkedalargenumber

of nodesaway from theboundarythentherewouldbea largenumberof liquid nodesbe-

ing solvedfor, which is exactly whattheadaptivity aimsto avoid. This distancefrom the

boundaryis not theonly parameterassociatedwith this method:a decisionis requiredas

to how many nodesto addeachtime, if too few areaddedthensolidi�cation canovertake

thegrowing domainwhich will causeinaccurateresults,however if too many areadded

thentherewill betoo largeanumberof liquid nodes.Thesetwo parametersarecalledthe

boundarycheck(b) andadd-on(a).

While thismethodcanimproveupontheexecutiontimewithoutchangingthe�nal re-

sult of theprogramit wasdecidedto try to improveuponthis further. Ratherthanextend

thedomainif theconditionsat theboundarycheckpoint do not exactly matchtheinitial

liquid condition,thedomainis only extendedif they differ by morethanat leastcertain
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amount.Thisparameteris referredto asthecutoff variable(c).

Thesethreeparametersneedto betestedto �nd valuesfor eachonewhich will yield

accurateresultswith a reasonablespeedup over thenon-adaptive model. In thecaseof

the parametersa andb, the smallertheir value then the fasterthe simulationwill run,

however theparameterc operatesin theoppositeway. In thecaseof all threethe faster

they make thesimulationrun themorelikely it is thaterrorswill beintroducedandthese

testswerecarriedout to quantifytheseerrors.A eutecticsimulationwasusedto testthe

adaptivity: this simulationwaschosenbecausethe resizingwould only occurin onedi-

rection,which will demonstratethesmallesttime saving. Thelargesttime saving would

beachievedby startingthesimulationwith asolidregion in themiddleof thedomainand

allowing it to grow in all directions.To �nd the errorsintroducedby the adaptivity the

total amountof solid phaseoneis monitored.This choiceis arbitrarysincein a eutectic

systemthesolid/liquidboundaryadvancesin analmoststraightline, meaningthatneither

solid phaseshouldbecloserto edgeof thesolver'sdomain.

The�rst testcarriedoutwasa“control” test.This lackedany adaptivity andgivesval-

uesfor theamountof the �rst solid phaseandtheexecutiontime which werecompared

againstthosefor subsequentadaptivesimulations.Thenext seriesof testsincludedadap-

tivity however thec variablewassetto 0 � 0. Thesewerecarriedout to seehow variables

a andb affectedthe accuracy andthe executiontime. The third seriesof testsvariedc

to improve the time savings achievedwith the othertwo variables.The resultsof these

testsarepresentedin Table5.4.4andFigure5.4.3.Thedifferencesshown in Table5.4.4

arethepercentagedifferencesbetweenthecurrenttestedsimulationandthenon-adaptive

simulation.

a b c SolidPhase1 % Difference Time(m:s) % TimeSaving
- - - 17077.121273 0.0 74:14 0

15 15 0 17077.121273 0.0 74:07 0.16
5 5 1 � 10�

5 17077.473488 0.002063 31:22 57.75
15 15 1 � 10�

5 17077.214727 0.000547 32:37 56.06
5 5 1 � 10�

6 17077.228638 0.000629 31:52 57.07
15 15 1 � 10�

6 17077.167533 0.000270 33:23 55.03
5 5 1 � 10�

7 17077.173859 0.000308 33:10 55.32
15 15 1 � 10�

7 17077.141203 0.000117 34:28 53.56
5 5 1 � 10�

8 17077.143315 0.000129 34:23 53.68
15 15 1 � 10�

8 17077.125691 0.000026 37:33 49.42
7 7 1 � 10�

9 17077.122889 0.000010 39:14 47.14
15 15 1 � 10�

9 17077.121601 0.000002 41:25 44.20

Table5.4.4:A Selectionof resultsafter100,000iterations
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Figure5.4.3:Percentagetime saving asa functionof percentageerrorfor varioussetsof
adaptivity parameters

Table5.4.4shows a small subsetof the resultsdisplayedin Figure5.4.3 (although

several valuesfrom the table are outsidethe boundariesof the graph). Both of these

show thesamegeneraltrend:thehighesttimesavingsareaccompaniedby relatively high

errors(althoughit couldbearguedthat0 � 0021%is still quitesmall)andthat for a small

reductionin thetimesaving theerroris reducedby severalordersof magnitude.Basedon

theseteststhevaluesa � 15,b � 15 andc � 1 � 10�

8 werechosen.The�nal testwasto

monitorhow theerrorsfor this parametersetdevelopedover time. Theresultsof this are

presentedin Figure5.4.4.This informationis importantbecauseif it wasshown thatthe

errorsweregrowing rapidly with thenumberof timestepsthenthis methodof adaptivity

would be of little value for very long simulationsand it is theselong simulationsare

targettedto gainthemostfrom theadaptivity.
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Figure 5.4.4: Percentageerror as a function of iteration for the chosenparameterset
(a � 15,b � 15 andc � 1 � 10�

8)

Figure5.4.4shows thatat 100� 000time stepsthepercentageerror is still increasing,

however by the 300� 000th iteration the percentageerror is showing signsof becoming

stable.This is importantbecauseit meansthatwhile theadaptivity introduceserrors,the

errorsdonotdominatethesystem.Additional testswerecarriedoutwith otherparameter

setsandtheseshowedthatby 300� 000iterationstheerrorshadalmostceasedgrowing in

thesecasestoo.

This chapter, combinedwith Chapter3, allows for the constructionof a working,

ef�cient andaccuratecomputationalmodelfrom thephase�eld equations.Additionally,

two extra featureshave beenincludedinto themodel;the interfaceandnucleationnoise

terms. Thesetwo forms of noiseallow for featuresto be simulatedwhich the models

alonedonotallow.
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Results

Thischapterpresentsanddiscussesabroadselectionof resultsobtainedusingthemodels

describedin Chapters3 and5. Theseresultsareinitially split into two distinctcategories:

two phasesystemsandthreephasesystems.While testshave alsobeencarriedout using

four phasesystemstheseweredoneprimarily to validatethemodelsratherthanprovide

resultsin their own right. Becausethis study is focuseduponmulti-phasesystemsthe

two-phasetestsareincludedmainly to provide a contrastbetweenthe four modelsthat

areusedfor thethree-phasetests.

Themodelswhichareusedin this chapterdiffer from eachotherthrougheither:their

derivationmethod;the Lagrangemultiplier (only in the Nestlerderivationmethod);the

derivedthermodynamicterms.Thespeci�c choicesaretabulatedin Table6.0.1wherethe

thermodynamicterms1 and2 representthedifferentforms of ei j , WA
i j , WB

i j , mA
i andmB

i

which areusedin bothmodelsderivedin Chapter3. Thevaluesfor theseareasfollows.

For parameterset1 (adaptedfrom [28])

WA
i j �

3s A
i j

�

2TA
i dA

i j

(6.0.1)

WB
i j �

3s B
i j

�

2TB
i dB

i j

(6.0.2)

ei j �

6
�

2s A
i jd

A
i j

TA
i

� (6.0.3)
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wheres A
i j is the interfaceenergy for the i � j interfaceof pureA, TA

i is themeltingtem-

peratureof pureA in phasei anddA
i j is the interfacewidth for the i � j interfaceof pure

A (in all threecasesthesuperscriptB indicatespureB ratherthanA). For parameterset2

thesearechangedto (adaptedfrom [51])

WA
i j �

96s A
i j

9p2TdA
i j

(6.0.4)

WB
i j �

96s B
i j

9p2TdB
i j

(6.0.5)

ei j �

3s A
i jd

A
i j

T
� (6.0.6)

whereT is theoperatingtemperature.For bothparametersetsmA
i andmB

i aregivenby:

mA
i � r LA

i
TA

i
� T

TA
i T

(6.0.7)

mB
i � r LB

i
TB

i
� T

TB
i T

� (6.0.8)

whereLA
i is thelatentheatof fusionfor pureA in phasei (againsimilarly for pureB). The

differentchoicesof Lagrangemultipliers arediscussedin Chapter3, aswerethe basic

derivations.The�nal parameteris thephasemobility termM:

M � cMB
� � 1 � c� MA

� (6.0.9)

where

MA
�

TA
1

2bA
01

6
�

2r LA
1dA

01

� (6.0.10)

andsimilarly for B.

ModelNumber Derivation Lagrange ThermodynamicTerm
1 Nestler Nestler 1
2 Steinbach - 1
3 Nestler Jimack � Green 1
4 Nestler Nestler 2

Table6.0.1:Thefour modelscompared

In reportingtheresultsthatwepresent,threesetsof directcomparisonscanbedrawn
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betweenpairsof thesefour models

1. Models1and2, thiscomparesthedifferencebetweenthetwoderivationtechniques.

2. Models1 and3, this comparestheeffectof theLagrangemultiplier.

3. Models1 and4, thiscomparestwo modelswhichdiffer only by theexactde�nition

of thederivedthermodynamicterms.

This choiceof direct comparisonsallows analysisof eachchangemadeto the original

model.

6.1 Two PhaseComparisons

Thissectionis split into isotropicresultsandanisotropicresults.Theisotropicsubsection

demonstratesthefour modelsoperatingwith only two phasesin anisotropicmode.This

is includedto show thatthemodelsproducesigni�cantly differentresults(for furtherevi-

denceof this thereaderis remindedof theresultsfrom Chapter4, whereit wassuggested

that in the Nestlermodel the phaseupdateterm shouldbe doubledin order to make it

consistentwith the Steinbachmodel). The anisotropicsectiondemonstratesvariousre-

sultsobtainedwith theSteinbachmodelwhentheanisotropy parameteris non-zero.This

particularmodelwaschosenbecauseit maybecomparedagainstresultsfrom a separate

singlephasemodelto verify thattheresultsarecorrect.

6.1.1 Isotropic Models

Theseresultsshow the four modelsrunningwith an anisotropy parameterof zero. Of

courseimplicit grid anisotropy is still presentandexaminationof Figure6.1.2suggests

thatthegrid anisotropy variesin eachcase.In all four casestheconditionswereidentical

apartfrom thespeci�c variationbetweenthemodels. Initialisationwasthrougha small

quartercircle in thebottomleft cornerof thedomainwhichwasthenallowedto grow for

a certainamountof time. This time wasdeterminedby testingthe four modelsto make

sureall four would exhibit a reasonableamountof growth, but nonewould out-grow the

chosendomain.Figure6.1.1showstheresultsfor thesetestswhile Table8.2.1(Appendix

1) showsall theparametersusedfor thesemodelsandtheir values.
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Figure6.1.1: Plotsshowing the concentrationvariablefor eachmodelafter 150,000it-
erations.Top left model1, top right model2, bottomleft model3, bottomright model
4.

By examiningFigure6.1.1it is clearthatthefour modelsbehavesigni�cantly differ-

ently whensimulatinga two phaseisotropicsystem. For example,the total amountof

solid phasevariesbetweenthefour setsof resultspresented.It appearsthattheeffectsof

grid anisotropy alsovary. Model two hasthemostsolid phaseof any of theresults:the

generalstructureseenin thiscaseis calledadoubloon,which is a low anisotropy feature.

It is interestingto observethatfor thismodeltherearedoubloonsgrowing bothalongthe

axesandat45� to theaxes.In contrast,for model4 thereappearsto beadoubloonstruc-

turegrowing at 45� to theaxeshowever on theaxesthemselvesthereis a morerandom

structurewhich is possiblyof “seaweed”type.Models1 and3 arebothrelatively circular

howeverbothshow signsof someanisotropy: for model1 thereappearsto beslightly less

growth alongthe axeswith a slight depressionforming, while for model3 the edgeof



Chapter6 91 Results

thecircle hasbecome�attenedalongtheaxes. It is possiblethatmodel3 would adopta

similarstructureto model1 if left longerhoweverthisexperimentwasintendedto demon-

stratethedifferencesbetweenthefour modelsandhassucceededin doingso.

To gain a betterunderstandingof the differencesbetweenthe grid anisotropiesfor

thesefour modelsa new experimentis needed,this time ratherthan running the four

modelsfor thesameamountof time, they arerun until they have all solidi�ed thesame

amount. The amountof solidi�cation chosento stopeachsimulationafter is 578,229

nodesworth of solid. This is theamountof solidi�cation carriedout by model2 in the

original 150,000iterations,andwaschosenbecause,of the �rst four simulations,it had

carriedout the mostsolidi�cation. Figure6.1.2shows the concentrationmapsfor each

of the four modelsoncethey have solidi�ed the requiredamount.Obviously for model

2 this is after150,000iterations,theotherthreerequiremore.Model 1 requires239,235

iterations,model3 480,743andmodel4 215,350.
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Figure6.1.2:Plotsshowing theconcentrationvariablefor eachmodelafterthesolidi�ca-
tion of 578,229nodes.Top left model1, top right model2, bottomleft model3, bottom
right model4.

The plots presentedin Figure 6.1.2 show many of the trendsshown in the earlier

plots (Figure6.1.1): models1 and3 areboth the closestto circular (althoughshowing

strongeranisotropicfeaturesthanthey werein theearlierplot),whilemodel4hasthemost

complex structure.All four simulationshavedisplayedtheeffectsof grid anisotropy, none

arecircular. Model four shows thestrongesteffects,while modeltwo shows thesecond

strongest.In bothmodelstwo andfour theanisotropy is notactuallythatstrong,but along

eachdirectionof growth (alongtheaxesandat45o to theaxesin modeltwo, at45o to the

axesandjustoff axisin modelfour) thereis achannelof liquid. As explainedpreviously

(Chapter5) this channelsigni�es a low anisotropy structure.Betweenmodelsoneand

threeit is dif�cult to concludewhich shows the strongestgrid anisotropy sincethe two

modelsareverysimilar in termsof their shape.Bothmodelsoneandthreeshow signsof
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whatis likely to becomethedoubloonstructureseenin modeltwo: growth alongtheaxes

hasprogressedataslightly slowerratethanelsewhereandmodeloneshowsindicationsof

asecondpointof slowergrowthat45o degreesto theaxes.To draw ade�niti veconclusion

on which of modelsoneandthreehasthestrongestanisotropy would requiremoresolid

to begrown.

6.1.2 Anisotropic Model

In thissubsectiononly onemodelfrom thefour is used,speci�cally model2, with anon-

zeroanisotropy parameter. Theanisotropy hasbeenleft asgeneralaspossiblethroughout

the derivation of the models,this is doneto allow the readerto usetheir own form of

anisotropy shouldthey wish. The form of the anisotropy usedfor this section(andthe

form usedfor all furthersimulationsunlessstated)is

hi j � 1 � gcos� kqi j � � (6.1.1)

As statedin Chapter3, qi j is theanglebetweenthenormalto thei � j interfaceandthex-

axis.Theparametersk andg aretheorderandthestrengthof theanisotropy respectively,

andfor thesesimulationsk is left �x edat four (to provide a four-fold equiaxeddendrite)

while g is varied. The �rst setof resultsareanextensionof theresultfor model2 from

the previous section. They show the four fold anisotropy with increasingvaluesof g

rangingfrom 0 � 0 (the resultpresentedtop right in Figure6.1.1)to 0 � 02. In all of these

casestheanisotropy is directedtowardsthecornersof thedomain(which is achievedby

usingnegative valuesof g ratherthanpositive ones),this is doneto increasetheamount

of solidi�cation which mayoccurbeforethesolidifying interfaceencounterstheedgeof

the domain. Additionally the domainsizeis increasedslightly from the previous setof

simulations. This increasein domainsize also allowed the simulationto continuefor

longerbeforethesolid encounteredtheedgeof thedomain.Theparametersusedarethe

sameasthosein Table8.2.1(Appendix1) apartfrom theanisotropy (g) which is varied

throughoutthesesimulations.
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Figure6.1.3:Plotsshowing theconcentrationvariablefor model2after150,000iterations
with low amountsof anisotropy: top left g � 0, top right g � 0 � 0001,bottomleft g �

0 � 0005andbottomright g � 0 � 001.

Figure 6.1.3 shows a seriesof plots with low anisotropy, apart from the �rst plot

which hasno anisotropy. This is the sameplot asshown in Figure6.1.1however this

simulationhasbeenrepeatedon the largerdomainusedfor theanisotropictests.As the

anisotropy parameteris increasedtherearetwo mainchanges:thedoubloonat45� to the

axesinitially �attens out thenstartsto form whatwill laterbecomea dendritetip. Along

theaxesthedoubloonstartsto form a morecomplicated,twin tipped,structure;partof it

continuesto grow parallelto theaxeswhile partstartsto grow in thedirectionfavoured

by theanisotropy.
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Figure6.1.4: Plotsshowing the concentrationvariableafter 150,000iterationswith in-
termediateamountsof anisotropy, top left g � 0 � 0025,top right g � 0 � 005,bottomleft
g � 0 � 0075andbottomright g � 0 � 01.

While Figure6.1.3shows plots with a low valueof anisotropy, the plots shown in

Figure 6.1.4 are for intermediatevalues,theseare valuesapproachingthosegenerally

usedfor simulations([18]). Thegeneraltrendshown in this seriesof plotscontinuesthat

from the low anisotropy set. Higheranisotropy producesa muchbetterde�ned dendrite

tip. Additionally the highervaluesof anisotropy producea morecomplicatedstructure

within thespacesbetweenthedendritetips, in the �rst plot shown thestructurehassplit

to show two distincttipsandastheanisotropy is increasedfurthermoreandmoreof these

tips start to becomevisible. Thesestructuresarereferredto asinter dendriticseaweed,

alsoseenin earlystudiesby Kobayashi[18].
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Figure6.1.5:Plotsshowing theconcentrationvariableafter150,000iterationswith high
amountsof anisotropy, left g � 0 � 015andright g � 0 � 02.

The�nal results,presentedin Figure6.1.5,arefor furtherincreasinganisotropy. These

usevaluesfor theanisotropy which arequitehigh relative to otherstudies,it shouldalso

benotedthatthefacetingof thedendritetip is dueto thedendriteencounteringtheedge

of the domain. Theseplots show someof the featuresof the �rst plots (Figures6.1.3

and6.1.4): the dendriteis becomingwider and morepronouncedas the anisotropy is

increased.Theseaweedstructurewhich hadbeenpresentneartheaxesin previousplots

appearsto haveshrunkconsiderably, however this is mostlikely dueto themaindendrite

itself restrictingthegrowthof theseaweedasit is clearthattheregionpreviouslyoccupied

by theseaweedis now partof theprimarydendrite.

6.2 Interface Noise

All simulationspresentedsofarhavebeenwithouttheinterfacenoise(discussedin Chap-

ter5). Thisnoiseis usedspeci�cally to createdendriticsidebranchesandis neededdueto

thelackof randomnoisewithin thecomputationalsystem.The�rst seriesof simulations

(againusingmodel2) presentedusingthe interfacenoiseareisotropicsimulationswith

increasingamountsof noise. As with the anisotropictests,the valuesfor the interface

noiseselectora in (seeEquation(5.2.6))arevariedfrom 0 � 0 up to a maximumvalueof

0 � 5. Again theparametersusedarethesameasthosein Table8.2.1(Appendix1) apart

from the interfacenoiseselector(a in) which is variedthroughoutthesesimulations(the

anisotropy parameteris now 0 � 0).
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Figure6.2.1:Plotsshowing theconcentrationvariableafter150,000iterationswith vary-
ing noiseparameters,top left a in � 0 � 01, top right a in � 0 � 1, bottomleft a in � 0 � 3 and
bottomright a in � 0 � 5.

Theresultspresentedin Figure6.2.1show averycleartrend:whenthenoiseselector

is introducedthe total amountof solid phaseincreases.This initially raisedconcerns

abouttheway thenoisewasbeingcalculated,with thesuggestionthatthenoisetermwas

addingsigni�cant amountsof solid to thesimulation.Equation(5.2.6)speci�eshow the

interfacenoisetermaffectsthephasevariables,it wasdecidedto monitorhow muchwas

beingaddedto thesolid phaseby this equationduringa simulation. If the total amount

addedto thesolidphaseis negligablewhencomparedto theextraamountof solidpresent

in Figure 6.2.1, then it may be concludedthat this equationis not responsiblefor the

increasedamountof solid. While the total amountaddedby the noiseterm was non-

zeroit wassigni�cantly lessthanthedifferencebetweenthe plots in 6.2.1. This means

thatany extra growth mustbedueto thesolidifying structurebeingableto form a more
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complicatedgeometrythan that allowed by the grid anisotropy. It is also clear from

Figure6.2.1theeventhesmallestamountof noiseis enoughto deformtheregularpattern

seenin the top left of Figure6.1.3. This valueof a in � 0 � 01 alsoexhibits the smallest

total amountof solidi�cation of any presentedhere(however still morethanthe initial

simulationwhich had no noise). This is becausethe small amountof noisewill take

longerto disrupttheinitial patternandallow new structuresto form. Theremainingthree

�gures show similar amountsof growth, which suggeststhat the noiseterm is allowing

thesesimulationsto divergefrom theoriginal growth relatively earlyin thesimulationin

all threecases,andsubsequentlysolidify atanincreasedrate.

6.3 Thr eePhaseResults

This sectionpresentseutecticresultsobtainedfrom thefour models.The�rst subsection

involvestestingeachmodelto seehow well it reproducestheeutecticscalinglawslaid out

in Equation(2.1.52)in Chapter2. Thesecondsubsectioncomparesthemicrostructures

selectedby oneof themodelsfor variousoperatingconditions.Thephasediagramused

for this threephasesystemis a highly idealisedeutecticphasediagram,with theeutectic

point at a concentrationof 0 � 5. It representsa 50-50mix of the two componentsandis

symmetricalaboutthis 0 � 5 concentration,asshown in Figures6.3.1and6.3.2.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1350

1400

1450

1500

1550

1600

1650

1700

1750

Concentration variable

T
em

pe
ra

tu
re

/o K

Eutectic Temperature

Eutectic Point

Figure6.3.1:Theeutecticphasediagramusedin thismodel
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Figure6.3.2:A magni�ed imageof theeutecticphasediagramusedin thismodel

Themagni�ed imageof thephasediagram(Figure6.3.2)shows theregion in which the

eutecticsimulationsoperate.Thelimitationsof thismodelforcetheoperatingconditions

to bewithin the lenses,andfor thecaseof two solid phasesthis meansoperatingin the

regionwherethetwo lensesco-incide.Thisregionis shownasthediamondshapedareain

themiddleof Figure6.3.2andalthoughthis is only asmallfractionof thewholediagram

it still representsa reasonablerangefor undercoolingsandconcentrations.Thephysical

parametersusedto createthephasediagram,andusedduring thesimulations,aregiven

in Table8.2.2(Appendix1). Theseparametersareusedthroughoutthe eutecticsection

unlessstatedotherwise.

6.3.1 Eutectic Velocity ScalingLaws

Theeutecticscalinglaw whichwastestedis asfollows(describedin detailin Chapter2):

v � k2D
1
l

DT

�

1 �

l
�

l

�

� (6.3.1)

Thisgivesagrowth velocitythatis dependentonundercooling(DT), eutecticspacing(l ),

minimaleutecticspacing(l
�

) andthediffusivity of solutein theliquid phase(D). For the

purposeof thetestscarriedout diffusivity, D, is heldconstantsotheabove equationcan
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berewrittenas

v µ
1
l

DT

�

1 �

l
�

l

�

�

The methodusedto comparethe modelsagainstthis scalinglaw is as follows. First a

�x ed valuefor the temperatureis chosen.This in turn �x esthe undercooling,DT. By

�xing this thescalinglaw cannow bewrittenas

v µ
1
l

�

1 �

l
�

l

�

�

or

vl 2 µ l � l
�

� (6.3.2)

The latter of thesecanbe graphedto producea straightline for vl 2 againstl . From

this graphtheconstantof proportionality(k2DDT) andtheminimumspacingl
�

maybe

found from the gradientandthe y interceptrespectively. A seriesof valuesof eutectic

spacings,l , werechosenandthestablegrowth velocity foundin eachcaseto provide a

setof l -v pairingswith which to createa graph.This methodwasrepeatedfor different

valuesof theundercooling,DT.

This test carriescertaincomplications. Firstly, the valuesof eutecticspacingused

while carryingout the testsarenot alwaysstable,andif allowed to they would adopta

differentspacing.To avoid this all formsof noisewereturnedoff, which meansthatan

unstableeutecticwill grow for a muchlongertime periodbeforeit canadopta different

spacing.Thisallowedsuf�ciently longrunsto �nd astablegrowth velocity for theunsta-

ble spacing.

A secondcomplicationconcerned�nding the velocity, for which two methodswere

employed.The�rst carriedout interpolationto �nd theinterface,or morespeci�cally the

locationof the0 � 5 contour. This methodhowever resultedin 'spikes' in the velocity as

the interfacecrossednodelines. Fortunately, for a stablegrowth velocity the interface

crossesnodelineswith a regulartimeperiodandthisallows thesespikesto besmoothed

quiteeasily. Thesecondmethodfor computingthegrowth velocity wasbasedon theas-

sumptionthatthemovementof theinterfacecouldbefoundby measuringtherateof loss

of liquid (i.e. the rateof solidi�cation) from thesystem.This methodfails in theevent

of liquid remainingbehindtheeutecticfront, whichwascommonwhenusingtheNestler

modelwith theNestlerLagrangemultiplier, wherea smallamountof liquid waspresent

at the solid-solidinterfaces.This methodalsoled to two moresourcesof oscillationin

thevelocity. The�rst wasonly presentwhenthesolid-liquid interfacewasnarrow when

comparedto the nodespacing.In this scenario,whenthe eutecticfront crosseda node
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line therewasanoscillationin therateof lossof liquid. To reducethis,theinterfacewidth

parameterswerekeptlargerelative to thenodespacing.Thesecondoscillationobserved

couldbeattributedto a periodic�uctuation in theeutecticspacing,however no speci�c

causefor thiswasfound.Bothof theseoscillationswereextremelysmallcomparedto the

actualvelocity andbecauseof this the smoothingof the interpolationmethodremoved

them. Thesetwo methodsof calculatingthe velocity producedvalueswhich agreedto

high precisionfor the Steinbachmodel(Model 2) becausethis model left no liquid be-

hind theeutecticfront.

Figure6.3.3shows the velocity multiplied by the spacingsquaredasa function of

spacing(which is the form requiredby Equation6.3.2)for onetemperaturevaluealong

with thelinearbest�t to thisdata(thisdatawastakenfrom Model1 operatingat1558K).

This best�t line hasbeentransferedonto the secondgraphin Figure6.3.3which is a

graphof velocityagainstspacing
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Figure6.3.3:Left, vl 2 asa functionof l , includinglinearbest�t. Right,v asa function
of l , includingpredictedvaluesgainedfrom previousline of best�t.
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It is clearfrom examiningFigure6.3.3(left) that therecordeddatafollows a straight

line to areasonabledegreeof accuracy. It is only theverylow valuesof l whichappearto

not follow this line. Thesevaluescorrespondto negative velocities,which indicatesthat

ratherthansolidifying thesystemis melting. Becausethis experimentis for solidifying

eutectics,thesevaluesareexcludedfrom all furthercalculations.

In theremainderof thissubsectionwepresentdatagenerateby thefour modelswhich

investigatesthe expectedproportionalityrelationships.Theserelationshipsaregiven in

Chapter2 andare:

DT µ
1

l
�

� (6.3.3)

v0 µ
1

l
� 2

� (6.3.4)

v0 µ DT2
� (6.3.5)

Eachmodelwill presentgraphsfor eachof theserelationships.In eachcasetheaxeswill

bechosento reducetherelationshipsto linearones.

6.3.1.1 Model 1

This modelusesboth the Nestlerderivation methodand the Lagrangemultiplier from

thosepublications([38,14,31]). Thegraphsin Figure6.3.4show all threeproportionality

relationshipsfor thismodel.

The �rst two graphsin Figure 6.3.4 reproduceapproximatestraight lines however

neitherpassthroughthe origin. For the �rst relationshipit would be expectedthat the

line shouldhit theorigin sinceastheundercoolingtendsto zero,the minimumspacing

for eutecticsto grow would have to tendto in�nity to balanceout thecompetingeffects

of undercoolingandinterfaceenergy. It is questionablewhetherthesecondgraphshould

passthroughtheorigin, this is becausea zerovaluefor themaximumvelocitywill occur

at a �nite valueof l
�

. The third graphin Figure6.3.4appearsto be curving up wards

slightly. No explainationcouldbefound for this effect however it wasfound that if DT

weremodi�ed to make the �rst graphhit the origin thenmuchof thecurve in the thrid

graphwould be removed. Table6.3.1shows the raw valuesfrom which the graphsin

Figure6.3.4areplotted.

As well asthedatausedto createthegraphsin Figure6.3.4,Table6.3.1alsoshows

thevaluesfor k2DDT andk2D for eachtemperatureselected.It is clearthatthesevalues
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Figure6.3.4: Graphsshowing the proportionalityrelationshipstestedfor model1. Top
left, DT against1l . Top right, v against 1

l 2 . Bottom,v againstDT2

T DT v0 l
�

k2DDT k2D
1558 3 � 9 8 � 85 � 10�

4 2 � 54 � 10�

7 8 � 98 � 10�

10 2 � 30 � 10�

10

1557 4 � 9 1 � 32 � 10�

3 2 � 16 � 10�

7 1 � 14 � 10�

9 2 � 32 � 10�

10

1556 5 � 9 1 � 80 � 10�

3 1 � 91 � 10�

7 1 � 37 � 10�

9 2 � 32 � 10�

10

1555 6 � 9 2 � 31 � 10�

3 1 � 75 � 10�

7 1 � 61 � 10�

9 2 � 34 � 10�

10

1554 7 � 9 2 � 84 � 10�

3 1 � 61 � 10�

7 1 � 83 � 10�

9 2 � 32 � 10�

10

1553 8 � 9 3 � 40 � 10�

3 1 � 51 � 10�

7 2 � 05 � 10�

9 2 � 31 � 10�

10

1552 9 � 9 4 � 00 � 10�

3 1 � 42 � 10�

7 2 � 27 � 10�

9 2 � 29 � 10�

10

1551 10� 9 4 � 60 � 10�

3 1 � 35 � 10�

7 2 � 49 � 10�

9 2 � 28 � 10�

10

1550 11� 9 5 � 24 � 10�

3 1 � 27 � 10�

7 2 � 66 � 10�

9 2 � 24 � 10�

10

Table6.3.1:Raw dataextractedfrom model1

areall closeto eachotherandthedifferencesbetweenthemarenotsystematic.
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6.3.1.2 Model 2

This model is the only one testedwhich usesthe Steinbachderivation method. This

methoddoesnot requirethe useof a Lagrangeundeterminedmultiplier so this method

haslesscomponentswhichcanbevaried.Thereaderis directedto Chapter3 for morein-

formationaboutspeci�c differencesbetweenthis modelandtheNestler-Wheelermodel.

The resultsweregatheredin the samemannerasthosefor the �rst modelandthe lim-

itationsdescribedfor model1 alsoapply here. Onefeatureof this modelcomparedto

the �rst is that thereis no build up of liquid behindthe eutecticfront: this meansthat

thetwo methodssuggestedin theprevioussectionfor calculatingthevelocity (liquid loss

andinterpolation)producethesamevalue.Additionally, from thecalculationssetout in

Chapter4 it is expectedthat the actualvelocitiesfor this modelshouldbe higher than

thosefor thepreviousmodel.
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Figure6.3.5: Graphsshowing the proportionalityrelationshipstestedfor model2. Top
left, DT against 1

l
�

. Top right, v0 against 1
l �

2 . Bottom,v0 againstDT2

Thegraphspresentedin Figure6.3.5show similar trendsto thosefor the �rst model
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(Figure6.3.4). The �rst two relationshipsshow approximatelystraightlines, however

for this Model thethird relationshipalsoproducesa straightline whereasin theprevious

modelthethird graphwascurved.

T DT v0 l
�

k2DDT k2D
1560 1 � 9 2 � 52 � 10�

4 6 � 28 � 10�

7 6 � 32 � 10�

10 3 � 32 � 10�

10

1559� 5 2 � 4 3 � 85 � 10�

4 5 � 16 � 10�

7 7 � 95 � 10�

10 3 � 31 � 10�

10

1559 2 � 9 5 � 41 � 10�

4 4 � 45 � 10�

7 9 � 63 � 10�

10 3 � 32 � 10�

10

1558� 5 3 � 4 7 � 18 � 10�

4 3 � 93 � 10�

7 1 � 13 � 10�

9 3 � 32 � 10�

10

1558 3 � 9 9 � 09 � 10�

4 3 � 47 � 10�

7 1 � 26 � 10�

9 3 � 22 � 10�

10

1557� 5 4 � 4 1 � 13 � 10�

3 3 � 23 � 10�

7 1 � 46 � 10�

9 3 � 31 � 10�

10

1557 4 � 9 1 � 35 � 10�

3 2 � 97 � 10�

7 1 � 61 � 10�

9 3 � 29 � 10�

10

1556� 5 5 � 4 1 � 60 � 10�

3 2 � 78 � 10�

7 1 � 78 � 10�

9 3 � 29 � 10�

10

1556 5 � 9 1 � 86 � 10�

3 2 � 61 � 10�

7 1 � 94 � 10�

9 3 � 29 � 10�

10

1555 6 � 9 2 � 43 � 10�

3 2 � 30 � 10�

7 2 � 23 � 10�

9 3 � 24 � 10�

10

1554 7 � 9 3 � 09 � 10�

3 2 � 11 � 10�

7 2 � 61 � 10�

9 3 � 30 � 10�

10

1553 8 � 9 3 � 80 � 10�

3 1 � 95 � 10�

7 2 � 96 � 10�

9 3 � 33 � 10�

10

1552 9 � 9 4 � 59 � 10�

3 1 � 81 � 10�

7 3 � 33 � 10�

9 3 � 36 � 10�

10

1551 10� 9 5 � 56 � 10�

3 1 � 65 � 10�

7 3 � 67 � 10�

9 3 � 37 � 10�

10

1550 11� 9 6 � 72 � 10�

3 1 � 48 � 10�

7 3 � 97 � 10�

9 3 � 33 � 10�

10

Table6.3.2:Raw dataextractedfrom model2

The valuesin Table 6.3.2 show similar trendsto thosepresentedin Table 6.3.1. The

expectationthat, for a givenundercooling,model2 will producea highervelocity than

model1 hasbeenrealisedwith the velocitiesfor model2 beingthe highestof all four

models.

It shouldbe notedthat the rangeof valuesfor T in Table6.3.2differ from thosein

Table6.3.1.Ratherthanusingthesamesetof valuesfor temperatureis wasdecidedthata

similar rangeof maximumvelocitiesshouldbeused,however thismodelwastestedwell

outsidetherangeof velocitieswhich wasusedfor theotherthreemodels.This wasdone

to verify that limiting the rangeof velocitieswould not hide problemswhich occurred

outsideof this range.
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6.3.1.3 Model 3

Thethird modeltestedusestheNestler-Wheelerderivationhowever theLagrangemulti-

plier is changed.In theliteratureNestlerandWheelerusethesameLagrangemultiplier

for eachphase(model1). Whentestingthis modelit wasshown that this couldresultin

a smalldeviation from thecondition0
�

f
�

1. Additionally it wasfoundthatthis form

of themultiplier couldcausethenucleationof aphasewhichwaspreviouslyabsentfrom

the simulation. A new multiplier wasthereforderived for this study(seeChapter3 for

moredetails)to maintaintheconditionå N
i � 1 f i � 1,while alsoeitherremoving or limiting

the above two problemswith the previous multiplier. This multiplier wassuccessfulin

removing the spuriousnucleationand in maintaining0
�

f
�

1, andFigure6.3.6and

Table6.3.3show thedataobtainedusingthismodel.
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It is clearfrom thedatashown in Figure6.3.6andTable6.3.3that this modelalsofol-
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T DT v0 l
�

k2DDT k2D
1555 6 � 9 6 � 51 � 10�

4 3 � 26 � 10�

7 8 � 49 � 10�

10 1 � 23 � 10�

10

1554 7 � 9 1 � 08 � 10�

3 2 � 68 � 10�

7 1 � 16 � 10�

9 1 � 47 � 10�

10

1553� 5 8 � 4 1 � 28 � 10�

3 2 � 50 � 10�

7 1 � 28 � 10�

9 1 � 52 � 10�

10

1553 8 � 9 1 � 53 � 10�

3 2 � 36 � 10�

7 1 � 44 � 10�

9 1 � 62 � 10�

10

1552� 5 9 � 4 1 � 75 � 10�

3 2 � 24 � 10�

7 1 � 57 � 10�

9 1 � 67 � 10�

10

1552 9 � 9 2 � 01 � 10�

3 2 � 15 � 10�

7 1 � 73 � 10�

9 1 � 75 � 10�

10

1551 10� 9 2 � 55 � 10�

3 1 � 98 � 10�

7 2 � 01 � 10�

9 1 � 85 � 10�

10

1550 11� 9 3 � 10 � 10�

3 1 � 87 � 10�

7 2 � 32 � 10�

9 1 � 95 � 10�

10

1549� 5 12� 4 3 � 40 � 10�

3 1 � 82 � 10�

7 2 � 47 � 10�

9 1 � 99 � 10�

10

1549 12� 9 3 � 69 � 10�

3 1 � 78 � 10�

7 2 � 63 � 10�

9 2 � 04 � 10�

10

Table6.3.3:Raw Dataextractedfrom model3

lows similar trendsto thoseseenin thepreviousmodels.Onedifferencevisible from the

graphsis that the �rst two graphsin Figure6.3.6bothhave a decreasinggradientasthe

undercoolingor velocity increases,in Figures6.3.4and6.3.5this wasnot thecase.This

modelalsoshows problemsin Table6.3.3,thecalculatedvaluesfor theconstantk2D are

quiteclearlyincreasingandacrosstherangeof temperaturestestedthey almostdouble.

6.3.1.4 Model 4

The �nal model consideredvaried the derived parameterswhich are usedwithin the

model. Other than this it is identical to the �rst model. As statedat the beginning of

this chapter, theparametersWA
i j , WB

i j andei j usedin models1, 2 and3 have beensetto

(adaptedfrom [28])

WA
i j �

3s A
i j

�

2TAdA
i j

(6.3.6)

WB
i j �

3s B
i j

�

2TBdB
i j

(6.3.7)

ei j �

6
�

2s A
i jd

A
i j

TA � (6.3.8)

Theseparametersarenow setto

WA
i j �

96s A
i j

9p2TdA
i j

(6.3.9)

WB
i j �

96s B
i j

9p2TdB
i j

(6.3.10)
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ei j �

3s A
i jd

A
i j

T
� (6.3.11)

In orderto investigatewhateffectschangingtheseparametersmake,therunsarerepeated

oncemore.As with thepreviousmodels,theresultsarepresentedin graphicalandtabular

form.
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T DT v0 l
�

k2DDT k2D
1555 6 � 9 9 � 83 � 10�

4 2 � 13 � 10�

7 8 � 39 � 10�

10 1 � 22 � 10�

10

1554 7 � 9 1 � 42 � 10�

3 1 � 91 � 10�

7 1 � 09 � 10�

9 1 � 37 � 10�

10

1553� 5 8 � 4 1 � 66 � 10�

3 1 � 83 � 10�

7 1 � 21 � 10�

9 1 � 44 � 10�

10

1553 8 � 9 1 � 89 � 10�

3 1 � 76 � 10�

7 1 � 33 � 10�

9 1 � 50 � 10�

10

1552� 5 9 � 4 2 � 13 � 10�

3 1 � 71 � 10�

7 1 � 46 � 10�

9 1 � 55 � 10�

10

1552 9 � 9 2 � 38 � 10�

3 1 � 66 � 10�

7 1 � 58 � 10�

9 1 � 60 � 10�

10

1551 10� 9 2 � 89 � 10�

3 1 � 58 � 10�

7 1 � 83 � 10�

9 1 � 68 � 10�

10

1550 11� 9 3 � 42 � 10�

3 1 � 52 � 10�

7 2 � 08 � 10�

9 1 � 75 � 10�

10

1549� 5 12� 4 3 � 69 � 10�

3 1 � 49 � 10�

7 2 � 21 � 10�

9 1 � 78 � 10�

10

1549 12� 9 3 � 96 � 10�

3 1 � 47 � 10�

7 2 � 33 � 10�

9 1 � 81 � 10�

10

Table6.3.4:Raw dataextractedfrom model4

Theresultspresentedin Figure6.3.7andTable6.3.4show similar trendsto thepre-

viousthreemodels,andareespeciallysimilar to model3 in termsof thebehavior of the

gradientsin the�rst two graphsandthefactthethetabulatedvaluesfor k2D areincrease-

ing with increasingDT.
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6.4 Comparisonsof the four models

The resultspresentedso far in this chapterallow for speci�c comparisonsbetweenthe

four modelsto becarriedout.

6.4.1 Two Phase

The two phasetestscarriedout showedclearly that the four modelssolidify at different

ratesdespitetheoperatingconditionsbeingidentical.This resultis expectedafterthecal-

culationscarriedout in Chapter4. Thegrid anisotropy results,presentedin Figure6.1.2

provideadditionalmaterialfor carryingout directcomparisonbetweenthefour models.

The �rst comparisonsoughtto �nd the effect uponthe �nal model(andits results)

causedby changingthederivationtechnique.In Figure6.1.1model2 displayedthemost

growth of all themodelsandthis amountof growth waschosenfor Figure6.1.2.Clearly

model2 hasstrongergrid anisotropy thanmodel1 althoughby examiningFigure6.1.2it

appearsthatmodel1 is formingsimilar structures,albeitmuchslower.

Thesecondcomparisonbetweenthemodelscomparestheeffect of theLagrangeun-

determinedmultiplier. Examinationof thegrid anisotropy resultsin Figure6.1.2suggests

thatchangingthismultiplier hasverylittle effectuponthegrid anisotropy: thesetwo plots

arethemostalike of all four. It hasto benoted,however, thatmodel3 requiredalmost

exactly twice asmany iterationsto get to this stageasmodel1 (480� 743comparedwith

239� 235),sowhile thegrid anisotropy is almostidenticalmodel3 clearlygrowsatamuch

slower rate.This is alsoclearlyvisible from Figure6.1.1.

The�nal comparisonfor thetwo phaseresultsis to �nd theeffectcausedby changing

thederivedthermodynamicparametersusedwithin themodels.This hadthemostobvi-

ouseffect in termsof grid anisotropy: models1 and4 yield verydifferentshapesin both

Figures6.1.1and6.1.2.While their shapesareverydifferentthesolidi�cation rateis the

closestbetweenthesetwo modelsof all themodelstested.

6.4.2 Eutectic

Theeutecticsimulationspresentedso far have beencarriedout with thespeci�c aim of

testinghow well thefour modelsconformto known lawsabouteutectics.For thepurpose

of this a highly idealisedeutecticphasediagramwascreated.This wasdoneto simplify

the testingconditions. As a basicconclusionit canbe saidthat all four modelsagreed
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with theeutecticscalinglaws to somedegree.

The �rst comparisonis betweenmodels1 and2. Chapter4 predictedthat model2

would solidify fasterin singlephase(a resultwhich wasshown to betrue)however it is

signi�cantly moredif�cult to extendthe calculationsin Chapter4 to threephases.For

any givenvalueof undercooling(DT), however, model2 hasa fastermaximumeutectic

velocity. Model 1 (andmodel4) alsonucleatesmissingphasesat two-phaseinterfaces.

This meansa small amountof liquid is nucleatedat the solid-solid interfacesbetween

eutecticbands,thismade�nding thevelocityslightly moredif�cult. Thisnucleationalso

causedsmallamountof solidphasetwo atasolidone-liquidinterface,it wasknown from

usingthe nucleationterm in the Steinbachmodel that this could potentiallyslow down

solidi�cation andthismighthavearti�cially slowedtheeutecticgrowth ratesin thesetwo

models(1 and4). Therearesomedifferencesbetweenthe resultsfor models1 and2.

Firstly model2 shows a betteragreementwith thescalinglaws beingtested,for model1

thecomparisonbetweenvelocityandundercoolingsquaredproducedacurvedline while

for model2 thiswasstaight.Thesetwo modelsweretheonly two whichproducedvalues

for k2D which wereconstant,the standarddeviationson thesevaluesare2 � 98 � 10�

12

and3 � 81 � 10�

12 for models1 and2 respectively. Additionally model2 is theclosestto

interceptingtheorigin in theundercoolingversusspacingrelationship(it is theclosestof

all four models).

Thesecondcomparisonis betweentwo modelswith differentLagrangeundetermined

multipliers(models1 and3). Examinationof thesemodelsrunningwith only two phases

notedthatthestructuresformedarevery similar, however thesolidi�cation ratesaresig-

ni�cantly different.In termsof eutecticsthestructuresare�x edinto thea -b bandshow-

ever solidi�cation ratescanvary. Examinationof Tables6.3.1and6.3.3shows that the

maximumvelocity (v0) for models1 is higherthanmodel2 for any givenundercooling.

Additionally model3 predictsa wide rangeof valuesfor theconstantk2D, andthe �rst

two scalinglawsshow anotablecurveratherthanthestraightlinesseenin the�rst model.

Interestinglythethird scalinglaw appearsmuchstraighter.

The�nal comparisonis betweenmodels1 and4. This is a comparisonof thederived

thermodynamicparameters.In the two-phasetestsit wasfound that thesetwo models

havecomparablesolidi�cation ratesbut verydifferentstructures.As notedpreviously the

structureshavemuchlessfreedomwithin eutecticsimulationssoit mightbeexpectedthat

the resultsfor thesetwo modelsarevery similar. This is not the casehowever, sinceat

any givenundercoolingmodel4 is signi�cantly slowerthanmodel1. Model4 alsoshows

arangeof valuesfor k2D (asseenin model3) however in thismodelall four scalinglaws
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appearcurvedwhich suggeststhat this is theweakestof the four modelstestedin terms

of matchingtheeutecticscalinglaws.

6.5 Micr ostructureSelection

Theprevioussectionconsideredwhateffect changingcertainpartsof the�rst phase�eld

modelhasuponthe computedresults. This sectioninvestigateswhat physicalsystems

canbesimulatedusingananisotropicmultiphasemodel.For this thesecondmodelfrom

theprevioussectionis used.This waschosenbecausesomeof themicrostructuresbeing

simulatedcanonly besimulatedif thereis no nucleationwithin themodelandthis rules

out modelsoneandfour. Additionally, modeltwo reducesto a singlephasemodelandit

wasexpectedthatsomeof thesimulationswould involve regionswhereonly two phases

arepresent.

6.5.1 Eutectic Spacing(l ) changes

This sectionshowshow eutecticschangetheir width in orderto grow ata fastervelocity.

The �rst setof resultsshow a eutecticgrowing in a stableway. Thesearepresentedto

demonstrateto the readerthe featuresin the velocity graphsand the solutemapsthat

areindicative of stableeutecticgrowth. In eachcaseresultsfrom the modelareshown

with andwithout noise;this is to demonstratewhy thenoiseis neededandalsoto show

how resultsfor eutecticvelocitiesmay be collectedfor eutecticswith unstablewidths.

Thephysicalparametersusedthroughoutthis sectionarethesameasthoseusedfor the

velocity scalinglaws sectiongiven in Table8.2.2(Appendix1) however obviously any

varying parametersarenow �x ed for eachsimulation. The �rst simulationlacksboth

interfaceandnucleationnoisesoa in � anuc � 0 � 0, the temperatureis setto 1550� 0 and

thenodespacingdx anddy is 5 � 98 � 10�

9.
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Figure6.5.8: A solutepro�le anda velocity graphfor a stableeutecticwith no formsof
computationalnoise

Figure6.5.9: A solutepro�le anda velocity graphfor a stableeutecticwith multiphase
interfacenoise

Figures6.5.8and6.5.9show solutepro�les andvelocityhistoriesfor eutecticsgrow-

ing with thesamestablewidth. Thevelocity pro�le shown wascreatedusingthe liquid

lossmethodto �nd velocities.This waschosenbecauseit is betterthentheinterpolation

methodwhenthevelocitiesarenotconstant(recallthismethodaveragedthetimerequired

for the 0 � 5 contourto crossnodeboundaries)andsinceit is the Steinbachmodelbeing

usedthetwo methodsproducethesameresultfor constantvelocities.In Figure6.5.9the

multiphaseinterfacenoisehasbeenturnedon (with a in � 0 � 3) andthis hascausedthe

velocity pro�le to becomedistorted.However it is clearthat theaverageof this velocity

still matchescloselythevelocityof theeutecticwith nonoise.Thisobservationis backed

up by the fact that thetwo solutemapsshow approximatelythesameamountof growth
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for botheutectics.

Thenext casesimulatedis thatof a eutecticwhoseinitial width is too narrow for eu-

tectic growth to be stable,however the width is larger than l
�

(the minimum spacing,

which correspondsto a eutecticvelocity of 0) sosolidi�cation canoccur. All theparam-

etersarethesameasfor theprevious two simulations,andthe interfacenoisecaseuses

a in � 0 � 3.

Figure6.5.10: A solutepro�le andavelocitygraphfor anunstable,narrow, eutecticwith
no formsof noise

Figure6.5.11: A solutepro�le andavelocitygraphfor anunstable,narrow eutecticwith
multiphaseinterfacenoise



Chapter6 115 Results

Figure6.5.10shows the solutepro�le andvelocity history for sucha eutecticcom-

putedin the absenceof noise. From examining the solutepro�le only, it might be as-

sumedthat this wasa stablegrowth sincethereis nothingvisible herewhich suggests

otherwise. However examining the velocity history shows that after a periodof stable

growth (following an initial rapiddeceleration)thevelocity is startingto decrease.This

is a clear indicationthat this choiceof eutecticwidth is not stable,sincewhendealing

with a stableeutectictheonly reasonfor a decreasein velocity would bea changein the

operatingconditions(which hasnot happened)or encounteringthe edgeof the domain

(examinationof thesolutepro�le in Figure6.5.10showsthatthis is clearlynot thecase).

In theeutecticvelocity sectionit wasnotedthatvelocitiesaregatheredfor widthswhich

arenot stableby removing from thesimulationanything which would allow anunstable

eutecticto changeits width (i.e. noise).Thestablegrowth periodin Figure6.5.10clearly

providesafeasiblevelocitymeasurementfor thischoiceof width. Figure6.5.11showsthe

effectof theinterfacenoiseupontheeutecticin Figure6.5.10.Initially thesolutepro�les

appearsimilar; however asthenumberof iterations(timesteps)increasesthecumulative

effects of the noisecausethe eutecticsto changetheir widths to a more stablewidth.

Examinationof thevelocity historiesin Figures6.5.10and6.5.11suggesta very similar

scenario,initially thetwo velocitiesarealmostthesame(assumingthat thenoiseeffects

uponthesecondareaveragedout)howeveratabout20� 000iterationsthevelocity for the

eutecticwith noiseincreasesrapidly. This correspondsto whenthewidthschange.After

this sharpincrease,thevelocity oscillateswith a decayingamplitude.This corresponds

to theregion on thesolutemapof oscillatingwidth andthe fact that theoscillationsare

decayingratherthangrowing indicatesthatthenew width is stable.

The �nal casesimulatedhere is for a eutecticwhoseinitial width is signi�cantly

wider thanthemaximumwidth for stablegrowth. The width hasto be a lot wider than

the previous two casesbecausethe stablegrowth rangeoccupiesa large stretchof po-

tential widths and this simulationhad to usea larger value for width than the stable

ones. To betterhandlethe increasein the width the nodespacing(dx) is doubled(now

dx � dy � 1 � 196 � 10�

8). This reducestheamountof nodesrequiredandbecauseof this

eachtimestepis now four timesbigger(asnotedin Chapter5, thetimestepbeingusedis

proportionalto dx2) which meansthat thetotal time for thesimulationis alsofour times

longer. Thesimulationin Figure6.5.12hasnonoiseatall, thesimulationin Figure6.5.13

hasonly the interfacenoise(againa in � 0 � 3) while thesimulationin Figure6.5.14uses

thenucleationnoise(anuc � 8 � 0) whichwasdevelopedfor model2. Apart from thethose

discussedtheparametersarethesameasprevious.
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Figure6.5.12: A solutepro�le anda velocity graphfor anunstable,wide, eutecticwith
no formsof noise

Figure6.5.13: A solutepro�le anda velocity graphfor anunstable,wide, eutecticwith
themultiphaseinterfacenoise

Fromexaminationof Figures6.5.12,6.5.13and6.5.14it shouldbecomeclearto the

readerwhy thesesimulationsarerun on a largerdomain(thesamenumberof nodesare

usedbut dx anddy aredoubled)andfor a longertime. Hadtherunsbeenonly for 50� 000

of the old time stepsthey would only have covered12� 500 of the new time step. This

would not have beenenoughtime to seeall of thefeaturesvisible on theseFigures.Fig-

ure6.5.12shows anunstablywide eutecticwithout any formsof noise. In this casethe

simulationhasceasedgrowing asa eutectic. This wasoneof the main problemswhen

trying to getvelocity measurementsfor wider eutecticsduring thevelocity scalinglaws

section.Thereasonfor thisbreakdown canonly beputdown to theexactnucleationcon-

ditionsbecausetestswith other, similar, widthsdid not alwaysproducethesameresults
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Figure6.5.14: A solutepro�le anda velocity graphfor anunstable,wide, eutecticwith
nucleationnoise

(seeFigure6.5.15). In the simulationpresentedin Figure6.5.13a similar breakdown

hasoccurredhowever this time it canbeattributedto a combinationof initial conditions

andthe interfacenoise. Examinationof the solutepro�le shows threedifferentcut-off

points(whereonephase“overruns”or “cutsoff ” another)andtheseaccountfor thethree

distinctpeakson thevelocity graph(thereaderis remindedthat in this casethevelocity

is the rateof solidi�cation ratherthenthe velocity of a eutecticfront growing from left

to right). It is worth notingthat in bothFigures6.5.12and6.5.13the�nal growth mode

is a two phasegrowth modeandthat,without thepresenceof thenucleationnoiseterm,

this initial eutecticwidth cannot �nd a stableeutecticwidth andbothsimulationssettle

to approximatelythesamegrowth velocity. The�nal simulationin this group,shown in

Figure6.5.14,employsthenucleationnoisedescribedin Chapter5. Thissimulationis the

only oneof the threewhich endsgrowing like a eutectic.This simulationalsoexplains

the needto extendthe domainandthe total simulationtime from the previous simula-

tions. It hasbeenleft runninglong enoughto ensurethatthis new width is stable,andto

demonstratethatthismethodof changingeutecticwidth producesstableeutectics.

Theprevious two examplespresented,of eutecticschangingtheir widths,have been

chosenspeci�cally sothatafteronechangeof width thenew width would bestable.Ad-

ditionally, in eachcasethenew width is either 1
3 or two timestheold width. Othermodes

of width changingcanoccurbut will requiremoretime andpossiblya wider initial re-

gion (morethanfour a � b pairsin thecaseof narrow eutectics).If left longenoughany

unstablewidth will changesuf�ciently to �nd a stablewidth. Thenext seriesof �gures

show an even wider (almosttwice as wide) initial eutecticthan that shown in Figures

6.5.12-6.5.14,andagainin this casethewidernodespacinghasbeenused.These�gures
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demonstratehow a eutecticcanadaptits width even morethanjust by a factorof 1
3 (in

this caseeventuallygettingto 1
5 theoriginal). Thephysicalparametersin this simulation

arethe sameasprevious,whereinterfacenoiseis useda in � 0 � 3 andwherenucleation

noiseis usedanuc � 8 � 0.

Figure6.5.15: A solutepro�le anda velocity graphfor anunstable,wide, eutecticwith
no formsof noise

Figure6.5.16: A solutepro�le anda velocity graphfor anunstable,wide, eutecticwith
multiphaseinterfacenoise
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Figure6.5.17: A solutepro�le anda velocity graphfor anunstable,wide, eutecticwith
nucleationnoise

Figures6.5.15and6.5.16show verysimilar featuresto Figures6.5.12and6.5.13.The

mainregionsof growthareatthesolid-solidboundarieswhileawayfromtheseboundaries

thereis very little growth. While Figures6.5.12and6.5.13hadclearly alreadybecome

unstable,Figures6.5.15and6.5.16haveyet to do this,however thestartof this is clearly

visible with the solid-solid boundariesturning ratherthan growing straight. The �nal

�gure in thisgroup(Figure6.5.17)showsthissimulationwith thenucleationnoiserather

thantheinterfacenoise.Initially it appearssimilarto Figure6.5.14howeverany similarity

is lost when a secondnucleationevent occurs,which resultsin a �nal spacingwhich

is about 1
5

th
the initial spacing. It is unclearwhetherthis is stabledue to the amount

of oscillationin the width of individual bands,however longerrunsfailed to show any

signof anotherchangeof width andtheseoscillationscontinuedto theendof thelonger

simulations.

The next resultsshow anothersimulationof a narrow eutecticchangingits width to

becomewider. Unlike in the previous exampleof this type, wherethe �nal width is

approximatelytwo timestheinitial width (andthewidth changerequiredeveryotherband

of onephaseto becut off). This examplehasa �nal spacingof about4
�

3 theoriginal.

For this run we have usedthe samenodespacingasfor the initial simulations(dx and

dy is 5 � 98 � 10�

9) however the domainhasbeenextendedin the x directionby adding

extra nodes,andthesimulationtime hasbeenincreasedby runningfor a highernumber

of iterations.

Figure6.5.18shows this simulation,for which only oneof the initial eutecticbands

getscut off.
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Figure6.5.18: A solutepro�le andavelocitygraphfor anunstable,narrow, eutecticwith
interfacenoise

6.5.2 TransverseGrowth

This microstructureusesthe sameparametersas thoseshown in Table8.2.2with T �

1545K and dx � dy � 9 � 2 � 10�

9m. The �rst simulation (Figure 6.5.19)usesinter-

facenoiseonly (a in � 0 � 3) while the second(Figure6.5.20)usesnucleationnoiseonly

(anuc � 4 � 0).

Figure6.5.19: A solutepro�le anda velocity graphfor an unstable,wide, eutecticat
higherundercoolingwith interfacenoise

Thewidth of theeutecticsusedin this simulationis slightly narrower thanthatused

for the “wide” eutecticsimulationspresentedin Figures6.5.12-6.5.14(slightly smaller

dx, dy andfewer nodespereutectic).Additionally thetemperatureis lower by 5K. The

structurevisible in Figure6.5.19is very similar to thosepresentedin Figures6.5.12and

6.5.13: the no-noiseand the interfacenoisecasesfor the “wide” eutectic. It might be
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expectedthereforethat,by introducingnucleationnoiseto this casetheresultsshown in

Figure6.5.14will bereproduced.

Figure6.5.20: A solutepro�le anda velocity graphfor an unstable,wide, eutecticat
higherundercoolingwith nucleationnoise

Figure6.5.20shows the effect of nucleationnoiseuponthe simulationpresentedin

Figure6.5.19.ClearlytheexpectationthatthisresultwouldbesimilartoFigure6.5.14has

failedto berealised.The initial region (nodes50 � 250in thex direction)demonstrates

aseriesof nucleationevents,howeveraftereachof theseeventstheresultingeutectichas

failed to becomestable. From nodes250 on wardsit becomesclear that thesenucle-

ationeventsthemselveshave becomeunstableandthedirectionof thealternatingbands

switchesfrom parallelto thegrowth directionto perpendicularor transverseto thegrowth

direction.

Thisstructurehasbeenwitnessedin severaldifferentsimulationsandin noneof these

wasthereany signof a furtherchangeto thegrowth mode. In all caseswhereit hasap-

pearedit hasbeenat highundercoolings,additionallyit hasbeenseenin caseswherethe

eutecticwidth is too narrow. At thehighestvaluesfor undercoolingtested(T � 1543� 5)

it hasbeendif�cult to getany microstructureotherthanthis oneto form. Similar results

havebeenwitnessedin literature([52]).

6.5.3 Eutectic CellsMicr ostructure

This microstructurewassimulatedby nucleatinga narrow eutectic,however insteadof

having a �at front theeutecticfront wassetto beperiodic. In all previouseutecticsim-

ulationsthe initial solid hada �at front, all theeutecticbandswerethe samelength. In

this simulationthe lengthof the initial bandswasperiodic,with a periodof roughly ten
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timesthe eutecticspacing.This periodicinitialisation createda fan typeof structurein

thesimulationwhich followed.Figure6.5.21showsthismicrostructure.

Figure6.5.21: A solutepro�le for anunstable,narrow, eutecticwith a periodicallynu-
cleatedfront

Figure6.5.21shows themain featuresof this microsctructure.Theinitial conditions

canbe seenon the left-handsideof the imageandasthe simulationhasproceededthe

eutecticbandsontheedgeof neighboringf anshavecuteachotheroff. The�nal resulting

microstructurehasanalmost�at front. It hasbeensuggested([3]) that if a third compo-

nentwerepresentin thealloy this structurewould be ableto continueto grow with the

periodicfront, howeverwith thebinaryalloy systembeingusedhereit wasimpossibleto

make thisextension.
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6.5.4 Dendritic Cellsaheadof Eutectic Fronts

This microstructurecan form when a eutecticsystemstopsgrowing as a eutecticand

only onephasecontinuesto grow, it hasbeensuggestedthat to form this microstructure,

oneof the two solid phaseshasto becomeunstable([3]). To causethis to happenin

the following simulationthe liquid concentrationwas increasedby 0 � 1% (from 0 � 5 to

0 � 501),this favouredonephaseovertheotherandonly thisphasecontinuedto grow. The

�rst of the two �gures (Figure6.5.22)shows this systemwithout any anisotropy, while

in thesimulationshown in Figure6.5.23theanisotropy hasbeenturnedon (g � 0 � 035).

Additionally, thetemperatureis setto 1545K andthenodespacingdx � dy � 9 � 2 � 10�

9,

apartfrom thesetheparametersarethesameasthepreviouseutecticsimulations.

Figure6.5.22: Dendriticcellsgrowing aheadof aeutecticfront withoutanisotropy

Figure6.5.22shows the main featuresof this system. Initially (the left) thereis a

eutectic,identi�able by thealternatingblackwhitebandsontheleft handborder, andthis

grows for a shortdistancebeforeonephaseout-grows theotherandcutsit off. As this

singlephasegrows, perturbationsleft over from theprevioustwo-phasegrowth increase

in amplitudeuntil they form truecells (ratherthanjust anoscillatinggrowth front), and

asthesecellsgrow they competewith eachotherandcut eachotheroff assmallercells

getswampedby thesolute�eld of thelargercells. Becausethis is now really only a two

phasegrowth anisotropy shouldbeusedin orderto geta moreaccuratepictureof what
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will happen.

Figure6.5.23: Dendriticcellsgrowing aheadof aeutecticfront with anisotropy

Figure 6.5.23shows the samesimulation(in termsof startingparametersand number

of iterations)asFigure6.5.22however in this simulationanisotropy hasbeenturnedon

(g � 0 � 035),with thefavoredgrowth directionsbeingthefour bordersof thedomain.In

this simulationthetotal amountof solidi�cation is signi�cantly higherthantheprevious

(isotropic)simulation.This is becausetheanisotropy acceleratesthegrowth of thecells

from theoscillatinggrowth front sotheappearanceof thecell-typestructureis atamuch

earlieriterationthanin theisotropicsimulation.

It shouldbe notedthat several modi�cations were madeto the systemin order to

make this microstructureappearafter fewer iterations(theanisotropic3 phasesystemis

the mostcomputationallycomplicatedof thoseused). Firstly the initial eutecticwidth

wassetsuchthat it approximatelymatchedthe spacingof the cells, which meantthat

the oscillatinggrowth front would have an initial frequency which wasfavorableto the

cells. If thishadnotbeendonethenthesinglephasegrowth regionwouldhaveexistedfor

longerbeforethecellsemerged.Also it wasdecidedto setall of theliquid to thealtered

concentration(0 � 1% higher)ratherthanhave a region of liquid at eutecticcomposition

followedby a region at thehigheramount:if this hadbeendonethentheeutecticwould
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havegrown furtherbeforeit becameasinglephasegrowth.

6.5.5 Conclusion

The simulationspresentedhave demonstrateda phase�eld modelexhibiting a required

featureof eutectics,theability to changetheeutecticspacingto adoptafaster, morestable

width. It wasnotedthat for realexperiments,if eutecticsarefreely ableto changetheir

width thenthey will alwaysadoptthewidth whichcorrespondsto thefastestvelocity. In a

two dimensionalphase�eld modelit is verydif�cult to allow for continuous,freechanges

of width, thedomainwould have to bevery wide andthesimulationwould have to run

for a very long time (thusthedomainwould alsohave to bevery long). Thesimulations

haveshown thattheeutecticsbehaveasexpected,althoughthey havebeenlimited by the

sizeof thesimulations.

Thesimulationshavealsoshown somemorecomplex eutecticstructures,which have

beenlinked to exampleswithin the literature. This shows that the phase�eld model is

clearlycapableof simulatingmorecomplex structuresandthesesimulationsalsopresent

possibilitiesfor furtherwork.
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Discussion

This thesishaspresentedananalysisof multiphasemodels,speci�cally with theaim of

simulatingeutecticgrowth. Themainpartof this thesishasbeenconcernedwith thedif-

ferentmodelsfoundin theliterature,andhow thevariationsbetweenthesemodelscould

affect thetwo andthreephasesimulations.While mathematicalanalysishasbeencarried

out in the literaturepreviously, to the author's knowledgetherehasbeenno attemptto

compare,directly, theresultsof simulations.To this endtwo separateanisotropicmulti-

phasemodelswerederived(seeChapter3) from thesameinitial freeenergy functional.

A further two variationson oneof thesemodelsresultedin four distinct modelsbeing

formed(seeTable6.0.1)with the aim of comparingtheir resultsfor both two andthree

phasesimulations.While thevariationsof themultiphasemodelstestedareclearlynotthe

only possibledifferencesbetweenmodelsthey representsomeof themostcommonways

in which modelscandiffer from eachotherin the literature. Additionally a multiphase

interfacenoiseanda nucleationnoiseterm weredevelopedspeci�cally for the models

presentedwithin this thesis,althoughthey canbothbeadaptedfor othermodels.

It hasbeenshown that,whenusingonly two phasesin total, only thesecondmodel

reproducestheresultswhichwouldhavebeenobtainedusingasinglephasemodel.How-

ever a new Lagrangeundeterminedmultiplier waswritten which would allow the other

threemodelsto reproducedthis result (seeChapter4). The agreementbetweena two

phaseanda singlephasemodel is usefulin somecircumstances(seeresultsin Chapter

6), but doesnot necessarilyimply that this modelis any betterthantheotherthree.The
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resultsto testthestrengthof grid anisotropy donotshow any clearbene�t in usingmodel

two, which hadthesecondhighestgrid anisotropy of all themodels.

The resultsfrom theeutecticscalinglaw testssuggestedthat thereweretwo models

whichweresigni�cantly betterthantheothertwo. Models1 and2 bothshowedmuchbet-

ter featuresthanmodels3 and4 in termsof thethreeproportionalityrelationshipstested,

model2 agreedwith thesescalinglawsslightly betterthanmodel1. Additionally models

3 and4 predicteda rangeof valuesfor theconstantk2D while models1 and2 did not.

Thecomparisonscarriedout,andtheanalysisin Chapter4, tendto suggestthatof the

four modelstestedmodel2 hasproducedthemostfavourableresults.

As well asthecomparisonbetweenthe four models,eutecticresultswerepresented

demonstratingthe changesin width/velocity which occur whenever a eutecticis in an

unstablecon�guration. Theseresultsdemonstratedclearlytheusefulnessof theinterface

andnucleationnoisedescribedin Chapter5.

7.1 Futur eWork

Thework presentedin this thesiscanbeextendedto coverseveralothertopicsor simula-

tions.Thissectiondetailswhatfurtherwork couldbecarriedoutwith theexistingmodel,

aswell aswhatextensionscanbemadeto themodelto extendits usefulness.

7.1.1 Further Work

Firstly themodi�cation madeto themultiphasemodelswerenotexhaustive,themostob-

viousfurtherchangewouldbeexamininghow changingtheinitial freeenergy functional

might affect the resultsin both the two andthreephasesimulationcarriedout. The de-

cision not to carry out this modi�cation in this studywasmadebecausethis would add

signi�cant extrawork in termsof comparisonandderivations.

Although it is technicallynot a multiphasesystem,twinneddendritesexhibit multi

crystalfeatures.Becauseof this simulatingthemwith a singlephasemodelis dif�cult.

In a multiphasemodel,however, two identicalsolid phasescanbecreatedsuchthatthey

haveadistinctinterface(andtheassociatedinterfaceparameters).Initial work hasshown

thatsimulatingthis systemshouldpresentno dif�culties for themodelsdevelopedin this

thesis.Additionally thesesimulationscouldmake useof theanisotropy, which hasbeen

mostlyleft outof multiphasesimulations.
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7.1.2 Extensionsto the Model

It is possibleto extendthe solutepart of this studysuchthat simulationsof ternaryor

higheralloys is possible.This would allow for thesimulationof signi�cantly morecom-

plex eutecticsystemsto becarriedout.

Theadaptivity usedin this thesisis a very simpleform of adaptivity, morecomplex,

adaptive meshre�nementcould have beenusedinstead.This would have beensigni�-

cantlymorecomplex thantheadaptivity used,however this would almostcertainlyhave

provided a larger improvementthan the very simple schemewhich was implemented.

Additionally the explicit time steppingusedcould have beenreplacewith an implicit

scheme.Again this would have signi�cantly increasedthe complexity however would

have improvedtheef�ciency of thesimulationsby increasingthemaximumtimestep.
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Appendix 1

This Appendix containsthe operatingparametersusedby the model for all the simu-

lationscarriedout anda summarytablecontainingthe informationrequiredto createa

computationalsolver.

8.1 Operating Parametersfor Simulations in Chapter 5

Term Value Term Value
dA

10 1 � 96 � 10�

8m TA
1 1728� 0K

dB
10 1 � 96 � 10�

8m TB
1 1358� 0K

s A
10 0 � 37Jm�

2 LA
1 297280� 0Jkg �

1

s B
10 0 � 29Jm�

2 LB
1 218590� 0Jkg �

1

bA
10 0 � 0033mK �

1 D0 1 � 0 � 10�

9m2s�

1

bB
10 0 � 0039mK �

1 D1 1 � 0 � 10�

12m2s�

1

dx&dy 1 � 1 � 10�

8m T 1570� 0K
a in 0 � 0 anuc 0 � 0
g 0 � 0 dt dx2

5D0
s

r 7905kgm�

3

Table8.1.1:Thephysicalparametersusedfor thestencilcomparisons
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Term Value Term Value
T 1550� 0K dx&dy 4 � 6 � 10�

9m
D0 1 � 10�

9m2s�

1 D1&D2 1 � 10�

12m2s�

1

TA
1 1728K TB

1 1358K
LA

1 297280Jkg �

1 LB
1 218590Jkg �

1

s A
01 0 � 37 s B

01 0 � 29
bA

01 0 � 0033mK �

1 bB
01 0 � 0039mK �

1

dA
01 1 � 96 � 10�

8m dB
01 1 � 96 � 10�

8m
TA

2 1358K TB
2 1728K

LA
2 218590Jkg �

1 LB
2 297280Jkg �

1

s A
02 0 � 37Jm�

2 s B
02 0 � 29Jm�

2

bA
02 0 � 0033mK �

1 bB
02 0 � 0039mK �

1

dA
02 1 � 96 � 10�

8m dB
02 1 � 96 � 10�

8m
s A

12 0 � 37Jm�

2 s B
12 0 � 29Jm�

2

bA
12 0 � 0033mK �

1 bB
12 0 � 0039mK �

1

dA
12 1 � 96 � 10�

8m dB
12 1 � 96 � 10�

8m
dt dx2

5D0
s r 7905kgm�

3

a in 0 � 0 anuc 0 � 0

Table8.1.2:Thephysicalparametersusedfor theadaptivity tests

8.2 Operating Parametersfor Simulations in Chapter 6

Term Value Term Value
dA

10 1 � 96 � 10�

8m TA
1 1728� 0K

dB
10 1 � 96 � 10�

8m TB
1 1358� 0K

s A
10 0 � 37Jm�

2 LA
1 297280� 0Jkg �

1

s B
10 0 � 29Jm�

2 LB
1 218590� 0Jkg �

1

bA
10 0 � 0033mK �

1 D0 1 � 0 � 10�

9m2s�

1

bB
10 0 � 0039mK �

1 D1 1 � 0 � 10�

12m2s�

1

dx&dy 1 � 0 � 10�

8m T 1572� 0K
a in 0 � 0 anuc 0 � 0
g 0 � 0 dt dx2

5D0
s

r 7905kgm�

3

Table8.2.1:Thephysicalparametersusedfor thetwo phaseisotropicmodel

8.3 Computational Construction
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Term Value Term Value
T Varies dx&dy Varies
D0 1 � 10�

9m2s�

1 D1&D2 1 � 10�

12m2s�

1

TA
1 1728K TB

1 1358K
LA

1 297280Jkg �

1 LB
1 218590Jkg �

1

s A
01 0 � 37 s B

01 0 � 29
bA

01 0 � 0033mK �

1 bB
01 0 � 0039mK �

1

dA
01 1 � 96 � 10�

8m dB
01 1 � 96 � 10�

8m
TA

2 1358K TB
2 1728K

LA
2 218590Jkg �

1 LB
2 297280Jkg �

1

s A
02 0 � 37Jm�

2 s B
02 0 � 29Jm�

2

bA
02 0 � 0033mK �

1 bB
02 0 � 0039mK �

1

dA
02 1 � 96 � 10�

8m dB
02 1 � 96 � 10�

8m
s A

12 0 � 37Jm�

2 s B
12 0 � 29Jm�

2

bA
12 0 � 0033mK �

1 bB
12 0 � 0039mK �

1

dA
12 1 � 96 � 10�

8m dB
12 1 � 96 � 10�

8m
dt dx2

5D0
s r 7905kgm�

3

a in 0 � 0 anuc 0 � 0

Table8.2.2:Thephysicalparametersusedfor theeutecticsimulations

Parameter Model1 Model2 Model3 Model4
IsotropicPhase Page38 Pages32-3, Page38 Page38

Update 50 & 54
AnisotropicPhase Pages32-3, Pages32-3, Pages32-3, Pages32-3,

Update 43 & 45 50,56 & 61 43 & 45 43& 45
SoluteUpdate Pages32 & 36 Pages32 & 47 Pages32 & 36 Pages32 & 36

FiniteDifference Pages74-5 Pages74-5 Pages74-5 Pages74-5
Stencils & 79 & 79 & 79 & 79

Thermodynamic Pages87-8 Pages87-8 Pages87-8 Page88
Parameters

LagrangeMultiplier Refs.[14, 31] N.A. Refs.[14, 31] Refs.[14, 31]
AdaptedFrom [14, 51] [33] [14, 51] [51]

Table8.3.1:Detailsfor theassemblyof all models
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