A proximity approach to some
region-based theories of space

by
Dimiter Vak ar el o v (Sofia, Bulgaria)
Georgi D i m o v (Sofia, Bulgaria)
Ivo D i n t s ¢ h (Ontario, Canada) and
Brandon B e n n e t t (Leeds, England)

Abstract

This paper is a continuation of [41]. The notion of local connection algebra,
based on the primitive notions of connection and boundedness, is introduced.
It is slightly different but equivalent to Roeper’s notion of region-based topol-
ogy ([31]). The similarity between the local prozimity spaces of Leader ([25])
and local connection algebras is emphasized. Machinery, analogous to that
introduced by Efremovic¢ ([17],[18]), Smirnov ([33]) and Leader ([25]) for prox-
imity and local proximity spaces, is developed. This permits us to give new
proximity-type models of local connection algebras, to obtain a representa-
tion theorem for such algebras and to give a new shorter proof of the main
theorem of Roeper’s paper [31]. Finally, the notion of MVD-algebra is intro-
duced. It is similar to Mormann’s notion of enriched Boolean algebra ([28]),
based on a single mereological relation of interior parthood. It is shown that
MVD-algebras are equivalent to local connection algebras. This means that
the connection relation and boundedness can be incorporated into one, mere-
ological in nature relation. In this way a formalization of the Whiteheadian
theory of space based on a single mereological relation is obtained.
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1 Introduction

The roots of region-based theories of space, known also as pointless geometries,
go back to De Laguna [10] and to Whitehead [43]. The distinctive feature of the
pointless approach is that it considers the classical notion of point (and the related
notions of line and surface) as too abstract to be taken as basic primitive notions
in the theory of space. Instead of points, these theories take as primitives the more
intuitive notion of a spatial region and some binary relations between regions, for
instance the so called connection relation. Then points (lines and surfaces) are
(second-order) definable as certain sets of regions and in this way they become
some of the complex notions of the theory. Besides the early work of Tarski [38]
and Leonard and Goodman [26], other papers related to Whitehedian region-based
approach to the theory of space include Grzegorczyk [20], Clarke [7, 8], Biacino and
Gerla [3, 4], Roeper [31], Mormann [28], Bennett et al. [2] and Bennett [1]. We refer
to the paper of Gerla [19] for a good survey on pointless geometry.

The fact that mereological relations such as “part-of”, “overlap”, “non-tangen-
tial inclusion” and others can be defined in terms of the connection relation relates
some pointless geometries to the field of mereology [27] and to its fusion with topo-
logy — mereotopology [42]. The later is closely related to naive or qualitative
physics introduced by Hayes [21] and in particular to its subfield Qualitative Spatial
Reasoning (QSR) [9]. A very popular system in this field is the Region Connection
Calculus (RCC) introduced in [30]. It has been realized that searching for models
of mereological and RCC-like systems, methods of lattice theory and the theory of
relation algebras can be successfully employed, see e.g. [12, 14, 34, 35, 15, 13, 28].
Mormann [28] has shown that the theory of continuous lattices also has applications
in the region-based theory of space.

It is remarkable, however, that in the fast growing field of mereology, mereoto-
pology and pointless theory of space, little attention has been paid to the theory
of proximity spaces, the only exception being the early paper by Swarc [36], in
which the notion of prozimity distributive lattice was introduced, and a topological
representation theorem was proved. It was mentioned there, that the paper can be
considered as an attempt to build a pointless analogue of the notion of proximity
space. The paper had been written under the direction of the Russian Professor
V. A. Efremovi¢, the founder of the theory of proximity spaces [18]. This makes it
clear that the possibility to build a pointless analogue to proximity theory, and in
general, to topology, had been known to its originators.
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Roughly speaking, a proximity space is a non-empty set X with a binary rela-
tion ¢ between subsets, called a prozimity relation, with the intuitive meaning that
A0 B holds, when “A is near B” in some sense. For instance, in the proximity spaces
arising from metric spaces, A6 B means that the distance between the subsets A and
B is zero. The proximity relation satisfies axioms that are identical with some of the
typical axioms of the connection relation, which makes the theory directly applica-
ble to systems based on the connection relation. Each proximity space determines
a natural topology with nice properties, and the theory possesses deep results, rich
machinery and tools. The main reference on proximity spaces is the book by S.A.
Naimpally and B.D. Warrak [29].

With this paper we hope to demonstrate the fruitfulness of the theory of prox-
imity spaces to certain formalizations of region-based theory of space. The paper is a
continuation and a revised version of [41], where the notion of connection algebra has
been introduced and a representation theorem of connection algebras in proximity
spaces has been proved. Connection algebras are Boolean algebras whose elements
are meant to formalize spatial regions with an additional relation C' of “connec-
tion” between regions. Standard examples of connection algebras are the algebras
of closed or open regions of certain topological spaces. The standard meaning of the
connection relation between closed regions commonly accepted in the literature is
the following:

xC'y iff the closed regions = and y share a common point,
and the standard meaning of the connection relation between open regions is:
xCy iff cl(z) Nel(y) # 0,

where ¢l is the operation of topological closure.
Proximity spaces offer another natural modelling of the connection relation:

xCy iff xdy

where x and y are closed (or open) regions in a proximity space and ¢ is the proximity
relation on the space. The representation theorem in [41] is just of this proximity
kind and this is one of the main novelties of [41]. In the present paper we prove a
stronger version of the representation theorem, proving directly that each connection
algebra can be isomorphically embedded into the connection algebra of a proximity
space, corresponding to a compact Hausdorff space. Note that such spaces admit a
unique proximity relation

A0B iff cl(A) Ncl(B) # 0,



having the standard topological meaning of the connection relation between open
regions. We prove also that there exists a bijective correspondence between the
class of all (up to isomorphism) complete connection algebras and the class of all
(up to homeomorphism) compact Hausdorff spaces. The representation construction
simulates the Leader’s proof of the Smirnov Compactification Theorem (see [29]).
Most of the proofs and constructions in this paper can be considered as lattice-
theoretic versions of previously known proofs and constructions in the theory of
proximity spaces.

The next thing we deal with is an application of the proximity approach to
the system of region-based topology introduced by Roeper in [31]. Roeper’s notion
of region-based topology is a region-based theory of space that is closely related
to our notion of connection algebra — it is a Boolean algebra with a connection
relation and an additional one-place predicate of limitedness. Together with the
connection relation, limitedness is another important property of spatial regions.
For instance, in metric or Euclidean spaces the notion of limited region coincides
with the notion of bounded region (region contained in some sphere). The main
representation theorem is that there exists a bijective correspondence between the
class of all (up to isomorphism) region-based topologies and the class of all (up to
homeomorphism) locally compact Hausdorff spaces. Roeper proves this theorem by
developing his own techniques without using much of the known tools and existing
methods in topology and proximity theory.

The axioms of “region-based topology” almost coincide with the axioms of local
proximity spaces introduced by Leader [25]. This similarity prompts us to introduce
a new name for region-based topologies and to call them local connection algebras.
The similarity between local proximity spaces and local connection algebras makes
it possible to obtain the main representation theorem of Roeper by application
of the methods of local proximity spaces. The main results for local proximity
spaces are obtained by applying the corresponding results for (Efremovi¢) proximity
spaces. With this in mind, we obtain a representation theorem for local connection
algebras in local proximity spaces by an application of the representation theorem
for connection algebras in proximity spaces. In this way we also obtain a shorter
proof of the main theorem of Roeper.

Another work devoted to region-based theory of space is Mormann’s paper
[28]. His system, called enriched Boolean algebra, is similar to connection alge-
bras, but instead of the connection relation, it contains another relation between
(open) regions, called interior parthood. One of the main aims of Mormann’s paper
is to show that Whiteheadian theory of space can be built up on the base of the
single relation of interior parthood, considered as a “purely mereological relation”
([28], p. 37). In a discussion with Roeper (p. 52) he claims that the relations of
connection and limitedness are “non-mereological”. We use here without discus-



sion Mormann’s terminology, although it seems that all such relations should be
considered as “mereotopological’. Note however that Mormann’s notion of interior
parthood is different from the corresponding notion in local connection algebras.
Mormann’s definition in the intended semantics — open regions in locally compact
Hausdorff spaces, is the following:

z < yiff cl(xz) C y and ¢l(x) is compact, where z,y are open regions.

The difference with the corresponding definition in Roeper’s paper [31] is in the
requirement of compactness of ¢l(z) which introduces some asymmetry between z
and y. If we define connection by the standard formula “xC'y” iff “not + < y*” then
the above asymmetry implies that the connection relation is not a symmetric one as
it should be. Despite this difference, the main representation theorem for Mormann’s
system takes the same form as Roeper’s. Unfortunately, the representation theorem
presented in Mormann’s paper [28] is not true (see Example 6.2 here). However it
becomes true if one adds an extra axiom to those which an enriched Boolean algebra
has to satisfy. The obtained new notion, introduced by the first two authors of
the present paper, is called an MVD-algebra (Mormann-Vakarelov-Dimov-algebra).
We prove that MVD-algebras are equivalent to local connection algebras. Hence
the representation theorem for local connection algebras is valid also for MVD-
algebras. In this way we extend the proximity approach to MVD-algebras. The
representation result for MVD-algebras implies also that one of the main aims of
the Mormann’s paper — to formalize the Whitehedian theory of space on the base
of a single mereological relation, is realized. It is shown in this way that the modified
Mormann’s notion of interior parthood incorporates in itself both of connection and
boundedness, which is a quite unexpected fact.

Applications of proximity spaces to similar problems can be found in [40] and
[11]. In [11] proximity spaces are used to formalize the notions of local and global
similarity relations between objects in certain information systems. A local simi-
larity relation has a meaning analogous to the overlapping relation in mereology,
and a global similarity relation is interpreted by the proximity relation. This shows
another possible approach to the theory of spatial relations — to use the represen-
tation theory of similarity relations (or, more generally, informational relations) in
information systems (see Vakarelov [39] for references).

The rest of the paper is organized as follows. In section 2 we introduce the
notion of connection algebra and in section 3 we list some basic facts about proximity
spaces. We prove here that the Boolean algebra of closed regions of each proximity
space forms a connection algebra with respect to the proximity relation. Section
4 is devoted to the representation theorem for connection algebras. The proof is
analogous to the proof of the Stone representation theorem for Boolean algebras
and to Leader’s proof of the Smirnov Compactification Theorem. In section 5 we



give the definition and some facts about local proximity spaces and introduce the
notion of local connection algebra, which, though slightly different in formulation,
is equivalent to Roeper’s notion of “region-based topology” [31]. The changes have
been made in order to fit well with the definition of local proximity space. It is
proved here that the closed regions of a local proximity space determine a local
connection algebra. The main result in this section is the representation theorem
for local connection algebras, which is deduced from the corresponding theorem for
connection algebras. The main idea of the proof is a lattice-theoretic parallel with
Leader’s theorem for local proximity spaces [29, 25]. In this way we show how the
theory of the more simple notion of connection algebra can be used to obtain the
main representation theorem for local connection algebras. In section 6 we introduce
the notion of an MVD-algebra, which is similar to the Mormann’s notion of enriched
Boolean algebra. The formal equivalence of the notions of MVD-algebras and local
connection algebras is proved and a representation theorem for MVD-algebras is
obtained. Section 7 is devoted to some concluding remarks.

If (X, 7) is a topological space, we denote by cl(A) the topological closure in
(X, 1) of the subset A of X. We don’t assume that completely regular topological
spaces and normal topological spaces are T'-spaces. When they are supposed to be
Ti-spaces, we use the terms, respectively, “Tychonoff spaces” and “T-spaces”.

If X is a set then by Exzp(X) we denote the powerset of X.

For all undefined notions and notations in the paper see [32] or [24] for Boolean
algebras, [29] for proximity spaces and [16] for topology.

2 Connection algebras

Definition 2.1 An algebraic system A = (B,0,1,V,A,* C) is called a connection
algebra (abbreviated as CA), if (B,0,1,V, A,*) is a Boolean algebra (where the op-
eration “complement” is denoted by “*”) and C'is a binary relation on B, satistfying
the following axioms (we will write “ — C” for “not C”):

(C1) If x Ay # 0 then zCy;

(C2) If zCy then x,y # 0;

(C3) xzCy implies yC'z;
(C4) zC(y V 2) iff zCy or xC'z;
(C5) If x(—C)y then z(—C)z and y(—C)z* for some z € B;

(C6) If x # 1 then there exists y # 0 such that y(—C)x.

Usually, we shall just write (B, C) for a connection algebra. The elements of
B will be called (spatial) regions and the relation C' a connection relation.

We will say that two connection algebras (By, C1) and (Bsy, Cy) are isomorphic
iff there exists a Boolean isomorphism f : By — B, such that, for each a,b € By,



aChb iff f(a)Cof (D).

Note that our definition of CA differs from that of “Boolean connection alge-
bra” of [34].

Fact 2.2 Let (B,C) be a connection algebra. Then the following is true:
(C6') If © £ y then zCx and z(—C)y for some z € B.

Proof. Wehave x Ly <> cAy*#0 < 2*Vy# 1. Now, by (C6), there exists an
element z of B\ {0} such that z(—C')(2* Vy). Then (C4) implies that z(—C)y and
z(—C)z*. Supposing that z(—C')z, we obtain, by (C4), that z(—C')1, which means,
according to (C1) and (C2), that z = 0, which is a contradiction. Hence, zCz. O

Remark 2.3 Obviously, (C6') implies (C6) (indeed, x # 1 means that 1 £ x; hence
there exists an y € B such that yC'1 and y(—C)z; by (C2), yC1 implies y # 0). So,
in the definition of a connection algebra, one can substitute (C6) with (C6'), as it
is done in [41]. We take the axiom (C6) from [34].

Remark 2.4 Axiom (C6) is an extensionality axiom, since it implies, in the pres-
ence of the other axioms, the statement (C'6') and one easily obtains from the later
(see Lemma 2.5(3) bellow) that

r =1y <= (Vz € B)[zCz < zCy].
The following lemma collects some easy properties of the connection relation:
Lemma 2.5 Suppose that (B,C) is a connection algebra. Then:
1. If xCy, x < 2’ and y < y' then 2'Cvy/,
2. vCux iff v #0,
3. x <y iff (Vz)(2Cz implies zCYy).

2.6 We define non-tangential inclusion < by

*

r Ly <= z(-C)y".

This relation has different names in the literature: “well-inside relation”, “well be-

”

low”, “interior parthood”, “non-tangential proper part” or “deep inclusion”. The
relations C' and < are inter-definable, and the axiomatization of C' can be equiva-
lently rewritten in terms of non-tangential inclusion (see [41]). It is easy to see that
axiom (C5) can be expressed equivalently in the following form:

(C5) If © < 2z then z < y < z for some y € B.

The following is equivalent to (C6):

(C6") If & # 0 then there exists y # 0 such that y < .
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Our connection algebras are strongly related to the structures of [20] and [7].
All of our axioms, except (C5), are either axioms or theorems in the Grzegorczyk
system. Grzegorczyk assumes B to be a complete Boolean algebra but we have
decided to drop this assumption in order to obtain a first-order notion of connection
algebra. Grzegorczyk also assumes two non-trivial axioms in his system, containing
the definable notion of point. In pointless geometry, the definition of point is one
of the central problems, and it is defined (in different ways) as a collection (or
sequence) of regions. The inclusion of the notion of point in the set of axioms, as
Grzegorczyk did, makes the system complicated and not first-order. Biacino and
Gerla ([4]) have discussed the problem of equivalence of the notion of point in the
systems of Grzegorczyk ([20]) and Whitehead ([43]). They proved that the two
notions are equivalent if the Grzegorczyk system is enriched with the axiom (C5)
above. They also noted that this axiom is satisfied in the models of the connection
relation in “good” topological spaces — for instance in all normal spaces and, in
particular, in n-dimensional Euclidean spaces. This is one of the motivations for us
to include (C5) in our definition of CA. In this way we obtain a region-based theory
of space for which a good topological representation theorem can be proved without
assuming axioms containing the notion of point.

3 Proximity spaces

In this Section we recall the basic definitions and properties of proximity spaces.
The proofs of the facts concerning proximities mentioned here can be found in [29].
It will turn out that connection algebras can be represented by the regular closed
subsets of proximity spaces.

3.1 Let X be a non-empty set. A binary relation 0 on the powerset Exp(X) of

X is called a basic prozimity or simply prozimity, if it satisfies (C1)—(C4) on the
Boolean algebra (Exp(X),0, X,U,N,\); the pair (X,d) is called a basic prozimity
space or simply prozimity space. When x is a point of X, we write z0A in place of
{z}dA. A basic proximity is called separated if it satisfies

(SP) zdy implies z = y.

In such a case the pair (X, 0) is called separated basic prozimity space.

If M is a subset of X then the restriction 6, of 6 to M is defined as follows:
for A,B C M, Ady B iff A0B. It is easy to see that (M,d,) is a basic proximity
space.

We write A <5 B (or simply A < B) if A(—0)(X \ B), where “ — §” means
“not ¢”. When z is a point of X, we write z < A in place of {2} < A.

A separated basic proximity 0 on X which satisfies the condition



(EF) If A < B, then there exists a C' C X such that A < C < B
is called an Efremovic¢ prozimity; the pair (X, §) is called Efremovic¢ prozimity space.

3.2 Let (X, ) be a basic proximity. Then the operator cls on Exp(X) defined by
cls(A) ={zr € X : zdA}.

is a Cech closure operator (see [5]). Hence 75 = {X \ A: A = cls(A)} is a topology
on X. It is well known that the (Kuratowski) closure operator cl,, generated by s
could not coincide with cls. If § is a Lodato prozimity (i.e. a basic proximity such
that cls(A)dcls(B) implies A0B) then cl; coincides with cl,,; if ¢ satisfies the axiom
(EF) then (X, 75) is a completely regular space; if, moreover, 0 is separated (i.e.
d is an Efremovi¢ proximity) then (X, 75) is a Tychonoff space ([33],[29]). Every
Efremovic¢ proximity is a Lodato proximity.

3.3 If (X, 7) is a topological space, we say that (X, 7) admits a prozimity, if there
is a basic proximity 0 on X such that 7 = 74; in this case we say also that ¢§ is a
proxzimity on the space (X, T).

Examples 3.4 Here are few examples of proximity spaces:

1. Let X be a set having at least two points. For A, B C X, set AdB <= A # ()
and B # (). This is the trivial basic prozimity in X. It is not separated. It
satisfies the axiom (EF) but (Exzp(X),d) does not satisfy (C6).

2. Let (X, 7) be a Ty-space and define
AdB <= cl(A)necl(B) # 0.

Then ¢ is an Efremovic¢ proximity on the space X. We call it standard proz-
1maty.
If (X, 7) is not a discrete space then (Exp(X),d) does not satisfy the axiom

(C6) (indeed, take a point = such that {z} is not an open set; then there is no
non-empty subset Y of X such that Y < {z}).

3. Let (X, 7) be a locally compact Hausdorff space, and, for A, B C X, define
A(=0)B iff cl(A) Ncl(B) = 0 and either cl(A) or cl(B) is compact. Then 9 is
an Efremovi¢ proximity on the space X.

4. Let (X,d) be a metric space and, for A, B C X, define A0B iff d(A, B) = 0,
where d(A, B) = inf{d(z,y) : v € A,y € B}. Then ¢ is an Efremovi¢ proximity
on the space (X, 74).



5. Let (X, 7) be a completely regular space. Recall that two subsets A, B of X are
completely separated iff there is a continuous real-valued function f : X —
[0,1] such that f(A) = 0 and f(B) = 1. We can define a basic proximity
§ on X, satisfying the axiom (EF), by A(—¢)B iff A and B are completely
separated.

Fact 3.5 (see, e.g., [29]) If (X,T) is a compact Hausdorff space, then it admits a
unique Efremouvic¢ proximity 6, namely the standard one.

Fact 3.6 (see, e.g., [29]) Let (X,0) be a Lodato proximity space and A,B C X.
Then A <5 B implies cl(A) <5 B and A < Int(B).

Definition 3.7 Let X be aset. A stackon X is a family S of subsets of X satisfying
the condition
BDOAeS=BcS.

A grill ([6]) G on X is a stack on X satisfying ) ¢ G and
(AuB)eG = (Ae€Gor Beg).

Definition 3.8 Let (X, ) be a basic proximity space. A grill G on X is called a
clan on (X, 9) ([37]) iff
A Beg = AiB.

A clan o on (X, §) is called a cluster ([25]) iff the following condition is satisfied:
(CL) If AC X and A0B for every B € o, then A € 0.
For each z € X, the collection 0, = {A C X : Adx} is a cluster. Such a
cluster is called point cluster. If {z} € o for some x € X, then 0 = o0,. If (X,0) is
separated, then no cluster can contain more than one point.

Recall that a proximity space (X, ) is said to be compact iff the topological
space (X, 75) is compact. We will need the following well-known result:

Theorem 3.9 (/25],/29]) An Efremovic¢ prozimity space is compact iff every cluster
in the space is a point cluster.

We say that a subset A of a topological space X is regular closed if A =
cl(Int(A)). Clearly, A is regular closed iff it is a closure of an open set B.

Recall that for any topological space (X, 7), the collection RC(X) of regular
closed sets can be made into a complete Boolean algebra (RC(X),0,1,A,V,*), by
setting

1=X,0=0,A"=cl(X\A),AVB=AUB,AANB = (A*V B")* = cl(Int(A N B)).

The infinite operations are given by the formulas V{A, : v € T'} = cl(U{4, : v €
I'}), and A{A, : vy €T} =cl(Int(N{A, : v €T})).
The following observation will be useful in the sequel:
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Lemma 3.10 Let (X, ) be an Efremovic¢ proxzimity space and A,B C X. If A <; B
then there exists a reqular closed set C' such that A <5 C' <5 B.

Proof. By (EF), there exists a D C X such that A < D < B. Applying 3.6, we
obtain
A < Int(D) C cl(Int(D)) C cl(D) <5 B,

and thus, A <; cl(Int(D)) <5 B. 0

Next, we will consider connection algebras over proximity spaces.

Lemma 3.11 Let (X,6) be an Efremovi¢ prozimity space. Then, (RC(X),0) is a
connection algebra.

Proof. The verification of axioms (C1) — (C4) is straightforward; (C5) follows from
Lemma 3.10. For proving (C6") (which is equivalent to (C6)), let A € RC(X) and
A # (). Then there exists a point x € Int(A). Obviously, z < Int(A). Applying
3.10, we obtain that there exists B € RC(X) such that v < B < A. So, B # ()
and B < A. O

Definition 3.12 Let (X, d) be an Efremovié¢ proximity space. (RC(X),J) is called
a proximity connection algebra over (X, d). Following the definition in Example 2 of
3.4, we call it a standard proximity connection algebra, if

ASB < ANB # 0,

for all A, B € RC(X).

In the next section we will show that it suffices to consider only standard
proximity connection algebras.

4 A representation theorem for connection alge-
bras

In this section we shall prove that each connection algebra can be isomorphically em-
bedded into a standard proximity connection algebra. Our strategy follows the proof
of the Stone representation theorem for Boolean algebras. The points in a Stone
space S(B) are the maximal filters in B. In connection algebras, the points of the
representation space will be some analogues of maximal filters, called clusters. We
take the notion of a cluster from the theory of proximity spaces, and our definition
is just the lattice-theoretic translation of the corresponding definition of cluster (see
Definition 3.8 here). Many statements about clusters in connection algebras have

11



proofs which are identical (up to the aforementioned lattice-theoretical translation)
to the proofs of the corresponding statements for clusters in proximity spaces. When
such identical proofs exist we will refer to the corresponding statements and their
proofs.

Throughout this Section we suppose that (B, () is a connection algebra.

4.1 A non-empty subset I' of B is called a clan in (B, C) if the following conditions
are satisfied:

(K1) If z,y € I then zCly;

(K2) If z <y and © € I" then y € T';

(K3) IfzvVyeTl thenx €T ory el

A clan ' in (B,C) is called a cluster in (B,C) if it satisfies the following
condition:

(CLU) If zCy for every y € ', then x € T.

The set of all clusters in (B,C) is denoted by Clust(B,C) or simply by
Clust(B). It is not hard to see that (the proofs are similar to those given in [37]):

(i) each clan is contained in a maximal clan;

(i) each maximal clan is a cluster.

Recall that a subset F' of B is called a filter in B if it satisfies the following
conditions: (1) 0 ¢ F, (2) a,b € F implies that a Ab € F,and (3) a < band a € F
imply that b € F. An ultrafilter in B is a maximal (with respect to the inclusion)
filter in B.

We will now imitate Leader’s proof of Smirnov Compactification Theorem
(see [25], [29]). We will define a suitable proximity dz on Clust(B) and show that
(Clust(B), dp) is compact. Then, we will find an injective Boolean homomorphism
h which preserves the connection relation C' from B into the standard proximity
connection algebra over (Clust(B), dg).

The following properties of clusters will be helpful later:

Lemma 4.2 Let I € Clust(B), and a,b € B.
i. If aCb, then there is some A € Clust(B) such that a € A and b € A.
i. a* € ' iff for allb,c € B, ce I and bV a =1 imply cCD.

Proof.

i. The proof is analogous to the one of Theorem 5.14 of [29].

ii. If a*,ce T"and aVvVb =1, then a* < b. It follows from (K2) that b € T', and
hence, cCb (by (K1)).

Conversely, suppose that for all b,c € B, ¢ € I' and b V a = 1 imply cCb.
Setting b = a*, we obtain that cC'a* for all ¢ € I, and thus, a* € ' (by (CLU)). O
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Let us denote by PCp the powerset of Clust(B). We define a function
h:B — PCg by
(1) h(a) = {I € Clust(B) : a € '}

in analogy to the Stone representation theorem for Boolean algebras. The following
properties are easily proved from Lemma 4.2:

Lemma 4.3
i. h(0) =0, h(a) = Clust(B) <= a = 1.
ii. h(aV b) = h(a) U h(b).
iti. aCb iff h(a) N h(b) # 0.

Proof. 1. Obviously, h(0) = 0 and h(1) = Clust(B). Let h(a) = Clust(B). Then
a € T for every I' € Clust(B). Suppose that a # 1. Then 1 £ a and hence, by (C6’)
(see 2.2), there exists an element b of B such that bC'1 and b(—C)a. By Lemma
4.2(i), there exists a I' € Clust(B) such that b € T". Since a € I', we obtain that aCb
and this is a contradiction. Therefore, a = 1.

ii. This follows immediately from (K3) and (K2) (see 4.1).

iii. If aCb, then Lemma 4.2(i) tells us that h(a) N h(b) # 0. Conversely, if
h(a) N h(b) # 0, then aCb (by (K1)). 0

4.4 Let (B,C) be a connection algebra. We set, for X,Y C Clust(B),
X6pY iff (Va,y € B)[(z € ()X and y € (V) imply zCy].

Using the definition of h, we obtain
XogY iff (Vx,y € B)[(X C h(z) and Y C h(y)) imply zCy].

The proof of the next result can be obtained by (part of) the proof of the
Smirnov Compactification Theorem in [29] (Lemma 7.2):

Theorem 4.5 Let (B,C) be a connection algebra. Then (Clust(B),dp) is an Efre-
movi¢ proximity space.

4.6 Let Tt Pe the topology on Clust(B) induced by dp. Then, for each M C
Clust(B), we have

(2) (M) ={T € Clust(B) : (Vz,y € B)[(x € I and M C h(y)) = xCy]}.
Theorem 4.7 Let (B,C) be a connection algebra. Then (Clust(B),dg) is compact.
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Proof. By 3.9, it is enough to show that every cluster in Clust(B) is a point cluster.

Let C be a cluster in (Clust(B),d5). Put xk = {a € B : h(a) € C}. We shall
prove that  is a clan in B. Note that 1 € k.

Let @ < b and a € k. Then h(a) C h(b), h(a) € C and hence h(b) € C.
Therefore, b € k.

If avb € k then h(aVb) € C, ie. h(a)Uh(b) € C. Hence h(a) € C or h(b) € C,
which means that a € kK or b € k.

Let a,b € k. Then h(a), h(b) € C and hence h(a)dgh(b). This obviously implies
(see the definition of d5) that aCb.

Therefore, £ is a clan in (B, C). Now, by 4.1, there exists a maximal clan £ in
(B, C) containing x and £ € Clust(B). We shall show that {{} € C, i.e. that C is
the point cluster o¢ in (Clust(B), 0p).

Let I' € C. We shall prove that {£}dgD, i.e. that if 2,y € B are such that
{&} C h(z) and T" C h(y) then Cy. So, let x,y be as above. Then & € h(x), which
means that = € £. Hence xCa, for any a € B such that h(a) € C. Since I' € C and
I' C h(y), we obtain that h(y) € C. Therefore, zCy.

We have proved that {£}dg] for every I' € C. Thus {{} € C,ie. C=0,. O

The following well-known variant of the famous “Grill Lemma”, which can be
proved exactly as Lemma 5.7 of [29], is valid for Boolean algebras:

Theorem 4.8 Let (B,0,1,V,A,*) be a Boolean algebra and G be a subset of B such
that 0 € G andaVvVb e G iffa € G orbe G. Ifay € G then there exists an ultrafilter
U in B such that ag € U and U C G.

The next theorem can be proved exactly as Theorem 5.8 of [29]:

Theorem 4.9 A subset I of a connection algebra (B, C) is a cluster iff there exists
an ultrafilter U in B such that

(3) ['={a € B:aCb for every b € U}.

Moreover, given I' and ay € T, there exists an ultrafilter U in B satisfying (3) which
contains ag.

Corollary 4.10 Let (B,C) be a connection algebra and U be an ultrafilter in B.
Then there ezists a unique cluster I' in (B, C) containing U.

Finally, the following simple result can be proved exactly as Lemma 5.6 of [29]:

Fact 4.11 Let (B,C) be a connection algebra, 'y and Ty be two clusters in (B, C).
IfFl g Fg, then 1—‘1 = 1—‘2.
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We are now ready to prove the representation theorem for connection algebras.

Theorem 4.12 (Representation Theorem for connection algebras)

(a) Each connection algebra (B, C) can be embedded into a standard prozimity
connection algebra (RC(X), ), where (X, d) is a compact Efremovié prozimity space.
When B is complete this embedding becomes a complete isomorphism.

(b) There exists a bijective correspondence between the class of all (up to iso-
morphism) complete connection algebras and the class of all (up to homeomorphism)
compact Hausdorff spaces.

Proof. Let (B, C') be a connection algebra and h : B — PCj be defined by (1). Our
aim is to prove that h is an injective Boolean homomorphism B — RC(Clust(B))
such that aCb <= h(a) N h(b) # (. This will show that (B,C) is isomorphic to
a substructure of the proximity connection algebra over (Clust(B),dp), which is a

standard proximity connection algebra by 3.5.
We first show that h(a*) = cl(—h(a)) (we write “—h(a)” for “Clust(B)\h(a)”):

eh(a*) < a" €l
< (Vb,ce B
<~ (Yb,ce B
< (VYb,ce B
<~ lecl(-h

[(ceT and bVa=1) = cCb|, by 4.2(ii)

[(c €T and h(bV a) = Clust(B)) = c¢Cb], by 4.3(i)
[(ceT and — h(a) C h(b)) = cCb|, by 4.3(ii)

a)).

This implies that h is well defined, i.e. that h(a) € RC(X), since

h(a) = cl(—=h(a")) = cl(—cl(—h(a))) = cl(Int(h(a))).

Furthermore, it shows that h(a*) = cl(—h(a)) = h(a)*, so that h preserves comple-
ments. Together with Lemma 4.3, it follows that h is a Boolean homomorphism.
To show that A is injective, suppose that a # b, and let w.l.o.g. a £ b. By
(C'6'), there is some ¢ € B such that aCc and b(—C)e. Let I' € Clust(B) be such
that a,c € I' (see Lemma 4.2(i)). It follows now from b(—C')c and (K1) that b ¢ I".
By Lemma 4.3(iii), we have that, for a,b € B, aCb iff h(a) N h(b) # 0.
For proving the last statement of the first assertion of the theorem, we need
some simple observations:

Fact 4.13 Let (B,C) be a connection algebra. Then the family {h(a) : a € B} is a
closed base of the topological space (Clust(B), Toyst)-

Proof. Let M be a closed subset of (Clust(B), Tcy,st). Hence M = cl(M). Let
' ¢ M. Then, by (2), there exist z,y € B such that x € I', M C h(y) and
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x(—C)y. This implies that I' ¢ h(y) (indeed, if I' € h(y) then y € T' and thus
zCy, a contradiction). So, we have that M C h(y) and I' ¢ h(y). This means that
M ={h(y) : M C h(y)}. We have shown above that h(y) is a closed set, for each
y € B. So, {h(a) : a € B} is a closed base of (Clust(B), Toyyst)- 0

Corollary 4.14 Let (B,C) be a connection algebra. Then the family {Int(h(a)) :
a € B} is an open base of the topological space (Clust(B), Tyt )-

Proof. Put X = Clust(B). By 4.13, we have that the family {X \h(a) : « € B} is an
open base of (X, Toyyst)- If @ € B then, as it was proved above, h(a) = h((a*)*) =
(h(a*))* = cl(X \ h(a*)) and hence X\ h(a) = X\ cl(X \ h(a*)) = Int(h(a*)). So, the
family {Int(h(a*)) : @ € B} = {Int(h(a)) : a € B} is an open base of (X, Trst)-

O

Fact 4.15 Let (B,C) be a connection algebra and a,b € B. Then h(a) C h(b)
implies a < b.

Proof. This follows from the fact, established above, that A is an embedding. O

To finish the proof of the first assertion of our theorem, let B be a complete
Boolean algebra and let F' € RC(Clust(B)). Then, by 4.13, F = N{h(a) : F C
h(a)}. Put J={a € B: F C h(a)} and j = A J. We will show that F' = h(j).

We have, by 4.14, that

(4) Int(F) = | J{Int(h(b)) : Int(h(b)) C Int(F)}.

Let b € B be such that Int(h(b)) C Int(F'). Then Int(h(b)) C h(a) for every a € J
and hence h(b) C h(a) for every a € J. We obtain, by 4.15, that b < a, for every
a € J, so that b < j and thus h(b) C h(j). Now, (4) implies that Int(F) C h(j)
and, hence, F' C h(j). On the other hand, we have that h(j) C h(a), for every
a € J, and, therefore, h(j) C N{h(a) :a € J} = F. So, h(j) C F and h(j) 2D F, i.e.
hj) = F.

We have proved that h : B — RC(Clust(B), Toyst) is an isomorphism of
the Boolean algebra B onto the Boolean algebra RC(Clust(B), Toyyst) When B is
complete. Hence h is a complete isomorphism (see, e.g. [32]).

(b) For every complete connection algebra (B, C'), put

@(B, C) = (Clust(B), TClust);
for every compact Hausdorff space (X, 1), put
(X, 7) = (RC(X,7),Cx),
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where, for every A, B € RC(X, 1), ACxB iff ANB # (). Then, by (a), h: (B,C) —
U(®(B,C)) is a complete isomorphism. Conversely, let (X, 7) be a compact Haus-
dorff space. We will prove that the space (Clust(RC(X)), Tcyst) is homeomorphic
to (X, 7). Let I' be a cluster in (RC(X),Cx). We will prove that there exists a
unique point zp € X such that I' = o,., where 0, = {A € RC(X) : x € A} is the
point cluster in (RC(X),Cx).

By Theorem 4.9 there exists an ultrafilter #/ in RC(X) such that

(5) I'={Ae€ RC(X): AN B # () for every B € U}.

Since AANB C AN B, for every A, B € RC(X), U is a family of closed subsets of
the compact Hausdorff space (X, 7) having the finite intersection property. Hence
N{B : B € U} # 0 (see [16], 3.1.1). Let z,y € N{B : B € U} and = # .
There exist open neighborhoods Ox and Oy of x and y, respectively, such that
cl(Oz)Nel(Oy) = 0. Then cl(Ox),cl(Oy) € RC(X), BNcl(Ox) # () for every B € U
and B N cl(Oy) # O for every B € U. Now, (5) implies that cl(Oz),cl(Oy) € T.
Since I' is a cluster, we have to have cl(Ox)Cxcl(Oy), i.e. cl(Ozx) N cl(Oy) # 0,
which is a contradiction. Thus N{B : B € U} contains exactly one point, which will
be denoted by xp. Then we will have that AN B # (), for every A € o0, and for
every B € U. This implies, by (5), that o, C I'. Using 4.11, we conclude that

(6) Oz =1

The point xp is the unique point z of X satisfying the equality o, = T since,
obviously, o, # o, for © # y. So, a function f : Clust(RC (X)) — X is defined
by the formula f(I') = zr. Thanks to the equation (6), it is an injection. Since, for
every x € X, 0, is a cluster in (RC(X),Cy), we obtain that f is a bijection. For
every A € RC(X), we have f(h(A)) = f({T' € Clust(RC (X)) : A € T'}) = {ar :
['e Clust(RC(X)),Ael}={r e X:2e€ A} = A. Since RC(X) is a closed base
of (X, 7) and, by 4.13, the family {h(A) : A € RC(X)} is a closed base of the space
(Clust(RC(X)), Toqust), we conclude that f : (Clust(RC(X)), Toqust) — (X,7)
is a homeomorphism. So, ® and ¥ are bijections. O

Corollary 4.16 (Isomorphism Theorem) FEach prozimity connection algebra is
1somorphic to a standard proximity connection algebra.

Proof. Each proximity connection algebra is a connection algebra (see 3.11 and
3.12). Now all follows from Theorem 4.12. |
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5 Local proximity spaces and local connection al-
gebras

Definition 5.1 (/22]) A non-empty collection B of subsets of a set X is called a
boundedness in X iff

(i) A€ Band B C A implies B € B, and

(ii) A, B € B implies AU B € B.

The elements of B are called bounded sets.

Definition 5.2 (/25/) A local prozimity space (X, 3, B) consists of a set X, a basic
proximity 5 on X, and a boundedness B in X subject to the following axioms:

(a) If Ae B,C C X and A < C (where < is defined with respect to ) then
there exists a B € B such that A < B < C}

(b) If ABC, then there is a B € B such that B C C' and ASB.

When £ is separated, then (X, 3, B) is said to be a separated local proximity
space.

Note that (a) is equivalent to the following axiom:

(a') Let A C X and B € B. If for every C' € B either AGC or (X \ C)3B,
then ABB.

Note also that (b) implies that every singleton set, and hence every finite
subset of X, is bounded.

Two local proximity spaces (X1, 51, B;) and (Xg, (52, By) are said to be isomor-
phic if there exists a bijection between X; and X, which preserves in both directions
the bounded sets and proximity relations.

Let (X, 7) be a topological space and (X, 3, B) be a local proximity space. We
will say that (X, 3, B) is a local prozimity space on (X, 7) iff 75 = 7.

The next theorem of Leader ([25]) and its proof are of great importance for
our investigations in this section.

Theorem 5.3 (/25]) Let (X, 7) be a Tychonoff space. Then there exists a bijection
A between the set of all (up to equivalence) locally compact Hausdorff extensions of
(X, 7) and the set of all separated local prozimity spaces on (X, 7). Namely, if Y is
a locally compact Hausdorff extension of X then A\(Y) = (X, ay, By), where By =
{F C X :cly(F) is compact in Y} and, for A, B C X, Aay B iff cly (A)Ncly (B) # 0
(here, for simplicity, we assume that X CY ).

Definition 5.4 An algebraic system B = (W,0,1,V,A,*, (,IB) is called a local con-
nection algebra (abbreviated as LCA), if (W,0,1,V, A,*) is a Boolean algebra, ( is
a binary relation on W and IB is a subset of W, satisfying the following axioms:

(CC1) If x Ay # 0 then z(y;
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(CC2) If xCy then =,y # 0;

(CC3) xCy implies yz;

(CC4) zC(y V z) iff xCy or x(z;

(BB1) 0 € IB;

(BB2) For z,y € W, x <y and y € IB implies z € IB;

(BB3) z,y € B implies z V y € IB;

(BC1) If x € B, z € W and = < z then there exists an y € IB such that
r Ky <L z (here “ <", called non-tangential inclusion, is defined by “r < y <=
z(—()y*”, where “— (” means “non ¢”; sometimes we will write <, instead of <);

(BC2) If 2y then there exists an element z of IB such that z((z A y);

(BC3) If « # 0 then there exists an y € B\ {0} such that y < x.

Usually, we shall write simply (W, (,IB) for a local connection algebra. The
elements of W will be called (spatial) regions and the relation ¢ local connection
relation.

We will say that two local connection algebras (W, ¢,IB) and (W, (i, 1B;) are
wsomorphic iff there exists a Boolean isomorphism f : W —— W; such that, for
a,b € W, alb iff f(a)(1f(b) and f(a) € By iff a € B.

Remark 5.5 Note that if (W, (,B) is a local connection algebra and 1 € B then
(W, () is a connection algebra. Conversely, any connection algebra (B, (') can be
regarded as the local connection algebra (B, C, B).

Example 5.6 Let (X, «, B) be a separated local proximity space. Then the triple
(RC(X),a,BNRC(X)) is a local connection algebra.

Proof. 1t is clear that only the axioms (BC1)-(BC3) need to be checked. The first
one follows immediately from 5.2(a) and the analogue of 3.10. Let us show that
(BC3) is fulfilled. Take a non-empty regular closed set F'. Then there exists a point
x € Int(F'). Since {z} € B and v < F, 5.2(a) implies that there is a G € B such
that + < G < F. As in 3.10, we can find a G; € RC(X) with < G; < G. Then
G, € B,G, # 0 and G, < F, as required.

It remains to be shown that the axiom (BC2) is fulfilled. Let A, B € RC(X)
and BaA. By Leader Theorem 5.3, there exists a unique locally compact extension Y
of X such that X C Y and A(Y) = (X, @, B). Then we have that cly (A)Ncly (B) # 0.
Let y € cly(A) Ncly(B). Since Y is locally compact, there exists an open in Y set
U with compact closure such that y € U. We have that y € cly (A) = cly(Intx(A))
(because A € RC(X)). Hence, setting D = clx(U N Intx(A)), we obtain that
D € RC(X), cly(D) C cly(U) and hence cly (D) is compact in Y, i.e. D € B.
Further, we have y € U Ncly(4) = U Necly(Intx(A)) C cly (U N cly(Intyx(A4))) =
cly (U NIntx(A)) = cly(D), ie. cly(D) Ncly(B) # 0. Therefore, DaB, D €
BN RC(X) and D C A. This completes the proof. O
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Notation 5.7 Let X be a topological space. We will denote by Comp(X) the family
of all compact subsets of X. We set also CompReg(X) = Comp(X) N RC(X).

Corollary 5.8 Let X be a locally compact Hausdorff space. Then the triple
(RC(X), a, CompReg(X)),
where, for A,B € RC(X), AaB iff AN B # 0, is a local connection algebra.

Proof. By Theorem 5.3, A(X) = (X, ax, Comp(X)), where, for A,B C X, AaxB
iff cl(A) Ncl(B) # 0, is a separated local proximity space. We can now use 5.6 for
finishing the proof. O

Definition 5.9 The local connection algebras (RC(X), a, CompReg(X)), where X
is a locally compact Hausdorff space (see 5.8) will be called standard local connection
algebras.

We will need the following statement which should be a folklore; a particular
case of it (when X is an open dense subset of Y') was proved by S. Koppelberg ([23],
Lemma 4.3).

Lemma 5.10 Let (X,7) be a dense subspace of a topological space (Y,T). Then
the Boolean algebras RC(X) and RC(Y') are isomorphic.

Proof. We shall prove that the function f: RC(X) — RC(Y) defined by f(A) =
cly A, for every A € RC(X), is the desired isomorphism.

Let’s show first that f is defined correctly. Take an A € RC(X). Then
A = clx(Intx(A)). We have to prove that cly(A) = cly (Inty (cly(A))). It is clear
that cly (A) D cly (Inty(cly(A))). For proving the inclusion in the converse direction,
it is enough to show that Intx(A) C Inty(cly(A)), i.e. that X \ clx(X \ A) C
XN \cy(Y \cly(A))). Since X is dense in Y, we have that cly (Y \ cly (A4)) =
cly(X N (Y \cly(4) =cly (X \A). Hence X N (Y \cly (Y \cly(4))) =X\ (XN
cly (X' \A)) = X \ clx(X \ A). Thus f(A) € RC(Y).

Define now another function g : RC(Y) — RC(X) by the formula g(B) =
BN X, where B € RC(Y).

For proving that ¢ is defined correctly, let B € RC(Y'). So B = cly(Inty(B)).
We have to show that BN X = cly(Intx(B N X)). It is clear that BN X D
clx(Intx (B N X)). Conversely, let z € BN X and take an U € 7 such that x € U.
Then there exists V' € T such that VNX = U. We have that VNInty (B) # (). Since
X is dense in Y, we obtain that (V NInty (B))NX # 0, i.e. UN(X NInty(B)) # 0.
But X Nlnty(B) C Intx(B N X). Indeed, if y € X N Inty(B) then there exists a
W € T such that y € W C B; putting W' = WNX, we obtain that y € W' C BNX
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and W' € 7; thus y € Inty(B N X). So, we conclude that U NIntx(B N X) # 0,
which implies that = € clyx (Intx (B N X)). Therefore g(B) € RC(X).

Further, we shall show that g o f = idgc(x) and f o g = idgrc(y).

Let A € RC(X). Then g(f(A4)) = X Nncly(A) = A.

Let now B € RC(Y'). Then f(g(B)) = cly (BNX). Obviously, cly (BNX) C B.
Conversely, let z € B. Let O € T and z € O. Since B = cly (Inty(B)), we obtain
that O N Inty(B) # 0. Thus O N (X N Inty (B)) # 0 and hence O N (X N B) # 0.
Therefore, z € cly (BNX). So, we have proved that cly (BNX) = B, i.e. f(g(B)) =
B.

We conclude that f : RC(X) — RC(Y) is a bijection. We will prove now
that f preserves the Boolean operations. Indeed, we have that f(0) =0, f(X) =Y,
J(ALV Ag) = f(AL U Ay) =cly (A1 U Ag) = cly(4y) Ucly(Ay) = f(A) U f(Ag) =
F(AD V f(As). Finally, f(A%) = f(clx(X \ A)) = chy(X \ 4) and (f(A))" =
(cly (A)* = cly (Y \ cly(A)) = cy (X N (Y \ cly(A))) = cly(X \ 4) = f(4").
Therefore, f is an isomorphism between the Boolean algebras (RC(X), 0, X, A, V,*)
and (RC(Y),0,Y,A,V,*). This implies that F' is a complete isomorphism (see, e.g.,
[32]). 0

Proposition 5.11 Let L be a locally compact Hausdorff space and X be a dense
subspace of L. Then the local connection algebra (RC(L), o, CompReg(L)) is iso-
morphic to the local connection algebra (RC(X),ap, By, N RC(X)) (see 5.8, 5.3
and 5.6 for the notations). In particular, if L is a compact Hausdorff space then
(RC(L), @) and (RC(X),ayr) are isomorphic connection algebras.

Proof. First of all we have, by 5.8, that (RC'(L), o, CompReg(L)) is a local connec-
tion algebra. Since L is a locally compact Hausdorff extension of X, the Leader The-
orem 5.3 tells us that \(L) = (X, ay, By) is a separated local proximity space. We
obtain now, using 5.6, that (RC'(X), ay, B, NRC(X)) is a local connection algebra.
By Lemma 5.10, the function f : RC(X) — RC(L), defined by f(F) = cl (F), is
a Boolean isomorphism. Now, the definition of the family By, (see 5.3) gives us that
f(F) € CompReg(L) iff F' € By. On the other hand, from the definition of «;, (see
5.3) we obtain immediately that, for F,G € RC(X), Fa, G iff f(F)af(G). So, f
is an isomorphism between the local connection algebras (RC(X), o, BN RC(X))
and (RC(L), o, CompReg(L)).

When L is compact, we obviously have that CompReg(L) = RC(L) and X €
B, N RC(X), so that the last statement of our proposition follows from its first
statement, 5.5 and 3.11. O

Theorem 5.12 Let (W, (,IB) be a local connection algebra and define a binary re-
lation “C'7 on W by

xCy iff xCy or x,y ¢ B.
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Then “C'”, called the Alexandroff extension of (, is a connection relation on W and
(W, C) is a connection algebra. (When it is necessary, we will write “C;” instead of

C.)

Proof. The axioms (C1) — (C3) (see 2.1) follow directly from the properties of ¢
and B and the definition of C'. Let us check that the axiom (C4) is fulfilled.

Let zC(y V z). Suppose first that ((y V z). Then x(y or x(z and hence zCy
or xCz. If v ¢ B and (yV z) ¢ B then ¢ B and (by (BB3) (see 5.4)) y ¢ IB or
z ¢ IB; hence xCy or xC'z. Conversely, let xC'y or xC'z. If 2y or x(z then z((yV z)
and hence xC(y V z). It remains to regard the case when z ¢ IB, y ¢ IB and z ¢ IB.
Then (y V z) € B (by (BB3)) and hence 2C(y V z). So, the axiom (C4) (see 2.1) is
fulfilled.

We shall prove now that the axiom (C5') (see 2.6) (which is equivalent to the
axiom (C5) (see 2.1)) is fulfilled. We shall write © <¢ y iff 2(—C)y*. Note that
z(—C)y iff z(—()y and (zr € B or y € B). Hence, if v € B (or y* € B) and = <, y
then © <¢ y.

Let © <¢ z. Then z(—C)z* and hence z(—()z* and (zr € B or z* € IB).
Therefore v < z and z* <, z*. If x € B then, by (BC1) (see 5.4), there exists
an y € B such that v <¢ y <¢ 2. Thus v <¢ y <¢ 2. If z* € B then, by
(BC1), there exists an element ¢t of IB such that z* < ¢t < z*. This implies that
2* Lot <o x*. So, 2*(—C)t* and t(—C)x, i.e. © <¢ t* <¢ z. Therefore, the
axiom (C5) is fulfilled.

Let’s, finally, verify that the axiom (C6) (see 2.1) is fulfilled. Let « # 1. Then
z* # 0. By (BC3) (see 5.4), there exists an y € IB \ {0} such that y < «*. This
implies that y <¢ 2*, i.e. y(—C)z and y # 0. So, (W, () is a connection algebra.

O

Lemma 5.13 Let (W,(,IB) be a local connection algebra and let 1 ¢ B. Then
o={x e W :z ¢ B} is a cluster in (W,C¢) (see Theorem 5.12 for the notation
“OC 77)'

Proof. By Theorem 5.12, we have that (W, C¢) is a connection algebra. We shall
write simply “C” instead of “C,”.

Let z,y € 0. Then x ¢ B and y ¢ IB. Hence, by the definition of C' (see
Theorem 5.12), we obtain that xCy. So the axiom (K1) (see 4.1) is fulfilled.

The axioms (K2) and (K3) (see 4.1) follow directly from (BB2) (see 5.4).

For showing that the axiom (CLU) (see 4.1) is also fulfilled, let xCy for every
y € 0. We will prove that x ¢ IB and then we will have that x € 0. So, suppose
that x € B. Then = # 1. Hence v <, 1. By (BC1) (see 5.4), there exists an
element z of B such that * < z <¢ 1. Then z(—()z*. Since 1 ¢ IB, we obtain
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that z* ¢ IB. Thus z* € ¢. This implies, by our assumption, that xCz*. Therefore,
by the definition of the relation “C” (see 5.12), we conclude that © ¢ B (because
we have that x(—()z*), which is a contradiction.

So, o is a cluster in (W, C). O

Theorem 5.14 (Representation Theorem for local connection algebras)
(a) Each local connection algebra (W, (,1B) can be embedded into a standard lo-
cal connection algebra (RC(L), oo, CompReg(L)), where L is a locally compact Haus-
dorff space. When W is complete this embedding becomes a complete isomorphism.
(b) (P. Roeper [31]) There exists a bijective correspondence between the class
of all (up to isomorphism) complete local connection algebras and the class of all
(up to homeomorphism) locally compact Hausdorff spaces.

Proof. (a) Let (W, (,1B) be a local connection algebra. Let C' = C; be the Alexan-
droff extension of ( (see 5.12). Then, by Theorem 5.12, (W,C) is a connection
algebra. Put X = Clust(W,C). Let § = dy be the proximity on X defined as
in 4.4. By Theorem 4.7, (X,0) is a separated proximity space and, by Theorem
4.5, it is compact. If 1 € B then ¢ = C, (W,() is a connection algebra and our
assertion follows from Theorem 4.12. Let 1 ¢ IB. Then, by Lemma 5.13, the set
o={x €Wz ¢ B} is a cluster in (W, ) and, hence, 0 € X. Denote by 7¢ the
topology on X defined by §, put L = L) = X \ {0} and 7 = 7w e,y = 7e|L-
Then (L,7) is a locally compact Hausdorff space. By Theorem 4.12, the function
h: (W,C) — RC(X,7¢), defined by h(a) = {I' € X : a € I'}, is an embedding
of the connection algebra (W, C') into the standard connection algebra RC(X, 7¢);
moreover, h becomes a complete isomorphism when the Boolean algebra W is com-
plete. Put H(a) = h(a) N L, for each a € W. We will show that:

(1) L is a dense subset of X;

(2) H is an embedding of the Boolean algebra W into the Boolean algebra
RC(L,T); H becomes a complete isomorphism when W is complete;

(3) b e B iff H(b) € CompReg(L);

(4) aCb iff H(a) N H(b) # 0.
In other words, H will be the desired embedding of the local connection algebra
(W,(,B) into the standard local connection algebra (RC(L,7),«, CompReg(L))
(where, for A,B € RC(L,7), AaB iff AN B # () and H will become a complete
isomorphism when W is a complete Boolean algebra.

To prove (1), recall that, by 4.13, {X \ h(a) : a € W} is an open base of
(X, 7¢). As it follows from the definition of o, 0 € X \ h(a) iff a € B. So, let a € IB.
Since 1 ¢ IB, we have that 1 £ a. Then, by (C6'), there is an element z of W such
that zC1 and z(—C)a. Thus z # 0 and, using (BC3), we can found an element b
of B\ {0} such that b < z. Then b < z and hence, by 2.5(1), b(—C)a. Therefore,
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bC1l, b € B and b(—C)a. Now, Lemma 4.2(i) implies that there is a cluster I' in
(W,C) such that b € T'; hence I' # o, i.e. I' € L. Since b(—C)a, we obtain that
a ¢ I'. Therefore, I' € LN (X \ h(a)). This shows that L is a dense subset of X.

Let’s prove (2). We have, by (1) above and by 5.10, that the function g :
RC(X,7¢) — RC(L,T), defined by g(A) = AN L for every A € RC(X), is an
isomorphism. Since H = g o h, we obtain that H is an embedding, which becomes
a complete isomorphism when W is complete.

To establish (3), note that, for a € W, o € h(a) <> a € 0 <> a ¢ B and hence
h(a) C L <> a € IB; but for any a ¢ IB, we have that o € h(a) = cly(H(a)) (see
5.10); hence H(a) is compact iff h(a) C L iff a € IB.

Finally, we will show that (4) takes place. Let a,b € W and aCb. Then, by
(BC2), there exist ay,b; € IB such that a; < a, by < b and a;(b;. Then a;Cb; and
hence h(a;) Nh(by) # . Since, by (3) above, h(a;) = H(ay) C h(a)NL = H(a) and
h(by) = H(by) C h(b) N L = H(b), we obtain that H(a) N H(b) # 0.

Let’s prove the implication in the converse direction. Take a,c € W for which
H(a) N H(c) # (. Then there exists a cluster I' € h(a) N h(c) N L. Since I’ # o,
there exists an element by of B belonging to I' (indeed, if all elements of I' were
unbounded, then I' C o, which would imply, by 4.11, that I' = ¢). Then by # 1 and
hence by < 1. By (BC1), there exists an element b of IB such that by < b < 1.
Hence b € ' and by(—()b*. By the definition of C, we obtain that by(—C)b*, i.e.
b* ¢ . So, I' € Intx(h(b)), where b € B (indeed, Intx (h(b)) = X \ clx (X \ (b)) =
X\ (h(b))" = X \ h(b*)). We will show now that ' € h(a) A h(b) = h(a A b) and
I' € h(e) A h(b) = h(c Ab). This will imply that a Ab € T and ¢ Ab € T and
hence (a A b)C'(c A b); since a A b,e Ab € 1B, we will obtain that (a A b)((c A b)
and, therefore, aCc. So, let’s show that I' € h(a) A h(b) = clx(Intx(h(a) N h(D))).
Supposing that this is not the case, we can find an open neighborhood U of T" such
that U N Intx(h(a) N A(b)) = 0. Put V = U NIntx(h(b)). Then V is also an open
neighborhood of T" and V N Intyx(h(a) N A(b)) = 0. Hence V C clx(X \ (h(a) N
h(b))) = clx (X \ h(a)) Uclx (X \ h(b)). Since V Ncly(X \ h(b)) = 0, we obtain that
V Cclx (X \ h(a)). This is a contradiction because I' € h(a) = clx(Intx(h(a))). So,
we have proved that I' € h(a) A h(b). Analogously, we obtain that I' € h(c) A h(b).
This finishes the proof of the first part of our theorem.

(b) For every complete local connection algebra (W, ¢, B), put ® (W, (,B) =
(Liw,em), Tw,e,B)) (see (a) above for the notations); for every locally compact Haus-
dorff space (L,7), put V'(L,7) = (RC(L,7),(r,CompReg(L,T)), where, for ev-
ery A,B € RC(L,7), A(;B ifft AN B # (. Then, by (a), H : (W,(,B) —
U'(®'(W,(,B)) is a complete isomorphism. Conversely, let (L, 7) be a locally com-
pact Hausdorff space. We will prove that the space Lirc(r,r),¢c. ,CompReg(L,r)), defined
in (a) above, is homeomorphic to (L, 7). Let I' be a bounded cluster in (RC(L), C¢, ),
i.e. I'NCompReg(L) # (. We can prove exactly as in the proof of the part (b)
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of Theorem 4.12 that there exists a unique point zp € L such that I' = o,., where
o, = {A € RC(L) : x € A} is the point cluster in (RC(L),(r,CompReg(L)).
Then a function f' : Lirc(r,r),c.,Compreg(r,r)) — X can be defined by the formula
(') = p. Now, a proof completely analogous to the one of the part (b) of Theo-
rem 4.12 shows that f’ is a homeomorphism (note that now {H(A) : A € RC(L)}
is a closed base of L(rc(rL,r),¢c; ,CompReg(L,7)) and that every point cluster is a bounded
cluster since the space L is locally compact). So, ®" and U’ are bijections. O

Remark 5.15 Let (W, (,B) be a local connection algebra. Then, by Theorem 5.14,
there exists a unique (up to homeomorphism) locally compact Hausdorff space L
such that (W, ¢, IB) is isomorphic to the standard local connection algebra

(RC(L),a, CompReg(L)).

There are, however, many proximity-type models of (W, (,B). For instance, accord-
ing to Proposition 5.11, all local connection algebras of the form (RC(X), ar, B N
RC(X)) (see 5.8, 5.3 and 5.6 for the notations) are models, where X is any dense
subspace of L. One of our aims in this paper was to call the reader’s attention to
such models.

An analogous remark is valid for connection algebras: by Theorem 4.12, for any
connection algebra (B, ('), there exists a unique (up to homeomorphism) compact
Hausdorff space K such that (B, C') is isomorphic to the standard connection algebra
(RC(K),a) (i.e. for any F,G € RC(K), FaG iff F NG # ), but, by Proposition
5.11, for any dense subspace X of K, we have that (B,C) is isomorphic to the
connection algebra (RC(X), ak) (see 5.3 for the notations and note that a separated
local proximity space (X, ak, Bx) becomes an Efremovi¢ proximity space when X €

By).

6 MVD-algebras

As we have already mentioned above, connection algebras could be equivalently
defined as a pair of a Boolean algebra B = (B,0,1,V, A,*) and a binary relation <
subject to the following axioms:
(1) z < y implies z < y;
<2) 0 < 0;
3) x <y < z<timplies x < t;
4) x € z and y < z implies x V y < z;
5) If * < z then x < y < z for some y € B;
6) If x # 0 then there exists y # 0 such that y < z;
7) x < y implies y* < x*.

(
(
(
(
(
(
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The proof of the equivalence of the two definitions of connection algebras is straight-
forward and analogous to the corresponding statement for proximity spaces (see
Theorems 3.9 and 3.11 in [29]). One has just to show that zCy iff x & y*.

In [28] Mormann introduces the notion of enriched Boolean algebra as a pair of
a Boolean algebra (B, <) and a binary relation < (called by him interior parthood)
for which («1)-(<6) hold and the axiom

(«4*) r<yand 2 < z imply x < y A 2z
is fulfilled.

To be precise, he writes 0 < x instead of (<2) and substitutes (<5) and (<6)
with the following axiom

(<5-6) x < z and x # z together imply © < y < z for some y # x,
but, obviously, our expression of the axioms of enriched Boolean algebras is equiva-
lent to that given by Mormann (indeed, let x < z and = # z; then z A z* # 0 and,
by («6), there exists a ¢ # 0 such that t < (z A 2*); hence, by («3) and (<1),
t < zand t < x*; by (K5), there exists an v € B with z < u < z; setting y = uV{,
we obtain, using (<3) and («4), that © < y < z; obviously z # y; so, (<5-6)
implies (<5) and (<6); the converse implication is obvious). Thus, the difference
between our connection algebras and Mormann’s enriched Boolean algebras is that
our axiom (<7) is substituted by the weaker axiom (< 4*) (in the sense that having
(K7) one can derive (< 4*) from (<K 4)).

Note that the extensionality axiom is fulfilled in the enriched Boolean algebras.
Indeed, it is enough to show that (z <y) <= [Vz: (2 < z) = (2 < y)]|. In the
direction (=), this follows from (<3). For proving the direction (<=), suppose
that x € y. Then 2/ = x A y* # 0. Hence, by (<6), there exists an element z # 0
such that z < 2. Then, by («3), 2 < z and z < y*. But z < x implies that
z < y. Thus we obtain, by (< 4%), that z < (y A y*), i.e., by (K1), z = 0, which
is a contradiction.

In [28] Mormann affirms that for any enriched complete Boolean algebra (B, <
, <) there exists a locally compact Hausdorff space L such that (B, <, <) is iso-
morphic to (RO(L), C, <), where RO(L) is the complete Boolean algebra of reg-
ular open subsets of L and, for any U,V € RO(L), U < V iff cl(U) is com-
pact and cl(U) C V; conversely, for any locally compact Hausdorff space L, the
triple (RO(L),C, <) is an enriched complete Boolean algebra. Since the map
v : RO(L) — RC(L), defined by v(U) = cl(U), is an isomorphism between the
complete Boolean algebras RO(L) and RC(L), and, for U,V € RO(L), U <, V
iff v(U) C Int(v(V)) and v(U) is compact, we can say that (B, <, <) is isomor-
phic to the enriched Boolean algebra (RC(L), C, <), where, for all F,G € RC(L),
F <, G iff F is compact and F' C Int(G) (we hope that the use of the same
notation (<) with different meanings will cause no confusion). Trying to prove
this Mormann’s representation theorem using proximity approach, we arrived to the
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following notion:

Definition 6.1 A triple M = (B, <, <) is called an MVD-algebra if it is an enriched
Boolean algebra and satisfies the following axiom

(*) If z < 1 then y* < z* implies v < y.

When (B, <) is a complete Boolean algebra, we will say that M is a complete
MVD-algebra.

It follows immediately from the corresponding definitions that connection al-
gebras coincide with MVD-algebras satisfying the additional axiom

(«2) 1< 1.

We will show below that the notion of MV D-algebra is equivalent to the notion
of local connection algebra and hence we will obtain a representation theorem for
MVD-algebras (see Theorem 6.5 below) using Theorem 5.14. This representation
theorem sounds exactly as Mormann’s representation theorem [28], gives the same
semantics, so that it should imply that complete MVD-algebras and enriched com-
plete Boolean algebras are equivalent notions. This is, however, not the case, as the
next simple example shows; hence, Mormann’s representation theorem [28] is not
true.

Example 6.2 There exist enriched complete Boolean algebras which are not MVD-
algebras.

Proof. Let X be a non-empty and non-discrete Ti-space. We define a relation “ <”
on Exp(X) by A < B iff cI/(A) C B. Then it is easy to verify that (Exp(X), C, <)
is an enriched complete Boolean algebra. We shall show that (Exp(X), C, <) is not
an MVD-algebra, i.e. it does not satisfy the axiom (*) (from 6.1). Indeed, let = be
a non-isolated point of X. Put B = A = X \ {«}. Then, obviously, A < X and
X\ B < X\ A (since X\ B={x} is a closed subset of X) but A &« B, because A
is not closed in X. |

Theorem 6.3 The notions of local connection algebra and MVD-algebra are equiv-
alent.

Proof. Denote by LCA the class of all local connection algebras and by MA the
class of all MVD-algebras. We shall define two functions f : LCA — MA and
g: MA — LCA and we will show that f o g = idyy and go f = idc4.

Let (W, (,B) be a local connection algebra.Then x <y iff t Ay = z. We have
that v < y iff 2(—()y*. Put v <y y iff € B and z <, y. We will prove that
(W, <, <) is a MVD-algebra and we will set f((W,(,B)) = (W, <, < ).

For proving (<1), let 2 <, y; then z(—()y* and hence x Ay* = 0; this implies
that z < y.
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Since 0 € B and 0 < 0, we obtain that 0 <, 0, i.e. the axiom (<2) is
fulfilled.

Let’s verify the axiom (<3). Let 2 < y <y z < t. Then y € B, y(—()z* and
zVy = y. This implies, by (BB2) and (CC4), that x € B and =(—()z*. Since z < t,
we have that z* V t* = z* and hence, by (CC4), z(—()t*. So, z € B and = < t.
Therefore, x <y, t.

For checking (<4), let ©+ <)y z and y <p 2. Then z,y € B, z(—()z* and
y(—()z*. Hence, by (BB3) and (CC4), z Vy € B and (z V y)(—()z*. Therefore,
TVy <Ly 2.

Let’s prove that (<5) is fulfilled. Let z <5 2. Then z € B and = <, z.
By (BC1), there exists an y € IB such that + <, y < z. This means that
Ly Ly 2.

For verifying (<6), let © # 0. Then, by (BC3), there exists an y € IB\ {0}
such that y <, x. Therefore y <, x and y # 0.

Let’s show that (< 4%) is fulfilled. Let z < y and © <, z. Then z € B,
z(—C)y* and z(—()z*. By (CC4), we obtain that z(—()(y*V z*), i.e. x(—C)(y A 2)*.
Hence z <y y A 2.

For proving that (*) is fulfilled, let * <5, 1 and y* <y 2*. Then = € IB and
z(—=Q)y*. Thus x <y .

So, (W, <, <) is a MVD-algebra.

Let now (B, <, <) be a MVD-algebra. Put

g((B,§,<<)) = (B,CM,IBM),
where By, = {x € B: 2 < 1} and, for z,y € B,
xCpy iff there exists z € IBy, such that (z Az) € (z Ay)".

We shall prove that (B, (5, Bys) is a local connection algebra, i.e. that the definition
of the function g is correct. In the proof of this claim, we will put, for short, B = 1B,
and ¢ = (-

First of all, we will note that, for z,y € B,

xCy iff there exists z € B such that (z Az) € (zAy)" and (z Ay) € (z Ax)".

Indeed, if x(y then there exists z € IB such that (z A z) € (2 A y)*. Since
z Ay € B, (*) implies that (2 A y) € (2 A x)*. The converse is clear.

.From (<2) and (<3) we obtain that 0 € IB, i.e. the axiom (BB1) is fulfilled.
(«3) implies that (BB2) is fulfilled and, by (<4), (BB3) is also fulfilled.

For verifying (CC1), let z Ay # 0. Then (<6) implies that there exists an
element z of B\ {0} such that z < (x A y). Hence, by (<3) and (1), z € B,
2ANx =2z, 2Ny =zand z £ z*. This means that z(y.
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Obviously, («2) and (<3) imply that 0 < x for any x € B. This is what
we need to establish the validity of (CC2). Indeed, let x(y. Then there exists an
element z of B such that (z Ax) € (z Ay)* and (z Ay) € (2 A x)*. So, supposing
that = 0 or y = 0 we would obtain that 0 € (z Ay)* or 0 & (2 A x)*, which is a
contradiction. Hence, x,y # 0.

It is clear that (CC3) follows directly from the observation which we have made
after the definition of the relation (. Let’s show that (CC4) takes place.

Let z((y V z). Then there exists an element ¢ of B such that (¢t A x) &
(tA(yV z))*. Using (< 4*), we obtain that

(tAz) L (tAy) or (tAx) L (tA2)"

If (tAz) &L (tAy)* then xCy. If (tAx) L (tA2z)* then xCz. So, x((y V z) implies
that xCy or x(z.

Let now zCy or x(z. Suppose, for example, that z(y. Then there exists an
u € B such that (u A z) € (u A y)*. Using (<3), we obtain immediately that
(uAhz) L (uAy)* AN z)ie (uAz) €L (uA(yV z)*". Hence we obtain that
xC(y V z). When x(z, the proof is analogous. Therefore, we have shown that the
axiom (CC4) is fulfilled.

Let’s verify that the axiom (BC1) is fulfilled. Let z € B, z € B and = < 2
(i.e. z(—()z*). Since x < 1, there exists (by (<5)) an u € B such that r < u < 1.
Then u € IB. By the definition of the relation {, we have

z(—C)z" iff (for every t € B)(t A < (A 2")").

Putting ¢t = u, we obtain (since, by (K1), z < u) that x < (uAz*)*, i.e. © < (u*Vz).
Since r < u, (K 4*) implies that z < (u A 2). Using again (<5), we find an y € B
such that *r < y < u A z. Then y € B and r < y < 2. Noting that a < b implies
a < b (indeed, for every ¢t € IB, one has t Aa < a < b < t* Vb= (t Ab*)* and
hence t A a < (t A b*)*, which implies that a(—()b*, i.e. a < b), we conclude that
X <<g Yy <<C zZ.

We shall verify now the axiom (BC2). Let 2Cy. Then, by the definition of the
relation (, there exists an element z of B such that (z Ax) € (2 Ay)*. This implies
directly that x((z A y) (take just the same 2).

Finally, (BC3) follows immediately from (<6) and the fact, proved above, that
y < x implies y <¢ x. Therefore, (B, (,IB) is indeed a local connection algebra.

Let us show now that go f = idsc4. Take alocal connection algebra (W, ¢, B).
Then f((W,(,B)) = (W, <, <) Let g(W, <, <)) = (W, Cur, Bar) (see the
corresponding definitions above). We will show that By, = IB and (y = (. We
have, by our definitions, + <) y iff + € IB and < y (where, as usual, v < vy
means that x(—()y*); further, we have By, = {x € W : z <y 1} and z(yy iff
there exists an element z of By, such that (2 A x) €Lar (2 Ay)*.
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If v € By, then © <, 1 and hence, by the definition of <,;, x € IB. Thus
B,, € B. Conversely, if € B then < 1 (because x(—()0) and hence, by the
definition of <, © <,y 1, i.e. © € By,. Therefore, IB C IB,,. So, By, = IB.

Let zCy. By (BC2) and (CC3), there exist u,v € IB such that v < z, v <y
and uCv. Then, by (BB3), z =uVwv € B. Since zAx > u and z Ay > y, we obtain,
by (CC4), that (zAz)((2Ay). Thus (zAz) €, (2Ay)* and (zAy) L (zAx)*. Since
zAxz,z Ay € B (by (BB2)) and B = IB), (as we have proved above), we obtain, by
the definition of <y, that (z A x) € (2 Ay)*. According to the definition of the
relation (s, this implies that x(yy.

Let now z(yy. Then there exists an element z of 1By, such that (z A z) €y
(z Ay)*. Since z Az, z Ay € By and By, = B, we obtain, by the definition of the
relation <, that (z Az) €¢ (2 Ay)*, ie. (2 Az)((2 Ay) and hence z(y. We have
proved that ¢ = (a. So, go f = idgca.

We will show, finally, that f o g = idapa. Let (W, <, <) be a MVD-algebra,
g(W,<, <)) = (W,¢,B) and f((W,¢,B)) = (W, <, <) (see the corresponding
definitions above). We have to prove only that <=<,;. We have, by our definitions,
that B = {z € W : x < 1}, zCy iff there exists an element z of B such that
(z ANx) & (2 Ay)*; further, we have z < y iff + € IB and © < y (where,
as usual, <, y means that z(—()y*). Obviously, z(—()y iff (for every z € IB)
[(z Az) < (2 Ay)*] Thus we obtain that z < y iff z(—C)y* iff (for every z € IB)
[(z Ax) < (2 Ay*)*] iff (for every z € B) [(2 Ax) < (2* V y)] So,

(7) Ty (VzeB)|(zAz) < (2°Vy).

Let now x < y. Then z < 1 and hence x € IB. For every z € 1B, we have
ANz <z <<y <yVz so that, by (K3), 2 Az < z* Vy. Hence, (7) implies that
x <L y. Since x € B, we conclude that o <7 y.

Conversely, let x <7 y. Then, by the definition of the relation <;;, x € 1B
and r < y. We have to prove that z < v.

If x =1 then, by (1), y = 1. Since z € IB, we obtain, by the definition of
B, that z < 1,i.e. 1 < 1. Thus z < y.

Let  # 1. Since x < 1, (<5-6) (which is equivalent to (<5) and (<6), as
we have proved above) implies that there exists a z # z such that * < z < 1.
Then z € B and = < z, so that 2 Az = x. Now, (7) implies (since z € IB and
r < y) that < (2" V y). Since v < z, (<K 4%) implies that © < (2* Vy) A 2, Le.
x < y A z. Applying (<3), we obtain, finally, that + < y. So, <=<j;. Therefore
fog=idma.

We have proved that f and g are bijections. O

Proposition 6.4 Let L be a locally compact Hausdorff space. Then
(RC(L)a g; <<L)7
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where, for all F,G € RC(L), F <;, G iff F is compact and F C Int(G), is a
MVD-algebra. All such MVD-algebras will be called standard MV D-algebras.

Proof. 1t is straightforward to verify that the MVD axioms hold. Axiom (<5) is the
most tricky. It follows from the established fact that: for every compact subspace
A of a locally compact space L and every open set V' C L that contains A there
exists an open set U C L such that A C U C cl(U) C V and cl(U) is compact (see
Theorem 3.3.2 in [16]). |

Theorem 6.5 (Main Theorem)

(a) Each MVD-algebra (W, <,<) can be embedded into a standard MVD-
algebra (RC(L), C, <), where L is a locally compact Hausdorff space. When W is
complete this embedding becomes a complete isomorphism.

(b) There exists a bijective correspondence between the class of all (up to iso-
morphism) complete MVD-algebras and the class of all (up to homeomorphism)
locally compact Hausdorff spaces.

Proof. We have, by Theorem 6.3, that the function g : MA — LCA, where
g(W, <, <)) = (W, ¢, B), is a bijection. Moreover, in the proof of Theorem 6.3, we
have shown that + < y iff € IB and = <¢ y, where © < y iff z(—()y*. Now all
follows from Theorem 5.14. O

7 Concluding remarks

In this paper we have demonstrated the usefulness of the theory of proximity spaces
to some region-based theories of space. Defining connection in terms of proximity
gives a new semantics for this relation which has not previously been used. The
standard meaning of the connection between regions is not always suitable to de-
scribe the spatial configuration between them. For instance, the closed regions in
the topological space @ of rational numbers have the same spatial nature as those
in the space IR of real numbers, but in @ the regions A = {z : 1 < 2? < 2} and
B = {x: 2 < a? < 4}, for example, are not standardly connected, because they do
not share a common point, while in IR they are standardly connected. This is be-
cause @) does not have enough points. If we consider @) as a proximity space, defined
by the natural metric d in @ (see Example 4 in 3.4), then we have AdB, because
d(A,B) = 0, so they are connected by the proximity definition of the connection
relation. According to the Representation theorem for connection algebras, prox-
imity connection algebras describe the same spatial picture as the corresponding
standard ones. This shows that proximity semantics and the standard semantics for
the connection relation are in a sense equivalent.
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The representation theorems for connection algebras and local connection al-
gebras, which we have presented in the paper, show that the corresponding axioms
indeed characterize the intended spatial properties of regions. The system of connec-
tion algebra is the simplest one and deals only with the Boolean nature of the regions
and the connection relation. The local connection algebras (Roeper’s region-based
topologies) take into account another important primitive notion of spatial regions:
boundedness (or “limitedness”, according to Roeper’s terminology). It was shown
that both formalizations can be studied successfully by the machinery of proximity
spaces. The equivalence of MV D-algebras with local connection algebras shows that
such notions as the connection relation and boundedness can be incorporated into
a single mereological in nature relation, namely the modified Mormann’s interior
parthood. This enables a Whiteheadian theory of space to be axiomatized in terms
of a single mereological relation, which was a main purpose of the Mormann’s paper
[28].

As a future work we hope to extend our representation theorems for the re-
gion connection calculus RCC. Note that the notion of Boolean Connection Algebra
(BCA) in [34] is just another equivalent formulation of RCC. There are two diffi-
culties here. The one is that BCA do not satisfy the axiom (C5) which is essential
in the applications of proximity spaces. Note that the system of Grzegorczyk does
not contain this axiom, but to obtain a system with topological representation the-
orem he uses non-elementary axioms, containing the definable notion of a point.
The second difficulty is that BCA satisfy the following axiom, which is not in our
systems:

(x) If 2 # 1 and x # 0 then 2Cz*.

This axiom is satisfied in connected topological spaces. The difficulty in our
representation construction for connection algebras is that this axiom does not entail
connectedness of the obtained topological space.

Acknowledgements. We are very grateful to the referee for the useful re-
marks and suggestions.
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