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2. Adaptive Multigrid method for nonlinear PDEs
3. PhaseField model for pure materials solidi cation
4. Gray Scottmodel for a simple chemical system

5. Futur e work
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\1.Introduction: Real Structures and Patternsl

http://www.snowcrystals.com
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1.Introduction: Simulation of Real Patterns

a

http://www.algorithmicbotany.org/
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‘1.Introduction: Mathematical background I

Reaction Dif fusion Equation:

@ _ r (DU)ru)+fU) in ; fort2]0;T]

@

Boundary conditions:

U=f° on P or fN on

@ _
@
Initial condition:

U=Uy in :fort=20
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‘Z.Adaptive Multigrid: Temporal Discretisation I

@ = Ap(t; U) In

@

Explicit Euler method (O( ), h?=2):
Uk+1 — Uk_|_ Ah(tk,Uk)

Implicit Euler method (O( );unconditional ):
yktl = yk + Ah(tk+1'Uk+1)

Crank-Nicolson (O( 2);unconditional):
UKL = UK + 1=2f Ay (15 UK) + Ap (tkHL; uk*l)g
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‘Z.Adaptive Multigrid: Spatial Discretisation II

AU)=r“U+f(U)=g in

FD discretisation _FSEdiscretisation
1. Setof grid points: Z 1. h= grer,R
2. h= \ Zj 2.a(U;v) =< g;v>; U,v2\V
3.Un = [Uh(X)] 8x 2 3.V0h:F1;v2Vo:ij 2 PrO
4.r 2U! 44Uy 4.Un= U, Basis:f' g

An(Up) == 4 1 Up+ T (Un) = dn An(Up) = a(Un;'i)=<g0;"i>
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2. Adaptive Multigrid: Spatial Discretisation (FD method) Il

® *—9o o
o—9¢o o o(h?) s
0 , SR S
#
I ® 9
oo o oo O(h%)
®
® [ S N
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‘Z.Adaptive Multigrid: Spatial Discretisation (FEmethod) Il I

Seendipity Elements

p=1 | p= 2
® 9 ® @ ®
P ®
© 4 & ® O

jju uniig ChP U

Adaptive Numerical Simulation of Complex Pattern Formation in 2D 9



2. Adaptive Multigrid: Basic Multigrid Idea (FAS)

Solving alarge system of nonlinear algebraic equations

1. Smoothing principle (damped nonl. Gauss-Seidel):

yk+1 Uk; Ui;<+1 — Ui;<+1 l (Ah(Ui:_(+1) gj):(@\h(Ui;Hl):@Jij)
2. CoarseGrid principle :

Restriction: Full-weighting

Interpolation: Bilinear interpolation

Convergenceis h-independent !!
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‘Z.Adaptive Multigrid: Problem | (linear) I

AU :=r1 2U=gin =[01; U=0on P

Finite Difference(Ap = 4 ) Finite-Elements (bilinear)

N jjupn  ujia ratio time (sec) jjup ujji1 ratio time (sec)
128 5:02 10 ° 0.250 4.001 5:02 10 ° 0.250 12.90
256 1:25 10 5 0.250 18.37 1:25 10 5 0.250 50.66
512 3:14 10 © 0.250 76.48 3:14 10 © 0.250 219.3
1024 7:83 10 7 0.250 335.9 7:84 10 7 0.250 836.5
The error after 15V(2,1)-Cycle
001 B - M= 64 0.01 \*\ M= 64
é SN - é \‘g\
g 1e-08 e 2 1e-08 A
1e-10 1e-10 - ET-T_‘!‘\:E? .
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‘Z.Adaptive Multigrid: Problem Il (nonlinear) I

AU):=r1 2U+ UeY =gin

=[ 1,1/%

U= 0o0n

D

Finite Difference(Ap = 4 1)

Finite-Elements (bilinear)

ju upjia time u upja time
128 1:08 10 2 1.402 5:15 10 3 20.973
256 2:69 10 3 6.639 1:29 10 3 86.791
512 6:81 10 4 25.85 3:23 10 4 351.43
1024 1:70 10 4 104.4 8:08 10 ° 1411.5

The error after 10V(2,1)-Cycle

FE Method is slower due to the assembling process!
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‘Z.Adaptive Multigrid: Problem Il (higher-order)l

I 2 _ - — 112 — D
AU =r1 “U+ U=gin =[01F; U=0on
FD method (A = 4 ) FD method (A, = 4 )
N jupn uji1 ratio time (sec) V-Cycles jjup ujj1 ratio time (sec)  V-Cycles
128 2:4 10 ° 0.250 1.720 10 4:2 10 8 0.065 1.819 11
256 6:0 10 °© 0.250 12.59 10 2:7 10 9 0.064 13.56 11
512 1:5 10 © 0.250 50.03 10 1:7 10 10 0.063 58.32 11
1024  3:7 10 ' 0.250 171.4 10 1:0 10 1 0.063 192.7 12

We decided to use higher-order FD methods !
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‘Z.Adaptive Multigrid: Adaptivity I

- Increasing accuracy Of approximation in certain areas

ldea;

- for problems with rapidly varying solutions in small areas

Problems:

- special datastructur e is needed (quadtree)

- Multigrid method for local re ned grids (MLAT)

- special treatment for hanging nodes (linear interpolation)
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‘Z.Adaptive Multigrid: MLATI

Key points:
- treat interface nodes as

Dirichlet bounday points

- solve only at interior points

- restrict only at interior points

o o - update the values at the

hanging nodes when doing

coarseto ne grid interpolation
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‘Z.Adaptive Multigrid: Problem IV (adaptive re nement) I

r U+ UeY=gin ; @=@=0on N;U=00on P

U(x) =1 tanh(k(x*+y? 9); k=25 =05
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‘Z.Adaptive Multigrid: Problem IV (adaptive re nement) I

Level uniform adaptive
No. nodes jju upiji1 time No. nodes jju upijji1 time
16641 2:56 10 3 1.602 7800 2:56 10 3 0.716
66049 6:50 10 4 6.381 24901 6:50 10 4  2.680
263169 1:64 10 4 26.90 86521 1:59 10 4 9.784
10 1050625 4:15 10 ° 111.9 319424 4:13 10 ° 34.90
The error after 10V(2,1)-Cycle
i 0.0001 j\ \D\\ i 0.0001 j\ \D\\
§ 16-06 . f\D \ § 1e-06 . f \
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3. PhaseField model: Solidi cation of pure material

Real Structures (Xenon, J.H.Bilgram, ETH Zurich):

Why are the experiments and simulation soimportant?

- material properties depend on the dendritic micro-structure
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‘3. PhaseField model: Basicldeal

Liquid Solid

I | >
- X

- Micr ostructur e is described by an order parameter
- separatestwo phasesby adiffuse interface
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‘3. PhaseField model.: Thermodynamical background I

- dif fuse-interface theory of Cahn-Hillar d
Z

F(y= (T AU

jr j© dv
Vv 2

- phase and temperatur e equations

A( )2% = F

@
@

Dr u+ =—
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‘3. PhaseField model: Karmas PhaseField model |

A2(())% = r (AC()r )+ @ % u@ ??

@ (@ . @ (@
@A(())A(())@+@A(())A(())@,

_ 24 1@
@ Dr U+§@

- explict Euler for Phaseequation
- Crank-Nicolson for Temperature equation

- fourth order 17-point stencil for the Laplacian terms
in order to reduce grid anisotropy
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‘3. PhaseField model: Adaptivity I

err = h(j i+ yi); erry = h(jux]j + juyyj)
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‘3. PhaseField model: Evolution of the Phase eld |

Contour of phi 1 Contour of U 1

Animation !
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‘3. PhaseField model: Adaptive mesheson 2 dif ferent levels I

Adaptive Numerical Simulation of Complex Pattern Formation in 2D 24



‘4. Gray-Scott model: Background I

- Gray-Scott model correspondsto the chemical reactions

A+2B | 3B
B I P

- nondimensional version of the Mass balances

% = Dyr?U UV?+ (1 U);
% = Dyr?V+UV? ( + )V
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‘4. Gray-Scott model: Variety of Patternsl

J.S.McGough J.E.Pearson
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‘4. Gray-Scott model: Pearsonsmodel I

Discretisation:

- Crank-Nicolson method for both equations (decoupled)
- second-order FD method (5-point stencil)

- Neumann boundary conditions on all boundaries

- used curvatur e of V asre nement indicator

Animation !
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‘5. Future Work |

1. Simulation of binary alloys

- pur e solute model

- coupled solute and heat model
2. Using of error estimators

Thank you for your attention !

Adaptive Numerical Simulation of Complex Pattern Formation in 2D

28



