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Abstract: Representation theorems for systems of regions have beaetedst for some time, and various
contexts have been used for this purpose: Mormann [17] haswulgtrated the fruitfulness of the methods
of continuous lattices to obtain a topological represématheorem for his formalisation of Whiteheadian
ontological theory of space; similar results have beenindthby Roeper [20]. In this note, we prove a
topological representation theorem for a connection bakes$ of systems, using methods and tools from
the theory of proximity spaces. The key novelty is a new prityi semantics for connection relations.

Categories & Descriptors: 1.2.4 [ARTIFICIAL INTELLIGENCE]: Knowledge Representation, For-
malisms and MethodsRelation systems, representations

Keywords. Proximity space, pointless geometry, mereology, conogaglation

1. Introduction

Following de Laguna [5], Whitehead [27] developed a thedispace known apoint-
less approach to geometryWhiteheadian theory is based on the primitive notion of
spatial region and a binary relati@between regions, callemnnection relationThe
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notion of “point”, the basic primitive notion of classicaégmetry, is now (second-
order) definable in various ways as a special collectiongibres; this way it becomes
one of the very complex notions of the theory. We will elalterariefly on this in
Section 2, and refer the reader to the paper by Gerla [10] frraey on pointless
geometry.

"

The fact that relations such as “part-of”, “overlap”, “ntamgential inclusion” and
others can be defined in terms of the connection relatiote®fome pointless geome-
tries to the field of mereology [16] and to its fusion with tépgy — mereotopology
[26]. The latter is closely related tmiveor qualitative physicsintroduced by [12], in
particular, to its subfiel@ualitative Spatial Reasonin@SR) [3]. It has been realised
that searching for models of mereological systems, metbbtitice theory and the
theory of relation algebras can be fruitfully employed, seg [22; 21; 8; 7]. Itis
remarkable, however, that in the fast growing field of mevggland mereotopology
little attention has been paid to the theory of proximitycgm the only exception be-
ing the early paper by [23], in which the notion of proximitistlibutive lattice was
introduced, and a topological representation theorem wageg. It was mentioned
there, that the paper can be considered as an attempt toapibintless analogue
to the notion of proximity space. The paper had been writteten the direction of
the Russian Professor V. A. Efremovic, the founder of thethef proximity spaces
[9]. This makes it clear that the possibility to build a pdé#ss analogue to proximity
theory, and in general, to topology, had been known to itiaiors.

Roughly speaking, a proximity space is a non-emptyXsetith a binary relation
0 between subsets, call@doximity, with the intuitive meaning thatdB holds, when
“Ais nearB” in some sense. The proximity relation satisfies axioms Wwiaie identi-
cal with some of the typical axioms of the connection relatiBach proximity space
determines a natural topology with nice properties, andtibery possesses deep re-
sults, rich machinery and tools; the main work on proximjtases is the book by S.
A. Naimpally and B. D. Warrack [18].

In this paper we will apply the theory of proximity spaces twacrete mereological
system, based on a connection relation, catieanection algebraNatural examples
of connection algebras are Boolean algebras of (closed)aegubsets of completely
regular topological spaces; it is well known that these logies correspond to prox-
imity spaces. We prove that each connection algebra camb®iphically embedded
into the algebra of closed regions of a certain proximitycgpdJsing the fact that each
proximity space can be isomorphically embedded into a dsobset of a compact
Hausdorff space by Smirnov’s compactification theorem, Wiio a representation
theorem for connection algebras with the classical stahtgnological interpretation
of the connection relation, namely,

xCyiff the the (closed) regionsandy share a common point.

Other forms of connection have been studied by A. G. Cohn andafi [4]. Ap-
plications of proximity spaces to similar problems can hafin [25] and [6]. There,
proximity spaces are used to formalise the notions of londl global similarity re-
lations. A local similarity relation has a semantics justtas overlapping relation in
mereology, and a global similarity relation is interprejiest by the proximity relation.



This shows another possible approach to the theory of nmgisall relations — the the-
ory of similarity relations (or, more generally, informatial relations) in information
systems (see [24] for references). This, however, will bgestt of future research.

The paper is organised as follows. In Section 1 we introdbeenbtion of con-
nection algebra, as a Boolean algebra with an additionarpirelationC satisfying
a number of additional axioms. In Section 2 we give some d&fits and facts from
the theory of proximity spaces. Here we introduce the natioproximity connection
algebraas the algebra of closed regular subsets of a proximity spheeconnec-
tion relation between regions is just the proximity relatioMe prove here that each
proximity connection algebra is isomorphic to a standartheetion algebra in which
closed regions are connected if and only if they share compoamt. In Section 3
we introduce the notion of cluster, which is an analogue dfifgast as maximal fil-
ters may be identified with points in the theory of Booleareblgs. Clusters in the
theory of connection algebras are lattice-theoreticalaanees of clusters in the the-
ory of proximity spaces. The main result of the paper is agspntation theorem for
connection algebras: Every connection algebra can be iggrually embedded into
a proximity connection algebra and into standard connectligebra. The represen-
tation construction simulates the corresponding proofrafrBov’s compactification
theorem for proximity spaces, using clusters. In Sectiore4liscuss the new proxim-
ity semantics for the connection relation, some relateckajand mention some open
problems.

If X is a set, we denote by‘Zhe powerset oK. If Y C X, we use just-Y to denote
the set complement &f in X. The base seX will always be clear from the context. It
should also be mentioned that we regard a reldiam a sefX as a subset o x X.
Thus,x(—R)y has the same meaning asxRy. For a topologyt on X we denote its
closure operator by gland its interior operator by intIf no confusion can arise, we
just write cl or int. Recall that cl and int are inter-definably c(Y) = —int(-Y). We
invite the reader to consult [13] or [15] for undefined notiam topology, and [14] for
Boolean algebras.

Many of the results below are translations of facts aboutiprity spaces of which
proofs are available in [18]. Since space is at a premium, wleugually cite this
source for those proofs which are known and not immediatielyous.

2. Connection algebras

An algebraic systenB = (B,0,1,V,A,*,C) is called aconnection algebrdCA), if
(B,0,1,V,A,*) is a Boolean algebra ard is a binary relation orB, satisfying the
following axioms:

(1) If xAy=# 0 thenxCy.

(2) If xCythenx,y # 0.

(3) xCyimpliesyCx

(4) xC(yVz)iff xCyorxCz

(5) If x(—C)ythenx(—C)zandy(—C)z" for somez € B.



(6) If x£ythenzCxandz(—C)y for somez € B.

Usually, we shall just writéB,C) for a connection algebra. The elementsBoWill
be called (spatialjegionsand the relatiorC the connection relation Note that our
definition of CA differs from that of [21]. Axiom C6 is an extsionality axiom, since
it implies in the presence of the other axioms that

Xx=Yy <= (Vz€ B)[zCx<= zC}y.
We definenon-tangential inclusior« by
(2.1) X Ly <= x(—C)y*

This relation has different names in the literature: “weaBide relation”, “well below”,
“interior parthood”, or “deep inclusion”. The relatio@and < are inter-definable,
and the axiomatisation & can be equivalently rewritten in terms of non-tangential
inclusion. One possible axiomatisation is as follows:

1) 1«1,

(2) x<yimpliesx<y.

(3) x<ykz<timpliesx«t.

(4) x<yandx < zimpliesx K yAZ

(5) If x< zthenx < y <« zfor somey € B.

(6) x <K yimpliesy" <« x*.

(7) If x£ythenz« xandz £ yfor somez € B.

We use these equivalent axiomatisations of connectiorbedge because they corre-
spond to the axiomatic systems of proximity spaces giveovielNote that axiom
(«5) corresponds to axiom C5.

Our connection algebras are strongly related to the strestof [11] and [2]. All
of our axioms, excep5, are either axioms or theorems in the Grzegorczyk system.
Grzegorczyk assumésto be a complete Boolean algebra but we have decided to drop
this assumption in order to obtain a first-order notion ofreextion algebra. Grze-
gorczyk also assumes two non-trivial axioms in his systemntaining the definable
notion of point. In pointless geometry, the definitionmdint is one of the central
problems, and it is defined (in different ways) as a collectid sets (or sequences)
of regions. Including the notion of point in the set of axigras Grzegorczyk did,
makes his system complicated and not first-order. [1] haseudsed the problem of
equivalence of the notion of point in the systems of Grzegykand Whitehead. They
proved that the two notions are equivalent if the Grzegdt&sstem is enriched with
axiom («5) above. They also noted that this axiom is satisfied in thdeisoof the
connection relation in “good” topological spaces, for arste in all normal spaces, in
particular, in n-dimensional Euclidean spaces. Therefsesinclude axiom £«5) (or
its equivalent form C5) in order to obtain a representatieotem such as the topo-
logical representation theorem in Grzegorczyk’s systethaut the notion of point.

The following Lemma collects some easy properties of thaneation relation:

LEMMA 2.1. Suppose thaB,C) is a connection algebra.



(1) IfxCy and x< X and y< 'y then XCy,
(2) xCx iff x#£ 0,
(3) x<yiff (Vz)(zCx implies zCy

3. Proximity spaces and their topologies

In this Section we explore the basic definitions and propsuf proximity spaces and
their associated topologies. It will turn out that a conitetalgebra can be regarded
as a special kind of proximity space.

If X is a nonempty set, then a binary relatidron the powerset oK is called a
proximity, if it satisfies C1 — C5 on the Boolean algel{pq 0,X,U,N,—); the pair
(X,d) is called aproximity space If ABCY C X, thenAdyB <= AdB defines a
proximity onY which — with some abuse of notation — we will also denotedby
Furthermore, instead of writinfx}d{y}, we will simply write xdy.

A proximity (space) is calledeparatedf it satisfies
(6) xoyimpliesx=y.

Defining A <5 B iff A(—08)(—B) we obtain the analogue of non-tangential inclusion.
As with C and the non-tangential inclusiog:, the relationsd and <5 are inter-
definable, and the definition of proximity space can be revastised in terms ok s

by using & 1) — («6).

Here are a few examples of proximity spaces:

(1) LetA/BC X, and setddB <= A # 0 andB # 0. This is thetrivial proximity on
X. Note that in general it does not satisfy C6.

(2) Let(X,T) be a normal topological space and define

(3.2) AdB <= clANcIB#£0.
We call this proximity thestandard proximity It is separated iffX,1) is a Haus-
dorff space.

(3) Let(X,T1) be alocally compact Hausdorff spadeB C X, and defineA(—9)B iff
clAnclB = 0 and clA or cIB are compact.

(4) Let(X,d) be a metric space,B C X, and defineAdB iff d(A,B) = 0, where
d(A,B) =inf{d(x,y) : xe Ay € B}.

(5) Let(X,1) be a completely regular space. Two subgeB of X arefunctionally
distinguishableff there is a continuous real-valued functidn X — [0,1] such
that f(A) = 0 andf(B) = 1. Then we can define a proximifyin X by A(—0)B
iff AandB are functionally distinguishable.

Define an operator cl on*2oy
(3.2) cl(A) = {x € X : x0A}.

Proofs of the following results can be found in [18]:



THEOREM 3.1. (1) The operation 0of(3.2) defines the closure operator of a
topologyt(d) on X.
(2) (X,1(0)) is a completely regular space. & is separated, theiiX,t(d)) is
Tihonoff space, i.e. completely regularand T
(3) AdBiff cl(A)dcl(B).
If (X,1) is a topological space, we say that admits a proximity if there is a
proximityd on X such that = 1(d).

(4) If (X,1) is a compact Hausdorff space, then it admits a unique prayidi
defined by 8B iff cl(A) Ncl(B) # 0.
(5) A< B impliescl(A) <5 B and AL int(B).

We say that a subsétof X is regular closedif A = cl(int(A)). Clearly,A is regular
closed, if it is a closure of an open $&tThe next result shows that the density axiom
(«5) is witnessed by a regular closed set:

LEMMA 3.2. If A < B then there exists a regular closed set C such tha A
C «;5B.

PROOFE By («5) there exists somP such thatA < D <« B. Applying Theorem
3.1.v we obtain
A <5 int(D) Ccl(int(D)) <5 B,
and thusA < cl(int(D)) <5 Bby («3). O
Next, we will consider connection algebras over proximjipees. First, recall that

for any topological spacéX, ), the collectionRC(X) of regular closed sets can be
made into a complete Boolean algebRC(X),0,1,A,V, *), by setting

1=X,0=0,A"=cl(—A), AVB=AUB, AAB=(A"VB")".
Then, (RC(X),d) is a system of the same type as a connection algebra, véhisre
inherited from(X,1). Indeed, more is true:

LEMMA 3.3. Let (X,d) be a proximity space. The(RC(X),d) is a connection
algebra.

PrROOFE The verification of axioms C1 — C4 is straightforward. C5 igthis equiva-
lent to («5)) follows from Lemma 3.2. Finally, C6 follows from the fatiat(X,t(0))
is (completely) regular (see Theorem 3.1,ii]]

(RC(X),0) is called theproximity connection algebra ovéiX,d). Following the
definition in Example 2, we call it atandard connection algeby#
(3.3) AdBiff ANB # 0.

for all A,B € RC(X). The next result shows that it suffices to consider only steshd
connection algebras.



Let (X,8) and(X',d') be two proximity spaces. A one-one mappihffom X onto
X' is calledd-homeomorphisiififor any subset#\, B of X we haveAdBiff f(A)d f(B).
It is known thatf is also topological homeomorphism from the topologicalcgza
(X,1(8)) onto(X’,1(d")) [18].

THEOREM 3.4. (Isomorphism theorem) Each proximity connection algebra is
isomorphic to a standard connection algebra.

PrROOF Let (RC(X),0) be the proximity connection algebra ovet,d). By the
Smirnov Compactification Theorem (see [18], Theorem (A@)e exist a compact
Hausdorff spacéY, 1) and ad-homomorphisnt from X onto a dense subspa¥gof
Y, such that for any\,B C X, AdB iff cl(f(A)) Nncl:(f(B)) # 0. Example 2 tells us
that

P3vQ <= ch(P)Nck(Q) #0

defines a standard proximity & Now let (RC(Yp),dv) be the proximity connection
algebra ovel; inherited from(Y,dy). Sincef is also a homeomorphism, the connec-
tion algebra(RC(X),d) is isomorphic to the corresponding connection algebraen th
dense subspadg of Y. Now, observing that (A) is closed inty for any closed seA

of 1, we obtain for allA, B € RC(X)

ASB <= cl(f(A) Nck(f(B)) # 0 <= f(A)Nf(B) # 0.

The equivalences above show tHRC(Yy),Co) is standard, and thét is an isomor-
phism from(RC(X),C) onto(RC(Yp),Cp). O

4. A representation theorem for connection algebras

In this section we shall prove that each connection algedmébe isomorphically em-
bedded into a proximity connection algebra and thus, intaadard proximity con-
nection algebra. Our strategy follows the proof of the Stapmesentation theorem
for Boolean algebras. In a Stone spa¢B)Spoints are maximal filters. In connection
algebras, points of the representation space will be anakgf maximal filters, called
clusters We will take the notion of a cluster from the theory of prokiyrspaces, and
our definition is just the lattice-theoretic translatiortteé corresponding definition of
cluster from [18], Definition 5.4. Many statements for ckrstin connection algebras
have identical proofs (up to the aforementioned lattiGastltical translation) as the
proofs of the corresponding statements for clusters inipribx spaces. When such
identical proofs exist we will refer to the correspondingtstment and its proof given
in [18].

Throughout this Section we suppose tfB{C) is a connection algebra.
A nonempty subsdt of B is called aclusterif the following conditions are satisfied:
(1) If x,yeT thenxCy.

(2) If xCyforeveryy e, thenxerl.
3) IfxvyeTl thenxeloryer.



The set of all clusters oB is denoted by Clu$B). It is not hard to see that each
maximal filterU of B is contained in exactly one clustexU ), and that the assignment
U — m(U) is an onto mapping from(®) to Clus{B).

Our strategy is as follows: First, we define a suitable praimdg on ClustB).
Then, we find a one-one Boolean homomorphiswhich preserve€ from B into the
proximity connection algebra ové€lust(B),dg). Finally, we invoke Theorem 3.4 for
an isomorphism fronClust(B),dg) into a standard connection algebra.

The following properties of clusters will be helpful later:
LEMMA 4.1. Letl € ClustB), and ab € B.

(1) Ifaelanda<b,thenbeT.
(2) If aCb, then there is sontee ClustB) such that &€ A and be A.
(3) a*eriffforallb,ce B,cel and bva= 1imply cCh.

PROOF i. Suppose thaa € I anda<b. Letd € T; then,aCdby CL1, and it
follows from Lemma 2.1.i thadlCh. Henceb € ' by CL2.
ii. [18], Theorem 5.13.

ii. If a*,cel andavb=1,thena* <b. Itfollows fromi. thatb € I', and hence,
cCbby CL1.

Conversely, suppose that for &llc € B, ce ' andbva =1 imply cCh. Setting
b =a*, we obtain thatCa" forallc € I', and thusa* € ' by CL2. O

We define a functioh : B — ClustB) by
(4.2) h(a) ={l € ClustB) :acTl}

in analogy to the Stone representation theorem for Bool&gebeas. The following
properties are easily proved from Lemma 4.1:

LEmmMA 4.2. (1) h(0) =0, h(a) =ClustB) <= a=1.
(2) h(avb)=h(a)uh(b).
(3) aCbiff Ha) Nh(b) # 0.
Next, we set foiX,Y C ClustB)
XdgY iff (Vx,y € B)[x € ()X andy € (Y imply xCy].
By definition ofh, we have
XogY iff (¥x,y € B)[X C h(x) andY C h(y) imply xCy}.
Let PSB) be the structuréClustB),dg). The proof of the next result can be ob-

tained by (part of) the proof of the Smirnov Compactificafidreorem in [18], Lemma
7.2



THEOREM 4.3. PYB) is a separated proximity space.

Let X be the powerset of Clud), andt be the topology oX induced bydg. Then,
for eachM € X we have

cl(M) = {I" € Clust(B) : (¥x,y € B)[x e ' andM C h(y) = xCy}}
We are now ready to prove our main result:
THEOREM 4.4. (Representation Theorem)

(1) Each connection algebra can be embedded into a proxicaityection alge-
bra.

(2) Each connection algebra can be embedded into a standsmdection algebra.

PrROOF. Let(B,C) be a connection algebra ahdB — Clust{B) be defined by (4.1).
Our aim is to prove that is a one-one Boolean homomorphi&m» RC(X) such that
aCb<«= h(a)nh(b) # 0. This will show that(B,C) is isomorphic to a substructure of
the proximity connection algebra ovEClustB),dg), and thus, prove i. By Theorem
3.4, this algebra in turn is isomorphic to a standard conoeeigebra, which finishes
the proof.

We first show thah(a*) = cl(—h(a)):

Nleh@)<«<aer
<= (Vb,ce B)[cel andbva=1=>cCh, by Lemma 4.1.iii.
<= (Vb,ce B)[ce I andh(bV a) = ClustB) = cCH, by Lemma 4.2.i.
<= (Vb,ce B)[ce I andh(b) Uh(a) = ClustB) = cClhl, by Lemma4.2.ii.
<= (Vb,ce B)[ce Tl and —h(a) C h(b) = cCH,
< T ecl(—h(a)).

This implies that is well defined, i.e. that(a) € RC(X), since
h(a) = cl(=h(a")) = cl(—cl(=h(a))) = cl(int(h(a))).

Furthermore, it shows thdt(a*) = cl(—h(a)) = h(a)*, so thath preserves comple-
ments. Together with Lemma 4.2, it follows thais a Boolean homomorphism.

To show thath is one-one, suppose that£ b, and let w.l.o.ga £ b. By C6, there
is somec € B such thaaCcandb(—C)c. Letl" € Clust(B) such that,c € I, which
exists by Lemma 4.1.ii. It follows now from(—C)cand CL1 thab ¢ T.

If aCb, then Lemma 4.1.ii tells us thata) N h(b) # 0. Conversely, ih(a) Nh(b) #
0, thenaCbby CL1. O

5. Concluding remarks

In this note, we have demonstrated the usefulness of theytlodégroximity spaces
in connection based mereology. The proximity definitionhe tonnection relation



between (closed) regions is a new semantics for this typelafion which has not
been used so far. The standard meaning of the connectioredetregions is not
always suitable to describe the spatial configuration betwtbem. For instance, the
closed regions in the topological spa@eof rational numbers have the same spatial
nature as those in the spaBeof real numbers. But irfQ, the closed regioné =
{x:1< x> <2} andB = {x:2 < x? < 4} are not standardly connected, because
they do not share a common point, whilelknthey are connected. This stems from
the fact thatQ does not have enough points. If we consiffeas a proximity space,
defined by the natural metré&in Q (see Example 4 of proximity spaces), then we have
AdB, becausel(A, B) = 0; thus, they are connected by the proximity definition of the
connection relation. According to the Isomorphism Thegrpmximity connection
algebras describe the same spatial picture as the cormisgostandard ones which
are obtained by the compactification construction of Smin@heorem, in which
new points are added. This shows that proximity semantidsrenstandard semantics
for the connection relation are in a sense equivalent. Fiairte, by applying this
theorem to the spad@ of rational numbers, we obtain the spaRef real numbers
with the two infinities+o and—co, which containg) as a dense subspace.

The representation theorem for connection algebras, whiehhave presented in
the paper, shows that the axioms indeed characterise #redied spatial properties of
the regions. As we have mentioned, topological represent#teorems have been
obtained earlier by Roeper [20] and Mormann [17]. Both atghassume that the
Boolean algebra of regions is complete and both obtain aimdsults — the region-
based mereotopology is equivalent to the point-based ¢gyobdf locally compact
Hausdorff spaces. These spaces can be considered as cificgiamts of local prox-
imity spaces, and it can be noted that the axioms of Roepestes are almost identi-
cal to those for local proximity spaces [18]. Thus, the tlyegfrproximity spaces can
be applied to the systems of Mormann and Roeper as well tinahigir representation
results.

We hope to extend our representation theorem to the regionembion calculus
(RCC) of [19], in which the connection relation satisfies CT4; C6, and also

(7) 1fx#0,1, thenxCx.

Note that the Boolean Connection Algebras (BCA) of [21] arst janother formu-
lation of RCC. There are two difficulties here. One, that BGlsnot satisfy the
axiom C5, which is essential in the application of proxinspaces, and also plays
a prominent role in slightly different versions in the reggatation theorems of Mor-
mann and Roeper. Grzegorczyk [11] does not use C5, but ténobtaepresentable
system he uses axioms containing the (second-order) notipaint. Our conjecture
is that BCAs, and consequently RCC, are not topologicajyesentable in the sense
that they do not contain enough axioms in order to obtain altgpcal representation.
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