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Abstra
tThis paper is a 
ontinuation of [41℄. The notion of lo
al 
onne
tion algebra,based on the primitive notions of 
onne
tion and boundedness, is introdu
ed.It is slightly di�erent but equivalent to Roeper's notion of region-based topol-ogy ([31℄). The similarity between the lo
al proximity spa
es of Leader ([25℄)and lo
al 
onne
tion algebras is emphasized. Ma
hinery, analogous to thatintrodu
ed by Efremovi�
 ([17℄,[18℄), Smirnov ([33℄) and Leader ([25℄) for prox-imity and lo
al proximity spa
es, is developed. This permits us to give newproximity-type models of lo
al 
onne
tion algebras, to obtain a representa-tion theorem for su
h algebras and to give a new shorter proof of the maintheorem of Roeper's paper [31℄. Finally, the notion of MVD-algebra is intro-du
ed. It is similar to Mormann's notion of enri
hed Boolean algebra ([28℄),based on a single mereologi
al relation of interior parthood. It is shown thatMVD-algebras are equivalent to lo
al 
onne
tion algebras. This means thatthe 
onne
tion relation and boundedness 
an be in
orporated into one, mere-ologi
al in nature relation. In this way a formalization of the Whiteheadiantheory of spa
e based on a single mereologi
al relation is obtained.2000 Mathemati
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1 Introdu
tionThe roots of region-based theories of spa
e, known also as pointless geometries,go ba
k to De Laguna [10℄ and to Whitehead [43℄. The distin
tive feature of thepointless approa
h is that it 
onsiders the 
lassi
al notion of point (and the relatednotions of line and surfa
e) as too abstra
t to be taken as basi
 primitive notionsin the theory of spa
e. Instead of points, these theories take as primitives the moreintuitive notion of a spatial region and some binary relations between regions, forinstan
e the so 
alled 
onne
tion relation. Then points (lines and surfa
es) are(se
ond-order) de�nable as 
ertain sets of regions and in this way they be
omesome of the 
omplex notions of the theory. Besides the early work of Tarski [38℄and Leonard and Goodman [26℄, other papers related to Whitehedian region-basedapproa
h to the theory of spa
e in
lude Grzegor
zyk [20℄, Clarke [7, 8℄, Bia
ino andGerla [3, 4℄, Roeper [31℄, Mormann [28℄, Bennett et al. [2℄ and Bennett [1℄. We referto the paper of Gerla [19℄ for a good survey on pointless geometry.The fa
t that mereologi
al relations su
h as \part-of", \overlap", \non-tangen-tial in
lusion" and others 
an be de�ned in terms of the 
onne
tion relation relatessome pointless geometries to the �eld of mereology [27℄ and to its fusion with topo-logy | mereotopology [42℄. The later is 
losely related to naive or qualitativephysi
s introdu
ed by Hayes [21℄ and in parti
ular to its sub�eld Qualitative SpatialReasoning (QSR) [9℄. A very popular system in this �eld is the Region Conne
tionCal
ulus (RCC) introdu
ed in [30℄. It has been realized that sear
hing for modelsof mereologi
al and RCC-like systems, methods of latti
e theory and the theory ofrelation algebras 
an be su

essfully employed, see e.g. [12, 14, 34, 35, 15, 13, 28℄.Mormann [28℄ has shown that the theory of 
ontinuous latti
es also has appli
ationsin the region-based theory of spa
e.It is remarkable, however, that in the fast growing �eld of mereology, mereoto-pology and pointless theory of spa
e, little attention has been paid to the theoryof proximity spa
es, the only ex
eption being the early paper by �Swar
 [36℄, inwhi
h the notion of proximity distributive latti
e was introdu
ed, and a topologi
alrepresentation theorem was proved. It was mentioned there, that the paper 
an be
onsidered as an attempt to build a pointless analogue of the notion of proximityspa
e. The paper had been written under the dire
tion of the Russian ProfessorV. A. Efremovi�
, the founder of the theory of proximity spa
es [18℄. This makes it
lear that the possibility to build a pointless analogue to proximity theory, and ingeneral, to topology, had been known to its originators.of Relational Stru
tures as Knowledge Instruments " (TARSKI), www.tarski.orgD. Vakarelov and I. D�unts
h have been partially sponsored by the NATO Collaborative LinkageGrant PST.CLG. 977641.B. Bennett's work was partially supported by the EPSRC under grant GR/M56807.2



Roughly speaking, a proximity spa
e is a non-empty set X with a binary rela-tion Æ between subsets, 
alled a proximity relation, with the intuitive meaning thatAÆB holds, when \A is near B" in some sense. For instan
e, in the proximity spa
esarising from metri
 spa
es, AÆB means that the distan
e between the subsets A andB is zero. The proximity relation satis�es axioms that are identi
al with some of thetypi
al axioms of the 
onne
tion relation, whi
h makes the theory dire
tly appli
a-ble to systems based on the 
onne
tion relation. Ea
h proximity spa
e determinesa natural topology with ni
e properties, and the theory possesses deep results, ri
hma
hinery and tools. The main referen
e on proximity spa
es is the book by S.A.Naimpally and B.D. Warrak [29℄.With this paper we hope to demonstrate the fruitfulness of the theory of prox-imity spa
es to 
ertain formalizations of region-based theory of spa
e. The paper is a
ontinuation and a revised version of [41℄, where the notion of 
onne
tion algebra hasbeen introdu
ed and a representation theorem of 
onne
tion algebras in proximityspa
es has been proved. Conne
tion algebras are Boolean algebras whose elementsare meant to formalize spatial regions with an additional relation C of \
onne
-tion" between regions. Standard examples of 
onne
tion algebras are the algebrasof 
losed or open regions of 
ertain topologi
al spa
es. The standard meaning of the
onne
tion relation between 
losed regions 
ommonly a

epted in the literature isthe following:xCy i� the 
losed regions x and y share a 
ommon point,and the standard meaning of the 
onne
tion relation between open regions is:xCy i� 
l(x) \ 
l(y) 6= ;,where 
l is the operation of topologi
al 
losure.Proximity spa
es o�er another natural modelling of the 
onne
tion relation:xCy i� xÆywhere x and y are 
losed (or open) regions in a proximity spa
e and Æ is the proximityrelation on the spa
e. The representation theorem in [41℄ is just of this proximitykind and this is one of the main novelties of [41℄. In the present paper we prove astronger version of the representation theorem, proving dire
tly that ea
h 
onne
tionalgebra 
an be isomorphi
ally embedded into the 
onne
tion algebra of a proximityspa
e, 
orresponding to a 
ompa
t Hausdor� spa
e. Note that su
h spa
es admit aunique proximity relation AÆB i� 
l(A) \ 
l(B) 6= ;,3



having the standard topologi
al meaning of the 
onne
tion relation between openregions. We prove also that there exists a bije
tive 
orresponden
e between the
lass of all (up to isomorphism) 
omplete 
onne
tion algebras and the 
lass of all(up to homeomorphism) 
ompa
t Hausdor� spa
es. The representation 
onstru
tionsimulates the Leader's proof of the Smirnov Compa
ti�
ation Theorem (see [29℄).Most of the proofs and 
onstru
tions in this paper 
an be 
onsidered as latti
e-theoreti
 versions of previously known proofs and 
onstru
tions in the theory ofproximity spa
es.The next thing we deal with is an appli
ation of the proximity approa
h tothe system of region-based topology introdu
ed by Roeper in [31℄. Roeper's notionof region-based topology is a region-based theory of spa
e that is 
losely relatedto our notion of 
onne
tion algebra | it is a Boolean algebra with a 
onne
tionrelation and an additional one-pla
e predi
ate of limitedness. Together with the
onne
tion relation, limitedness is another important property of spatial regions.For instan
e, in metri
 or Eu
lidean spa
es the notion of limited region 
oin
ideswith the notion of bounded region (region 
ontained in some sphere). The mainrepresentation theorem is that there exists a bije
tive 
orresponden
e between the
lass of all (up to isomorphism) region-based topologies and the 
lass of all (up tohomeomorphism) lo
ally 
ompa
t Hausdor� spa
es. Roeper proves this theorem bydeveloping his own te
hniques without using mu
h of the known tools and existingmethods in topology and proximity theory.The axioms of \region-based topology" almost 
oin
ide with the axioms of lo
alproximity spa
es introdu
ed by Leader [25℄. This similarity prompts us to introdu
ea new name for region-based topologies and to 
all them lo
al 
onne
tion algebras.The similarity between lo
al proximity spa
es and lo
al 
onne
tion algebras makesit possible to obtain the main representation theorem of Roeper by appli
ationof the methods of lo
al proximity spa
es. The main results for lo
al proximityspa
es are obtained by applying the 
orresponding results for (Efremovi�
) proximityspa
es. With this in mind, we obtain a representation theorem for lo
al 
onne
tionalgebras in lo
al proximity spa
es by an appli
ation of the representation theoremfor 
onne
tion algebras in proximity spa
es. In this way we also obtain a shorterproof of the main theorem of Roeper.Another work devoted to region-based theory of spa
e is Mormann's paper[28℄. His system, 
alled enri
hed Boolean algebra, is similar to 
onne
tion alge-bras, but instead of the 
onne
tion relation, it 
ontains another relation between(open) regions, 
alled interior parthood. One of the main aims of Mormann's paperis to show that Whiteheadian theory of spa
e 
an be built up on the base of thesingle relation of interior parthood, 
onsidered as a \purely mereologi
al relation"([28℄, p. 37). In a dis
ussion with Roeper (p. 52) he 
laims that the relations of
onne
tion and limitedness are \non-mereologi
al". We use here without dis
us-4



sion Mormann's terminology, although it seems that all su
h relations should be
onsidered as \mereotopologi
al". Note however that Mormann's notion of interiorparthood is di�erent from the 
orresponding notion in lo
al 
onne
tion algebras.Mormann's de�nition in the intended semanti
s | open regions in lo
ally 
ompa
tHausdor� spa
es, is the following:x� y i� 
l(x) � y and 
l(x) is 
ompa
t, where x; y are open regions.The di�eren
e with the 
orresponding de�nition in Roeper's paper [31℄ is in therequirement of 
ompa
tness of 
l(x) whi
h introdu
es some asymmetry between xand y. If we de�ne 
onne
tion by the standard formula \xCy" i� \not x� y�" thenthe above asymmetry implies that the 
onne
tion relation is not a symmetri
 one asit should be. Despite this di�eren
e, the main representation theorem for Mormann'ssystem takes the same form as Roeper's. Unfortunately, the representation theorempresented in Mormann's paper [28℄ is not true (see Example 6.2 here). However itbe
omes true if one adds an extra axiom to those whi
h an enri
hed Boolean algebrahas to satisfy. The obtained new notion, introdu
ed by the �rst two authors ofthe present paper, is 
alled an MVD-algebra (Mormann-Vakarelov-Dimov-algebra).We prove that MVD-algebras are equivalent to lo
al 
onne
tion algebras. Hen
ethe representation theorem for lo
al 
onne
tion algebras is valid also for MVD-algebras. In this way we extend the proximity approa
h to MVD-algebras. Therepresentation result for MVD-algebras implies also that one of the main aims ofthe Mormann's paper | to formalize the Whitehedian theory of spa
e on the baseof a single mereologi
al relation, is realized. It is shown in this way that the modi�edMormann's notion of interior parthood in
orporates in itself both of 
onne
tion andboundedness, whi
h is a quite unexpe
ted fa
t.Appli
ations of proximity spa
es to similar problems 
an be found in [40℄ and[11℄. In [11℄ proximity spa
es are used to formalize the notions of lo
al and globalsimilarity relations between obje
ts in 
ertain information systems. A lo
al simi-larity relation has a meaning analogous to the overlapping relation in mereology,and a global similarity relation is interpreted by the proximity relation. This showsanother possible approa
h to the theory of spatial relations | to use the represen-tation theory of similarity relations (or, more generally, informational relations) ininformation systems (see Vakarelov [39℄ for referen
es).The rest of the paper is organized as follows. In se
tion 2 we introdu
e thenotion of 
onne
tion algebra and in se
tion 3 we list some basi
 fa
ts about proximityspa
es. We prove here that the Boolean algebra of 
losed regions of ea
h proximityspa
e forms a 
onne
tion algebra with respe
t to the proximity relation. Se
tion4 is devoted to the representation theorem for 
onne
tion algebras. The proof isanalogous to the proof of the Stone representation theorem for Boolean algebrasand to Leader's proof of the Smirnov Compa
ti�
ation Theorem. In se
tion 5 we5



give the de�nition and some fa
ts about lo
al proximity spa
es and introdu
e thenotion of lo
al 
onne
tion algebra, whi
h, though slightly di�erent in formulation,is equivalent to Roeper's notion of \region-based topology" [31℄. The 
hanges havebeen made in order to �t well with the de�nition of lo
al proximity spa
e. It isproved here that the 
losed regions of a lo
al proximity spa
e determine a lo
al
onne
tion algebra. The main result in this se
tion is the representation theoremfor lo
al 
onne
tion algebras, whi
h is dedu
ed from the 
orresponding theorem for
onne
tion algebras. The main idea of the proof is a latti
e-theoreti
 parallel withLeader's theorem for lo
al proximity spa
es [29, 25℄. In this way we show how thetheory of the more simple notion of 
onne
tion algebra 
an be used to obtain themain representation theorem for lo
al 
onne
tion algebras. In se
tion 6 we introdu
ethe notion of an MVD-algebra, whi
h is similar to the Mormann's notion of enri
hedBoolean algebra. The formal equivalen
e of the notions of MVD-algebras and lo
al
onne
tion algebras is proved and a representation theorem for MVD-algebras isobtained. Se
tion 7 is devoted to some 
on
luding remarks.If (X; �) is a topologi
al spa
e, we denote by 
l(A) the topologi
al 
losure in(X; �) of the subset A of X. We don't assume that 
ompletely regular topologi
alspa
es and normal topologi
al spa
es are T1-spa
es. When they are supposed to beT1-spa
es, we use the terms, respe
tively, \Ty
hono� spa
es" and \T4-spa
es".If X is a set then by Exp(X) we denote the powerset of X.For all unde�ned notions and notations in the paper see [32℄ or [24℄ for Booleanalgebras, [29℄ for proximity spa
es and [16℄ for topology.2 Conne
tion algebrasDe�nition 2.1 An algebrai
 system A = (B; 0; 1;_;^; �; C) is 
alled a 
onne
tionalgebra (abbreviated as CA), if (B; 0; 1;_;^; �) is a Boolean algebra (where the op-eration \
omplement" is denoted by \�") and C is a binary relation on B, satisfyingthe following axioms (we will write \� C" for \not C"):(C1) If x ^ y 6= 0 then xCy;(C2) If xCy then x; y 6= 0;(C3) xCy implies yCx;(C4) xC(y _ z) i� xCy or xCz;(C5) If x(�C)y then x(�C)z and y(�C)z� for some z 2 B;(C6) If x 6= 1 then there exists y 6= 0 su
h that y(�C)x.Usually, we shall just write (B;C) for a 
onne
tion algebra. The elements ofB will be 
alled (spatial) regions and the relation C a 
onne
tion relation.We will say that two 
onne
tion algebras (B1; C1) and (B2; C2) are isomorphi
i� there exists a Boolean isomorphism f : B1 �! B2 su
h that, for ea
h a; b 2 B1,6



aC1b i� f(a)C2f(b).Note that our de�nition of CA di�ers from that of \Boolean 
onne
tion alge-bra" of [34℄.Fa
t 2.2 Let (B;C) be a 
onne
tion algebra. Then the following is true:(C60) If x 6� y then zCx and z(�C)y for some z 2 B.Proof. We have x 6� y $ x^ y� 6= 0 $ x� _ y 6= 1. Now, by (C6), there exists anelement z of B n f0g su
h that z(�C)(x� _ y). Then (C4) implies that z(�C)y andz(�C)x�. Supposing that z(�C)x, we obtain, by (C4), that z(�C)1, whi
h means,a

ording to (C1) and (C2), that z = 0, whi
h is a 
ontradi
tion. Hen
e, zCx.Remark 2.3 Obviously, (C60) implies (C6) (indeed, x 6= 1 means that 1 6� x; hen
ethere exists an y 2 B su
h that yC1 and y(�C)x; by (C2), yC1 implies y 6= 0). So,in the de�nition of a 
onne
tion algebra, one 
an substitute (C6) with (C60), as itis done in [41℄. We take the axiom (C6) from [34℄.Remark 2.4 Axiom (C6) is an extensionality axiom, sin
e it implies, in the pres-en
e of the other axioms, the statement (C60) and one easily obtains from the later(see Lemma 2.5(3) bellow) thatx = y () (8z 2 B)[zCx() zCy℄:The following lemma 
olle
ts some easy properties of the 
onne
tion relation:Lemma 2.5 Suppose that (B;C) is a 
onne
tion algebra. Then:1. If xCy, x � x0 and y � y0 then x0Cy0,2. xCx i� x 6= 0,3. x � y i� (8z)(zCx implies zCy).2.6 We de�ne non-tangential in
lusion � byx� y () x(�C)y�:This relation has di�erent names in the literature: \well-inside relation", \well be-low", \interior parthood", \non-tangential proper part" or \deep in
lusion". Therelations C and � are inter-de�nable, and the axiomatization of C 
an be equiva-lently rewritten in terms of non-tangential in
lusion (see [41℄). It is easy to see thataxiom (C5) 
an be expressed equivalently in the following form:(C50) If x� z then x� y � z for some y 2 B.The following is equivalent to (C6):(C600) If x 6= 0 then there exists y 6= 0 su
h that y � x.7



Our 
onne
tion algebras are strongly related to the stru
tures of [20℄ and [7℄.All of our axioms, ex
ept (C5), are either axioms or theorems in the Grzegor
zyksystem. Grzegor
zyk assumes B to be a 
omplete Boolean algebra but we havede
ided to drop this assumption in order to obtain a �rst-order notion of 
onne
tionalgebra. Grzegor
zyk also assumes two non-trivial axioms in his system, 
ontainingthe de�nable notion of point. In pointless geometry, the de�nition of point is oneof the 
entral problems, and it is de�ned (in di�erent ways) as a 
olle
tion (orsequen
e) of regions. The in
lusion of the notion of point in the set of axioms, asGrzegor
zyk did, makes the system 
ompli
ated and not �rst-order. Bia
ino andGerla ([4℄) have dis
ussed the problem of equivalen
e of the notion of point in thesystems of Grzegor
zyk ([20℄) and Whitehead ([43℄). They proved that the twonotions are equivalent if the Grzegor
zyk system is enri
hed with the axiom (C5)above. They also noted that this axiom is satis�ed in the models of the 
onne
tionrelation in \good" topologi
al spa
es | for instan
e in all normal spa
es and, inparti
ular, in n-dimensional Eu
lidean spa
es. This is one of the motivations for usto in
lude (C5) in our de�nition of CA. In this way we obtain a region-based theoryof spa
e for whi
h a good topologi
al representation theorem 
an be proved withoutassuming axioms 
ontaining the notion of point.3 Proximity spa
esIn this Se
tion we re
all the basi
 de�nitions and properties of proximity spa
es.The proofs of the fa
ts 
on
erning proximities mentioned here 
an be found in [29℄.It will turn out that 
onne
tion algebras 
an be represented by the regular 
losedsubsets of proximity spa
es.3.1 Let X be a non-empty set. A binary relation Æ on the powerset Exp(X) ofX is 
alled a basi
 proximity or simply proximity, if it satis�es (C1){(C4) on theBoolean algebra (Exp(X); ;; X;[;\; n); the pair (X; Æ) is 
alled a basi
 proximityspa
e or simply proximity spa
e. When x is a point of X, we write xÆA in pla
e offxgÆA. A basi
 proximity is 
alled separated if it satis�es(SP) xÆy implies x = y.In su
h a 
ase the pair (X; Æ) is 
alled separated basi
 proximity spa
e.If M is a subset of X then the restri
tion ÆM of Æ to M is de�ned as follows:for A;B � M , AÆMB i� AÆB. It is easy to see that (M; ÆM) is a basi
 proximityspa
e.We write A �Æ B (or simply A � B) if A(�Æ)(X n B), where \ � Æ" means\not Æ". When x is a point of X, we write x� A in pla
e of fxg � A.A separated basi
 proximity Æ on X whi
h satis�es the 
ondition8



(EF) If A� B, then there exists a C � X su
h that A� C � Bis 
alled an Efremovi�
 proximity; the pair (X; Æ) is 
alled Efremovi�
 proximity spa
e.3.2 Let (X; Æ) be a basi
 proximity. Then the operator 
lÆ on Exp(X) de�ned by
lÆ(A) = fx 2 X : xÆAg:is a �Ce
h 
losure operator (see [5℄). Hen
e �Æ = fX n A : A = 
lÆ(A)g is a topologyon X. It is well known that the (Kuratowski) 
losure operator 
l�Æ generated by �Æ
ould not 
oin
ide with 
lÆ. If Æ is a Lodato proximity (i.e. a basi
 proximity su
hthat 
lÆ(A)Æ
lÆ(B) implies AÆB) then 
lÆ 
oin
ides with 
l�Æ ; if Æ satis�es the axiom(EF) then (X; �Æ) is a 
ompletely regular spa
e; if, moreover, Æ is separated (i.e.Æ is an Efremovi�
 proximity) then (X; �Æ) is a Ty
hono� spa
e ([33℄,[29℄). EveryEfremovi�
 proximity is a Lodato proximity.3.3 If (X; �) is a topologi
al spa
e, we say that (X; �) admits a proximity, if thereis a basi
 proximity Æ on X su
h that � = �Æ; in this 
ase we say also that Æ is aproximity on the spa
e (X; �).Examples 3.4 Here are few examples of proximity spa
es:1. Let X be a set having at least two points. For A;B � X, set AÆB () A 6= ;and B 6= ;. This is the trivial basi
 proximity in X. It is not separated. Itsatis�es the axiom (EF) but (Exp(X); Æ) does not satisfy (C6).2. Let (X; �) be a T4-spa
e and de�neAÆB () 
l(A) \ 
l(B) 6= ;:Then Æ is an Efremovi�
 proximity on the spa
e X. We 
all it standard prox-imity.If (X; �) is not a dis
rete spa
e then (Exp(X); Æ) does not satisfy the axiom(C6) (indeed, take a point x su
h that fxg is not an open set; then there is nonon-empty subset Y of X su
h that Y � fxg).3. Let (X; �) be a lo
ally 
ompa
t Hausdor� spa
e, and, for A;B � X, de�neA(�Æ)B i� 
l(A) \ 
l(B) = ; and either 
l(A) or 
l(B) is 
ompa
t. Then Æ isan Efremovi�
 proximity on the spa
e X.4. Let (X; d) be a metri
 spa
e and, for A;B � X, de�ne AÆB i� d(A;B) = 0,where d(A;B) = inffd(x; y) : x 2 A; y 2 Bg. Then Æ is an Efremovi�
 proximityon the spa
e (X; �d). 9



5. Let (X; �) be a 
ompletely regular spa
e. Re
all that two subsets A;B ofX are
ompletely separated i� there is a 
ontinuous real-valued fun
tion f : X �![0; 1℄ su
h that f(A) = 0 and f(B) = 1. We 
an de�ne a basi
 proximityÆ on X, satisfying the axiom (EF), by A(�Æ)B i� A and B are 
ompletelyseparated.Fa
t 3.5 (see, e.g., [29℄) If (X; �) is a 
ompa
t Hausdor� spa
e, then it admits aunique Efremovi�
 proximity Æ, namely the standard one.Fa
t 3.6 (see, e.g., [29℄) Let (X; Æ) be a Lodato proximity spa
e and A;B � X.Then A�Æ B implies 
l(A)�Æ B and A�Æ Int(B).De�nition 3.7 LetX be a set. A sta
k onX is a family S of subsets ofX satisfyingthe 
ondition B � A 2 S ) B 2 S:A grill ([6℄) G on X is a sta
k on X satisfying ; 62 G and(A [B) 2 G ) (A 2 G or B 2 G):De�nition 3.8 Let (X; Æ) be a basi
 proximity spa
e. A grill G on X is 
alled a
lan on (X; Æ) ([37℄) i� A;B 2 G ) AÆB:A 
lan � on (X; Æ) is 
alled a 
luster ([25℄) i� the following 
ondition is satis�ed:(CL) If A � X and AÆB for every B 2 �, then A 2 �.For ea
h x 2 X, the 
olle
tion �x = fA � X : AÆxg is a 
luster. Su
h a
luster is 
alled point 
luster. If fxg 2 � for some x 2 X, then � = �x. If (X; Æ) isseparated, then no 
luster 
an 
ontain more than one point.Re
all that a proximity spa
e (X; Æ) is said to be 
ompa
t i� the topologi
alspa
e (X; �Æ) is 
ompa
t. We will need the following well-known result:Theorem 3.9 ([25℄,[29℄) An Efremovi�
 proximity spa
e is 
ompa
t i� every 
lusterin the spa
e is a point 
luster.We say that a subset A of a topologi
al spa
e X is regular 
losed if A =
l(Int(A)). Clearly, A is regular 
losed i� it is a 
losure of an open set B.Re
all that for any topologi
al spa
e (X; �), the 
olle
tion RC(X) of regular
losed sets 
an be made into a 
omplete Boolean algebra (RC(X); 0; 1;^;_; �), bysetting1 = X; 0 = ;; A� = 
l(X nA); A_B = A[B;A^B = (A� _B�)� = 
l(Int(A\B)):The in�nite operations are given by the formulas WfA
 : 
 2 �g = 
l(SfA
 : 
 2�g); and VfA
 : 
 2 �g = 
l(Int(TfA
 : 
 2 �g)):The following observation will be useful in the sequel:10



Lemma 3.10 Let (X; Æ) be an Efremovi�
 proximity spa
e and A;B � X. If A�Æ Bthen there exists a regular 
losed set C su
h that A�Æ C �Æ B.Proof. By (EF), there exists a D � X su
h that A � D � B. Applying 3.6, weobtain A�Æ Int(D) � 
l(Int(D)) � 
l(D)�Æ B;and thus, A�Æ 
l(Int(D))�Æ B.Next, we will 
onsider 
onne
tion algebras over proximity spa
es.Lemma 3.11 Let (X; Æ) be an Efremovi�
 proximity spa
e. Then, (RC(X); Æ) is a
onne
tion algebra.Proof. The veri�
ation of axioms (C1) { (C4) is straightforward; (C5) follows fromLemma 3.10. For proving (C600) (whi
h is equivalent to (C6)), let A 2 RC(X) andA 6= ;. Then there exists a point x 2 Int(A). Obviously, x � Int(A). Applying3.10, we obtain that there exists B 2 RC(X) su
h that x � B � A. So, B 6= ;and B � A.De�nition 3.12 Let (X; Æ) be an Efremovi�
 proximity spa
e. (RC(X); Æ) is 
alleda proximity 
onne
tion algebra over (X; Æ). Following the de�nition in Example 2 of3.4, we 
all it a standard proximity 
onne
tion algebra, ifAÆB () A \ B 6= ;;for all A;B 2 RC(X).In the next se
tion we will show that it suÆ
es to 
onsider only standardproximity 
onne
tion algebras.4 A representation theorem for 
onne
tion alge-brasIn this se
tion we shall prove that ea
h 
onne
tion algebra 
an be isomorphi
ally em-bedded into a standard proximity 
onne
tion algebra. Our strategy follows the proofof the Stone representation theorem for Boolean algebras. The points in a Stonespa
e S(B) are the maximal �lters in B. In 
onne
tion algebras, the points of therepresentation spa
e will be some analogues of maximal �lters, 
alled 
lusters. Wetake the notion of a 
luster from the theory of proximity spa
es, and our de�nitionis just the latti
e-theoreti
 translation of the 
orresponding de�nition of 
luster (seeDe�nition 3.8 here). Many statements about 
lusters in 
onne
tion algebras have11



proofs whi
h are identi
al (up to the aforementioned latti
e-theoreti
al translation)to the proofs of the 
orresponding statements for 
lusters in proximity spa
es. Whensu
h identi
al proofs exist we will refer to the 
orresponding statements and theirproofs.Throughout this Se
tion we suppose that (B;C) is a 
onne
tion algebra.4.1 A non-empty subset � of B is 
alled a 
lan in (B;C) if the following 
onditionsare satis�ed:(K1) If x; y 2 � then xCy;(K2) If x < y and x 2 � then y 2 �;(K3) If x _ y 2 � then x 2 � or y 2 �.A 
lan � in (B;C) is 
alled a 
luster in (B;C) if it satis�es the following
ondition:(CLU) If xCy for every y 2 �, then x 2 �.The set of all 
lusters in (B;C) is denoted by Clust(B;C) or simply byClust(B). It is not hard to see that (the proofs are similar to those given in [37℄):(i) ea
h 
lan is 
ontained in a maximal 
lan;(ii) ea
h maximal 
lan is a 
luster.Re
all that a subset F of B is 
alled a �lter in B if it satis�es the following
onditions: (1) 0 62 F , (2) a; b 2 F implies that a ^ b 2 F , and (3) a � b and a 2 Fimply that b 2 F . An ultra�lter in B is a maximal (with respe
t to the in
lusion)�lter in B.We will now imitate Leader's proof of Smirnov Compa
ti�
ation Theorem(see [25℄, [29℄). We will de�ne a suitable proximity ÆB on Clust(B) and show that(Clust(B); ÆB) is 
ompa
t. Then, we will �nd an inje
tive Boolean homomorphismh whi
h preserves the 
onne
tion relation C from B into the standard proximity
onne
tion algebra over (Clust(B); ÆB).The following properties of 
lusters will be helpful later:Lemma 4.2 Let � 2 Clust(B), and a; b 2 B.i. If aCb, then there is some � 2 Clust(B) su
h that a 2 � and b 2 �.ii. a� 2 � i� for all b; 
 2 B, 
 2 � and b _ a = 1 imply 
Cb.Proof.i. The proof is analogous to the one of Theorem 5.14 of [29℄.ii. If a�; 
 2 � and a_ b = 1, then a� � b. It follows from (K2) that b 2 �, andhen
e, 
Cb (by (K1)).Conversely, suppose that for all b; 
 2 B, 
 2 � and b _ a = 1 imply 
Cb.Setting b = a�, we obtain that 
Ca� for all 
 2 �, and thus, a� 2 � (by (CLU)).12



Let us denote by PCB the powerset of Clust(B). We de�ne a fun
tionh : B ! PCB by h(a) = f� 2 Clust(B) : a 2 �g(1)in analogy to the Stone representation theorem for Boolean algebras. The followingproperties are easily proved from Lemma 4.2:Lemma 4.3i. h(0) = ;, h(a) = Clust(B)() a = 1.ii. h(a _ b) = h(a) [ h(b).iii. aCb i� h(a) \ h(b) 6= ;.Proof. i. Obviously, h(0) = ; and h(1) = Clust(B). Let h(a) = Clust(B). Thena 2 � for every � 2 Clust(B). Suppose that a 6= 1. Then 1 6� a and hen
e, by (C60)(see 2.2), there exists an element b of B su
h that bC1 and b(�C)a. By Lemma4.2(i), there exists a � 2 Clust(B) su
h that b 2 �. Sin
e a 2 �, we obtain that aCband this is a 
ontradi
tion. Therefore, a = 1.ii. This follows immediately from (K3) and (K2) (see 4.1).iii. If aCb, then Lemma 4.2(i) tells us that h(a) \ h(b) 6= ;. Conversely, ifh(a) \ h(b) 6= ;, then aCb (by (K1)).4.4 Let (B;C) be a 
onne
tion algebra. We set, for X; Y � Clust(B),XÆBY i� (8x; y 2 B)[(x 2 \X and y 2 \Y ) imply xCy℄:Using the de�nition of h, we obtainXÆBY i� (8x; y 2 B)[(X � h(x) and Y � h(y)) imply xCy℄:The proof of the next result 
an be obtained by (part of) the proof of theSmirnov Compa
ti�
ation Theorem in [29℄ (Lemma 7.2):Theorem 4.5 Let (B;C) be a 
onne
tion algebra. Then (Clust(B); ÆB) is an Efre-movi�
 proximity spa
e.4.6 Let TClust be the topology on Clust(B) indu
ed by ÆB. Then, for ea
h M �Clust(B), we have
l(M) = f� 2 Clust(B) : (8x; y 2 B)[(x 2 � and M � h(y)) =) xCy℄g:(2)Theorem 4.7 Let (B;C) be a 
onne
tion algebra. Then (Clust(B); ÆB) is 
ompa
t.13



Proof. By 3.9, it is enough to show that every 
luster in Clust(B) is a point 
luster.Let C be a 
luster in (Clust(B); ÆB). Put � = fa 2 B : h(a) 2 Cg. We shallprove that � is a 
lan in B. Note that 1 2 �.Let a � b and a 2 �. Then h(a) � h(b), h(a) 2 C and hen
e h(b) 2 C.Therefore, b 2 �.If a_ b 2 � then h(a_ b) 2 C, i.e. h(a)[h(b) 2 C. Hen
e h(a) 2 C or h(b) 2 C,whi
h means that a 2 � or b 2 �.Let a; b 2 �. Then h(a); h(b) 2 C and hen
e h(a)ÆBh(b). This obviously implies(see the de�nition of ÆB) that aCb.Therefore, � is a 
lan in (B;C). Now, by 4.1, there exists a maximal 
lan � in(B;C) 
ontaining � and � 2 Clust(B). We shall show that f�g 2 C, i.e. that C isthe point 
luster �� in (Clust(B); ÆB).Let � 2 C. We shall prove that f�gÆB�, i.e. that if x; y 2 B are su
h thatf�g � h(x) and � � h(y) then xCy. So, let x; y be as above. Then � 2 h(x), whi
hmeans that x 2 �. Hen
e xCa, for any a 2 B su
h that h(a) 2 C. Sin
e � 2 C and� � h(y), we obtain that h(y) 2 C. Therefore, xCy.We have proved that f�gÆB� for every � 2 C. Thus f�g 2 C, i.e. C = ��.The following well-known variant of the famous \Grill Lemma", whi
h 
an beproved exa
tly as Lemma 5.7 of [29℄, is valid for Boolean algebras:Theorem 4.8 Let (B; 0; 1;_;^; �) be a Boolean algebra and G be a subset of B su
hthat 0 62 G and a_b 2 G i� a 2 G or b 2 G. If a0 2 G then there exists an ultra�lterU in B su
h that a0 2 U and U � G.The next theorem 
an be proved exa
tly as Theorem 5.8 of [29℄:Theorem 4.9 A subset � of a 
onne
tion algebra (B;C) is a 
luster i� there existsan ultra�lter U in B su
h that� = fa 2 B : aCb for every b 2 Ug:(3)Moreover, given � and a0 2 �, there exists an ultra�lter U in B satisfying (3) whi
h
ontains a0.Corollary 4.10 Let (B;C) be a 
onne
tion algebra and U be an ultra�lter in B.Then there exists a unique 
luster � in (B;C) 
ontaining U .Finally, the following simple result 
an be proved exa
tly as Lemma 5.6 of [29℄:Fa
t 4.11 Let (B;C) be a 
onne
tion algebra, �1 and �2 be two 
lusters in (B;C).If �1 � �2, then �1 = �2. 14



We are now ready to prove the representation theorem for 
onne
tion algebras.Theorem 4.12 (Representation Theorem for 
onne
tion algebras)(a) Ea
h 
onne
tion algebra (B;C) 
an be embedded into a standard proximity
onne
tion algebra (RC(X); Æ), where (X; Æ) is a 
ompa
t Efremovi�
 proximity spa
e.When B is 
omplete this embedding be
omes a 
omplete isomorphism.(b) There exists a bije
tive 
orresponden
e between the 
lass of all (up to iso-morphism) 
omplete 
onne
tion algebras and the 
lass of all (up to homeomorphism)
ompa
t Hausdor� spa
es.Proof. Let (B;C) be a 
onne
tion algebra and h : B ! PCB be de�ned by (1). Ouraim is to prove that h is an inje
tive Boolean homomorphism B ! RC(Clust(B))su
h that aCb () h(a) \ h(b) 6= ;. This will show that (B;C) is isomorphi
 toa substru
ture of the proximity 
onne
tion algebra over (Clust(B); ÆB), whi
h is astandard proximity 
onne
tion algebra by 3.5.We �rst show that h(a�) = 
l(�h(a)) (we write \�h(a)" for \Clust(B)nh(a)"):� 2 h(a�) () a� 2 �() (8b; 
 2 B)[(
 2 � and b _ a = 1) =) 
Cb℄; by 4.2(ii)() (8b; 
 2 B)[(
 2 � and h(b _ a) = Clust(B)) =) 
Cb℄; by 4.3(i)() (8b; 
 2 B)[(
 2 � and � h(a) � h(b)) =) 
Cb℄; by 4.3(ii)() � 2 
l(�h(a)):This implies that h is well de�ned, i.e. that h(a) 2 RC(X), sin
eh(a) = 
l(�h(a�)) = 
l(�
l(�h(a))) = 
l(Int(h(a))):Furthermore, it shows that h(a�) = 
l(�h(a)) = h(a)�, so that h preserves 
omple-ments. Together with Lemma 4.3, it follows that h is a Boolean homomorphism.To show that h is inje
tive, suppose that a 6= b, and let w.l.o.g. a 6� b. By(C60), there is some 
 2 B su
h that aC
 and b(�C)
. Let � 2 Clust(B) be su
hthat a; 
 2 � (see Lemma 4.2(i)). It follows now from b(�C)
 and (K1) that b 62 �.By Lemma 4.3(iii), we have that, for a; b 2 B, aCb i� h(a) \ h(b) 6= ;.For proving the last statement of the �rst assertion of the theorem, we needsome simple observations:Fa
t 4.13 Let (B;C) be a 
onne
tion algebra. Then the family fh(a) : a 2 Bg is a
losed base of the topologi
al spa
e (Clust(B); TClust).Proof. Let M be a 
losed subset of (Clust(B); TClust). Hen
e M = 
l(M). Let� 62 M . Then, by (2), there exist x; y 2 B su
h that x 2 �, M � h(y) and15



x(�C)y. This implies that � 62 h(y) (indeed, if � 2 h(y) then y 2 � and thusxCy, a 
ontradi
tion). So, we have that M � h(y) and � 62 h(y). This means thatM = Tfh(y) : M � h(y)g. We have shown above that h(y) is a 
losed set, for ea
hy 2 B. So, fh(a) : a 2 Bg is a 
losed base of (Clust(B); TClust).Corollary 4.14 Let (B;C) be a 
onne
tion algebra. Then the family fInt(h(a)) :a 2 Bg is an open base of the topologi
al spa
e (Clust(B); TClust).Proof. Put X = Clust(B). By 4.13, we have that the family fX nh(a) : a 2 Bg is anopen base of (X; TClust). If a 2 B then, as it was proved above, h(a) = h((a�)�) =(h(a�))� = 
l(X nh(a�)) and hen
e X nh(a) = X n
l(X nh(a�)) = Int(h(a�)). So, thefamily fInt(h(a�)) : a 2 Bg = fInt(h(a)) : a 2 Bg is an open base of (X; TClust).Fa
t 4.15 Let (B;C) be a 
onne
tion algebra and a; b 2 B. Then h(a) � h(b)implies a � b.Proof. This follows from the fa
t, established above, that h is an embedding.To �nish the proof of the �rst assertion of our theorem, let B be a 
ompleteBoolean algebra and let F 2 RC(Clust(B)). Then, by 4.13, F = Tfh(a) : F �h(a)g. Put J = fa 2 B : F � h(a)g and j = V J . We will show that F = h(j).We have, by 4.14, thatInt(F ) =[fInt(h(b)) : Int(h(b)) � Int(F )g:(4)Let b 2 B be su
h that Int(h(b)) � Int(F ). Then Int(h(b)) � h(a) for every a 2 Jand hen
e h(b) � h(a) for every a 2 J . We obtain, by 4.15, that b � a, for everya 2 J , so that b � j and thus h(b) � h(j). Now, (4) implies that Int(F ) � h(j)and, hen
e, F � h(j). On the other hand, we have that h(j) � h(a), for everya 2 J , and, therefore, h(j) � Tfh(a) : a 2 Jg = F . So, h(j) � F and h(j) � F , i.e.h(j) = F .We have proved that h : B �! RC(Clust(B); TClust) is an isomorphism ofthe Boolean algebra B onto the Boolean algebra RC(Clust(B); TClust) when B is
omplete. Hen
e h is a 
omplete isomorphism (see, e.g. [32℄).(b) For every 
omplete 
onne
tion algebra (B;C), put�(B;C) = (Clust(B); TClust);for every 
ompa
t Hausdor� spa
e (X; �), put	(X; �) = (RC(X; �); CX);16



where, for every A;B 2 RC(X; �), ACXB i� A\B 6= ;. Then, by (a), h : (B;C) �!	(�(B;C)) is a 
omplete isomorphism. Conversely, let (X; �) be a 
ompa
t Haus-dor� spa
e. We will prove that the spa
e (Clust(RC(X)); TClust) is homeomorphi
to (X; �). Let � be a 
luster in (RC(X); CX). We will prove that there exists aunique point x� 2 X su
h that � = �x�, where �x = fA 2 RC(X) : x 2 Ag is thepoint 
luster in (RC(X); CX).By Theorem 4.9 there exists an ultra�lter U in RC(X) su
h that� = fA 2 RC(X) : A \ B 6= ; for every B 2 Ug:(5)Sin
e A ^ B � A \ B, for every A;B 2 RC(X), U is a family of 
losed subsets ofthe 
ompa
t Hausdor� spa
e (X; �) having the �nite interse
tion property. Hen
eTfB : B 2 Ug 6= ; (see [16℄, 3.1.1). Let x; y 2 TfB : B 2 Ug and x 6= y.There exist open neighborhoods Ox and Oy of x and y, respe
tively, su
h that
l(Ox)\
l(Oy) = ;. Then 
l(Ox); 
l(Oy) 2 RC(X), B\
l(Ox) 6= ; for every B 2 Uand B \ 
l(Oy) 6= ; for every B 2 U . Now, (5) implies that 
l(Ox); 
l(Oy) 2 �.Sin
e � is a 
luster, we have to have 
l(Ox)CX
l(Oy), i.e. 
l(Ox) \ 
l(Oy) 6= ;,whi
h is a 
ontradi
tion. Thus TfB : B 2 Ug 
ontains exa
tly one point, whi
h willbe denoted by x�. Then we will have that A \ B 6= ;, for every A 2 �x� and forevery B 2 U . This implies, by (5), that �x� � �. Using 4.11, we 
on
lude that�x� = �:(6)The point x� is the unique point x of X satisfying the equality �x = � sin
e,obviously, �x 6= �y for x 6= y. So, a fun
tion f : Clust(RC(X)) �! X is de�nedby the formula f(�) = x�. Thanks to the equation (6), it is an inje
tion. Sin
e, forevery x 2 X, �x is a 
luster in (RC(X); CX), we obtain that f is a bije
tion. Forevery A 2 RC(X), we have f(h(A)) = f(f� 2 Clust(RC(X)) : A 2 �g) = fx� :� 2 Clust(RC(X)); A 2 �g = fx 2 X : x 2 Ag = A. Sin
e RC(X) is a 
losed baseof (X; �) and, by 4.13, the family fh(A) : A 2 RC(X)g is a 
losed base of the spa
e(Clust(RC(X)); TClust), we 
on
lude that f : (Clust(RC(X)); TClust) �! (X; �)is a homeomorphism. So, � and 	 are bije
tions.Corollary 4.16 (Isomorphism Theorem) Ea
h proximity 
onne
tion algebra isisomorphi
 to a standard proximity 
onne
tion algebra.Proof. Ea
h proximity 
onne
tion algebra is a 
onne
tion algebra (see 3.11 and3.12). Now all follows from Theorem 4.12.
17



5 Lo
al proximity spa
es and lo
al 
onne
tion al-gebrasDe�nition 5.1 ([22℄) A non-empty 
olle
tion B of subsets of a set X is 
alled aboundedness in X i�(i) A 2 B and B � A implies B 2 B, and(ii) A;B 2 B implies A [B 2 B.The elements of B are 
alled bounded sets.De�nition 5.2 ([25℄) A lo
al proximity spa
e (X; �;B) 
onsists of a set X, a basi
proximity � on X, and a boundedness B in X subje
t to the following axioms:(a) If A 2 B, C � X and A� C (where � is de�ned with respe
t to �) thenthere exists a B 2 B su
h that A� B � C;(b) If A�C, then there is a B 2 B su
h that B � C and A�B.When � is separated, then (X; �;B) is said to be a separated lo
al proximityspa
e.Note that (a) is equivalent to the following axiom:(a0) Let A � X and B 2 B. If for every C 2 B either A�C or (X n C)�B,then A�B.Note also that (b) implies that every singleton set, and hen
e every �nitesubset of X, is bounded.Two lo
al proximity spa
es (X1; �1;B1) and (X2; �2;B2) are said to be isomor-phi
 if there exists a bije
tion between X1 and X2 whi
h preserves in both dire
tionsthe bounded sets and proximity relations.Let (X; �) be a topologi
al spa
e and (X; �;B) be a lo
al proximity spa
e. Wewill say that (X; �;B) is a lo
al proximity spa
e on (X; �) i� �� = � .The next theorem of Leader ([25℄) and its proof are of great importan
e forour investigations in this se
tion.Theorem 5.3 ([25℄) Let (X; �) be a Ty
hono� spa
e. Then there exists a bije
tion� between the set of all (up to equivalen
e) lo
ally 
ompa
t Hausdor� extensions of(X; �) and the set of all separated lo
al proximity spa
es on (X; �). Namely, if Y isa lo
ally 
ompa
t Hausdor� extension of X then �(Y ) = (X;�Y ;BY ), where BY =fF � X : 
lY (F ) is 
ompa
t in Y g and, for A;B � X, A�YB i� 
lY (A)\
lY (B) 6= ;(here, for simpli
ity, we assume that X � Y ).De�nition 5.4 An algebrai
 system B = (W; 0; 1;_;^; �; �; IB) is 
alled a lo
al 
on-ne
tion algebra (abbreviated as LCA), if (W; 0; 1;_;^; �) is a Boolean algebra, � isa binary relation on W and IB is a subset of W , satisfying the following axioms:(CC1) If x ^ y 6= 0 then x�y; 18



(CC2) If x�y then x; y 6= 0;(CC3) x�y implies y�x;(CC4) x�(y _ z) i� x�y or x�z;(BB1) 0 2 IB;(BB2) For x; y 2 W , x � y and y 2 IB implies x 2 IB;(BB3) x; y 2 IB implies x _ y 2 IB;(BC1) If x 2 IB, z 2 W and x � z then there exists an y 2 IB su
h thatx � y � z (here \ �", 
alled non-tangential in
lusion, is de�ned by \x � y ()x(��)y�", where \� �" means \non �"; sometimes we will write�� instead of �);(BC2) If x�y then there exists an element z of IB su
h that x�(z ^ y);(BC3) If x 6= 0 then there exists an y 2 IB n f0g su
h that y � x.Usually, we shall write simply (W; �; IB) for a lo
al 
onne
tion algebra. Theelements of W will be 
alled (spatial) regions and the relation � lo
al 
onne
tionrelation.We will say that two lo
al 
onne
tion algebras (W; �; IB) and (W1; �1; IB1) areisomorphi
 i� there exists a Boolean isomorphism f : W �! W1 su
h that, fora; b 2 W , a�b i� f(a)�1f(b) and f(a) 2 IB1 i� a 2 IB.Remark 5.5 Note that if (W; �; IB) is a lo
al 
onne
tion algebra and 1 2 IB then(W; �) is a 
onne
tion algebra. Conversely, any 
onne
tion algebra (B;C) 
an beregarded as the lo
al 
onne
tion algebra (B;C;B).Example 5.6 Let (X;�;B) be a separated lo
al proximity spa
e. Then the triple(RC(X); �;B \ RC(X)) is a lo
al 
onne
tion algebra.Proof. It is 
lear that only the axioms (BC1)-(BC3) need to be 
he
ked. The �rstone follows immediately from 5.2(a) and the analogue of 3.10. Let us show that(BC3) is ful�lled. Take a non-empty regular 
losed set F . Then there exists a pointx 2 Int(F ). Sin
e fxg 2 B and x � F , 5.2(a) implies that there is a G 2 B su
hthat x� G� F . As in 3.10, we 
an �nd a G1 2 RC(X) with x� G1 � G. ThenG1 2 B, G1 6= ; and G1 � F , as required.It remains to be shown that the axiom (BC2) is ful�lled. Let A;B 2 RC(X)andB�A. By Leader Theorem 5.3, there exists a unique lo
ally 
ompa
t extension YofX su
h thatX � Y and �(Y ) = (X;�;B). Then we have that 
lY (A)\
lY (B) 6= ;.Let y 2 
lY (A) \ 
lY (B). Sin
e Y is lo
ally 
ompa
t, there exists an open in Y setU with 
ompa
t 
losure su
h that y 2 U . We have that y 2 
lY (A) = 
lY (IntX(A))(be
ause A 2 RC(X)). Hen
e, setting D = 
lX(U \ IntX(A)), we obtain thatD 2 RC(X), 
lY (D) � 
lY (U) and hen
e 
lY (D) is 
ompa
t in Y , i.e. D 2 B.Further, we have y 2 U \ 
lY (A) = U \ 
lY (IntX(A)) � 
lY (U \ 
lY (IntX(A))) =
lY (U \ IntX(A)) = 
lY (D), i.e. 
lY (D) \ 
lY (B) 6= ;. Therefore, D�B, D 2B \RC(X) and D � A. This 
ompletes the proof.19



Notation 5.7 LetX be a topologi
al spa
e. We will denote by Comp(X) the familyof all 
ompa
t subsets of X. We set also CompReg(X) = Comp(X) \ RC(X).Corollary 5.8 Let X be a lo
ally 
ompa
t Hausdor� spa
e. Then the triple(RC(X); �; CompReg(X));where, for A;B 2 RC(X), A�B i� A \B 6= ;, is a lo
al 
onne
tion algebra.Proof. By Theorem 5.3, �(X) = (X;�X ; Comp(X)), where, for A;B � X, A�XBi� 
l(A) \ 
l(B) 6= ;, is a separated lo
al proximity spa
e. We 
an now use 5.6 for�nishing the proof.De�nition 5.9 The lo
al 
onne
tion algebras (RC(X); �; CompReg(X)), where Xis a lo
ally 
ompa
t Hausdor� spa
e (see 5.8) will be 
alled standard lo
al 
onne
tionalgebras.We will need the following statement whi
h should be a folklore; a parti
ular
ase of it (when X is an open dense subset of Y ) was proved by S. Koppelberg ([23℄,Lemma 4.3).Lemma 5.10 Let (X; �) be a dense subspa
e of a topologi
al spa
e (Y; T ). Thenthe Boolean algebras RC(X) and RC(Y ) are isomorphi
.Proof. We shall prove that the fun
tion f : RC(X) �! RC(Y ) de�ned by f(A) =
lYA, for every A 2 RC(X), is the desired isomorphism.Let's show �rst that f is de�ned 
orre
tly. Take an A 2 RC(X). ThenA = 
lX(IntX(A)). We have to prove that 
lY (A) = 
lY (IntY (
lY (A))). It is 
learthat 
lY (A) � 
lY (IntY (
lY (A))). For proving the in
lusion in the 
onverse dire
tion,it is enough to show that IntX(A) � IntY (
lY (A)), i.e. that X n 
lX(X n A) �X \ (Y n 
lY (Y n 
lY (A))). Sin
e X is dense in Y , we have that 
lY (Y n 
lY (A)) =
lY (X \ (Y n 
lY (A)) = 
lY (X n A). Hen
e X \ (Y n 
lY (Y n 
lY (A))) = X n (X \
lY (X n A)) = X n 
lX(X n A). Thus f(A) 2 RC(Y ).De�ne now another fun
tion g : RC(Y ) �! RC(X) by the formula g(B) =B \X, where B 2 RC(Y ).For proving that g is de�ned 
orre
tly, let B 2 RC(Y ). So B = 
lY (IntY (B)).We have to show that B \ X = 
lX(IntX(B \ X)). It is 
lear that B \ X �
lX(IntX(B \X)). Conversely, let x 2 B \X and take an U 2 � su
h that x 2 U .Then there exists V 2 T su
h that V \X = U . We have that V \IntY (B) 6= ;. Sin
eX is dense in Y , we obtain that (V \ IntY (B))\X 6= ;, i.e. U \ (X \ IntY (B)) 6= ;.But X \ IntY (B) � IntX(B \ X). Indeed, if y 2 X \ IntY (B) then there exists aW 2 T su
h that y 2 W � B; puttingW 0 = W \X, we obtain that y 2 W 0 � B\X20



and W 0 2 � ; thus y 2 IntX(B \ X). So, we 
on
lude that U \ IntX(B \ X) 6= ;,whi
h implies that x 2 
lX(IntX(B \X)). Therefore g(B) 2 RC(X).Further, we shall show that g Æ f = idRC(X) and f Æ g = idRC(Y ).Let A 2 RC(X). Then g(f(A)) = X \ 
lY (A) = A.Let now B 2 RC(Y ). Then f(g(B)) = 
lY (B\X). Obviously, 
lY (B\X) � B.Conversely, let z 2 B. Let O 2 T and z 2 O. Sin
e B = 
lY (IntY (B)), we obtainthat O \ IntY (B) 6= ;. Thus O \ (X \ IntY (B)) 6= ; and hen
e O \ (X \ B) 6= ;.Therefore, z 2 
lY (B\X). So, we have proved that 
lY (B\X) = B, i.e. f(g(B)) =B. We 
on
lude that f : RC(X) �! RC(Y ) is a bije
tion. We will prove nowthat f preserves the Boolean operations. Indeed, we have that f(;) = ;, f(X) = Y ,f(A1 _ A2) = f(A1 [ A2) = 
lY (A1 [ A2) = 
lY (A1) [ 
lY (A2) = f(A1) [ f(A2) =f(A1) _ f(A2). Finally, f(A�) = f(
lX(X n A)) = 
lY (X n A) and (f(A))� =(
lY (A))� = 
lY (Y n 
lY (A)) = 
lY (X \ (Y n 
lY (A))) = 
lY (X n A) = f(A�).Therefore, f is an isomorphism between the Boolean algebras (RC(X); ;; X;^;_; �)and (RC(Y ); ;; Y;^;_; �). This implies that F is a 
omplete isomorphism (see, e.g.,[32℄).Proposition 5.11 Let L be a lo
ally 
ompa
t Hausdor� spa
e and X be a densesubspa
e of L. Then the lo
al 
onne
tion algebra (RC(L); �; CompReg(L)) is iso-morphi
 to the lo
al 
onne
tion algebra (RC(X); �L;BL \ RC(X)) (see 5.8, 5.3and 5.6 for the notations). In parti
ular, if L is a 
ompa
t Hausdor� spa
e then(RC(L); �) and (RC(X); �L) are isomorphi
 
onne
tion algebras.Proof. First of all we have, by 5.8, that (RC(L); �; CompReg(L)) is a lo
al 
onne
-tion algebra. Sin
e L is a lo
ally 
ompa
t Hausdor� extension of X, the Leader The-orem 5.3 tells us that �(L) = (X;�L;BL) is a separated lo
al proximity spa
e. Weobtain now, using 5.6, that (RC(X); �L;BL\RC(X)) is a lo
al 
onne
tion algebra.By Lemma 5.10, the fun
tion f : RC(X) �! RC(L), de�ned by f(F ) = 
lL(F ), isa Boolean isomorphism. Now, the de�nition of the family BL (see 5.3) gives us thatf(F ) 2 CompReg(L) i� F 2 BL. On the other hand, from the de�nition of �L (see5.3) we obtain immediately that, for F;G 2 RC(X), F�LG i� f(F )�f(G). So, fis an isomorphism between the lo
al 
onne
tion algebras (RC(X); �L;BL\RC(X))and (RC(L); �; CompReg(L)).When L is 
ompa
t, we obviously have that CompReg(L) = RC(L) and X 2BL \ RC(X), so that the last statement of our proposition follows from its �rststatement, 5.5 and 3.11.Theorem 5.12 Let (W; �; IB) be a lo
al 
onne
tion algebra and de�ne a binary re-lation \C" on W by xCy i� x�y or x; y 62 IB:21



Then \C", 
alled the Alexandro� extension of �, is a 
onne
tion relation on W and(W;C) is a 
onne
tion algebra. (When it is ne
essary, we will write \C�" instead ofC.)Proof. The axioms (C1) � (C3) (see 2.1) follow dire
tly from the properties of �and IB and the de�nition of C. Let us 
he
k that the axiom (C4) is ful�lled.Let xC(y _ z). Suppose �rst that x�(y _ z). Then x�y or x�z and hen
e xCyor xCz. If x 62 IB and (y _ z) 62 IB then x 62 IB and (by (BB3) (see 5.4)) y 62 IB orz 62 IB; hen
e xCy or xCz. Conversely, let xCy or xCz. If x�y or x�z then x�(y_z)and hen
e xC(y _ z). It remains to regard the 
ase when x 62 IB, y 62 IB and z 62 IB.Then (y _ z) 62 IB (by (BB3)) and hen
e xC(y _ z). So, the axiom (C4) (see 2.1) isful�lled.We shall prove now that the axiom (C50) (see 2.6) (whi
h is equivalent to theaxiom (C5) (see 2.1)) is ful�lled. We shall write x �C y i� x(�C)y�. Note thatx(�C)y i� x(��)y and (x 2 IB or y 2 IB). Hen
e, if x 2 IB (or y� 2 IB) and x�� ythen x�C y.Let x �C z. Then x(�C)z� and hen
e x(��)z� and (x 2 IB or z� 2 IB).Therefore x �� z and z� �� x�. If x 2 IB then, by (BC1) (see 5.4), there existsan y 2 IB su
h that x �� y �� z. Thus x �C y �C z. If z� 2 IB then, by(BC1), there exists an element t of IB su
h that z� �� t �� x�. This implies thatz� �C t �C x�. So, z�(�C)t� and t(�C)x, i.e. x �C t� �C z. Therefore, theaxiom (C5) is ful�lled.Let's, �nally, verify that the axiom (C6) (see 2.1) is ful�lled. Let x 6= 1. Thenx� 6= 0. By (BC3) (see 5.4), there exists an y 2 IB n f0g su
h that y �� x�. Thisimplies that y �C x�, i.e. y(�C)x and y 6= 0. So, (W;C) is a 
onne
tion algebra.Lemma 5.13 Let (W; �; IB) be a lo
al 
onne
tion algebra and let 1 62 IB. Then� = fx 2 W : x 62 IBg is a 
luster in (W;C�) (see Theorem 5.12 for the notation\C�").Proof. By Theorem 5.12, we have that (W;C�) is a 
onne
tion algebra. We shallwrite simply \C" instead of \C�".Let x; y 2 �. Then x 62 IB and y 62 IB. Hen
e, by the de�nition of C (seeTheorem 5.12), we obtain that xCy. So the axiom (K1) (see 4.1) is ful�lled.The axioms (K2) and (K3) (see 4.1) follow dire
tly from (BB2) (see 5.4).For showing that the axiom (CLU) (see 4.1) is also ful�lled, let xCy for everyy 2 �. We will prove that x 62 IB and then we will have that x 2 �. So, supposethat x 2 IB. Then x 6= 1. Hen
e x �� 1. By (BC1) (see 5.4), there exists anelement z of IB su
h that x �� z �� 1. Then x(��)z�. Sin
e 1 62 IB, we obtain22



that z� 62 IB. Thus z� 2 �. This implies, by our assumption, that xCz�. Therefore,by the de�nition of the relation \C" (see 5.12), we 
on
lude that x 62 IB (be
ausewe have that x(��)z�), whi
h is a 
ontradi
tion.So, � is a 
luster in (W;C).Theorem 5.14 (Representation Theorem for lo
al 
onne
tion algebras)(a) Ea
h lo
al 
onne
tion algebra (W; �; IB) 
an be embedded into a standard lo-
al 
onne
tion algebra (RC(L); �; CompReg(L)), where L is a lo
ally 
ompa
t Haus-dor� spa
e. When W is 
omplete this embedding be
omes a 
omplete isomorphism.(b) (P. Roeper [31℄) There exists a bije
tive 
orresponden
e between the 
lassof all (up to isomorphism) 
omplete lo
al 
onne
tion algebras and the 
lass of all(up to homeomorphism) lo
ally 
ompa
t Hausdor� spa
es.Proof. (a) Let (W; �; IB) be a lo
al 
onne
tion algebra. Let C = C� be the Alexan-dro� extension of � (see 5.12). Then, by Theorem 5.12, (W;C) is a 
onne
tionalgebra. Put X = Clust(W;C). Let Æ = ÆW be the proximity on X de�ned asin 4.4. By Theorem 4.7, (X; Æ) is a separated proximity spa
e and, by Theorem4.5, it is 
ompa
t. If 1 2 IB then � = C, (W; �) is a 
onne
tion algebra and ourassertion follows from Theorem 4.12. Let 1 62 IB. Then, by Lemma 5.13, the set� = fx 2 W : x 62 IBg is a 
luster in (W;C) and, hen
e, � 2 X. Denote by �C thetopology on X de�ned by Æ, put L = L(W;�;IB) = X n f�g and � = �(W;�;IB) = �C jL.Then (L; �) is a lo
ally 
ompa
t Hausdor� spa
e. By Theorem 4.12, the fun
tionh : (W;C) �! RC(X; �C), de�ned by h(a) = f� 2 X : a 2 �g, is an embeddingof the 
onne
tion algebra (W;C) into the standard 
onne
tion algebra RC(X; �C);moreover, h be
omes a 
omplete isomorphism when the Boolean algebra W is 
om-plete. Put H(a) = h(a) \ L, for ea
h a 2 W . We will show that:(1) L is a dense subset of X;(2) H is an embedding of the Boolean algebra W into the Boolean algebraRC(L; �); H be
omes a 
omplete isomorphism when W is 
omplete;(3) b 2 IB i� H(b) 2 CompReg(L);(4) a�b i� H(a) \H(b) 6= ;.In other words, H will be the desired embedding of the lo
al 
onne
tion algebra(W; �; IB) into the standard lo
al 
onne
tion algebra (RC(L; �); �; CompReg(L))(where, for A;B 2 RC(L; �), A�B i� A \ B 6= ;) and H will be
ome a 
ompleteisomorphism when W is a 
omplete Boolean algebra.To prove (1), re
all that, by 4.13, fX n h(a) : a 2 Wg is an open base of(X; �C). As it follows from the de�nition of �, � 2 X nh(a) i� a 2 IB. So, let a 2 IB.Sin
e 1 62 IB, we have that 1 6� a. Then, by (C60), there is an element z of W su
hthat zC1 and z(�C)a. Thus z 6= 0 and, using (BC3), we 
an found an element bof IB n f0g su
h that b�� z. Then b � z and hen
e, by 2.5(1), b(�C)a. Therefore,23



bC1, b 2 IB and b(�C)a. Now, Lemma 4.2(i) implies that there is a 
luster � in(W;C) su
h that b 2 �; hen
e � 6= �, i.e. � 2 L. Sin
e b(�C)a, we obtain thata 62 �. Therefore, � 2 L \ (X n h(a)). This shows that L is a dense subset of X.Let's prove (2). We have, by (1) above and by 5.10, that the fun
tion g :RC(X; �C) �! RC(L; �), de�ned by g(A) = A \ L for every A 2 RC(X), is anisomorphism. Sin
e H = g Æ h, we obtain that H is an embedding, whi
h be
omesa 
omplete isomorphism when W is 
omplete.To establish (3), note that, for a 2 W , � 2 h(a)$ a 2 � $ a 62 IB and hen
eh(a) � L $ a 2 IB; but for any a 62 IB, we have that � 2 h(a) = 
lX(H(a)) (see5.10); hen
e H(a) is 
ompa
t i� h(a) � L i� a 2 IB.Finally, we will show that (4) takes pla
e. Let a; b 2 W and a�b. Then, by(BC2), there exist a1; b1 2 IB su
h that a1 � a, b1 � b and a1�b1. Then a1Cb1 andhen
e h(a1)\h(b1) 6= ;. Sin
e, by (3) above, h(a1) = H(a1) � h(a)\L = H(a) andh(b1) = H(b1) � h(b) \ L = H(b), we obtain that H(a) \H(b) 6= ;.Let's prove the impli
ation in the 
onverse dire
tion. Take a; 
 2 W for whi
hH(a) \ H(
) 6= ;. Then there exists a 
luster � 2 h(a) \ h(
) \ L. Sin
e � 6= �,there exists an element b0 of IB belonging to � (indeed, if all elements of � wereunbounded, then � � �, whi
h would imply, by 4.11, that � = �). Then b0 6= 1 andhen
e b0 �� 1. By (BC1), there exists an element b of IB su
h that b0 �� b �� 1.Hen
e b 2 � and b0(��)b�. By the de�nition of C, we obtain that b0(�C)b�, i.e.b� 62 �. So, � 2 IntX(h(b)), where b 2 IB (indeed, IntX(h(b)) = X n 
lX(X n h(b)) =X n (h(b))� = X n h(b�)). We will show now that � 2 h(a) ^ h(b) = h(a ^ b) and� 2 h(
) ^ h(b) = h(
 ^ b). This will imply that a ^ b 2 � and 
 ^ b 2 � andhen
e (a ^ b)C(
 ^ b); sin
e a ^ b; 
 ^ b 2 IB, we will obtain that (a ^ b)�(
 ^ b)and, therefore, a�
. So, let's show that � 2 h(a) ^ h(b) = 
lX(IntX(h(a) \ h(b))).Supposing that this is not the 
ase, we 
an �nd an open neighborhood U of � su
hthat U \ IntX(h(a) \ h(b)) = ;. Put V = U \ IntX(h(b)). Then V is also an openneighborhood of � and V \ IntX(h(a) \ h(b)) = ;. Hen
e V � 
lX(X n (h(a) \h(b))) = 
lX(X n h(a))[ 
lX(X n h(b)). Sin
e V \ 
lX(X n h(b)) = ;, we obtain thatV � 
lX(X nh(a)). This is a 
ontradi
tion be
ause � 2 h(a) = 
lX(IntX(h(a))). So,we have proved that � 2 h(a) ^ h(b). Analogously, we obtain that � 2 h(
) ^ h(b).This �nishes the proof of the �rst part of our theorem.(b) For every 
omplete lo
al 
onne
tion algebra (W; �; IB), put �0(W; �; IB) =(L(W;�;IB); �(W;�;IB)) (see (a) above for the notations); for every lo
ally 
ompa
t Haus-dor� spa
e (L; �), put 	0(L; �) = (RC(L; �); �L; CompReg(L; �)), where, for ev-ery A;B 2 RC(L; �), A�LB i� A \ B 6= ;. Then, by (a), H : (W; �; IB) �!	0(�0(W; �; IB)) is a 
omplete isomorphism. Conversely, let (L; �) be a lo
ally 
om-pa
t Hausdor� spa
e. We will prove that the spa
e L(RC(L;�);�L ;CompReg(L;�)), de�nedin (a) above, is homeomorphi
 to (L; �). Let � be a bounded 
luster in (RC(L); C�L),i.e. � \ CompReg(L) 6= ;. We 
an prove exa
tly as in the proof of the part (b)24



of Theorem 4.12 that there exists a unique point x� 2 L su
h that � = �x�, where�x = fA 2 RC(L) : x 2 Ag is the point 
luster in (RC(L); �L; CompReg(L)).Then a fun
tion f 0 : L(RC(L;�);�L;CompReg(L;�)) �! X 
an be de�ned by the formulaf 0(�) = x�. Now, a proof 
ompletely analogous to the one of the part (b) of Theo-rem 4.12 shows that f 0 is a homeomorphism (note that now fH(A) : A 2 RC(L)gis a 
losed base of L(RC(L;�);�L;CompReg(L;�)) and that every point 
luster is a bounded
luster sin
e the spa
e L is lo
ally 
ompa
t). So, �0 and 	0 are bije
tions.Remark 5.15 Let (W; �; IB) be a lo
al 
onne
tion algebra. Then, by Theorem 5.14,there exists a unique (up to homeomorphism) lo
ally 
ompa
t Hausdor� spa
e Lsu
h that (W; �; IB) is isomorphi
 to the standard lo
al 
onne
tion algebra(RC(L); �; CompReg(L)):There are, however, many proximity-type models of (W; �; IB). For instan
e, a

ord-ing to Proposition 5.11, all lo
al 
onne
tion algebras of the form (RC(X); �L;BL \RC(X)) (see 5.8, 5.3 and 5.6 for the notations) are models, where X is any densesubspa
e of L. One of our aims in this paper was to 
all the reader's attention tosu
h models.An analogous remark is valid for 
onne
tion algebras: by Theorem 4.12, for any
onne
tion algebra (B;C), there exists a unique (up to homeomorphism) 
ompa
tHausdor� spa
e K su
h that (B;C) is isomorphi
 to the standard 
onne
tion algebra(RC(K); �) (i.e. for any F;G 2 RC(K), F�G i� F \ G 6= ;), but, by Proposition5.11, for any dense subspa
e X of K, we have that (B;C) is isomorphi
 to the
onne
tion algebra (RC(X); �K) (see 5.3 for the notations and note that a separatedlo
al proximity spa
e (X;�K ;BK) be
omes an Efremovi�
 proximity spa
e when X 2BK).6 MVD-algebrasAs we have already mentioned above, 
onne
tion algebras 
ould be equivalentlyde�ned as a pair of a Boolean algebra B = (B; 0; 1;_;^; �) and a binary relation�subje
t to the following axioms:(�1) x� y implies x � y;(�2) 0� 0;(�3) x � y � z � t implies x� t;(�4) x� z and y � z implies x _ y � z;(�5) If x� z then x� y � z for some y 2 B;(�6) If x 6= 0 then there exists y 6= 0 su
h that y � x;(�7) x� y implies y� � x�. 25



The proof of the equivalen
e of the two de�nitions of 
onne
tion algebras is straight-forward and analogous to the 
orresponding statement for proximity spa
es (seeTheorems 3.9 and 3.11 in [29℄). One has just to show that xCy i� x 6� y�.In [28℄ Mormann introdu
es the notion of enri
hed Boolean algebra as a pair ofa Boolean algebra (B;�) and a binary relation� (
alled by him interior parthood)for whi
h (�1)-(�6) hold and the axiom(� 4�) x� y and x� z imply x� y ^ zis ful�lled.To be pre
ise, he writes 0� x instead of (�2) and substitutes (�5) and (�6)with the following axiom(�5-6) x� z and x 6= z together imply x� y � z for some y 6= x,but, obviously, our expression of the axioms of enri
hed Boolean algebras is equiva-lent to that given by Mormann (indeed, let x� z and x 6= z; then z ^ x� 6= 0 and,by (�6), there exists a t 6= 0 su
h that t � (z ^ x�); hen
e, by (�3) and (�1),t� z and t � x�; by (�5), there exists an u 2 B with x� u� z; setting y = u_t,we obtain, using (�3) and (�4), that x � y � z; obviously x 6= y; so, (�5-6)implies (�5) and (�6); the 
onverse impli
ation is obvious). Thus, the di�eren
ebetween our 
onne
tion algebras and Mormann's enri
hed Boolean algebras is thatour axiom (�7) is substituted by the weaker axiom (� 4�) (in the sense that having(�7) one 
an derive (� 4�) from (� 4)).Note that the extensionality axiom is ful�lled in the enri
hed Boolean algebras.Indeed, it is enough to show that (x � y) () [8z : (z � x) ) (z � y)℄. In thedire
tion (=)), this follows from (�3). For proving the dire
tion ((=), supposethat x 6� y. Then z0 = x ^ y� 6= 0. Hen
e, by (�6), there exists an element z 6= 0su
h that z � z0. Then, by (�3), z � x and z � y�. But z � x implies thatz � y. Thus we obtain, by (� 4�), that z � (y ^ y�), i.e., by (�1), z = 0, whi
his a 
ontradi
tion.In [28℄ Mormann aÆrms that for any enri
hed 
omplete Boolean algebra (B;�;�) there exists a lo
ally 
ompa
t Hausdor� spa
e L su
h that (B;�;�) is iso-morphi
 to (RO(L);�;�L), where RO(L) is the 
omplete Boolean algebra of reg-ular open subsets of L and, for any U; V 2 RO(L), U �L V i� 
l(U) is 
om-pa
t and 
l(U) � V ; 
onversely, for any lo
ally 
ompa
t Hausdor� spa
e L, thetriple (RO(L);�;�L) is an enri
hed 
omplete Boolean algebra. Sin
e the map� : RO(L) �! RC(L), de�ned by �(U) = 
l(U), is an isomorphism between the
omplete Boolean algebras RO(L) and RC(L), and, for U; V 2 RO(L), U �L Vi� �(U) � Int(�(V )) and �(U) is 
ompa
t, we 
an say that (B;�;�) is isomor-phi
 to the enri
hed Boolean algebra (RC(L);�;�L), where, for all F;G 2 RC(L),F �L G i� F is 
ompa
t and F � Int(G) (we hope that the use of the samenotation (�L) with di�erent meanings will 
ause no 
onfusion). Trying to provethis Mormann's representation theorem using proximity approa
h, we arrived to the26



following notion:De�nition 6.1 A tripleM = (B;�;�) is 
alled anMVD-algebra if it is an enri
hedBoolean algebra and satis�es the following axiom(*) If x� 1 then y� � x� implies x� y.When (B;�) is a 
omplete Boolean algebra, we will say that M is a 
ompleteMVD-algebra.It follows immediately from the 
orresponding de�nitions that 
onne
tion al-gebras 
oin
ide with MVD-algebras satisfying the additional axiom(� 20) 1� 1.We will show below that the notion of MVD-algebra is equivalent to the notionof lo
al 
onne
tion algebra and hen
e we will obtain a representation theorem forMVD-algebras (see Theorem 6.5 below) using Theorem 5.14. This representationtheorem sounds exa
tly as Mormann's representation theorem [28℄, gives the samesemanti
s, so that it should imply that 
omplete MVD-algebras and enri
hed 
om-plete Boolean algebras are equivalent notions. This is, however, not the 
ase, as thenext simple example shows; hen
e, Mormann's representation theorem [28℄ is nottrue.Example 6.2 There exist enri
hed 
omplete Boolean algebras whi
h are not MVD-algebras.Proof. Let X be a non-empty and non-dis
rete T1-spa
e. We de�ne a relation \� "on Exp(X) by A� B i� 
l(A) � B. Then it is easy to verify that (Exp(X);�;�)is an enri
hed 
omplete Boolean algebra. We shall show that (Exp(X);�;�) is notan MVD-algebra, i.e. it does not satisfy the axiom (*) (from 6.1). Indeed, let x bea non-isolated point of X. Put B = A = X n fxg. Then, obviously, A � X andX nB � X nA (sin
e X nB = fxg is a 
losed subset of X) but A 6� B, be
ause Ais not 
losed in X.Theorem 6.3 The notions of lo
al 
onne
tion algebra and MVD-algebra are equiv-alent.Proof. Denote by LCA the 
lass of all lo
al 
onne
tion algebras and by MA the
lass of all MVD-algebras. We shall de�ne two fun
tions f : LCA �! MA andg :MA �! LCA and we will show that f Æ g = idMA and g Æ f = idLCA.Let (W; �; IB) be a lo
al 
onne
tion algebra.Then x � y i� x^ y = x. We havethat x �� y i� x(��)y�. Put x �M y i� x 2 IB and x �� y. We will prove that(W;�;�M) is a MVD-algebra and we will set f((W; �; IB)) = (W;�;�M).For proving (�1), let x�M y; then x(��)y� and hen
e x^y� = 0; this impliesthat x � y. 27



Sin
e 0 2 IB and 0 �� 0, we obtain that 0 �M 0, i.e. the axiom (�2) isful�lled.Let's verify the axiom (�3). Let x � y �M z � t. Then y 2 IB, y(��)z� andx_y = y. This implies, by (BB2) and (CC4), that x 2 IB and x(��)z�. Sin
e z � t,we have that z� _ t� = z� and hen
e, by (CC4), x(��)t�. So, x 2 IB and x �� t.Therefore, x�M t.For 
he
king (�4), let x �M z and y �M z. Then x; y 2 IB, x(��)z� andy(��)z�. Hen
e, by (BB3) and (CC4), x _ y 2 IB and (x _ y)(��)z�. Therefore,x _ y �M z.Let's prove that (�5) is ful�lled. Let x �M z. Then x 2 IB and x �� z.By (BC1), there exists an y 2 IB su
h that x �� y �� z. This means thatx�M y �M z.For verifying (�6), let x 6= 0. Then, by (BC3), there exists an y 2 IB n f0gsu
h that y �� x. Therefore y �M x and y 6= 0.Let's show that (� 4�) is ful�lled. Let x �M y and x �M z. Then x 2 IB,x(��)y� and x(��)z�. By (CC4), we obtain that x(��)(y�_ z�), i.e. x(��)(y^ z)�.Hen
e x�M y ^ z.For proving that (*) is ful�lled, let x �M 1 and y� �M x�. Then x 2 IB andx(��)y�. Thus x�M y.So, (W;�;�M) is a MVD-algebra.Let now (B;�;�) be a MVD-algebra. Putg((B;�;�)) = (B; �M ; IBM);where IBM = fx 2 B : x� 1g and, for x; y 2 B,x�My i� there exists z 2 IBM su
h that (z ^ x) 6� (z ^ y)�:We shall prove that (B; �M ; IBM ) is a lo
al 
onne
tion algebra, i.e. that the de�nitionof the fun
tion g is 
orre
t. In the proof of this 
laim, we will put, for short, IB = IBMand � = �M .First of all, we will note that, for x; y 2 B,x�y i� there exists z 2 IB su
h that (z ^ x) 6� (z ^ y)� and (z ^ y) 6� (z ^ x)�:Indeed, if x�y then there exists z 2 IB su
h that (z ^ x) 6� (z ^ y)�. Sin
ez ^ y 2 IB, (*) implies that (z ^ y) 6� (z ^ x)�: The 
onverse is 
lear.>From (�2) and (�3) we obtain that 0 2 IB, i.e. the axiom (BB1) is ful�lled.(�3) implies that (BB2) is ful�lled and, by (�4), (BB3) is also ful�lled.For verifying (CC1), let x ^ y 6= 0. Then (�6) implies that there exists anelement z of B n f0g su
h that z � (x ^ y). Hen
e, by (�3) and (�1), z 2 IB,z ^ x = z, z ^ y = z and z 6� z�. This means that x�y.28



Obviously, (�2) and (�3) imply that 0 � x for any x 2 B. This is whatwe need to establish the validity of (CC2). Indeed, let x�y. Then there exists anelement z of IB su
h that (z ^ x) 6� (z ^ y)� and (z ^ y) 6� (z ^ x)�: So, supposingthat x = 0 or y = 0 we would obtain that 0 6� (z ^ y)� or 0 6� (z ^ x)�, whi
h is a
ontradi
tion. Hen
e, x; y 6= 0.It is 
lear that (CC3) follows dire
tly from the observation whi
h we have madeafter the de�nition of the relation �. Let's show that (CC4) takes pla
e.Let x�(y _ z). Then there exists an element t of IB su
h that (t ^ x) 6�(t ^ (y _ z))�. Using (� 4�), we obtain that(t ^ x) 6� (t ^ y)� or (t ^ x) 6� (t ^ z)�If (t ^ x) 6� (t ^ y)� then x�y. If (t ^ x) 6� (t ^ z)� then x�z. So, x�(y _ z) impliesthat x�y or x�z.Let now x�y or x�z. Suppose, for example, that x�y. Then there exists anu 2 IB su
h that (u ^ x) 6� (u ^ y)�. Using (�3), we obtain immediately that(u ^ x) 6� (u ^ y)� ^ (u ^ z)�, i.e. (u ^ x) 6� (u ^ (y _ z))�. Hen
e we obtain thatx�(y _ z). When x�z, the proof is analogous. Therefore, we have shown that theaxiom (CC4) is ful�lled.Let's verify that the axiom (BC1) is ful�lled. Let x 2 IB, z 2 B and x �� z(i.e. x(��)z�). Sin
e x� 1, there exists (by (�5)) an u 2 B su
h that x� u� 1.Then u 2 IB. By the de�nition of the relation �, we havex(��)z� i� (for every t 2 IB)(t ^ x� (t ^ z�)�):Putting t = u, we obtain (sin
e, by (�1), x � u) that x� (u^z�)�, i.e. x� (u�_z).Sin
e x� u, (� 4�) implies that x� (u^ z). Using again (�5), we �nd an y 2 Bsu
h that x� y � u ^ z. Then y 2 IB and x� y � z. Noting that a� b impliesa �� b (indeed, for every t 2 IB, one has t ^ a � a � b � t� _ b = (t ^ b�)� andhen
e t ^ a� (t ^ b�)�, whi
h implies that a(��)b�, i.e. a�� b), we 
on
lude thatx�� y �� z.We shall verify now the axiom (BC2). Let x�y. Then, by the de�nition of therelation �, there exists an element z of IB su
h that (z ^ x) 6� (z ^ y)�. This impliesdire
tly that x�(z ^ y) (take just the same z).Finally, (BC3) follows immediately from (�6) and the fa
t, proved above, thaty � x implies y �� x. Therefore, (B; �; IB) is indeed a lo
al 
onne
tion algebra.Let us show now that gÆf = idLCA. Take a lo
al 
onne
tion algebra (W; �; IB).Then f((W; �; IB)) = (W;�;�M). Let g((W;�;�M)) = (W; �M ; IBM ) (see the
orresponding de�nitions above). We will show that IBM = IB and �M = �. Wehave, by our de�nitions, x �M y i� x 2 IB and x �� y (where, as usual, x �� ymeans that x(��)y�); further, we have IBM = fx 2 W : x �M 1g and x�My i�there exists an element z of IBM su
h that (z ^ x) 6�M (z ^ y)�.29



If x 2 IBM then x �M 1 and hen
e, by the de�nition of �M , x 2 IB. ThusIBM � IB. Conversely, if x 2 IB then x �� 1 (be
ause x(��)0) and hen
e, by thede�nition of �M , x�M 1, i.e. x 2 IBM . Therefore, IB � IBM . So, IBM = IB.Let x�y. By (BC2) and (CC3), there exist u; v 2 IB su
h that u � x, v � yand u�v. Then, by (BB3), z = u_ v 2 IB. Sin
e z ^x � u and z ^ y � y, we obtain,by (CC4), that (z^x)�(z^y). Thus (z^x) 6�� (z^y)� and (z^y) 6�� (z^x)�: Sin
ez ^ x; z ^ y 2 IB (by (BB2)) and IB = IBM (as we have proved above), we obtain, bythe de�nition of �M , that (z ^ x) 6�M (z ^ y)�. A

ording to the de�nition of therelation �M , this implies that x�My.Let now x�My. Then there exists an element z of IBM su
h that (z ^ x) 6�M(z ^ y)�. Sin
e z ^ x; z ^ y 2 IBM and IBM = IB, we obtain, by the de�nition of therelation�M , that (z ^ x) 6�� (z ^ y)�, i.e. (z ^ x)�(z ^ y) and hen
e x�y. We haveproved that � = �M . So, g Æ f = idLCA.We will show, �nally, that f Æ g = idMA. Let (W;�;�) be a MVD-algebra,g((W;�;�)) = (W; �; IB) and f((W; �; IB)) = (W;�;�M) (see the 
orrespondingde�nitions above). We have to prove only that�=�M . We have, by our de�nitions,that IB = fx 2 W : x � 1g, x�y i� there exists an element z of IB su
h that(z ^ x) 6� (z ^ y)�; further, we have x �M y i� x 2 IB and x �� y (where,as usual, x �� y means that x(��)y�). Obviously, x(��)y i� (for every z 2 IB)[(z ^ x) � (z ^ y)�℄ Thus we obtain that x �� y i� x(��)y� i� (for every z 2 IB)[(z ^ x)� (z ^ y�)�℄ i� (for every z 2 IB) [(z ^ x)� (z� _ y)℄ So,x�� y $ (8z 2 IB)[(z ^ x)� (z� _ y):(7) Let now x � y. Then x � 1 and hen
e x 2 IB. For every z 2 IB, we havez ^ x � x� y � y _ z�, so that, by (�3), z ^ x� z� _ y. Hen
e, (7) implies thatx�� y. Sin
e x 2 IB, we 
on
lude that x�M y.Conversely, let x �M y. Then, by the de�nition of the relation �M , x 2 IBand x�� y. We have to prove that x� y.If x = 1 then, by (�1), y = 1. Sin
e x 2 IB, we obtain, by the de�nition ofIB, that x� 1, i.e. 1� 1. Thus x� y.Let x 6= 1. Sin
e x � 1, (�5-6) (whi
h is equivalent to (�5) and (�6), aswe have proved above) implies that there exists a z 6= x su
h that x � z � 1.Then z 2 IB and x � z, so that z ^ x = x. Now, (7) implies (sin
e z 2 IB andx�� y) that x� (z� _ y). Sin
e x� z, (� 4�) implies that x� (z� _ y) ^ z, i.e.x� y ^ z. Applying (�3), we obtain, �nally, that x� y. So, �=�M . Thereforef Æ g = idMA.We have proved that f and g are bije
tions.Proposition 6.4 Let L be a lo
ally 
ompa
t Hausdor� spa
e. Then(RC(L);�;�L);30



where, for all F;G 2 RC(L), F �L G i� F is 
ompa
t and F � Int(G), is aMVD-algebra. All su
h MVD-algebras will be 
alled standard MVD-algebras.Proof. It is straightforward to verify that the MVD axioms hold. Axiom (�5) is themost tri
ky. It follows from the established fa
t that: for every 
ompa
t subspa
eA of a lo
ally 
ompa
t spa
e L and every open set V � L that 
ontains A thereexists an open set U � L su
h that A � U � 
l(U) � V and 
l(U) is 
ompa
t (seeTheorem 3.3.2 in [16℄).Theorem 6.5 (Main Theorem)(a) Ea
h MVD-algebra (W;�;�) 
an be embedded into a standard MVD-algebra (RC(L);�;�L), where L is a lo
ally 
ompa
t Hausdor� spa
e. When W is
omplete this embedding be
omes a 
omplete isomorphism.(b) There exists a bije
tive 
orresponden
e between the 
lass of all (up to iso-morphism) 
omplete MVD-algebras and the 
lass of all (up to homeomorphism)lo
ally 
ompa
t Hausdor� spa
es.Proof. We have, by Theorem 6.3, that the fun
tion g : MA �! LCA, whereg((W;�;�)) = (W; �; IB), is a bije
tion. Moreover, in the proof of Theorem 6.3, wehave shown that x � y i� x 2 IB and x �� y, where x �� y i� x(��)y�. Now allfollows from Theorem 5.14.7 Con
luding remarksIn this paper we have demonstrated the usefulness of the theory of proximity spa
esto some region-based theories of spa
e. De�ning 
onne
tion in terms of proximitygives a new semanti
s for this relation whi
h has not previously been used. Thestandard meaning of the 
onne
tion between regions is not always suitable to de-s
ribe the spatial 
on�guration between them. For instan
e, the 
losed regions inthe topologi
al spa
e IQ of rational numbers have the same spatial nature as thosein the spa
e IR of real numbers, but in IQ the regions A = fx : 1 � x2 � 2g andB = fx : 2 � x2 � 4g, for example, are not standardly 
onne
ted, be
ause they donot share a 
ommon point, while in IR they are standardly 
onne
ted. This is be-
ause IQ does not have enough points. If we 
onsider IQ as a proximity spa
e, de�nedby the natural metri
 d in IQ (see Example 4 in 3.4), then we have AÆB, be
aused(A;B) = 0, so they are 
onne
ted by the proximity de�nition of the 
onne
tionrelation. A

ording to the Representation theorem for 
onne
tion algebras, prox-imity 
onne
tion algebras des
ribe the same spatial pi
ture as the 
orrespondingstandard ones. This shows that proximity semanti
s and the standard semanti
s forthe 
onne
tion relation are in a sense equivalent.31



The representation theorems for 
onne
tion algebras and lo
al 
onne
tion al-gebras, whi
h we have presented in the paper, show that the 
orresponding axiomsindeed 
hara
terize the intended spatial properties of regions. The system of 
onne
-tion algebra is the simplest one and deals only with the Boolean nature of the regionsand the 
onne
tion relation. The lo
al 
onne
tion algebras (Roeper's region-basedtopologies) take into a

ount another important primitive notion of spatial regions:boundedness (or \limitedness", a

ording to Roeper's terminology). It was shownthat both formalizations 
an be studied su

essfully by the ma
hinery of proximityspa
es. The equivalen
e of MVD-algebras with lo
al 
onne
tion algebras shows thatsu
h notions as the 
onne
tion relation and boundedness 
an be in
orporated intoa single mereologi
al in nature relation, namely the modi�ed Mormann's interiorparthood. This enables a Whiteheadian theory of spa
e to be axiomatized in termsof a single mereologi
al relation, whi
h was a main purpose of the Mormann's paper[28℄. As a future work we hope to extend our representation theorems for the re-gion 
onne
tion 
al
ulus RCC. Note that the notion of Boolean Conne
tion Algebra(BCA) in [34℄ is just another equivalent formulation of RCC. There are two diÆ-
ulties here. The one is that BCA do not satisfy the axiom (C5) whi
h is essentialin the appli
ations of proximity spa
es. Note that the system of Grzegor
zyk doesnot 
ontain this axiom, but to obtain a system with topologi
al representation the-orem he uses non-elementary axioms, 
ontaining the de�nable notion of a point.The se
ond diÆ
ulty is that BCA satisfy the following axiom, whi
h is not in oursystems:(�) If x 6= 1 and x 6= 0 then xCx�.This axiom is satis�ed in 
onne
ted topologi
al spa
es. The diÆ
ulty in ourrepresentation 
onstru
tion for 
onne
tion algebras is that this axiom does not entail
onne
tedness of the obtained topologi
al spa
e.A
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