


Mereotopology in 2nd-Order and Modal
Extensions of Intuitionistic Propositional Logic

Paolo Torrini, John G. Stell and Brandon Bennett
School of Computing, University of Leeds,
Leeds, LS2 9JT, U. K.

Abstract

We show how mereotopological notions can be expressed by ex-
tending intuitionistic propositional logic with propositional quantifi-
cation and a strong modal operator. We first prove completeness for
the logics wrt Kripke models; then we trace the correspondence be-
tween Kripke models and topological spaces that have been enhanced
with an explicit notion of expressible region (r-spaces). We show how
some qualitative spatial notions can be expressed in topological terms.
We use the semantical and topological results in order to show how in
some extensions of the logics it is possible to express connectedness,
non-emptiness and a set of jointly exhaustive, pairwise disjoint, binary
relations that play a significant role in qualitative spatial reasoning.

1 Introduction

Logic-based spatial representations and qualitative spatial languages
are often investigated in relation to common-sense reasoning, geo-
graphical information systems and computer graphics [CBGG97, SW99,
PL97].
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One of the main motivations is to introduce models of space that
are based on an intuitively natural ontology of spatial regions in a
fixed dimension. One feature often required of such an ontology is
that all configurations of regions that can be consistently described in
the language can be exemplified without recourse to boundary lines
that display complexity on an infinitesimally small scale. The expres-
sive richness of the standard model of space, regarded as a Cartesian
product of the reals, makes this kind of intuition difficult to handle,
since seemingly natural ways to define regions in the standard metric
topology of R™ force the introduction of concretely infeasible elements
[PS98].

An idea that goes back to Whitehead and Tarski, and has lately
received considerable attention in Al, is that of taking qualitatively
significant relations between region as primitives, and axiomatise them
according to intuition ([Ger95] for an historical survey). These rela-
tions are quite often those of part of and connection [Le$31, Sim87].
Relevant examples of systems based on this approach, often labelled
as mereotopological, have been presented in [Cla81] and more recently
in [RCCY2] (system RCC'). The relationship that mereotopology has
with algebraic, point-free topology [FS79, Vic89], naturally arising out
of Kuratowski’s axioms [MT44], has been highlighted in recent work
[Ste00, Mor98]. Mereotopology also bears some relationship with log-
ics that have topological semantics, such as intuitionistic logic and
S4 [RS63], as well as with modal logics where semantical relations
can be considered spatially [BDCTV97, LP96]. Topological semantics
have been used in [Ben96, She99] to give logical encodings of spatial
notions.

Altogether, there has been considerable attention for the use of
non-classical logic in qualitative spatial reasoning, and for the idea of
a spatial interpretation of a logic. Among others, [LP96, PS98] ad-
dress the issue of what ultimately matters for a logic to be “spatial” in
a qualitative sense; since this essentially amounts to modelling a con-
nection relation that matches intuition in a space of fixed dimension,
having a topological semantics is not generally enough.

The approach that we are following here is that of building on top
of the topological semantics of intuitionistic logic first introduced in
[Tar56], where models are based on topological spaces, and formulae
are interpreted as open sets. This idea has already been used by re-
searchers investigating RCC; a fragment of that system (often referred
to as RCC8) has been encoded in intuitionistic logic, in order to get



a better understanding of its computational properties [Ben96]; Heyt-
ing algebras have been used in order to gain a better model-theoretical
understanding of the whole calculus [Ste00].

The open sets that are interpretation of some formula can be taken,
from the point of view that we are presenting here, as the regions that
can be expressed in our language; quite naturally, these might well not
include all the open sets, which are often uncountable, since expres-
sions in a language are normally taken to be countable. A bit more
precisely, yet still informally, we can associate our “atomic formulae”
(a subset of the propositional variables) to regions that are, seman-
tically, the primitive ones; then, the intuitionistic operators can be
interpreted as the topological constructors (including union, intersec-
tion and Heyting complement); this will keep us at the propositional
level.

We are going to investigate the gain in expressive power that can
be obtained by extending propositional intuitionistic logic (used in
[Ben96]) with propositional quantification (ie, shifting to intuitionis-
tic 2nd-order propositional logic, ISPL) and with a “strong” modal
operator. Both ISPL and intuitionistic modal logic are, separately
taken, well-established research topics [Pra65, Bar92, WZ95]. The
use of modality that we are presenting here is not really the standard
one, thought, since it is intended to capture some non-constructive
aspects that are needed in order to express things like “the region A
is not empty in the model”.

We are going to consider two forms of 2nd-order propositional logic,
C2h (already introduced in [Gab74]|) and 24t (a new one) together
with their modal extensions NC2h and N2A4t. We are essentially going
to examine the expressiveness of the language in the different logics,
with respect to a set of mereotopological relations, inclusive of the so-
called RCCS8 relations [RCC92], the part-whole relation (correspond-
ing to point-wise inclusion between sets), connectedness (the property
of being made of one piece), connection (the relation between two
regions that are either overlapping or adjacent) and non-emptiness.
Some results are stated in lemmas 16, 26 and in theorems 5, 6, 7 and
9. These results are technically quite straightforward, given the com-
pleteness of the logics wrt Kripke models (theorems 1, 2, 3, 4), the
correspondence with topological models (lemmas 16 and 17), and the
way in which the restrictions affect expressiveness (lemmas 19, 22).

An interesting technical issue is the way in which 2nd-order propo-
sitional quantification can be used to represent quantification over re-



gions. Given a topological space (S, Q) (where O are the open subsets
on a set of points S) the open sets that are expressible in a model
will be intended to be the regions in that model, forming a collection
R C O, inclusive at least of the empty set, of the whole space, and of
all those sets that can be defined using the constructors (correspond-
ing to the logical operators, as in def.12 and lemma 16). The case in
which every open set is expressible (R = O) is just a limit case, giving
what we can call a principal model (after [Kre97]). A quite natural
order of expressiveness could then be associated to the class of the
models that are defined on the same space.

According to the semantics that we are going to present, the fact
that some relation R holds between some regions Aq,..., A, in a
model, can be expressed by the validity, in that model, of a formula
Yr(a1/z1,...,an/zy) (syntactical representation of the relation), in
which some formulae aq,...,«a, that are respectively interpreted as
Ay, ..., Ay are uniformly replaced for z1, . .., z, (the free propositional
variables occurring in yg).

There are different ways in which it is possible to represent mereotopo-
logical notions, in our 2nd-order intuitionistic modal language. One
possibility is that of introducing extra axioms and, correspondingly,
restrictions on the models; this allows us getting simple definitions for
some of the new notions. For example, a form of connectedness is ex-
pressible in an axiomatic extension of intuitionistic 2nd-order propo-
sitional logic, without any use of modality (thm. 5), introducing a
restriction that can be expressed in the language (def.20, lemma 28).
Adding modal schemas that enforce further restrictions (definitions
23, 19, lemmas 30, 31) all the RCC8 relations become expressible
(theorems 7, 9); in particular, this is possible using expressions that
do not contain the modal operator (thm. 9). The restrictions on the
topological spaces that match the specific axioms are quite strong, but
still lend to an interpretation that is relevant from the point of view
of the representation of geographical information.

Another possibility is that of introducing the new notions using
only definitions, relying on syntactical representations that may con-
tain both the propositional quantifier and the modal operator; here
we give an example related to connectedness (lemma 26), otherwise
leaving this approach for further development.

Ultimately, a natural idea of region, as something that can be de-
scribed in terms of a fixed dimensionality, without reference to lower
dimensional features (like 1-dimensional cracks in a 2-dimensional sur-



face), matches just those regions that are topologically regular; that
is, expressible open sets that are equivalent to the interior of their
closure. Regularisation can be represented syntactically, using dou-
ble negation. Some of the regions that are not regular can be used,
however, to represent relations between the regular ones.

Besides regularity, there are other intuitive demands on the “natu-
ral” regions, depending essentially on the behaviour of the connection
relation [LP96], and essentially directed to ban regions that are either
incompatible with some fixed dimension constraint, or too convoluted
to be drawn schematically. The constraints depending on dimensional-
ity could be dealt with referring to an approach based on Kuratowski’s
theorem (this has been used in [PS98]), but shall not be pursued any
further in this paper. On the other hand, constraints ruling out re-
gions that, even in a finite domain of regions of fixed, finite dimension,
could not be represented schematically using a finite number of linear
traits to draw their boundaries, can be associated to what we have
called well-connectedness, and addressed in subsection 5.3.

Topological spaces, similar to the ones that we are using in one
significant respect (being order topologies), and a representation of
connection relations that bear some relation to those we are discussing,
can be found in [Kop92, Kov92], where a general approach to image
processing based on so-called digital spaces is presented.

Differently from RCC [RCC92], expressing connection in our frame-
work is compatible with the existence of regions that are minimal, ie
not containing any smaller, non-empty subregions. In models based
on 2At (but not in those based on C2h) every region must indeed
contain a minimal one (def. 4); this, as a topological property of
the model, shall be called here terminability (subsection 4.1). Such a
property is relevant, if not sufficient, in view of a possible restriction
to finite models, that could make a logic interesting wrt application
in the verification of topological constraints.

2 ISPL

An intuitionistic 2nd-order propositional logic (ISPL) is obtained by
adding to intuitionistic propositional logic (IPL) some form of quan-
tification on the propositional variables; this can actually be done in
different senses and ways. Of the several existing definitions, some
rely on the semantics [Kre97, Skv97], some other ones rely either on



Hilbert axiomatisations [Gab74, Gab81] or on rule systems [Loe76].

According to an interpretation which is primarily semantical, quan-
tification ranges on all the possible denotations of the propositional
variables; these can be regarded as the semantical propositions, what-
ever the style of the semantics.

On the other hand, according to an essentially syntactical interpre-
tation, quantification ranges over all possible substitutions of proposi-
tional variables. Unless we ensure that the language includes a variable
referencing every possible semantic denotation, the range of substitu-
tional quantification may be a proper subset of the semantical domain.

The gap between the two definitions is a deep one: [Kre97, Skv97]
show that the logic with semantical quantification is not recursively
axiomatisable, whereas logics with syntactical quantification can be
axiomatised in a form very similar to that of intuitionistic 1st-order
predicate calculus (IPC).

2.1 Syntax for ISPL

Axiomatisable ISPLs can be formulated in a propositional language
L, where Var = z,y,... are propositional variables and —,V are the
primitive operators. The set of the formulse WIf is as usual the small-
est one including Var and closed wrt the operators. «, 3, ... are meta-
variables for formule, and «(z) means that £ may occur in a. The
expression «(/3/x) denotes that the formula § is uniformly substituted
for the variable z, ie, every occurrence of z in « (possibly none) is re-
placed by an occurrence of 8, avoiding any capture of free variables
by renaming. The expression a[3/v] will be used, somewhat infor-
mally, to denote that some occurrences (possibly none) of v in « are
replaced by occurrences of 5. The propositions (Prop) are formulee
without free variables. The connective — is left-associative; prece-
dence is {~, =, Aiicn>Vicient > {ANVE > = > < > {3V},
where the remaining operators are defined as follows.

Def. 1 aANf=Vr.(a—=> 0 —=2x) ==z
aVp=Vela—=z)—=>(B—1)—>
dz.a(x) = Vz.(Vz.a(r) = 2) = 2z (2 not free in «)

1 =Vz.x
~oa=oa— L
T=1—1

ae pf=(a—=p)ANB—a)
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/\0<i<nai =a1 N... \Nap—1
Vocicn® = a1 V... Va, 1

Hilbert axiomatisations for different versions of ISPL, among which
C2h and 2At, can be obtained from the following, assuming uniform
substitution for free variables.

Al. Fa— 88—«

A2. F(a—=»fB—=79) = (a—=p)—a—y

A3. F (Vz.a(zr)) — aly/z)

A4, F (Vz.aVp(z)) = aV (Vz.0(x)) z not free in «.

A5, + (Ve.=a(z)) — ~=Vr.a(z)

A6. Fdz.x & « « any formula, x not free in «.

A7. Faand Fa— f implies -

A8. Fa— fB(y/r) implies Fa — Vz.0(x) x not free in «

Axiom schemas A1, A2 and rule A7 by themselves axiomatise pos-
itive implication; the schema A3 and rule A8 axiomatise standard
quantification; schema A6 is a full comprehension principle for 2nd-
order propositional logic; these together give an axiomatisation for a
weak form of 2nd-order intuitionistic logic [Gab74].

Schemas A1-A4 with A6 and rules A7-A8 give the axiomatisation
of C2h, the intuitionistic 2nd-order propositional logic with constant
domain presented in [Gab81] (C2I in [GabT74]).

With or without A4, full comprehension can be dropped and weaker
logics obtained; in those case, though, independent axioms for A, V,d, L
are needed.

Here we introduce 2At as a logic stronger than 2Ch, that can be
axiomatised with schemas A1-A6 and rules A7-A8. The schema A5
has been already considered for an extension of intuitionistic predicate
calculus in [Gab81] (the logic that there is called MH).

2.2 Modal extensions

Let us extend L to the language L,, by adding the construct OJc,
where [ is a modal operator of necessity, taken as an extra primitive.
We now consider the modal extensions of C2h and 2A4t, respectively
NC2h and N2At, obtained by adding the following definition and pos-
tulates (possibly, with some redundancy).



Def. 2 a= ~0O~a;

A9, Fla—«

A10. FOa — OO«

All. FO(a— f) —» Oa—0Op
A12. + (Vz.Oa(r)) — OVz.az)
A13. FO(aVp) = OavOp
Al4. + (O3Fz.a(r)) — Jz.0a(z)
A15. FOaV~Ua

A16. - o implies FOa

Schemas 9-11 and rule 16 are those generally used to axiomatise
an S4-style necessity operator [Pra65]. Schema 12 (Barcan formula)
is also quite standard in quantified modal logics. Schemas 13-15 are
more specific, and they are needed in order to interpret [ as a “strong”
modality in our models (in fact, very similar to ordinary Kripke models
for intuitionistic logic). Due to the presence of rule 16 and schema
15, formulae where each propositional variable is in the scope of an
occurrence of [, have a behaviour that can mimic the behaviour of
formule in classical logic. On the other hand, the definition of ¢ in
terms of intuitionistic negation gives that the duality with [J is lost.

2.3 Metatheorems

For each logic L of 2Ch, N2Ch, 2At, N2At, a deduction of a from
a set of premises A (also A Fp «) is defined inductively as a finite
sequence of formula (steps), such that each step is justified either as
an axiom, as an assumption, or as the conclusion of a rule application
to previous steps, with the following proviso(s):

1. A8 cannot be applied in any way that binds z, if z is free in the
premises.

2. (Modal logics only). A16 can be applied only if, whenever a
formula « is in the premises, and it has not form S, then also U« is
in the premises.

Lemma 1 (Deduction theorem) Aabp Bif Abp a— 6.

Proof. Right to left. By A, a Fr a and rule A7.
Left to right. By induction on the length of the deduction.
Base case. If  is an axiom, by Al and rule A7. If 5 € A, by

Fr 8= 5.



Step case. (a) For an application of A7, by induction hyp., A2
and A7 itself.

(b) For an application of rule A8, we can start from the induction
hyp., then convert A -y a — 8 — 7y into the equivalent A
a N\ B — v, and apply rule A8, remembering proviso 1.

(c) - only for modal logics. For an application of rule A16, we
can start from the induction hyp., then apply rule A16 (proviso
2 must be satisfied, by the hyp. on the original deduction),
obtaining a deduction of form A Fy O(a — (); using A1l with
rule A7 we get A Fr Oa — OB. Now, if a has form Uly; then
A Fp a — 0Op follows, using A10. Else, by proviso 2, Do € A;
then, using rule A7, we get A Fr 0f, and so A Fp o — g
using Al and rule A7.

Lemma 2 (Replacement of equivalents)
Atp a4+ B implies A b v[a/z] < v][5/x]
where the occurrences of = that are replaced are intended to be
the same on both sides of <« .
Proviso (*) (modal logics only): if v contains some occurrence
of [, then for any ¢ € A s.t. ¢ has not form O, also C¢ € A.

Proof. By induction on the length of the formule. Base case. If
v = z, by assumption. If x is not free in v, by Fp v — ~.
Step case. (a) ¥y =1n — . As consequences of the induction
hypothesis, A Fp n[a/z] < n[B/z] and A Fp §la/z] < 0[F/x];
since
nlB/s] — nlafzl,dlejz] > o[B/z] Fi (lefa] > dlajz)) —
(B /2] - 318 /a])
it follows A Fp, (n[a/z] — d[la/z]) — (n[B/z] — 6[B/x]).
Similarly for A k1 (n[8/z] — §[8/z]) — (n[a/z] — dla/x]).
(b) v = Vy.0(y). Then, for any z not free in A, as consequences
of the ind. hyp., A Fr §(z/y)[a/z] — §(=z/y)[B/z];
using A3 it follows A Fp, (Vz.0(z/y)[a/z]) — §(z/y)[B/z]; then,
by rule A8, A Fy (Vz.6(z/y)le/z]) — (Vz.0(2/y)[B/x]). Simi-
larly for the other side of the arrow.
(¢) - modal logics only: v = [J. As consequences of the ind.
hyp., A Fp dla/z] — 6[B/x]; since by hyp. proviso (*) holds,
rule A16 can be applied satisfying the modal proviso in lemma 1,
giving a deduction A F7 O(d[a/x] — 0[5/z]); then, using Al1,
A Fp Odla/z] — O6[B/x]. Similarly for A &y, 6[8/x] — e/ z].

The following gives an example of a non-theorem in C2h which is
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provable in 2A¢t:
Lemma 3 o4 &Vz.a(z) V ~ a(z)

Proof. Follows from Feop Vz.=(a(z) V~ «(z)) using A5 and rule A7,

3 Kripke semantics

In [Gab74, Gab81] Kripke semantics for C2h and for MH are given. In
order to give a semantics for 24¢, Gabbay’s models for C2h must be
modified, adding a specific restriction closely related to that required
by MH. Besides, we need to add some machinery for modality.

Def. 3 A 2At-frame is a structure F = (5, <,0), where (5,<) is a
partial order, with a minimum 0 € S (the root), on the set of
points S. U< is the class of the subsets of S that are upper-closed
wrt <. N
Furthermore, (5, <) satisfies the following condition (condition
mh): for any x € S, there is y € S, such that x <y, and for all
z € 5, if y < z then z < y; we then say that y is terminal.
Dropping condition mh we have a C2h-frame (as in [Gab81]).

Condition mh on the frames corresponds to schema A5 [Gab81].

Def. 4 A Kripke N24t-model (N C2h-model) is a triple M = (F, R, p),
where S = (5, <,0) is a 24¢-frame (C2h-frame), p is an inter-
pretation, assigning to each z € Var an element |zf|, € R C U<,
and R is the image of p.

We inductively extend the interpretation to all the formulz,
defining the truth of « at a point a, a F «, and adding a com-
prehension condition, as follows.

1. For a € Var, aF aiffa € [|af|,.

2. akF a — g iff for every b such that a < b, whenever b F «
then b F .

3. aFVz.a(z) iff for every y € Var, aF a(y/z).

4. aFOa iff 0 F a.

5. Full Comprehension (condition fc): for each o € WIf, there
isz € Varst. aF aiff a € [z,

For any formula o, we refer to [lof, = {a € S:aF a} as to its
truth-set, in a model M as above.
Omitting 00, we get a 2At-model (C2h-model, as in [Gab81]).

11



Given full comprehension, it can be trivially shown that every
truth-set is an upper-closed set that is a member of R. We have
also the following.

Lemma 4 (Hereditary condition) If a < b then a F « implies b F «.
Proof. Since every truth-set is an upper-closed set wrt <.

We say that a formula « is valid in a model M, writing Fps a, iff
0 F « in that model; clearly, in this case the truth-set of o equals the
whole of S.
We say that a formula « is semantically deducible from a set of formulae
A = Bier in M, and we write A Fj; «, iff for every point a, whenever
in M aF ; for every ¢ € I, then a F a.

Lemma 5 The following can be proved, for any model, using the
definitions of the logical operators and the interpretation rules:

1. Foreveryae S, aF L.

2. Foreveryae S,akF T.

3. aFaApiffaF aand aF 8.

4. aFaVvpiffaFEaorakFf.

5. aF Jz.a(z) iff a F a(y/z) for some y € Var.
6. aFE ~q iff for every b, a < b, b ¥ a.

7. aFae fiff (aFaiff ak g).

8. aF ~Oa iff there exists a € S s.t. aF a.

Intuitively, R is the set of the upper-closed sets that are expressible
in the model; given full comprehension, it always contain at least @
and S, and is closed with respect to the interpretation of each logical
operator. We say that a model is principal if R = U<.

Full comprehension, corresponding to schema A6 [GabT74], intro-
duces a character of impredicativity in the logic, ie, from the point
of view of the inductive definition of formuls, we get a dependency
on the collection that is being defined; on the other hand, it gives
quantification an intuitive character of completeness over expressible
sets, and this is quite useful in order to define operators at the object
level.

The interpretation rule for V differs from the standard intuitionistic
one not the least because we assume to have a quantification domain
which is constant throughout the worlds, ie the set of the variables Var

12



does not change when we consider submodels. This assumption, cor-
responding to schema A4 [Gab81, Goe71], seems indeed quite natural
in the propositional case.

The modal operator [ is interpreted as a strong S5-style necessity
operator, so that the meaning of O« is that « is valid in the model;
schemas A13-A14, under this interpretation, correspond to the fact
that each model, wrt to validity, has the disjunction and existence
property: ie, respectively, whenever Fyr a V 8, either Fyr « or Fyy
B; and whenever Fj; Jdz.a(z), for some variable y of the language,
Fum a(y/z). On the other hand, from the presence of schema Al5
immediately follows that provability cannot have the corresponding
properties.

3.1 Completeness

We need to introduce a notion similar to that of theory in [Gab74,
Gab81], relative to a logic L (C2h, 2At, NC2h, N2At). We will often
use [A, o] as short for A U {a}.

Def. 5 A k-theory in a language £ (L), is a pair (A;) of sets of
formulee of £ (L,,).
(A; Q) is said to be consistent wrt a logic L iff for no finite sub-
sets A" C A, Q' C Q, we have b, NAA" — Q.
(A; Q) is said to be complete in a language iff for all the formulse
« in a language, either o € A or o € ).
(A; Q) is said to be saturated in a language wrt a logic L iff (a)
A Fp aimplies a € A; (b) aV B € A implies a € A or § € A;
(¢) 3z.a(z) € A implies that for some variable y in the language,
a(y/z) € A.
(A; Q) is said to be of constant domains in a language wrt a
logic L iff whenever (A; [, Vz.a(z)]) is consistent, then for some
propositional variable y of the language, (A; [, a(y/x)]) is con-
sistent.
(A;Q) is said to be a ck-theory in L (L,,) iff it is a consistent,
complete, saturated k-theory of constant domain in £ (L,,).
(A'; Q) is said to extend (A;Q) iff A C A", Q C Q.

Consistent, complete, saturated k-theories of constant domains in
a non-modal language £ are used in the completeness proof for C2h.

13



Thm. 1 (Soundness and completeness for C2h).
For any formula «, F « in C2h iff, for every C2h-model M, Fjs «
[Gab81].

The following notions are introduced in order to deal with ter-
minability (condition mh) and modality.

Def. 6 We say that (A; ) is terminal in £ (L) iff for every formula
ain L (L), either « € A or ~a € A.
A r-theory is a k-theory (A; Q) in a language £, such that Do €
A iff « € A, and no other formule containing modality are in
A.
(A;Q) is said to be a root-theory in L, iff it is a consistent,
complete, saturated k-theory of constant domain in £,,, wrt a
modal logic L, such that a € A iff Oa € A.
Given in £, a root-theory 0 = (A; ), we say that a ck-theory
(A'; Q') is a O-theory iff A C A

The modal logics we are considering have schema A15, so they
cannot have themselves the disjunction property; however we are in-
terested in models that have the corresponding semantical property;
in order to restrict to such models, it is enough to consider, as the
frames, only those partial orders that have a minimum; of course, no
one of them can falsify all the non-theorems of a logic containing A15;
this brings us close enough to a classical, non-constructive situation,
though only for the modal formulae (those containing occurrences of
0).

In the canonical models, points will be in general ck-theories. In
the modal cases (NC2h and N2At) the root can be defined as a root-
theory 0, whereas all the other points will be given as 0-theories. In
the cases of 24t and N2A¢, in order to satisfy condition mh, we need
to include in the model, for any ck-theory (0-theory) a, a terminal ck-
theory (0-theory) that extends a, playing the role as terminal element.
We need first to prove some lemmas.

Lemma 6 Let (A;Q) be a consistent k-theory wrt L; then, for any
formula « in the language, either ([A, a]; Q) or (A;[2, a]) is con-
sistent.

Proof. Assume both ([A, a]; Q) and (A; [, o) are inconsistent. Then
there must exist formule §,w such that (1) Fp 0 A a — w,
(2) Fr, 6 = wV «, whereas (3) ¥, 6§ - w. From (1) follows

14



Fp @ = 0 = w, from this and (2) follows k7, 6 — wV (0 = w),
sobrpd = (0 > w)V( = w),sobr d - 3§ — w, and then
Fr § — w, against (3).

Lemma 7 Let (A;Q) be a consistent r-theory in £, wrt a modal
logic L; then it can be extended to a root-theory (A’;€Y'), in a
language L', with possibly Xy more propositional variables.

Proof. We assume that aq, as,... is an enumeration of the formulse
in £'},.
We define inductively a sequence of 0-theories (A,,; £2,,) such that
for each n, A, C Apyq and Q, C Qpyg.
Base case: (Ag; ) = (A; Q).
Step case: suppose (A,,;€2,) is defined and consistent. We define
(Ap+1; Qp+1)- There are two main cases.
A) (Ap; [Qn, ap]) is consistent. Then also ([Ay, ~ Oayl; [, an))
is consistent. In fact, assuming that it is not, since ([A,,, Doy, ]; [, an))
is inconsistent, using schema A15, we have that (Ay; [y, ay]) is
inconsistent, against the hypothesis.
Al) a,, = f — v|0Op; thenlet Apy1 = [Ap, ~Oay] and Q1 = [Qp, o).
A2) oy, =Vz.f(z) ; then let Appy = [Ay,~Oap,~08(y/x)]
and Q.11 = [Qy, an, B(y/z)], where y is the first new variable

not used before. Also this gives a consistent theory (see [Gab74],
lemma 1).

B) p,, = (An; [Q, ay]) is inconsistent.

Then let Apt1 = [Ap, ap, Day] and Q,q1 = Q.

We can prove that (Aj,4+1;€,+1) is consistent.

By construction, a« € A, iff o € A, (in the base case, this
holds by definition of r-theory). Besides, since p,, is inconsistent,
for appropriate ¢, w, such that § is a conjunction of formulae in A
and w is a disjunction of formulae in Q, we have Fp § = w V ay;
then -7, 0(0 — wV ay,), by rule A16; then 7, 06 — O(wy V ),
using schema A11; then -z 00 — Ow; VOay,, using A13; then -,
06 — wi V Oay,. It follows that (Ag; [y, Oay]) is inconsistent;
so, by lemma 6, ([A,,Oayl;€2,) is consistent.

Then, let A" = |J,cy An and Q' = |,y Qn- By construction,
q = (A’;€) is a consistent, complete, saturated k-theory of con-
stant domain that extends (A;Q) in L', wrt L, and « € A, iff
Oa € Ay; so, q is a root-theory.
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Lemma 8 Given a language L,,, a modal logic L and a root-theory
0 = (A;Q), for any consistent k-theory (A’; ') such that A C A/,
we have that Oa € A" iff Oa € A and ~Oa € A’ iff ~Oa € A.

Proof. Follows from the fact that a root-theory is saturated and our
logics contains schema A15; so, by construction, for any a € L,
either Oa € A or ~Oa € A.

Lemma 9 Given a language L,,, a modal logic L and a root-theory
0 = (Ap;Qo), let (A;Q) be a 0-theory in L,,, witha — 3 = v €
Q. Then there exists a 0-theory (A’;Q’) in the same language,
witha € A", e, A C A"

Proof. From the hypothesis follows that ([A,a];5) is a consistent
k-theory of constant domain in £, ([Gab74], lemma 3).
We assume that oy, asg,... is an enumeration of the formulae in
L.
We define inductively a sequence of k-theories (A,,; £2,,) such that
for each n, A, C Apyq and Q, C Q.
Base case: (Ag; Q) = ([A, af; 5).
Step case: suppose p,, = (Ap;2y) is defined and consistent. We
define (A,41;Q2,+1). There are two main cases.
A) (Ap; [, ay]) is consistent.
Al) ap, = B — |0Op; then Api1 = Ay and Qg1 = [, ap.
A2) a;, = Vz.5(z); then, since p,, has the constant domain prop-
erty in L,,, there must be in £,, a variable y such that p, =

(A;[Q, a, B(y/x)]) is consistent; p,, is of constant domains in
Ly, ([Gab74], lemma 2).

B) (Ap; [, ay]) is inconsistent. Then ([A,, ap]; Q2y) is consis-
tent, by lemma 6. Let A, 41 = [Ay, o] and Q41 = Q).

Let A" = U,cy An and Q' = J,,c y Qn; then, using lemma 8, it
follows that (A', Q') is a O-theory in L.

We can now prove the following (similar to [Gab81], lemma 3.4.3).

Lemma 10 Given a language L, and a modal logic L, let 0 be a root-
theory, and (A;{2) be a 0O-theory; then (A;Q) can be extended
to a terminal 0-theory (A’; Q') in the same language.

Proof. Let v = Vz.z V ~z; since k1, =~y (by lemma 3), it must be
v — L € Q. By lemma 9, there exists a 0-theory t = (A’; Q')
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in L,,, such that [A,v] C A" and Q C Q'; for every formula « in
Ly, aV~aelA' asyFp aV~aand t is saturated; but then,
again by saturation of t, either « € A’ or ~a € A.

We can now move on to the proof of the main theorem.

Thm. 2 (Soundness and completeness for N2A4¢).
For any formula «, = 944 o iff, for every N2A4¢-model M, &y a.

Proof. Left to right. It is routine to check that the axioms are
valid, and that the inference rules are validity-preserving in every
model defined according to def.4.

Right to left. The idea is that of showing, given a non-theorem,
how to build a counter-model, where the minimum is a root-
theory 0, and the other elements of the frame are 0-theories; the
interpretation is the canonical one (each propositional letter is
interpreted as itself).

Assume F, 94; «; then, there must be a consistent k-theory
(A,Q) in L, with « € Q, and consequently by lemma 7, also a
root-theory 0 = (Ao, 2p) which extends (A, ), in an extended
language L', wrt N2A4¢. Then a counter-model K = (S, R, p)
for @ in L'}, with § = (5, <, 0), can be built as follows.

Let S be the set of all the 0-theories (A’, ') such that A C A';
let (A',Q) < (A";Q7) iff A" C A”; let 0 = (Ag;Qp). For any
variable z € L', p(z) = {(A;Q) : z € A}. Let R ={X :
X ={(A0):ael,, &acA}}

(A) Sisa 2At-frame.

Proof. (a) By construction, (S5, <) is a partial order and has a
minimum.

(b) S satisfies condition mh. In fact, by lemma 10 we know that
for each a € S there is a terminal b € S such that a <b.

(c) S satisfies condition fe. In fact, since all the instances of
schema A6 are in A, for any formula $ in £',, there must be a
variable z such that [|B]|, = [|z]|, (by saturation).

(B) K is a N2At-model.

In order to prove this, we still need to show that the canonical
interpretation can be extended to all the formulae, as follows.
(*) Given (A;Q) € S, for any formula v in L'y, (A;9Q) € [|a,
iff vy € A.
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Proof. Both halves (A and B) are by induction on complexity of
the formulee.

A) Assume (A;Q) € ||v][,, to prove v € A.

Al) y=a — . If v ¢ A, then v € Q, since any 0O-theory is
complete. Then, by lemma 9, there exists a 0-theory (A’;€Y')
in the same language, with a € A’, g € Q', A C A’. We can
apply the induction hyp.; so (A;Q) < (A;Q), (A Q) Ey «
and (A'; Q) Eas B; given the interpretation rule for — in def. 4,
this is not compatible with (A;€) € [|v[| .

A2) v = Vz.a(z). Since (A;2) is of constant domain, if v € Q,
then, for some variable y € L,,, a(y/z) € Q. Applying the
induction hyp. and the interpretation rule for V, we get a con-
tradiction.

A3) v = Oa. Since (A; Q) is a 0-theory, if v € Q, then a ¢ Ay.
Applying the induction hyp., (Ag; Qo) #ar @, and then, applying
the interpretation rule for O, (A;Q) ¥y Oa, in contradiction
with the hypothesis.

B) Assume v € A, to prove (A;Q) € || .

Bl) y =a — 8. If (A;9) ¢ [|7][, then, by def. of interpreta-
tion, there exists (A'; Q') € W such that (A;Q) < (A;Q), (ie,
A C A') with (A; Q) F « and (A'; Q') ¥ §; so, by A (first half
of the proof), @ € A’ and, by induction hyp., 8 ¢ A’; it follows
saturation of the theory, since v € A’ by hyp., that 8 € A’ a
contradiction.

B2) v =Vz.a. If (A;Q) ¢ [l7/|, then, applying the interpreta-
tion rule for V, (A;9Q) ¢ [la(y/z)|, for some y € Ly, then, by
induction hyp., a(y/z) ¢ A; a contradiction follows.

B3) v =Ua. If (A;92) ¢ |v[|, then, by def. of interpretation,
(A0;€2) ¢ [l ,; then, by induction hyp., v ¢ Ag. Since (A;)
is a O-theory, it follows Oa ¢ A.

U

This proof can be modified in order to get completeness also for
2At and N C2h.

Thm. 3 (Soundness and completeness for 24¢).
For any formula «, 9 4; « iff, for every 2At-model M, &y «.

Proof. The proof of theorem 2 can be modified omitting all the as-
pects related to modality. So, the canonical model is just a set
of ck-theories in a non-modal language L.
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Thm. 4 (Soundness and completeness for NC2h).
For any formula «, Fy ¢y, « iff, for every N C2h-model M, Ej «.

Proof. The proof of theorem 2 can be modified omitting all the as-
pects related to terminability (so, lemma 10 is not used).

4 Topology and Kripke models

It is possible to look at Kripke models from a topological point of view,
referring to a class of topologies that can be presented in several dif-
ferent, equivalent ways. We first introduce some standard topological
notions [RS63].

In general, a topological space S is given as a pair (S, O) where S is
a set of points and O is the class of the open sets (also opens) of S. Set-
theoretic complements of open sets are closed sets. The opens can also
be presented algebraically, as the elements that satisfy X = 1X in a
complete Boolean algebra, isomorphic to (p(S),, U, N, U, —), where
| is added as an interior operator defined by the Kuratowski axioms
([RS63], chp. 3); this means that @, S € O, and that O is closed with
respect to arbitrary unions (| J), and finite intersections (N). A closure
operator C can be defined as the dual of I. A subset B C O forms a
basis for the topology iff every open set can be represented as a union
of elements of B. Given A € O, we write S for the restriction of S
to A.

An operation of pseudo-complement, or Heyting complement, can
be defined, for open sets, as the interior of the set-theoretic comple-
ment, ie A* = [(—A). This notion can be generalised, for A,B € O,
to that of relative pseudo-complement A=-B, as follows.

Lemma 11 [Tar56]. Let A=B =1(—A U B) in S as above. Then,
for any A, B,C € O:
(a) A*=A=0
(b) CC A=Biff CNAC B.

Equivalence b is often used as definition of =; intuitively, it states
that A= B gives the largest open subspace in which A is set-theoretically
included in B.

A subset of S is regular open when it is equivalent to the interior of
its closure; since I1(CA)) = A**, however, it turns out more convenient
for us to intend regularisation as double pseudo-complement.
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The notion of open set together with pseudo-complement and reg-
ularisation offer to the intuition a qualitatively significant way to par-
tition points in a space. For A € O and p € S, in fact, we can say
that p is an internal point of A iff p € A; that p is an external point
of A iff p € A*; that p is an internal boundary point of A iff p ¢ A
and p U A**; that p is an external boundary point of A iff p ¢ A and
p ¢ UA*™*. The presence of boundary points will allow us introducing,
further on, different notions of connection relation.

Def.

Def.

Def.

Def.

Def.

7 Given a space S = (S, Q) we can always define a specification
order C on S, s.t. pCq iff, for any A € O, p € A implies q € A.

8 Let (S,0) be a space.

We say that an open set is prime (strongly compact, in [RS63])
iff, whenever it is included in a union of open sets, it is included
in one of them.

We say that an open set is minimal (or atomic) iff there does
not exist a non-empty open set which is properly included in it.
We say an open set is terminable iff every open subset of that
set includes a non-empty minimal open set. We can see that, if
the space is terminable, for every point p, either p is internal to
a minimal set, or is a boundary point of some minimal set.

9 A space (S, Q) is Alezandroff iff O is also closed wrt arbitrary
intersection ().

10 Given a pre-order (S, <), we call (S,0) the order topology
determined by <on S, iff O = U<, ie the open sets are the upper-
closed sets wrt <. For a € S, {a 1} is the smallest upper-closed
set that contains a (ie, the upper-closed generated by a.)

11 A topological space is Ty (has the T separation property) iff
for any two points, there is an open set containing one of them
and not the other one.

Lemma 12 Thm.9, chp.3 [Gab81]. If (S, <) is a partially ordered set,

then the order topology S< determined by < on S is an Alexan-
droff, Ty space, and the specification order on S< is isomorphic
to <.

If S = (S,0) is an Alexandroff, T; space then (S,C) is a par-
tially ordered set, and & is isomorphic to the order topology
determined by C on S.

20



Lemma 13 (S,0) is an order topology iff the class of its prime sub-
sets form a basis for it [FS79].

From lemma 12 follows that Alexandroff spaces and order topolo-
gies are equivalent notions.

Lemma 13 intuitively says that a space is Alexandroff iff it has a
canonical basis which is minimal, since it is made of elements that
cannot be represented as union of other elements. So, each open set
has a unique decomposition in terms of basic elements. This, if not
sufficient, still fits in quite naturally when we want to model digital
representation.

Lemma 14 Let S be an Alexandroff space. Then, for A,B € O,
A = B is the union of all the prime X € O st. XNA C B.

Proof. By lemmas 11 and 13.

4.1 Topological interpretation

Intuitively, given a Kripke model M = ((S, <,0),R, p), the truth-sets
generated by the interpretation of the formule (||c| ) are the regions;
that is, the elements of R are the sets of points that satisfy some
formula. Each point, on the other hand, can be defined by the set of
the regions that have it as an element (essentially, this is the strategy
for the completeness theorem).

Lemma 15 There is a one-to-one correspondence between Kripke
C2h-frames and Ty, prime, Alexandroff spaces.
Similarly, there is a one-to-one correspondence between Kripke
2At-frames and Ty, prime, terminable, Alexandroff spaces.

Proof. Essentially a corollary of 12 and def. 3.
The fact that the space is prime corresponds, under the T re-
striction, to the fact that the frame has a minimum.
Terminability corresponds to the condition mh.

We now can introduce the following notions.

Def. 12 Let (S,0) be an Alexandroff space; let A C O; let B be
the smallest subset of O such that A C B, if X,Y € A then
X=Y €B, and, if F € (A~ B), {F(Y):Y € A} € B. Then,
we say that A is a r-set in (S,0) iff B C A.
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Def. 13 We say here that (S, O, R) is a region space (or a r-space for
short) whenever (S, O) is an Alexandroff space and R C O is a
r-set in (S, O).

We will say that a r-space (S,O,R) has a topological property
whenever the space (S, Q) has it; if the property refers to R, we may
also say that the space has that property wrt R. Besides, a notion of
restriction can be defined also for r-spaces, as follows.

Def. 14 Let AQ; the restriction of S, to Ais S2 = (A, {XNA: X ¢
OHL{YNA:Y eR}).

It is routine to check that S is a r-space.

Lemma 16 Given a Kripke L-model M = ((S,<,0),R,p), let the
topological interpretation of each formula be its truth-set wrt to
p.ie |lall,.

Then (S,U<,R) is an r-space.

Besides, for any a € Wff, the topological interpretation always
satisfies the following equalities (some of these give a represen-
tation for intuitively significant relations, as indicated).

L fla—Bl, = llal, =18,

2. |Va.a(@)]l, = Nfllaly/2)ll, : y € Var}

3. [[Bell, = S iff flaf|, = S
4. |Oal, = @ it o, # S

5. |1, =2

6. [| T, =S

7. Nlangl, = lled, 0B,

8. llavgl, =llel,vlsl,

9. |Fz.al@)]l, = Ufllaly/2)ll, : y € Var}
10. [[~all, = ||oz||; (pseudo-complement)
11. ||=all, = [lell;” (regularisation).

12. [a + B[, = llall, < [IB]l, (equivalence).
13. a € |lall,,a <bimplies b € |[af|,

,_.
.~

0 €[], iff [, = S

15. [ja = B, = S iff |lefl, € [|B]l, (inclusion or part).
16. [[Oall, = S iff o], # @ (non-emptiness).

17. [[~(aAB)|l, = S iff |lef ,N||B]], = @ (disjointness).
18. [[0(anpB)ll, = S iff [lal], " [|B]l, # @ (overlapping).
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Proof. By lemma 4, every truth-set is an upper-closed set wrt <, ad
so R is a subclass of the open sets in the order topology (S,U<).
Besides, given the interpretation rules of —,V and the condition
fec in def. 4, R must be closed in the sense of def. 12.

All the equivalences are proved by the properties of Kripke mod-
els (def. 4, lemma 5), and by those of the topological operators.

Lemma 17 Let (S,O,R) be a Tp, prime r-space, and p € S a point
st. forall X € O, X # S, p ¢ X. Let p: Var — R be a
surjective function from the variables of the language into R.
Then M = ((S,C,p), R, p) is a model (for N C2h if the language
is modal; otherwise for C2h; if the r-space is terminable, respec-
tively for N2A¢ or 24t).

Proof. By lemma 15, (S,C,p) gives a frame. By the properties of
r-sets (def. 12), p can be extended to an interpretation for all
formulae in M as in def. 4.

5 Topological relations

We now will consider how some qualitatively significant notions can
be expressed using topology. As a first example, we can define the
property of an open set’s being connected, and so, intuitively, made
of one piece, by noting that a connected open cannot be ‘divided’ by
the boundary of any open set. The following is just a variant of the
standard definition of a connected set as one that is not equal to the
sum of two disjoint non-empty opens.

Def. 15 Let S = (S, O) be a topological space. A € O is connected
in S iff, forevery X € O, A C XUX* implies A C X or A C X*.

In the following, let S = (S, O) be Alexandroff space, and S, = (5,0, R)
be a prime r-space. We can now introduce an idea of relativisation wrt
the expressive power of the language, represented by the collection R
of the regions. So for connectedness and the following.

Def. 16 A € R is R-connected in S, (or r-connected in S wrt R) iff,
forevery X e R, A C X UX"* impliess A C X or A C X*.

Whenever S, is prime, the metatheoretical statement A C X or
A C X* is equivalent to a theoretical one, (A= X)U (A= X*) = S.
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5.1 Connectedness with restrictions

A relation that in prime r-spaces is stronger than R-connectedness
can be introduced as follows.

Def. 17 GivenT € O, A € R is strongly R-connected in ST (T C SC(A))
iff, for every prime V' C T, the intersection ANT is R-connected
in S,.

Strong R-connectedness can also be considered from another point
of view, though, introducing the following.

Def. 18 For A,B € R, T € O, we say that B nowhere R-splits A
in ST (T C NS(A, B)) iff, for every prime V C T, we have that
VNACBUB"impliess VNAC BorVNAC B*.

Lemma 18 GivenT € O, T C SC(A) iff, forevery X € R, T C NS(4, X)
(ie, iff T C Nyer NS(4, X)).

Proof. By def.17, def.16, def.18 and def. 14.

Differently from R-connectedness, strong R-connectedness can be
expressed in a logical languages at the object level, without using the
modality (lemma 27).

We will now show how imposing some constraints on the r-spaces,
we can make the property of strong r-connectedness coincide with
r-connectedness, at least for the regular regions.

Def. 19 We say that an open subspace T is R-trivial in S iff for
every regular A € R, T C SC(A); otherwise, we say that it is
R-nontrivial.

Def. 20 We say that S is R-disjunctive iff for every A € R, either
A =S8, or Ais R-trivial.

Here we get the main lemma.

Lemma 19 In a prime R-disjunctive r-space S, = (S, 0, R), for any
regular A € R, A is R-connected iff it is strongly R-connected.

Proof. Left to right. Straightforward; from the definition, in any
prime space, strong R-connectedness implies R-connectedness.
Right to left. If A = A* € R is not strongly R-connected in S,
then, for some B € R, there must be a region F = A= BU B*
such that A= BUB* ¢ (A= B)U(A= B*); then F is not trivial,
since F ¢ SC(A); but since S, is R-disjunctive, by definition, it
must be then F' = S, and so A is not R-connected in S;.
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Figure 1:

Fig. 1 shows three 2A4¢-frames (1,2,3), s.t. the principal models
defined on them are R-disjunctive, whereas this is not the case for
frames (4,5). In both 4 and 5 the set ({b} U {c})** is connected at a,
but fails to be connected at d.

5.2 Connection and disconnection

We have two different ways of defining the relations of connection and
disconnection (here also: interconnection and interdisconnection, in
order to avoid confusion with unary connectedness, aka self-connectedness).

Intuitively, two overlapping regions must have as a common part
some non-empty subregion. On the other hand, interconnected regions
either may be overlapping, or may be simply adjacent one to the other;
in the latter case, they will share some points of their boundaries,
without overlapping. This situation cannot be modelled directly in our
language, since we cannot express independently a notion of boundary.
However, we can rely on the fact that, regularising the union of two
regions that share some boundary interval (not just isolated boundary
points) we get a region that is strictly larger than the simple union;
in other terms, whenever non-empty regions A and B are “firmly”
adjacent, A** U B** # (AU B)**.
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Alternatively, interconnection can be defined referring to connect-
edness; two regions, not necessarily self-connected ones, are intercon-
nected whenever they include non-empty, self-connected parts such
that their regularised union is another self-connected region.

This second definition is based on an existential statement, and so
depends on R. On the contrary, the first definition does not depend
on R, but requires modality to be encoded in our logic (as we shall
see).

We can make these distinctions more precise with the following.
Let S and S, be as before.

Def. 21 Let DC(A,B) = (ANB)*N((AUB)* = (A™ UB*)).
We say that two regions A, B are interdisconnected in S when-
ever DC(4,B) = S.
Otherwise, we say that they are interconnected.

Def. 22 We say that two regions A, B are R-interconnected in S,
(RC(A, B) = S) iff there exist not-empty X, Y € Rst. X C A Y CB
and (X UY)** is R-connected in S,.
Otherwise, they are said to be R-interdisconnected.

The following intuitively justifies our definition of R-interconnection.

Lemma 20 For any regular A € O, A is R-connected in S, iff there
do not exist non-empty B,C € R which are interdisconnected
such that AC BUC, ANB# 3, ANC # @.

Proof. Left to right. If A can be split in two such regions B, C, it
cannot be R-connected, as follows from def. 16.
Right to left. Assume A is not R-connected. Then, there is some
X eRsuchthat A= XUX* =85 A=X#5, A= X*#S.
Now assume that (ANX) and (ANX™) are not interdisconnected.
Then, by def. 21 there must be a point b € S such that b €
(AN(XUX*)* andb ¢ (ANX)*, b (ANX*)*™*. Sob € A,
b ¢ (X UX*)*™. But then, A= X UX* # S, contrary to the
assumption.

Lemma 21 For any regular, non-empty R-connected A, B € R, (AU
B)** is R-connected in S iff A and B are interconnected.

Proof. Left to right. From lemma 20. Right to left. If A and B are
interconnected, they share a boundary interval; it follows that
(AU B)** is connected, and then also R-connected.
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5.3 Well-connectedness
We can now consider an additional restriction on our spaces.

Def. 23 We say that a r-space (S, O, R) is well-connected whenever:
(a) for any A,B,C € R, if A and C are interdisconnected and
B and C are interdisconnected, then A U B and C' are interdis-
connected;
(b) for any A € R, A equals the union of its regular, R-connected
subregions.

Lemma 22 In any well-connected, prime r-space (S, 0, R), for any
non-empty A, B € R:
A) A and B are interdisconnected, iff they are R-interdisconnected.
B) A and B are interconnected, iff they are R-interconnected.

Proof. A) Left to right. If A and B were R-interconnected, there
should be non-empty C' C A, D C B s.t. their regular union is
R-connected; but, since A and B are interdisconnected, A** U
B** = (AUB)*™, and A*™*UB** C A*™UA*. (CUD)*™ C A™U
B**, so (C'UD)* C AU A*; however, (CUD)* ¢ A, (CU
D)** ¢ A*, contradicting the R-connectedness of (C'U D)**.
Right to left. Since A and B are not R-interconnected, for every
non-empty, regular, R-connected C,D s.t. C C A, D C B, we
have that (C'UD)** is not R-connected, so, by lemma 21, C' and
D must be interdisconnected. The union of all the non-empty,
R-connected, regular open subsets of A equals A (by property b
of def. 23; and similarly for B. Then, using property a of def.23,
A and B must be interdisconnected.

B) Consequence of part A and the definitions.

The following shows that R-interconnection has a significant prop-
erty that, according to [PS98], as discussed in the introduction, con-
nection on regions should satisfy.

Lemma 23 In any well-connected, prime r-space (S, O, R), for any
A,B,C eR,if AUB and C are R-interconnected, then either
A and C or B and C are R-interconnected.

Proof. By lemma 22 and property a of def.23.

In fig. 2 the directed graph on the right is a 2A4t-frame where the
principal model is R-nontrivial and well-connected; this particular one
can be associated in a natural way to the 2-d representation on the
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Figure 2:

left. By contrast, in fig. 1, examples 1 and 2 give principal models
that are not well-connected, whereas example 3 gives one that is R-
trivial.

Fig. 3 shows an example of 24¢-frame where the principal model
is not well-connected; taking A as the set of the even points and B as
the set of the odd points, both A and B are interdisconnected with L
(limit region arising out of an infinite intersection), whereas AU B is
not.

5.4 Tangential and non-tangential parts

It is now possible to make some distinctions within the part-whole
relation, along the lines of RCC [CBGGYI7]. Let S, = (S,0,R) be a

prime r-space.

Def. 24 In §,, for any A, B € O, we say that A is a non-tangential
part (R-nontangential part) of B iff A is part of B and is inter-
disconnected (R-interdisconnected) with B*.

In particular, A is a non-tangential part of B** iff A is interdiscon-
nected with B* (and similarly for the corresponding R-relations).
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Figure 3:

Def. 25 In S,, for any A, B € O, we say that A is a tangential part
(R-tangential part) of B iff A C B and A is interconnected (R-
interconnected) with B.

Immediately from the definitions we get the following.

Lemma 24 In S,, for any A,B € R s.t. AC B, Ais (R-)non-
tangential part of B iff A is not (R-)tangential part of B.

Lemma 25 If S, is well-connected, for any A,Be Rst. ACB, A
is non-tangential part of B iff A is not R-tangential part of B.

Proof. From the definitions and lemma 22.

6 Spatial extensions

The principal aim is yet to consider the logics that can be obtained,
as axiomatic extensions, by adding either to 24¢, C2h, N2At, NC2h
some definitions and axiom schemas that are relevant from the point
of view of spatial expressiveness.

Def. 26 sc(a) =Vz. (a2 zV~z)— (a—=1z)V (e — ~x)
sc/(a) =Vz.0(a—=zV~z) = (@ > 2) V(e — ~x).
ext(a) = ~a— K
de(a, B) = ~(aAB) A (=(aV B) = =aV xf)
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re(e, f) = ~D(de(e, §))

rer(a, B) = Jay.ext(z) Aext(y)A(z — a) A (y — B) Asc(=(zVy))
der (o, B) = ~O(re, (e, B))

ntp(e, ) = (a = B) Adc(a, ~ )

tp(a, B) = (a = ) Arc(a, ~ f)

tp, (o, B) = (@ = B) Arep (o, ~ B)

ntp, (o, 8) = (o = B) Adcy (o, ~ )

ov(a, B) = ext(a A B)

ov'(a, B) = Ola A p)

K = Vz.sc(=x)

oc=aV(a— K)

T=0K—> 1

0 = Veyz.dc(z,z) Adc(y, z) — de(xz V y, 2)

O = Yayz.O(dc(z, z) Adc(y, 2)) = de(z V y, 2)
m=a— Jz.(cx =z Aa)Asc(z) Az

" =a—dz.(xr >z ANa)ANsc'(z) Az

The extensions we are interested in are such that in them it is
possible to express a notion of binary connection (interconnection,
rc,) which satisfies well-connectedness (lemma 31). This can be done
in any of the above mentioned logics, introducing definitions of sc (for
strong R-connectedness) and dc (for interdisconnection), and adding
as axiom schemas o (R-disjunctive) and 6, 7 (strongly well-connected).

In a modal logic, sc can be replaced with sc’(«) (for R-connectedness),
o can be omitted, # can be replaced with the weaker 6,, and 7 with
7' (well-connected). Non-emptiness can be represented using ¢.

If the non-modal encoding is embedded in one of the modal logics,
adding as an extra axiom schema 7 (for non-trivial), we can express
non-emptiness with a non-modal operator (ie, pos; lemma 29).

7 Logical representation

We can now use the completeness results, and the correspondence be-
tween Kripke and topological interpretation (lemmas 16, 17), to show
the match between syntactical expressions and topological notions.

In the following, given a model M = ((5, <,0), R, p), we will write
M’ for the corresponding r-space (S,U<,R). We will also write o/ for
laf| ,, ie for the region that is the interpretation of o in M.
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7.1 Representation for connectedness

Using modality, the fact that a region A is r-connected in a model
M, can then be expressed in the language stating the validity in the
model of a formula.

Lemma 26 Given a N24¢-model (NC2h-model) M = ((S,<,0),R,p),
Fy Vella—zV~z)— (a—=1z)V(e— ~x)

iff the region ' is R-connected in M'.

Proof. Using the properties of topological interpretation in lemma
16, for any region X, whenever o/ C X V X* we get (o/ C X)V
(o/ € X*); then, since a Kripke frame corresponds to a prime
space, we get as a conclusion either o/ C X or o/ C X*, corre-
sponding to def. 16.

Differently from R-connectedness, strong R-connectedness can be
represented at the object level without using the modality.

Lemma 27 Let ns,sc be as in def.26.
Given a L-model M = ((S,<,0),R,p), for any a € S:
(1) aEns(a, B) iff {at} C NS(,[').
(2) aFEsc(a) iff {at} C SC(d).
(3) Ear ns(a, B) iff NS(o/, ") =
(4) Fpr sc(a) iff SC(o/) = S.

Proof. (1) Using the interpretation rules in def.4, we get that a F
ns(a, () is equivalent to: for every bs.t. a <b,ifbF a — fVv~f
then either b F @ — f or b F @ — ~f; by the topological
interpretation defined in lemma 16 and its properties, def.18 and
def. 10 this is equivalent to {a 1} C NS(</, 3).

(2) By lemma 18; then, by the interpretation rule for ¥V and part
1 of this lemma, we get equivalence with a Fy; sc(a).
(3),(4) Straightforward, taking a = 0.

S.

The following gives the corresponding syntactical conditions for
the restrictions that we have introduced in subsection 5.1.

Lemma 28 Let K,o be as in def.26. Given an L-model M, M’ is
R-trivial whenever Fj; K.

Besides, M’ is R-disjunctive whenever F,; o.

Proof. By def. 19, def.20, def. 4 and lemma 27.
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Now the following can be proved.

Thm. 5 Given a L-model M s.t. Fjp; o, for any formula « of the
language, Fjs sc(~a) iff &’** is R-connected in M'.

Proof. By lemmas 19 and 27.

With a similar proof, we can show that, if we can semantically rule
out R-triviality, it is also possible to express non-emptiness without
using modality.

Lemma 29 Let ext(a) be as in def.26. In any L-model M s.t. M’ is
R-nontrivial, Fps ext(a) iff o # @.

However, modality is needed if we want to express syntactically
that the model is not trivial. From the interpretation of 1, we imme-
diately get the following.

Lemma 30 Let K,7 be as in def.26. Let M be a modal L-model.
Then M’ is not R-trivial (is R-nontrivial) whenever F; 7.

7.2 Representation for other relations
We can now extend the expressiveness result to other relations.

Thm. 6 1. In a L-model M:

Far dc(a, B) iff o/ and B’ are interdisconnected in M.
Fu ntp(a, B) iff @ is non-tangential part of A in M'.

2. In a L-model M s.t. Eys o (ie, s.t. M’ is R-disjunctive):
Fu req(a, B) iff o/ and B’ are R-interconnected in M.
Far tp, (o, B) iff o is R-tangential part of 5" in M.

3. In a L-model M s.t. Ep o and Fp; 7 (e, s.t. M’ is R-
disjunctive and R-nontrivial):
Far ov(a, B) iff o« and B’ are overlapping in M.

4. In a modal L-model M:
Far re(a, B) iff o and B’ are interconnected in M.
Fu tp(a, B) iff o is tangential part of 8’ in M.
Far oV (a, B) iff o and ' are overlapping in M.

5. In a modal L-model M s.t. FEp o (ie, s.t. M’ is R-
disjunctive):
Far de,(a, B) iff o/ and ' are R-interdisconnected in M.
Fu ntp, (a, B) iff o is R-nontangential part of 5" in M'.
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Proof. From the definitions, the properties of interpretation (lemma
16, def.4) and the lemmas in section 7.1.

We can characterise well-connectedness syntactically, as follows.

Lemma 31 (A) Let M be a modal L-model. Then, M’ is well-
connected iff Eps 6, and Epr 7',
(B) Let M be a L-model s.t. £y 0. Then, M’ is well-connected
if (strongly well-connected iff) Fy; 6 and Ep; .

Proof. By the definitions in def.26, lemmas 16, 27, 6. Validity of
6,0,, and m, 7" correspond respectively to conditions a and b of
def.23.

7.3 JEPD relations

We can now reconsider the expressiveness of the propositional lan-
guage. Here we see that the Jointly Exhaustive and Pairwise Disjoint
(JEPD) sets of relations familiar from the Region-Connection Calculus
are expressible in different ways. We are giving some examples.

Thm. 7 Given a modal L-model M s.t. Fjr o, for any negative,
non-empty «, 8 € Wff, the following are JEPD:

Fy o+ ,3

Fy ooV (a, B) Aov'(a, ~ )
Fu ntpr(awﬁ)

Fu ntpr(ﬂaa)

Fu tpr(aaﬁ) A OVI(N O‘HB)
F tpr(ﬂa Oé) A ovl(aaNﬁ)
':M tpr(a’N/B)

Proof. From the representation results in sections 7.1,7.2 and the
properties of the topological relations corresponding to the syn-
tactical expressions.

These eight cases provide some analogues of the JEPD classifi-
cation as the well-known RCC8 one [RCC92]. The following is a
representation of them that does not require any restriction on the
models.

Thm. 8 Given a modal L-model M, for any negative, non-empty
«, B € WIf, the following are JEPD:
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':M (e g ,3

Fy oV (a, B) Aov'(a, ~ )
':M ntp(Ol,,B)

En ntp(B, a)

Fa tp(a, B) AoV (~ «a, B)
Fu tp(B, ) AoV (a,~ )
Far ntp(a, ~ )

':M tp(a7NIB)

Proof. Similar to lemma 7.

We also get the following, where none of the expressions used to
encode the RCC'8 relations is modal (the only modal expression is 7,
used as a postulate for R-nontriviality).

Thm. 9 Given a modal L-model M s.t. Ey o, Epp 7, Epr 0, By,
for any negative, non-empty «, 5 € Wff, the following are JEPD:

':M o < ,3

Ea ov(a, B) Aov(a,~ )

':M ntp(Ol,,B)

Ex ntp(B, a)

':M tpr «, )
B, )

( (~a, B)
Fu tpr( )
(

N\ ov
Aov(a,~ f3)
Ex ntp(a, ~ B)

Far tp,(a,~ B)

Proof. Similar to lemma 7, using also lemmas 22,25.

8 Conclusion and further work

We have shown how some extensions of intuitionistic propositional
logic can be used to encode spatial notions; relevant comparisons can
be made with systems in [RCC92] and in [PS98].

The introduction of r-spaces, as topological structures where the
dependance on language and partial knowledge can be made explicit,
and the general features of intuitionistic models depending on their
ordered character, seem to fit in promisingly with aspects related to
granularity and uncertainty in spatial representation (as presented, for
example, in [SW97]).

From the point of view of expressiveness, the logical representa-
tions that we have presented here differ from those in [Ben96, Ben98]
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(based on intuitionistic propositional logic and modal S4) especially
insofar jere we can get an object-language encoding of connectedness;
using an approach based on topological semantics, this would seem
hard to obtain without quantification; on the other hand, it is not
the case that quantification is needed for connectedness under an al-
together different approach, such as that presented in [Lem96].

From the computational point of view, a major problem in our
case is given by the undecidability of intuitionistic 2nd-order propo-
sitional logic (see [Gab74] for C2h), in contrast with the PSPACE-
completeness of its quantifier-free fragment [Sta79]. Anyway, work
such as [Pit92] shows that the complexity of 2nd-order reasoning can
be reduced in significant cases. Further work should focus on the pos-
sibility to extract, from the present encodings, logical representations
for automated theorem-proving.

References

[Bar92] H.P. Barendregt. Lambda calculi with types. In
S. Abramsky, D.M. Gabbay, and T.S.E. Maibaum, ed-
itors, Handbook of Logic in Computer Science, volume 2,
pages 117-309. Oxford — Clarendon Press, 1992.

[BDCTV97] P. Balbiani, L. F. Del Cerro, T. Tinchev, and
D. Vakarelov. Modal logics for incidence geometries.
Journal of Logic and Computation, 7(1):59-78, 1997.

[Ben96] B. Bennett. Modal logics for qualitative spatial reason-
ing. Bulletin of the Interest Group in Pure and Applied
Logic (IGPL), 4(1):23-45, 1996.

[Ben98| B. Bennett. Determining consistency of topological rela-
tions. Constraints, 3(2&3):213-225, June 1998.

[CBGGYI7] A. G. Cohn, B. Bennett, J. Gooday, and N. Gotts. Qual-
itative spatial representation and reasoning with the re-
gion connection calculus. Geolnformatica, 1:275-316,
1997.

[Cla81] B. L. Clarke. A calculus of individuals based on ‘connec-
tion’. Notre Dame Journal of Formal Logic, 23(3):204—
218, July 1981.

35



[FS79)]

[Gab74]

[Gab81]

[Ger95]

[GoeT1]

[Kop92]

[Kov92]

[Kre97]

[Lem96]

[Les31]

[LoeT76]

[LPY6]

M. P. Fourman and D. Scott. Sheaves and logic. In
Springer Lecture Notes in Mathematics No. 753, pages
302—-402. Springer Verlag, 1979.

D.M. Gabbay. On 2-nd order intuitionistic
propositional calculus with full comprehension.
Arch.f.Math. Log.u. Grund. Math., 16:177-186, 1974.

D.M. Gabbay. Semantical Investigation in Heyting intu-
sttonistic logic. Number 148 in Synthese. Reidel, 1981.

G. Gerla. Pointless geometries. In F. Buekenhout, edi-
tor, Handbook of Incidence Geometry, pages 1015-1031,
1995.

S. Goernemann. A logic stronger than intuitionism.

Journal of Symbolic Logic, 36:249-261, 1971.

R. Kopperman. The Khalimsky line as a foundation for
digital topology. In O. Ying-Lie, A. Toet, D. Foster,
H.J.A.M. Heijmans, and P. Meer, editors, Shape in pic-
ture, pages 3—20. Springer-Verlag, 1992.

V.A. Kovalevsky. Topological foundations of shape anal-
ysis. In O. Ying-Lie, A. Toet, D. Foster, H.J.A.M. Heij-
mans, and P. Meer, editors, Shape in picture, pages 21—
37. Springer-Verlag, 1992.

P. Kremer. On the complexity of propositional quantifi-
cation in intuitionistic logic. Journal of Symbolic Logic,

62(2):529-544, 1997.

O. Lemon. Semantical foundations of spatial logic. In
L. Aiello, J. Doyle, and S. Shapiro, editors, Principles of
Knowledge Representation and Reasoning: Proceedings
of the 6th International Conference (KR-96), pages 212—
219. Morgan Kaufman, 1996.

S. Le$niewski. O podstawach matematyki. Przeglad Filo-
zoficzny, 30-34, 1927-1931.

M. H. Loeb. Embedding first order predicate logic in
fragment of intuitionistic logic. Journal of Symbolic
Logic, 41:705-718, 1976.

O. Lemon and I. Pratt. On the incompleteness of modal
logics of space: advancing complete modal logics of place.

36



[Mor98]
[MT44]

[Pit92]

[PL97]

[Pra65)

[PS98]

[RCCY2]

[RS63]

[She99]

[Sim87]

[Skv97]

[Sta79]

[Ste00]

In M. Kracht, M. de Rijke, and M. Zakharyaschev, edi-
tors, Advances in Modal Logic ’96, 1996.

T. Mormann. Continuous lattices and Whiteheadian the-
ory of space. Logic and Logical Philosophy, 6:35-54, 1998.

J.C.C. McKinsey and A. Tarski. The algebra of topology.
Annals of Methematics, 45:141-191, 1944.

A. Pitts. On an interpretation of second-order quantifica-
tion in first-order intuitionistic logic. Journal of Symbolic
Logic, 57(1):33-52, 1992.

[. Pratt and O. Lemon. Ontologies for plane, polygo-
nal merotopology. Notre Dame Journal of Formal logic,
38(2):225-245, 1997.

D. Prawitz. Natural Deduction: A Proof-Theoretical
Study. Almqvist and Wiksell, 1965.

I. Pratt and D. Schoop. A complete axiom system for
polygonal mereotopology of the real plane. Journal of
Philosophical Logic, 27:621-658, 1998.

D. A. Randell, Z. Cui, and A. G. Cohn. A spatial logic
based on regions and connection. In Proc. 3rd Int. Conf.
on Knowledge Representation and Reasoning, pages 165—
176. Morgan Kaufmann, 1992.

H. Rasiowa and R. Sikorski. The Mathematics of Meta-
mathematics. Polish Academy, 1963.

V. Shehtman. ‘Everywhere’ and ‘here’. Journal of Ap-
plied Non-Classical Logics, 9(2-3):369-279, 1999.

P. Simons. Parts: A Study In Ontology. Clarendon Press,
Oxford, 1987.

D. Skvortsov. Non-axiomatisable second order intuition-
istic propositional logic. Annals of pure and applied logic,
86:33-46, 1997.

R. Statman. Intuitionistic propositional logic is
polynomial-space complete. Theoretical Computer Sci-
ence, 9:67-72, 1979.

J. G. Stell. Boolean connection algebras: a new approach
to the region-connection calculus. Artificial Intelligence,
(122):111-136, 2000.

37



[SW97]

[SW99]

[Tar56]

[Vic89]

[WZ95]

J. G. Stell and M. F. Worboys. The algebraic structure
of sets of regions. In Stephen C. Hirtle and Andrew U.
Frank, editors, Proceedings of COSIT’97, volume 1329 of
LNCS, pages 163-174. Springer, 1997.

J. G. Stell and M. F. Worboys. Generalizing graphs using
amalgamation and selection. In R. H. Guting, D. Papa-
dial, and F. Lochovsky, editors, Proc. 6th Int. Symp. on
Advances in Spatial Databases (SSD’99), volume 1651 of
LNCS, pages 19-32. Springer, 1999.

A. Tarski. Sentential calculus and topology. In Logic,
Semantics, Metamathematics. Oxford University Press,
1956.

S. Vickers. Topology wvia logic. Cambridge University
Press, 1989.

F. Wolter and M. Zakharyaschev. Intuitionistic modal
logic. In P. Minari, editor, Logic, Methodology and Phi-
losophy of Science, 1995.

38



