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.ukJanuary 5, 2000Tarski (1959) has given the following axiomatisation of (2D) elementary geometry in terms ofthe two primitives, betweenness (B(x; y; z) (y is between x and z | in
luding the 
ases where y isequal to x or z) and (quaternary) equidistan
e (xy = zw) (x is as distant from y as z is fromw). (Infa
t, as we shall see in the next se
tion, betweenness 
an itself be de�ned in terms of equidistan
e;but repla
ing B by su
h a de�nition would make the axioms mu
h more 
umbersome.)B1 [Identity Axiom for Betweenness℄8xy[B(x; y; x) ! (x = y)B2 [Transitivity Axiom for Betweenness℄8xyzu[(B(x; y; u) ^ B(y; z; u)) ! B(x; y; z)℄B3 [Conne
tivity Axiom for Betweenness℄8xyzu[(B(x; y; z) ^ B(x; y; u) ^ (x 6= y)) ! (B(x; z;u) _ B(x; u; z))℄B4 [Reflexivity Axiom for Equidistan
e℄8xy[(xy = yx)℄B5 [Identity Axiom for Equidistan
e℄8xyz[(xy = zz) ! (x = y)B6 [Transitivity Axiom for Equidistan
e℄8xyzuvw[((xy = zu) ^ (xy = vw)) ! (zu = vw)℄B7 [Pas
h's Axiom℄8txyzu9v[(B(x; t; u) ^ B(y; u; z)) ! (B(x; v; y) ^ B(z; t; v))℄B8 [Eu
lid's Axiom℄8txyzu9vw[(B(x;u; ; t) ^ B(y; u; z) ^ (x 6= y))! (B(x; z; v) ^ B(x; y;w) ^ B(v; t;w))℄B9 [Five-Segment Axiom℄8xx0yy0zz0uu0[((xy = x0y0) ^ (yz = y0z0) ^ (xu = x0u0) ^ (yu = y0u0) ^B(x;y; z) ^ B(x0; y0; z0) ^ (x 6= y)) ! (zu = z0u0)℄B10 [Axiom of Segment Constru
tion (2D)℄8xyuv9z[B(x; y; z) ^ (yz = uv)℄B11 [Lower Dimension Axiom (2D)℄9xyz[:B(x; y; z) ^ :B(y; z;x) ^ :B(z; x; y)℄B12 [Upper Dimension Axiom℄8xyzuv[((xy = xv) ^ (yu = yv) ^ (zu = zv) ^ (u 6= v)) ! (B(x; y; z) _ B(y; z; x) _ B(z; x; y))℄B13 [Elementary Continuity Axioms℄All senten
es of the form:8vw : : : [9z8xy[� ^  ! B(z; x;y)℄ ! 9u8xy[� ^  ! B(x; u; y)℄℄where � stands for any formula in whi
h the variables x, y, w, : : :, but neither y nor z nor u, o

urfree, and similarly for  , with x and y inter
hanged.1



B13' [Weak Continuity Axiom℄8xyzx0z0u9y0[((ux = ux0) ^ (uz = uz0) ^ B(u; x; z) ^ B(x; y; z)) ! ((uy = uy0) ^ B(x0; y0; z0))℄This axiom set �xes the dimension of the spa
e to two. This is a
hieved by means of axiomsB11 and B12. B11 is true in dimension 2 or greater, whilst B12 is true in dimension 2 or lower.All the other axioms are true in any dimension. In fa
t, the theory 
an be amended to determineEu
lidean spa
e of any given dimension. This 
an be a
hieved by means of a 1st-order formula ofthe following form: 9x0 : : : xn24 ^0�i 6=j 6=k�n(xi 6= xj ^ (xixj = xjxk))35^ :9x0 : : :xn+1 24 ^0�i 6=j 6=k�n+1(xi 6= xj ^ (xixj = xjxk))35where d(x; y) is the distan
e between x and y.De�nitions from the Ternary Equidistan
e PrimitiveThe sequen
e of de�nitions given below show how starting from the fundamental ternary relationxy = yz, whi
h is true when two points, x and z, are equidistant from a third point, y, manyother simple geometri
al relations 
an be introdu
ed. In these de�nitions, the juxtaposition xy oftwo variables x and y is intended to refer to the distan
e between these two points. Thus xy � yzis a predi
ate whi
h holds in 
ase y is 
loser to x than to z. The other relations are: B(x; y; z) |y is between x and z (in
luding the 
ase where y is identi
al with either x or z); L(x; y; z) | x, yand z are 
ollinear; and M(x; y; z) | y is the mid-point between x and z.The relation xy = yz is fundamental be
ause it relates the 
entre point of a sphere to any pairof surfa
e points. For a 2-dimensional �gure, the truth of this relation for any three points 
an bedetermined by means of a 
ompass. The relations B(x; y; z) and xy = zw are taken as primitivesin Tarski's elementary geometry. A proof that the quaternary relation xy = zw is de�nable interms of the ternary xy = yz is originally due to Pieri (1899). The following de�nitions showinghow this 
an be done (together with further dis
ussion of primitive notions in geometry) 
an befound in (Royden 1959).xy � yz �def 8w[yw = wz ! 9u[xu = uy ^ uy = yw℄℄B(x; y; z) �def 8w[(wx� xy ^ wz � zy) ! w = y℄L(x; y; z) �def B(x; y; z) _ B(y; x; z) _ B(x; z; y)M(x; y; z) �def 8w[(L(w;x; y) ^ xy = yw) $ (w = x _ w = z)℄(wx = yz) �def 9u9v[M(w;u; y) ^ M(x; u; v) ^ vy = yz℄Referen
esPieri, M.: 1899, I prin
ipi della geometria di posizione 
omposti in sistema logi
o deduttivo,Memorie della Reale A

ademia delle S
ienze di Torino 48, 1{62.Royden, H.: 1959, Remarks on primitive notions for elementary Eu
lidean and non-Eu
lideanplane geometry, in T. Henkin, Suppes (ed.), The axiomati
 method with spe
ial referen
e togeometry and physi
s, North-Holland.Tarski, A.: 1959, What is elementary geometry?, in L. Brouwer, E. Beth and A. Heyting (ed-s), The Axiomati
 Method (with spe
ial referen
e to geometry and physi
s), North-Holland,Amsterdam, pp. 16{29. 2


