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Decidability and complexity issues have so far been addressed only for smallsub-domains of region-based spatial reasoning. Bennett (1994) gives a decisionprocedure for testing consistency of sets of binary topological relations drawnfrom a limited but fairly expressive set (including all the RCC-8 relations shownin �gure 1 of section 1.3). The complexity of this decision problem was latershown by Nebel (1995) to be polynomial in the number of relations being tested.31.1 Absolutely Complete TheoriesThe purpose of this paper is to motivate the construction of a complete theoryof spatial regions and present some signi�cant steps towards its development.A logical theory is (absolutely) complete if for every formula � expressed inthe vocabulary of the theory (i.e. some �xed collection of relation and functionsymbols together with the usual logical operators) either � or :� is a consequenceof the axioms of the theory.Contemporary use of the term `completeness' often refers to a weaker propertyof theories which depends upon having a model-theoretic semantics in which thetheory is interpreted. A theory is said to be complete, relative to the semantics, ifall formulae that are true in every model are provable from its axioms. Under thisrelative conception of completeness, there will generally be contingent formulae,which are true in some models and false in others and if this is the case thenthe theory will not be complete in the absolute sense. In an absolutely completetheory, every formula is either true in every model or false in every model.A related property is categoricity: a theory is categorical if all its models areisomorphic. Clearly if this is the case then the theory must be complete; but itis possible that a theory have non-isomorphic models and yet exactly the sameformulae are true in every model | so it is complete but not categorical. Infact, if a 1st-order theory has denumerable models there will always be larger(unintended) models because denumerability is not 1st-order de�nable. Hence,the concept of @0-categoricity is often more useful. This means that all countablemodels are isomorphic.Complete theories are desirable in knowledge representation for two mainreasons. Firstly, from the point of view of the semantic adequacy of a theory, acomplete theory may be regarded as preferable to an incomplete one in that it maybe regarded as �xing the meanings of all non-logical constants. Secondly, from thepoint of view of automated reasoning, every complete theory has the importantproperty of being decidable | i.e. there is a procedure which will determine in�nite time whether any formula is valid. This follows from the semi-decidability ofany �nitely (or recursively) axiomatisable theory: any valid formula is provablein a �nite number of steps, so, because in a complete theory every formula iseither valid or its negation is valid, by concurrently trying to prove both � and:� we have a decision procedure. (Of course, a decision procedure constructedin this way will almost certainly be totally impractical; but, if a useful theory is3 More precisely, the problem is in the complexity class NC, which can be computedin polylogarithmic time by the use of polynomially many processors.



known to be decidable on the grounds of its completeness, it will be worthwhileseeking a more computationally viable decision procedure.)For many purposes (e.g. representing some real world situation) it is con-venient to augment the vocabulary of a theory with additional constant termsdenoting speci�c objects. Clearly, in this extended language, formulae contain-ing such constants may be contingent, even though all relational and functionalvocabulary is constrained by an absolutely complete theory. (This may be onereason why the importance of absolute completeness is often overlooked by thoseinterested in knowledge representation.) However, even when we are interestedin this wider class of formulae, absolute completeness is a valuable property.Suppose we have an absolutely complete theory and a formula containing, inaddition to the vocabulary of the theory, certain non-theoretical constants: byreplacing such constants with variables which are existentially quanti�ed (withwidest scope) we get a formula that is a provable consequence of the theory i�the original formula is possible with respect to the theory (and provably false ifit is impossible); and, if alternatively we replace the constants with universallyquanti�ed variables, we get a formula that is provable i� the original formulais a necessary consequence of the theory (and provably false otherwise). Hence,relative to an absolutely complete theory, in reasoning about formulae which maycontain additional non-theoretical constants, there is a decision procedure whichwill distinguish between necessary, contingent and impossible formulae.1.2 De�ciency of Region-Based TheoriesComplete axiom systems are known for several point-based geometries (seee.g. (Tarski 1959)). The models of such systems are isomorphic to �elds overCartesian tuples of numbers which may be regarded as the coordinates of points.But for region based spatial theories this kind of analysis is not available andthere is a lack of meta-mathematical and model-theoretic results about proposedformalisms. The systems have for the most part been presented as uninterpretedcalculi, with models being suggested only to give some intuitive understand-ing of the primitive concepts.4 This problem has only recently been addressed:Biacino and Gerla (1991) have shown the relationship between the theories ofLeonard and Goodman and of Clarke to the well-known mathematical structuresof Boolean algebra and (ortho-complemented) lattice; and Asher and Vieu (1995)have presented a mereo-topological theory which is shown to be sound and com-plete with respect to a certain class of model structures.(Tarski 1956) is the only known theory of spatial regions that is complete and(@0-)categorical. Tarski's theory is onlymade categorical by indirect means: �rstlythe notions of point, equidistance and betweenness are introduced by a series ofde�nitions; then it is stipulated that these de�ned concepts obey the axioms ofEuclidean geometry (Tarski 1959). He admits that the resulting system is notideal:4 Model theoretic properties of calculi of temporal intervals are much better understoodthan those of spatial formalisms. Allen's (1981) interval calculus has been thoroughlyinvestigated by Ladkin (1987) and others.



The postulate system given above is far from simple and elegant; it seems verylikely that this postulate system can be essentially simpli�ed by using intrinsicproperties of the geometry of solids. (Tarski 1956)He then gives an example of how an axiom stated indirectly in terms of pointscan be replaced by a simple existential axiom concerning the primitive notion ofsphere.A particular weakness in all the theories is the lack of attention to exist-ential axioms. Universal properties of primitives such as `connectedness' or the`part/whole' relation seem to be more obvious than statements guaranteeing theexistence of regions exhibiting speci�c properties and con�gurations. Existen-tial axioms require us to make choices about what counts as a region and tobe de�nite about the domain of regions and its structure. Accordingly they areessential in rendering a theory categorical and thus �xing a single model moduloisomorphism (and denumerability if the theory is 1st-order).1.3 The RCC TheoryIn this paper I shall take as my starting point the 1st-order5 theory presented byRandell et al. (1992)| henceforth the `RCC' theory. This theory is a modi�cationof the theory of Clarke (1981, 1985) (which is in turn derived from the theoriesof Whitehead (1929) and Leonard and Goodman (1940)).The basic RCC theory assumes just one primitive dyadic relation: C(x; y) readas `x is connected to y' and the domain is intended to be that of spatial regions.The C relation is re
exive and symmetric, which is ensured by the following twoaxioms: 8xC(x; x) (Cref)8xy[C(x; y) ! C(y; x)] (Csym)Many other useful relations can be de�ned in terms of C, for example:� Part, P(x; y) �def 8z[C(z; x) ! C(z; y)]� Proper Part, PP(x; y) �def P(x; y) ^ :P(y; x)� Overlap, O(x; y) �def 9z[P(z; x) ^ P(z; y)]� External Connection, EC(x; y) �def (C(x; y) ^ :O(x; y))� Non-Tangential Proper Part, NTPP(x; y) �def PP(x; y) ^8z[C(z; x) ! O(z; y)]Figure 1 shows eight de�nable relations which constitute a jointly exhaustiveand pairwise disjoint (JEPD) set | i.e. for any pair of regions exactly one ofthese relations holds.The theory also contains some `quasi-Boolean' functions characterised by fur-ther axioms. These are discussed below in section 2.2. It is in the quasi-Booleanfunction axioms that the most signi�cant di�erences between the RCC theoryand the theory of Clarke lie.5 In fact, as we shall see in section 2.2, a sorted 1st-order logic is employed; but wedon't need to worry about that yet.
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a bFig. 1. RCC-8 | a set of JEPD topological relations2 ExistenceA complete theory of spatial regions must not only provide a means of statingand reasoning about relationships holding between spatial regions. It must alsoprovide an ontology capable of determining the existence or otherwise of anycon�guration of regions describable in the vocabulary of the theory.Some de�nitions of relations in terms of C involve existential quanti�ers. Thisquanti�cation guarantees the existence of certain regions in order to witness thefact that some relation holds between other regions. E.g., if we know that tworegions overlap, there must be some region which is part of both regions. However,such existential commitment is contingent on certain kinds of fact being asserted.No existential facts follow a priori from the symmetry and re
exivity of C.The existential component of a complete theory of space must determineexactly what regions exist. In the next few sections I investigate what regions wemight expect to exist and present axioms to ensure their existence.2.1 Identity and ExtensionalityBefore considering questions of existence of regions we need a clear idea of theiridentity conditions. Axiomatic theories (particularly those which seek to char-acterise a single primitive relation), often contain some kind of axiom of exten-sionality. This is an axiom which asserts that identity of any two objects followsfrom their indiscernibility with respect to some property. In the RCC calculus ofregions the obvious axiom of extensionality would be:8x8y[8z[C(x; z) $ C(y; z)] ! (x = y)] (Cext)Although this axiom is given in (Clarke 1981) it is not part of the theory givenin (Randell et al. 1992). It turns out that this formula is actually a consequenceof another RCC axiom asserting that any two regions have a unique `sum' (the



QBfun1 axiom given in section 2.2 below); however, in view of its fundamentalimportance it might be better to regard it as a basic axiom of the theory.6.2.2 Demarcation and ExistenceThe domain of geometry can be characterised by reference to the construction ofgeometrical �gures. More speci�cally, 2D Euclidean geometry can be regardedas the theory of con�gurations of points and lines constructible on a plane withthe aid of a ruler and compass (see (Tarski 1959)). The axioms of elementarygeometry have been arrived at by considering basic operations in the constructionof �gures. E.g., given any two distinct points one can introduce a new point whichlies between (using the ruler) or is equidistant from (using the compass) the initialtwo points. In this section I indicate how a similar analysis of the way in whichcon�gurations of regions may be drawn can lead us to axioms for the existence ofspatial regions. My examination will be con�ned to 2D regions but, with a littlemore imagination and considerably more technical complication, this approachcould equally well be applied to 3D space.If a number of regions are demarcated by drawing their boundaries on a pieceof paper, there is a sense in which the number of regions created is greater thanthe number of regions explicitly drawn. Other areas of the paper are demarcatedindirectly. E.g., in outlining any region one automatically creates its complement,a region consisting of all of space (or all of the paper) except that which isoutlined. And, for any two regions demarcated one can consider their combinedspace as another region.In constructing a complete theory of spatial regions we are not concernedwith any particular diagram showing a con�guration of regions but rather withall possible such constructions. Thus regions exist whether or not we have actu-ally demarcated them on a piece of paper. Nevertheless, it seems clear that theexistence of a particular �nite con�guration of regions must mean that it wouldbe possible to construct a �gure demarcating those regions. Thus the possibilitiesfor constructing �gures correspond to existential axioms concerning regions.RCC contains a set of de�nitions of quasi-Boolean functions from regions toregions. These can be seen as generating new regions from old, in accordancewith the idea that boundedness in some �gure ensures existence:QBfun1) 8x8y8z[sum(x; y) = z $8w[C(z; w) $ [C(w; x) _ C(w; y)]]]QBfun2) 8x8y[compl(x) = y $8z[(C(z;y) $ :NTPP(z; x)) ^ (O(z;y) $ :P(z; x))]]QBfun3) 8x8y8z[prod(x; y) = z $8w[C(w; z) $ 9v[P(v; x) ^ P(v; y) ^ C(w; v)]]]QBfun4) 8x8y[di�(x; y) = prod(x; compl(y))]6 Randell et al. (1992) de�ne the relation EQ(x; y) as equivalent to P(x; y) ^ P(y; x).If this de�nition is regarded as an axiom rather than a de�nition and if EQ is treatedas logical equality then this axiom is equivalent to Cext



These formulae are not purely de�nitional because functions in 1st-order logiccarry existential import: every term must denote some individual in the domain.Thus, e.g., QBfun1 guarantees that for every two regions there exists a uniqueregion (their sum) which is connected to all and only those regions connected toeither of the original two regions. This means that all the functions apart fromsum give rise to a problem because they are not total. E.g., if two regions aredisjoint then there is no (non-empty) region which is their prod. One way roundthis is to introduce a null region as a possible value of the functions. However,care must be taken since in the de�nitions of topological relations it was assumedthat quanti�ers ranged over only non-empty regions (e.g. two regions overlap ifthey have a mutual non-empty part).In (Randell et al. 1992) a sorted logic (Cohn 1987) is used to make thefunctions total. Space does not permit a full presentation of a sorted theory butfor present purposes a much simpli�ed version will su�ce. We stipulate thatthe quanti�ed variables appearing in bold font in QBfun2{3 range over non-empty regions and also the null region, whereas all other variables range onlyover non-empty regions. So, the range of the quasi-Boolean functions includesthe null-region even though this is excluded from the domain of quanti�cation inthe C axioms and de�nitions.It is worth noting that although the (total) binary sum function introducedby QBfun1 guarantees the existence of a sum of any �nite set of regions, it doesnot guarantee the existence of all in�nite sums. By contrast the theories of Tarski(1956) and Clarke (1981) contain an axiom ensuring that there is a sum of every(�nite or in�nite) set of regions. It can be shown that such an in�nite summationprinciple is inconsistent with the RCC theory. By considering, for instance, the(in�nite) sum of all non-tangential parts of a region, is easy to prove (makinguse in particular of the complement axiom, QBfun2) that such a region hascontradictory properties.3 DimensionAn important parameter a�ecting what con�gurations of regions are possible isthe dimensionality of the space. E.g., in Euclidean 3D space an in�nite numberof non-overlapping 3D regions may meet along the length of a line (think of thesegments of an orange), whereas in (Euclidean) 2D only 2 non-overlapping 2Dregions can meet in this way (though an in�nite number can meet at a singlepoint). Thus if a theory is to be complete it must �x the dimensionality of thespace.3.1 Classical De�nitions of DimensionIn point-based Euclidean geometry it is possible to start with a theory whichhas models of all dimensionalities and then �x the the dimension of the space bymeans of `upper' and `lower' dimension axioms (Scott 1959, Tarski 1959). Theformer describes a situation which is impossible in any lower dimension. The



latter is the negation of a description of a situation which can only hold in ahigher dimension. More speci�cally, in a theory in which an equidistance relationis de�nable, a space can be characterised as being of dimension n by a (1st-order)formula stipulating that that there are n+ 1 mutually equidistant points and nomore than that.Topologically a space is said to be of dimension < n, if every open coverfO1; : : : ; Okg can be re�ned to a closed cover fC1; : : : ; Ckg, such that everypoint in U occurs in at most n+1 of the Cis (Kuratowski 1972). For example, ifa 2D region is covered by overlapping open patches then the region can alwaysbe covered by non-overlapping closed regions, such that each is a part of oneof the regions in the original open cover and no point is shared by more thanthree regions. Because it involves quanti�cation over `open covers', which aresets of regions, this characterisation of dimension is 2nd-order with respect toany logical theory whose basic entities are regions. Moreover, the notions of openand closed regions are not de�nable in the RCC theory.3.2 A 1st-order Region-Based CharacterisationAn obvious way to strengthen the RCC theory so as to �x the dimensionalityof its models is to de�ne, in terms of connection, a 1st-order predicate whichcharacterises a region as being of a certain dimension. By universally quantifyingthis predicate we obtain an axiom which constrains all regions in the domain tobe of the same �xed dimension.7 Inspired by the topological de�nition given inthe last section, Gotts (1994a) takes the following approach to constructing sucha predicate.First the relation of `layered' partial overlap is de�ned byLPO(x; y) �def (PO(x; y) ^ DC(di�(x; y); di�(y; x)))where di�(x; y) is de�ned as equivalent to prod(x; compl(y)). Gotts then de�nesthe notion of an LPO cover of a region r: this is a �nite set, S, of regions suchthat r is part of the sum of the regions in S and any two (distinct) regions in Sare related either by LPO or by DC. It is then conjectured that, for a region ofdimension n, any LPO cover made up of n+2 regions can be re�ned to an LPOcover such that no region is a common part of all regions in the re�nement |i.e. the common intersection of all members of the cover is null.If Gotts's conjecture is correct, a 1D region can be characterised as follows(this is not the simplest characterisation). For convenience we �rst de�neLPODC(x; y) �def (LPO(x; y) _ DC(x; y))and LPO3(r; x; y; z) �def (r = sum(sum(x; y); z) ^LPODC(x; y) ^ LPODC(y; z) ^ LPODC(z; x))7 Attempting to characterise a universe in which there are regions of di�erent dimensionleads to serious di�culties, consideration of which is beyond the scope of the presentwork.



We can then de�neDIM1(r) �def 8x8y8z[LPO3(r; x; y; z)! 9x09y09z0[ LPO3(r; x0; y0; z0)^ P(x0; x) ^ P(y0; y) ^ P(z0; z)^ :9w[P(w; x0) ^ P(w; y0) ^ P(w; z0)]]]To characterise a 2D region, LPO4(w; x; y; z) is de�ned analogously to LPO3.The de�nition of DIM2(r) then takes a similar form to that of DIM1(r) butusing LPO4 instead of LPO3 and with an additional conjunct, :DIM1(r). Similarde�nitions can be used to characterise any dimension.Whether these axioms do in fact provide an adequate characterisation ofdimensionality is the subject of ongoing research. The conjecture is supportedby consideration of a wide variety of diagrams. The most obvious route to arigorous proof is to correlate the region-based theory with classical geometricalor point-set topological theories within which the characterisation of dimension iswell-understood; but the form that such a correlation might take is still unclear.However, if we speci�cally want to characterise only 2D regions, the axioms givenin the next section may be used as an alternative.4 PlanarityIf we are to have a theory of regions with a unique model then as well as �xingthe dimensionality of regions we shall also have to �x the global topology of thespace. In the remainder of the paper we shall be concerned with 2D space. Sucha space could have the topology of the plane, the sphere, the torus or any othersurface but in a complete theory only one of these models must be allowed. Inthis section I shall give axioms intended to distinguish among certain of thesepossibilities and in particular I shall be concerned with characterising a planarspace.We proceed by introducing some preliminary de�nitions. A one piece `one-piece' (often called `self-connected') region is de�ned byOP(a) �def 8x8y[((sum(x; y) = a) ! C(x; y))](as usual the quanti�ed variables range only over non-null regions). We thende�ne the predicate ICON, `interior connected', meaning that all parts of a regionare connected via interior points:8ICON(x) �def 8y[NTPP(y; x) ! 9z[P(y; z) ^ NTPP(z; x) ^ OP(z)]]Finally we de�ne the related notion of `�rm external connection' holding whentwo EC regions share a boundary line segment:FEC(x; y) �def (EC(x; y) ^ 9x09y0[P(x0; x) ^ P(y0; y) ^ ICON(sum(x0; y0))])8 This de�nition is a modi�cation that given in (Gotts 1994b) and (Gotts 1994a).



We can then rule out a large class of models by asserting that the maximumnumber of ICON regions which are mutually FEC is four::9x19x29x39x49x5[ ^1�i�5; 1�j�5; i 6=j FEC(xi; xj)] (max4FEC)The constraint imposed by max4FEC is illustrated by �gure 2, which alsoshows how, if the regions are OP but not all ICON, more than four may bemutually FEC (shaded areas of the same colour are parts of the same non-ICONregion).
Fig. 2. Mutually FEC, OP regions in 2Dmax4FEC restricts the space to be of dimension 2 or less and also prohibitssurfaces with complex topologies such as the torus (upon which a con�gurationof 5 mutually FEC regions can easily be constructed). max4FEC is howeversatis�ed by both planar and spherical spaces.9 So a categorical theory mustcontain a further axiom to select only one of these possibilities.To make this distinction we de�ne a predicate WCON(x) (x is `well-con-nected') characterising topologically simple regions which are not only ICON butalso do not contain holes. In 2D, WCON regions can be de�ned as those suchthat they and their complement are both ICON:WCON(x) �def (ICON(x) ^ ICON(compl(x)))We now imagine the entire space, us10, divided into threeWCON and mutuallyFEC parts, such that each shares a single boundary segment with the other twoparts. In a planar space, these regions will meet at a single point, whereas ona sphere they will meet at two separate points. To formalise these conditionsfurther de�nitions will again be useful:We say that a WCON region r `neatly straddles' two WCON, FEC regions, aand b, if r overlaps both a and b and is part of the sum of a and b and furthermore,the intersections of r with both a and b are also WCON:9 In fact max4FEC is also satis�ed in many bounded spaces such as a disc or thesurface of a cylinder. Characterisation of bounded and unbounded spaces is clearlyessential to the construction of a complete theory but it is not covered in the presentpaper.10 The constant us is characterised by the RCC axiom 8x[C(x; us)] | see section 5.4.



NS(r; a; b) �def WCON(r) ^ WCON(a) ^ WCON(b)^ O(r; a) ^ O(r; b) ^ P(r; sum(a; b))^ WCON(prod(r; a)) ^ WCON(prod(r; b))We can then say that regions, a and b, share a single boundary if and onlyif any two regions r1 and r2, which neatly straddle a and b, are parts of athird region r3 which also neatly straddles a and b. I denote this relationship byFEC1(a; b):FEC1(a; b) �def 8r18r2[NS(r1; a; b) ^ NS(r2; a; b) !9r3[P(r1; R3) ^ P(r2; R3) ^ NS(r3; a; b)]]If three regions, x, y and z are mutually FEC1 and meet at a point we canstipulate that a WCON region m contains that point by saying that the intersec-tions, prod(x;m), prod(y;m) and prod(z;m) are also mutually FEC1. Thus if theregions a, b and c meet at two separate points then there must be two separate(i.e. DC) regions, m1 and m2, both satisfying this condition. This enables us todistinguish planar or disc-like spaces from spherical spaces. We �rst de�ne themutual FEC1 relation between three regions byMFEC1(x; y; z) �def FEC1(x; y) ^ FEC1(y; z) ^ FEC1(x; z))Planar or disc-like universes (whose 2-dimensionality must also be �xed by anaxiom such as max4FEC) can now be characterised by the following axiom:8x8y8z[(sum(x; sum(y; z)) = us) ^ MFEC1(x; y; z)) !:9m19m2[WCON(m2) ^ WCON(m2) ^ DC(m1;m2)^ MFEC1(prod(x;m1); prod(y;m1); prod(z;m1))^ MFEC1(prod(x;m2); prod(y;m2); prod(z;m2))]] (plan)5 Carving Up SpaceThe quasi-Boolean functions do not tell us how to actually construct �gures; theymerely ensure that given a �gure demarcating a number of regions, certain other(derived) regions also exist. But RCC also contains an axiom guaranteeing thatevery region has a non-tangential proper part:8x9y[NTPP(y; x)] (NTPP)This axiom di�ers from those involving the quasi-Boolean functions in that itserves to introduce not only new regions but completely new boundaries. Clearlysuch carve-up axioms are needed if we want to be able to construct all possible�gures by decomposing regions into parts in all possible ways that are distin-guishable in terms of the theory. In the remainder of this section I look at someways in which additional boundaries may be introduced into a �gure.



5.1 Simple Building BlocksWe consider the possibilities for introducing new regions into an initial con�g-uration made up of a number of designated (2D) regions which are externallyconnected and topologically simple: i.e. they are WCON. Assuming topologicalsimplicity of the regions involved greatly simpli�es the intellectual manageabilityof the problem. It means that a diagram representing some con�guration of re-gions can be regarded as representative of all topologically equivalent diagrams.If we allowed that regions might be disconnected (or have some other topologicalcomplexity), then an example diagram would have to be thought of as also rep-resenting topologically distinct situations in which one or more of the designatedregions were split into multiple parts. This would greatly reduce the usefulness ofanalysing diagrams as a means to �nding existential axioms. Moreover, restrict-ing our attention to complexes of topologically simple regions does not reducethe generality of the existential axioms, since regions with more complex topolo-gies can be regarded as constructed, by means of sums and complements, froma number of simple regions; and the existence of such sums and complementswould be guaranteed by axioms QBfun1 and QBfun2.5.2 Carving-Up a Simple RegionStarting with a single simple region there are three ways in which it can bedivided into two self-connected parts | as shown in �gure 3.Fig. 3. Three intrinsically di�erent ways of carving up a regionThe possibility of the �rst case is guaranteed by the NTPP axiom in theRCC theory, however the other two possible carve-ups are not. The fact thatthe theory allows models in which there are regions with no tangential properparts may be considered a shortcoming of the axioms. This could be remediedby adding the following additional axiom:8x9y[TPP(y; x)] (TPP)As it stands TPP does not distinguish between the second and third cases shownin �g. 3; but such a distinction could be made by means of the `�rm tangentialpart' (FTPP) relation de�ned in terms of C by Gotts (1994b).One idea (suggested by Dr A.G. Cohn) is that a full set of existential axiomsmight be arrived at by considering successive carve-ups starting from a singleundi�erentiated region. Thus, for each of the three cases of �g. 3 we would con-sider all the ways in which an additional division (into two self-connected parts)



of one of the regions could be made. We have investigated each of the �rst twocases but space does not permit description of both, so I present only the furtheranalysis of the middle case | see �gure 4.
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x2Fig. 4. Nine ways to split one of a pair of WCON, EC regions into two WCON partsEach of the nine cases corresponds to an existential axiomwhich can be statedrelatively easily in the RCC system. It will be helpful to de�ne �rst the conditionof two regions being each topologically simple and being externally connectedalong a boundary segment:WCONFEC(x; y) �def (WCON(x) ^ WCON(y) ^ FEC(x; y))and the relation which holds between a region and two well-connected parts intowhich it is split:SPLIT(x; y; z) �def (x = sum(y; z) ^ :O(y; z) ^ WCON(y) ^ WCON(z))These relations allow fairly concise speci�cation of existential axioms for eachsituation. For example the top left case corresponds to the following:8x8y[WCONFEC(x; y) ! 9x19x2[SPLIT(x; x1; x2) ^ EC(x1; y) ^ DC(x2; y)]and the top middle case to:8x8y[WCONFEC(x; y) ! 9x19x2[SPLIT(x; x1; x2) ^ WCON(sum(x1; y))^ EC(x2; y) ^ :WCON(sum(x2; y))] ]In fact all nine cases can be distinguished by means of simple RCC relationsand/or conditions of `well-connectedness' or otherwise of certain sums of regions.If this method of analysing successive decompositions is to provide a completeset of existential axioms,we need to be able to show that, once we have considereda su�cient number of cases, then any carve-up of a more complex con�gurationcan be accounted for in terms of a carve-up of simpler sub-parts. This seemseminently plausible; however, if it is not the case, then the analysis of possiblebisections given in the next section may help complete the picture.



5.3 A Boundary Based AnalysisAn alternative approach to specifying how additional boundaries my be intro-duced into arbitrarily complex con�gurations of (topologically simple) regionsis to note that: whenever we split a region into two tangential parts, it is onlythe location of the end-points of the new bisecting line, relative to surroundingregions, that determines the topology of the resulting con�guration.E.g., if a region A is externally connected to two regions B and C then Acan be carved into two pieces A1 and A2 in such a way that A1 and A2 are bothconnected to B and to C (see �gure 5a). In other words A can be split fromone boundary section to another, where these boundary sections are de�ned byexternal connection to some other region. Alternatively we may want to carve aregion up in an even more speci�c way. If a region is externally connected to twoother regions, such that all three regions are mutually connected at a point, thenwe may want to bisect the region at exactly that boundary point (see �gure 5b).The other end of the bisection may be either at another such point (case c |not illustrated) or on a section of boundary de�ned by an external connection(case b).
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a) b)Fig. 5. Two ways to carve up a regionThe existence of regions as constructed in case a) is assured by the followingaxiom:8x8y8z[(WCON(x) ^ FEC(x; y) ^ FEC(x; z)) ! 9x19x2[SPLIT(x; x1; x2)^ FEC(x1; y) ^ FEC(x1; z) ^ FEC(x2; y) ^ FEC(x2; z)]]and similar but slightly more complex formulae can easily be constructed to takeaccount of cases b) and c).This approach may obviate the need for the exhaustive case analysis proposedin the previous section. However it is not yet clear whether the boundary intro-ductions together with the NTPP axiom su�ce to introduce all possible regions.This is because in order to be able to describe bisections in terms of end-points,we need to �rst be able to generate con�gurations as complex as the situationsshown in �g. 5 prior to dissection. Nevertheless, once con�gurations of su�cient



complexity have been generated, the consideration of possible end-points for fur-ther bisections may be a better way to ensure completeness of the existentialimport of an axiom set.5.4 How to Create the UniverseSo far we have looked at how to construct new regions from the boundaries ofother regions and how to carve regions up to produce new regions with newboundaries. But these forms of region generation will not get us very far unlesswe have some regions to combine or to chop up. The RCC theory ensures thatthere is a universal region, which is connected to all regions:us =def �y[8z[C(z; y)]] (us)We must consider whether starting from such a region and applying the (relat-ive) existential axioms (which generate regions by combination and dissection ofregions whose existence has already been secured) guarantees the existence ofall possible con�gurations of regions. An answer to this question is beyond thescope of the present paper; however, a number of issues concerning the topologyof the whole universe and how this relates to problems of de�ning topologicalproperties of regions within the universe have been examined in (Gotts 1994b)and (Gotts 1994a).5.5 Open QuestionsThe present work is only a preliminary enquiry into the possibility into how onemight construct a complete theory of spatial regions. The examination of Booleanfunctions, dimension, planarity and carve up axioms given above cover a numberof important aspects of the task but a number of open questions remain.The axioms given in the last section are intended to completely specify pos-sible con�gurations of regions. It will be noted that they are all `positive': theyensure the existence of regions but do not explicitly rule out the existence of anyregions. Nevertheless, because of the universal axioms of the RCC theory (whichcould themselves be regarded as negative existential axioms) and also by meansof the dimensionality and planarity axioms suggested above, many possibilitiesare ruled out. However, we cannot yet be sure that all impossible combinationshave been excluded; or, looking at the situation more dispassionately, we stillmay have several non-equivalent models of the axioms, so the theory may not becomplete. This presents us with the question of whether �xing the global topologyof a space and the dimensionality of the regions and then giving su�cient exist-ential axioms to generate all possible con�gurations of regions will necessarilyresult in a complete theory.Another problematic issue concerns the notions of the continuity of spaceand denumerability of regions. A categorical point-based theory of Euclideanspace will contain some form of axiom of continuity. This is a 2nd-order formula(or in�nite set of 1st-order formulae) which ensures that between any two non-overlapping open sets of points on a line there is always an intermediate point.



This has the consequence that there are must be an uncountable number ofpoints in the domain. Hence, if regions are thought of as sets of points, onemight expect that the domain of regions would be uncountable. However, a 1st-order theory, such as RCC plus the additional axioms suggested in this paper,will always have denumerable models. What is unclear is whether a satisfactoryregion-based theory really needs some additional 2nd-order axiom (akin to thecontinuity axiom) or whether a 1st-order theory with a unique denumerable modelis perfectly adequate.6 ConclusionThe lack of complete theories of spatial regions has been noted and attributed tocertain weaknesses of current theories. Speci�cally, i) the dimension and globaltopology of the space under consideration has not been �xed axiomatically, andii) insu�cient attention has been given to to existential axioms.To remedy i) I have given an axioms intended to characterise 2D planarspace purely in terms of the connectedness of regions. To address ii) I havedescribed a method of eliciting existential axioms by examining and formalisingthe process of construction of �gures illustrating con�gurations of regions (amethod analogous to the derivation of axioms of elementary geometry from aconsideration of possible constructions with ruler and compass.)Substantial work remains to be done before one could claim that an absolutelycomplete theory of spatial regions had been constructed. As yet it is not clearwhat form a proof of completeness should take. One could either take a semanticapproach in which the theory was somehow interpreted in terms a unique math-ematical structure (such as a Cartesian �eld) or a syntactic approach in which oneattempted to directly show that for every formula either it or its negation wereprovable. It is also quite likely that rendering the theory complete will requirefurther modi�cation of the additional axioms I have suggested or even axiomsof a kind which I have not anticipated. However, I believe that an absolutelycomplete theory of spatial regions will eventually be constructed.Furthermore, the methodological considerations addressed in the paper arenot only relevant to spatial reasoning but are important to the construction offormal theories describing almost any domain of knowledge. Whenever a set ofconcepts have a unique intended interpretation, an absolutely complete theoryshould be sought.ReferencesAllen, J. F.: 1981, An interval-based representation of temporal knowledge, Proceedings7th IJCAI, pp. 221{226.Asher, N. and Vieu, L.: 1995, Toward a geometry of common sense: A semantics and acomplete axiomatization of mereotopology, Proceedings of the International JointConference on Arti�cial Intelligence (IJCAI-95), Montreal.
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