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One of the main motivations is to introdu
e models of spa
e thatare based on an intuitively natural ontology of spatial regions in a�xed dimension. One feature often required of su
h an ontology isthat all 
on�gurations of regions that 
an be 
onsistently des
ribed inthe language 
an be exempli�ed without re
ourse to boundary linesthat display 
omplexity on an in�nitesimally small s
ale. The expres-sive ri
hness of the standard model of spa
e, regarded as a Cartesianprodu
t of the reals, makes this kind of intuition diÆ
ult to handle,sin
e seemingly natural ways to de�ne regions in the standard metri
topology of Rn for
e the introdu
tion of 
on
retely infeasible elements[PS98℄.An idea that goes ba
k to Whitehead and Tarski, and has latelyre
eived 
onsiderable attention in AI, is that of taking qualitativelysigni�
ant relations between region as primitives, and axiomatise thema

ording to intuition ([Ger95℄ for an histori
al survey). These rela-tions are quite often those of part of and 
onne
tion [Le�s31, Sim87℄.Relevant examples of systems based on this approa
h, often labelledas mereotopologi
al, have been presented in [Cla81℄ and more re
entlyin [RCC92℄ (system RCC ). The relationship that mereotopology haswith algebrai
, point-free topology [FS79, Vi
89℄, naturally arising outof Kuratowski's axioms [MT44℄, has been highlighted in re
ent work[Ste00, Mor98℄. Mereotopology also bears some relationship with log-i
s that have topologi
al semanti
s, su
h as intuitionisti
 logi
 andS4 [RS63℄, as well as with modal logi
s where semanti
al relations
an be 
onsidered spatially [BDCTV97, LP96℄. Topologi
al semanti
shave been used in [Ben96, She99℄ to give logi
al en
odings of spatialnotions.Altogether, there has been 
onsiderable attention for the use ofnon-
lassi
al logi
 in qualitative spatial reasoning, and for the idea ofa spatial interpretation of a logi
. Among others, [LP96, PS98℄ ad-dress the issue of what ultimately matters for a logi
 to be \spatial" ina qualitative sense; sin
e this essentially amounts to modelling a 
on-ne
tion relation that mat
hes intuition in a spa
e of �xed dimension,having a topologi
al semanti
s is not generally enough.The approa
h that we are following here is that of building on topof the topologi
al semanti
s of intuitionisti
 logi
 �rst introdu
ed in[Tar56℄, where models are based on topologi
al spa
es, and formul�are interpreted as open sets. This idea has already been used by re-sear
hers investigating RCC ; a fragment of that system (often referredto as RCC8) has been en
oded in intuitionisti
 logi
, in order to get3



a better understanding of its 
omputational properties [Ben96℄; Heyt-ing algebras have been used in order to gain a better model-theoreti
alunderstanding of the whole 
al
ulus [Ste00℄.The open sets that are interpretation of some formula 
an be taken,from the point of view that we are presenting here, as the regions that
an be expressed in our language; quite naturally, these might well notin
lude all the open sets, whi
h are often un
ountable, sin
e expres-sions in a language are normally taken to be 
ountable. A bit morepre
isely, yet still informally, we 
an asso
iate our \atomi
 formul�"(a subset of the propositional variables) to regions that are, seman-ti
ally, the primitive ones; then, the intuitionisti
 operators 
an beinterpreted as the topologi
al 
onstru
tors (in
luding union, interse
-tion and Heyting 
omplement); this will keep us at the propositionallevel.We are going to investigate the gain in expressive power that 
anbe obtained by extending propositional intuitionisti
 logi
 (used in[Ben96℄) with propositional quanti�
ation (ie, shifting to intuitionis-ti
 2nd-order propositional logi
, ISPL) and with a \strong" modaloperator. Both ISPL and intuitionisti
 modal logi
 are, separatelytaken, well-established resear
h topi
s [Pra65, Bar92, WZ95℄. Theuse of modality that we are presenting here is not really the standardone, thought, sin
e it is intended to 
apture some non-
onstru
tiveaspe
ts that are needed in order to express things like \the region Ais not empty in the model".We are going to 
onsider two forms of 2nd-order propositional logi
,C2h (already introdu
ed in [Gab74℄) and 2At (a new one) togetherwith their modal extensions NC2h and N2At . We are essentially goingto examine the expressiveness of the language in the di�erent logi
s,with respe
t to a set of mereotopologi
al relations, in
lusive of the so-
alled RCC8 relations [RCC92℄, the part-whole relation (
orrespond-ing to point-wise in
lusion between sets), 
onne
tedness (the propertyof being made of one pie
e), 
onne
tion (the relation between tworegions that are either overlapping or adja
ent) and non-emptiness.Some results are stated in lemmas 16, 26 and in theorems 5, 6, 7 and9. These results are te
hni
ally quite straightforward, given the 
om-pleteness of the logi
s wrt Kripke models (theorems 1, 2, 3, 4), the
orresponden
e with topologi
al models (lemmas 16 and 17), and theway in whi
h the restri
tions a�e
t expressiveness (lemmas 19, 22).An interesting te
hni
al issue is the way in whi
h 2nd-order propo-sitional quanti�
ation 
an be used to represent quanti�
ation over re-4



gions. Given a topologi
al spa
e (S;O) (where O are the open subsetson a set of points S) the open sets that are expressible in a modelwill be intended to be the regions in that model, forming a 
olle
tionR � O, in
lusive at least of the empty set, of the whole spa
e, and ofall those sets that 
an be de�ned using the 
onstru
tors (
orrespond-ing to the logi
al operators, as in def.12 and lemma 16). The 
ase inwhi
h every open set is expressible (R = O) is just a limit 
ase, givingwhat we 
an 
all a prin
ipal model (after [Kre97℄). A quite naturalorder of expressiveness 
ould then be asso
iated to the 
lass of themodels that are de�ned on the same spa
e.A

ording to the semanti
s that we are going to present, the fa
tthat some relation R holds between some regions A1; : : : ; An in amodel, 
an be expressed by the validity, in that model, of a formula
R(�1=x1; : : : ; �n=xn) (synta
ti
al representation of the relation), inwhi
h some formulae �1; : : : ; �n that are respe
tively interpreted asA1; : : : ; An are uniformly repla
ed for x1; : : : ; xn (the free propositionalvariables o

urring in 
R).There are di�erent ways in whi
h it is possible to represent mereotopo-logi
al notions, in our 2nd-order intuitionisti
 modal language. Onepossibility is that of introdu
ing extra axioms and, 
orrespondingly,restri
tions on the models; this allows us getting simple de�nitions forsome of the new notions. For example, a form of 
onne
tedness is ex-pressible in an axiomati
 extension of intuitionisti
 2nd-order propo-sitional logi
, without any use of modality (thm. 5), introdu
ing arestri
tion that 
an be expressed in the language (def.20, lemma 28).Adding modal s
hemas that enfor
e further restri
tions (de�nitions23, 19, lemmas 30, 31) all the RCC8 relations be
ome expressible(theorems 7, 9); in parti
ular, this is possible using expressions thatdo not 
ontain the modal operator (thm. 9). The restri
tions on thetopologi
al spa
es that mat
h the spe
i�
 axioms are quite strong, butstill lend to an interpretation that is relevant from the point of viewof the representation of geographi
al information.Another possibility is that of introdu
ing the new notions usingonly de�nitions, relying on synta
ti
al representations that may 
on-tain both the propositional quanti�er and the modal operator; herewe give an example related to 
onne
tedness (lemma 26), otherwiseleaving this approa
h for further development.Ultimately, a natural idea of region, as something that 
an be de-s
ribed in terms of a �xed dimensionality, without referen
e to lowerdimensional features (like 1-dimensional 
ra
ks in a 2-dimensional sur-5



fa
e), mat
hes just those regions that are topologi
ally regular ; thatis, expressible open sets that are equivalent to the interior of their
losure. Regularisation 
an be represented synta
ti
ally, using dou-ble negation. Some of the regions that are not regular 
an be used,however, to represent relations between the regular ones.Besides regularity, there are other intuitive demands on the \natu-ral" regions, depending essentially on the behaviour of the 
onne
tionrelation [LP96℄, and essentially dire
ted to ban regions that are eitherin
ompatible with some �xed dimension 
onstraint, or too 
onvolutedto be drawn s
hemati
ally. The 
onstraints depending on dimensional-ity 
ould be dealt with referring to an approa
h based on Kuratowski'stheorem (this has been used in [PS98℄), but shall not be pursued anyfurther in this paper. On the other hand, 
onstraints ruling out re-gions that, even in a �nite domain of regions of �xed, �nite dimension,
ould not be represented s
hemati
ally using a �nite number of lineartraits to draw their boundaries, 
an be asso
iated to what we have
alled well-
onne
tedness, and addressed in subse
tion 5.3.Topologi
al spa
es, similar to the ones that we are using in onesigni�
ant respe
t (being order topologies), and a representation of
onne
tion relations that bear some relation to those we are dis
ussing,
an be found in [Kop92, Kov92℄, where a general approa
h to imagepro
essing based on so-
alled digital spa
es is presented.Di�erently from RCC [RCC92℄, expressing 
onne
tion in our frame-work is 
ompatible with the existen
e of regions that are minimal, ienot 
ontaining any smaller, non-empty subregions. In models basedon 2At (but not in those based on C2h) every region must indeed
ontain a minimal one (def. 4); this, as a topologi
al property ofthe model, shall be 
alled here terminability (subse
tion 4.1). Su
h aproperty is relevant, if not suÆ
ient, in view of a possible restri
tionto �nite models, that 
ould make a logi
 interesting wrt appli
ationin the veri�
ation of topologi
al 
onstraints.2 ISPLAn intuitionisti
 2nd-order propositional logi
 (ISPL) is obtained byadding to intuitionisti
 propositional logi
 (IPL) some form of quan-ti�
ation on the propositional variables; this 
an a
tually be done indi�erent senses and ways. Of the several existing de�nitions, somerely on the semanti
s [Kre97, Skv97℄, some other ones rely either on6



Hilbert axiomatisations [Gab74, Gab81℄ or on rule systems [Loe76℄.A

ording to an interpretation whi
h is primarily semanti
al, quan-ti�
ation ranges on all the possible denotations of the propositionalvariables; these 
an be regarded as the semanti
al propositions, what-ever the style of the semanti
s.On the other hand, a

ording to an essentially synta
ti
al interpre-tation, quanti�
ation ranges over all possible substitutions of proposi-tional variables. Unless we ensure that the language in
ludes a variablereferen
ing every possible semanti
 denotation, the range of substitu-tional quanti�
ation may be a proper subset of the semanti
al domain.The gap between the two de�nitions is a deep one: [Kre97, Skv97℄show that the logi
 with semanti
al quanti�
ation is not re
ursivelyaxiomatisable, whereas logi
s with synta
ti
al quanti�
ation 
an beaxiomatised in a form very similar to that of intuitionisti
 1st-orderpredi
ate 
al
ulus (IPC ).2.1 Syntax for ISPLAxiomatisable ISPLs 
an be formulated in a propositional languageL, where Var = x; y; : : : are propositional variables and !;8 are theprimitive operators. The set of the formul�W� is as usual the small-est one in
luding Var and 
losed wrt the operators. �; �; : : : are meta-variables for formul�, and �(x) means that x may o

ur in �. Theexpression �(�=x) denotes that the formula � is uniformly substitutedfor the variable x, ie, every o

urren
e of x in � (possibly none) is re-pla
ed by an o

urren
e of �, avoiding any 
apture of free variablesby renaming. The expression �[�=
℄ will be used, somewhat infor-mally, to denote that some o

urren
es (possibly none) of 
 in � arerepla
ed by o

urren
es of �. The propositions (Prop) are formul�without free variables. The 
onne
tive ! is left-asso
iative; pre
e-den
e is f�;�;V1<i<n;W1<i<ng > f^;_g > ! > $ > f9;8g,where the remaining operators are de�ned as follows.Def. 1 � ^ � = 8x:(�! � ! x)! x� _ � = 8x:(�! x)! (� ! x)! x9x:�(x) = 8z:(8x:�(x)! z)! z (z not free in �)? = 8x:x�� = �! ?> = ? ! ?� $ � = (�! �) ^ (� ! �)7



�� = ���V0<i<n�i = �1 ^ : : : ^ �n�1W0<i<n�i = �1 _ : : : _ �n�1Hilbert axiomatisations for di�erent versions of ISPL, among whi
hC2h and 2At , 
an be obtained from the following, assuming uniformsubstitution for free variables.A1. ` �! � ! �A2. ` (�! � ! 
)! (�! �)! �! 
A3. ` (8x:�(x))! �(y=x)A4. ` (8x:� _ �(x))! � _ (8x:�(x)) x not free in �.A5. ` (8x:��(x))! �8x:�(x)A6. ` 9x:x $ � � any formula, x not free in �.A7. ` � and ` �! � implies ` �A8. ` �! �(y=x) implies ` �! 8x:�(x) x not free in �Axiom s
hemas A1, A2 and rule A7 by themselves axiomatise pos-itive impli
ation; the s
hema A3 and rule A8 axiomatise standardquanti�
ation; s
hema A6 is a full 
omprehension prin
iple for 2nd-order propositional logi
; these together give an axiomatisation for aweak form of 2nd-order intuitionisti
 logi
 [Gab74℄.S
hemas A1{A4 with A6 and rules A7{A8 give the axiomatisationof C2h, the intuitionisti
 2nd-order propositional logi
 with 
onstantdomain presented in [Gab81℄ (C2I in [Gab74℄).With or without A4, full 
omprehension 
an be dropped and weakerlogi
s obtained; in those 
ase, though, independent axioms for ^;_;9;?are needed.Here we introdu
e 2At as a logi
 stronger than 2Ch, that 
an beaxiomatised with s
hemas A1{A6 and rules A7{A8. The s
hema A5has been already 
onsidered for an extension of intuitionisti
 predi
ate
al
ulus in [Gab81℄ (the logi
 that there is 
alled MH ).2.2 Modal extensionsLet us extend L to the language Lm by adding the 
onstru
t ��,where � is a modal operator of ne
essity, taken as an extra primitive.We now 
onsider the modal extensions of C2h and 2At , respe
tivelyNC2h and N2At , obtained by adding the following de�nition and pos-tulates (possibly, with some redundan
y).8



Def. 2 �� = ����;A9. ` ��! �A10. ` ��! ���A11. ` �(�! �)! ��! ��A12. ` (8x:��(x))! �8x:�(x)A13. ` �(� _ �)! �� _��A14. ` (�9x:�(x))! 9x:��(x)A15. ` �� _ ���A16. ` � implies ` ��S
hemas 9{11 and rule 16 are those generally used to axiomatisean S4-style ne
essity operator [Pra65℄. S
hema 12 (Bar
an formula)is also quite standard in quanti�ed modal logi
s. S
hemas 13{15 aremore spe
i�
, and they are needed in order to interpret� as a \strong"modality in our models (in fa
t, very similar to ordinary Kripke modelsfor intuitionisti
 logi
). Due to the presen
e of rule 16 and s
hema15, formul� where ea
h propositional variable is in the s
ope of ano

urren
e of �, have a behaviour that 
an mimi
 the behaviour offormul� in 
lassi
al logi
. On the other hand, the de�nition of � interms of intuitionisti
 negation gives that the duality with � is lost.2.3 MetatheoremsFor ea
h logi
 L of 2Ch, N2Ch, 2At , N2At , a dedu
tion of � froma set of premises � (also � `L �) is de�ned indu
tively as a �nitesequen
e of formul� (steps), su
h that ea
h step is justi�ed either asan axiom, as an assumption, or as the 
on
lusion of a rule appli
ationto previous steps, with the following proviso(s):1. A8 
annot be applied in any way that binds x, if x is free in thepremises.2. (Modal logi
s only). A16 
an be applied only if, whenever aformula � is in the premises, and it has not form ��, then also �� isin the premises.Lemma 1 (Dedu
tion theorem) �; � `L � i� � `L �! �.Proof. Right to left. By �; � `L � and rule A7.Left to right. By indu
tion on the length of the dedu
tion.Base 
ase. If � is an axiom, by A1 and rule A7. If � 2 �, by`L � ! �. 9



Step 
ase. (a) For an appli
ation of A7, by indu
tion hyp., A2and A7 itself.(b) For an appli
ation of rule A8, we 
an start from the indu
tionhyp., then 
onvert � `L � ! � ! 
 into the equivalent � `L� ^ � ! 
, and apply rule A8, remembering proviso 1.(
) - only for modal logi
s. For an appli
ation of rule A16, we
an start from the indu
tion hyp., then apply rule A16 (proviso2 must be satis�ed, by the hyp. on the original dedu
tion),obtaining a dedu
tion of form � `L �(� ! �); using A11 withrule A7 we get � `L �� ! ��. Now, if � has form �
; then� `L � ! �� follows, using A10. Else, by proviso 2, �� 2 �;then, using rule A7, we get � `L ��, and so � `L � ! ��using A1 and rule A7.Lemma 2 (Repla
ement of equivalents)� `L � $ � implies � `L 
[�=x℄ $ 
[�=x℄where the o

urren
es of x that are repla
ed are intended to bethe same on both sides of $ .Proviso (*) (modal logi
s only): if 
 
ontains some o

urren
eof �, then for any � 2 � s.t. � has not form ��, also �� 2 �.Proof. By indu
tion on the length of the formul�. Base 
ase. If
 = x, by assumption. If x is not free in 
, by `L 
 ! 
.Step 
ase. (a) 
 = � ! Æ. As 
onsequen
es of the indu
tionhypothesis, � `L �[�=x℄ $ �[�=x℄ and � `L Æ[�=x℄ $ Æ[�=x℄;sin
e�[�=x℄ ! �[�=x℄; Æ[�=x℄ ! Æ[�=x℄ `L (�[�=x℄ ! Æ[�=x℄) !(�[�=x℄! Æ[�=x℄)it follows � `L (�[�=x℄! Æ[�=x℄) ! (�[�=x℄! Æ[�=x℄).Similarly for � `L (�[�=x℄! Æ[�=x℄) ! (�[�=x℄! Æ[�=x℄).(b) 
 = 8y:Æ(y). Then, for any z not free in �, as 
onsequen
esof the ind. hyp., � `L Æ(z=y)[�=x℄ ! Æ(z=y)[�=x℄;using A3 it follows � `L (8z:Æ(z=y)[�=x℄) ! Æ(z=y)[�=x℄; then,by rule A8, � `L (8z:Æ(z=y)[�=x℄) ! (8z:Æ(z=y)[�=x℄). Simi-larly for the other side of the arrow.(
) - modal logi
s only: 
 = �Æ. As 
onsequen
es of the ind.hyp., � `L Æ[�=x℄ ! Æ[�=x℄; sin
e by hyp. proviso (*) holds,rule A16 
an be applied satisfying the modal proviso in lemma 1,giving a dedu
tion � `L �(Æ[�=x℄ ! Æ[�=x℄); then, using A11,� `L �Æ[�=x℄! �Æ[�=x℄. Similarly for � `L Æ[�=x℄! Æ[�=x℄.The following gives an example of a non-theorem in C2h whi
h is10



provable in 2At :Lemma 3 `2At �8x:�(x) _ ��(x)Proof. Follows from `C2h 8x:�(�(x)_��(x)) using A5 and rule A7.3 Kripke semanti
sIn [Gab74, Gab81℄ Kripke semanti
s for C2h and forMH are given. Inorder to give a semanti
s for 2At , Gabbay's models for C2h must bemodi�ed, adding a spe
i�
 restri
tion 
losely related to that requiredby MH. Besides, we need to add some ma
hinery for modality.Def. 3 A 2At -frame is a stru
ture F = (S;�;0), where (S;�) is apartial order, with a minimum 0 2 S (the root), on the set ofpoints S. U� is the 
lass of the subsets of S that are upper-
losedwrt �.Furthermore, (S;�) satis�es the following 
ondition (
onditionmh): for any x 2 S, there is y 2 S, su
h that x � y, and for allz 2 S, if y � z then z � y; we then say that y is terminal.Dropping 
ondition mh we have a C2h-frame (as in [Gab81℄).Condition mh on the frames 
orresponds to s
hema A5 [Gab81℄.Def. 4 A Kripke N2At-model (NC2h-model) is a tripleM = (F ;R; �),where S = (S;�;0) is a 2At-frame (C2h-frame), � is an inter-pretation, assigning to ea
h x 2 Var an element kxk� 2 R � U�,and R is the image of �.We indu
tively extend the interpretation to all the formul�,de�ning the truth of � at a point a, a � �, and adding a 
om-prehension 
ondition, as follows.1. For � 2 Var , a � � i� a 2 k�k�.2. a � � ! � i� for every b su
h that a � b, whenever b � �then b � �.3. a � 8x:�(x) i� for every y 2 Var , a � �(y=x).4. a � �� i� 0 � �.5. Full Comprehension (
ondition f
): for ea
h � 2W� , thereis x 2 Var s.t. a � � i� a 2 kxk�.For any formula �, we refer to k�k� = fa 2 S : a � �g as to itstruth-set, in a model M as above.Omitting �, we get a 2At-model (C2h-model, as in [Gab81℄).11



Given full 
omprehension, it 
an be trivially shown that everytruth-set is an upper-
losed set that is a member of R. We havealso the following.Lemma 4 (Hereditary 
ondition) If a � b then a � � implies b � �.Proof. Sin
e every truth-set is an upper-
losed set wrt �.We say that a formula � is valid in a model M, writing �M �, i�0 � � in that model; 
learly, in this 
ase the truth-set of � equals thewhole of S.We say that a formula � is semanti
ally dedu
ible from a set of formul�� = �i2I inM, and we write � �M �, i� for every point a, wheneverin M a � �i for every i 2 I, then a � �.Lemma 5 The following 
an be proved, for any model, using thede�nitions of the logi
al operators and the interpretation rules:1. For every a 2 S, a 2 ?.2. For every a 2 S, a � >.3. a � � ^ � i� a � � and a � �.4. a � � _ � i� a � � or a � �.5. a � 9x:�(x) i� a � �(y=x) for some y 2 Var .6. a � �� i� for every b, a � b, b 2 �.7. a � � $ � i� (a � � i� a � �).8. a � ��� i� there exists a 2 S s.t. a � �.Intuitively,R is the set of the upper-
losed sets that are expressiblein the model; given full 
omprehension, it always 
ontain at least ?and S, and is 
losed with respe
t to the interpretation of ea
h logi
aloperator. We say that a model is prin
ipal i� R = U�.Full 
omprehension, 
orresponding to s
hema A6 [Gab74℄, intro-du
es a 
hara
ter of impredi
ativity in the logi
, ie, from the pointof view of the indu
tive de�nition of formul�, we get a dependen
yon the 
olle
tion that is being de�ned; on the other hand, it givesquanti�
ation an intuitive 
hara
ter of 
ompleteness over expressiblesets, and this is quite useful in order to de�ne operators at the obje
tlevel.The interpretation rule for 8 di�ers from the standard intuitionisti
one not the least be
ause we assume to have a quanti�
ation domainwhi
h is 
onstant throughout the worlds, ie the set of the variables Var12



does not 
hange when we 
onsider submodels. This assumption, 
or-responding to s
hema A4 [Gab81, Goe71℄, seems indeed quite naturalin the propositional 
ase.The modal operator � is interpreted as a strong S5 -style ne
essityoperator, so that the meaning of �� is that � is valid in the model;s
hemas A13{A14, under this interpretation, 
orrespond to the fa
tthat ea
h model, wrt to validity, has the disjun
tion and existen
eproperty: ie, respe
tively, whenever �M � _ �, either �M � or �M�; and whenever �M 9x:�(x), for some variable y of the language,�M �(y=x). On the other hand, from the presen
e of s
hema A15immediately follows that provability 
annot have the 
orrespondingproperties.3.1 CompletenessWe need to introdu
e a notion similar to that of theory in [Gab74,Gab81℄, relative to a logi
 L (C2h, 2At , NC2h, N2At). We will oftenuse [�; �℄ as short for � [ f�g.Def. 5 A k-theory in a language L (Lm), is a pair (�;
) of sets offormul� of L (Lm).(�;
) is said to be 
onsistent wrt a logi
 L i� for no �nite sub-sets �0 � �;
0 � 
, we have `L V�0 ! W
0.(�;
) is said to be 
omplete in a language i� for all the formul�� in a language, either � 2 � or � 2 
.(�;
) is said to be saturated in a language wrt a logi
 L i� (a)� `L � implies � 2 �; (b) � _ � 2 � implies � 2 � or � 2 �;(
) 9x:�(x) 2 � implies that for some variable y in the language,�(y=x) 2 �.(�;
) is said to be of 
onstant domains in a language wrt alogi
 L i� whenever (�; [
;8x:�(x)℄) is 
onsistent, then for somepropositional variable y of the language, (�; [
; �(y=x)℄) is 
on-sistent.(�;
) is said to be a 
k-theory in L (Lm) i� it is a 
onsistent,
omplete, saturated k-theory of 
onstant domain in L (Lm).(�0; 
0) is said to extend (�;
) i� � � �0;
 � 
0.Consistent, 
omplete, saturated k-theories of 
onstant domains ina non-modal language L are used in the 
ompleteness proof for C2h.
13



Thm. 1 (Soundness and 
ompleteness for C2h).For any formula �, ` � in C2h i�, for every C2h-modelM, �M �[Gab81℄.The following notions are introdu
ed in order to deal with ter-minability (
ondition mh) and modality.Def. 6 We say that (�;
) is terminal in L (Lm) i� for every formula� in L (Lm), either � 2 � or �� 2 �.A r-theory is a k-theory (�;
) in a language Lm su
h that �� 2� i� � 2 �, and no other formul� 
ontaining modality are in�.(�;
) is said to be a root-theory in Lm i� it is a 
onsistent,
omplete, saturated k-theory of 
onstant domain in Lm, wrt amodal logi
 L, su
h that � 2 � i� �� 2 �.Given in Lm a root-theory 0 = (�;
), we say that a 
k-theory(�0; 
0) is a 0-theory i� � � �0.The modal logi
s we are 
onsidering have s
hema A15, so they
annot have themselves the disjun
tion property; however we are in-terested in models that have the 
orresponding semanti
al property;in order to restri
t to su
h models, it is enough to 
onsider, as theframes, only those partial orders that have a minimum; of 
ourse, noone of them 
an falsify all the non-theorems of a logi
 
ontaining A15;this brings us 
lose enough to a 
lassi
al, non-
onstru
tive situation,though only for the modal formulae (those 
ontaining o

urren
es of�).In the 
anoni
al models, points will be in general 
k-theories. Inthe modal 
ases (NC2h and N2At) the root 
an be de�ned as a root-theory 0, whereas all the other points will be given as 0-theories. Inthe 
ases of 2At and N2At , in order to satisfy 
ondition mh, we needto in
lude in the model, for any 
k-theory (0-theory) a, a terminal 
k-theory (0-theory) that extends a, playing the role as terminal element.We need �rst to prove some lemmas.Lemma 6 Let (�;
) be a 
onsistent k-theory wrt L; then, for anyformula � in the language, either ([�; �℄; 
) or (�; [
; �℄) is 
on-sistent.Proof. Assume both ([�; �℄; 
) and (�; [
; �℄) are in
onsistent. Thenthere must exist formul� Æ; ! su
h that (1) `L Æ ^ � ! !,(2) `L Æ ! ! _ �, whereas (3) 0L Æ ! !. From (1) follows14



`L � ! Æ ! !, from this and (2) follows `L Æ ! ! _ (Æ ! !),so `L Æ ! (Æ ! !) _ (Æ ! !), so `L Æ ! Æ ! !, and then`L Æ ! !, against (3).Lemma 7 Let (�;
) be a 
onsistent r-theory in Lm wrt a modallogi
 L; then it 
an be extended to a root-theory (�0; 
0), in alanguage L0m with possibly �0 more propositional variables.Proof. We assume that �1; �2; : : : is an enumeration of the formul�in L0m.We de�ne indu
tively a sequen
e of 0-theories (�n; 
n) su
h thatfor ea
h n, �n � �n+1 and 
n � 
n+1.Base 
ase: (�0; 
0) = (�;
).Step 
ase: suppose (�n; 
n) is de�ned and 
onsistent. We de�ne(�n+1; 
n+1). There are two main 
ases.A) (�n; [
n; �n℄) is 
onsistent. Then also ([�n;���n℄; [
n; �n℄)is 
onsistent. In fa
t, assuming that it is not, sin
e ([�n;��n℄; [
n; �n℄)is in
onsistent, using s
hema A15, we have that (�n; [
n; �n℄) isin
onsistent, against the hypothesis.A1) �n = � ! 
j��; then let �n+1 = [�n;���n℄ and 
n+1 = [
n; �n℄.A2) �n = 8x:�(x) ; then let �n+1 = [�n;���n;���(y=x)℄and 
n+1 = [
n; �n; �(y=x)℄, where y is the �rst new variablenot used before. Also this gives a 
onsistent theory (see [Gab74℄,lemma 1).B) pn = (�n; [
n; �n℄) is in
onsistent.Then let �n+1 = [�n; �n;��n℄ and 
n+1 = 
n.We 
an prove that (�n+1; 
n+1) is 
onsistent.By 
onstru
tion, � 2 �n i� �� 2 �n (in the base 
ase, thisholds by de�nition of r-theory). Besides, sin
e pn is in
onsistent,for appropriate Æ; !, su
h that Æ is a 
onjun
tion of formulae in �and ! is a disjun
tion of formulae in 
, we have `L Æ ! ! _�n;then `L �(Æ ! !_�n), by rule A16; then `L �Æ ! �(!1_�n),using s
hema A11; then `L �Æ ! �!1_��n, using A13; then `L�Æ ! !1 _��n. It follows that (�n; [
n;��n℄) is in
onsistent;so, by lemma 6, ([�n;��n℄; 
n) is 
onsistent.Then, let �0 = Sn2N �n and 
0 = Sn2N 
n. By 
onstru
tion,q = (�0; 
0) is a 
onsistent, 
omplete, saturated k-theory of 
on-stant domain that extends (�;
) in L0m wrt L, and � 2 �n i��� 2 �n; so, q is a root-theory.15



Lemma 8 Given a language Lm, a modal logi
 L and a root-theory0 = (�;
), for any 
onsistent k-theory (�0; 
0) su
h that � � �0,we have that �� 2 �0 i� �� 2 � and ��� 2 �0 i� ��� 2 �.Proof. Follows from the fa
t that a root-theory is saturated and ourlogi
s 
ontains s
hema A15; so, by 
onstru
tion, for any � 2 Lm,either �� 2 � or ��� 2 �.Lemma 9 Given a language Lm, a modal logi
 L and a root-theory0 = (�0; 
0), let (�;
) be a 0-theory in Lm, with �! � = 
 2
. Then there exists a 0-theory (�0; 
0) in the same language,with � 2 �0, � 2 
0, � � �0.Proof. From the hypothesis follows that ([�; �℄;�) is a 
onsistentk-theory of 
onstant domain in Lm ([Gab74℄, lemma 3).We assume that �1; �2; : : : is an enumeration of the formul� inLm.We de�ne indu
tively a sequen
e of k-theories (�n; 
n) su
h thatfor ea
h n, �n � �n+1 and 
n � 
n+1.Base 
ase: (�0; 
0) = ([�; �℄;�).Step 
ase: suppose pn = (�n; 
n) is de�ned and 
onsistent. Wede�ne (�n+1; 
n+1). There are two main 
ases.A) (�n; [
n; �n℄) is 
onsistent.A1) �n = � ! 
j��; then �n+1 = �n and 
n+1 = [
n; �n℄.A2) �n = 8x:�(x); then, sin
e pn has the 
onstant domain prop-erty in Lm, there must be in Lm a variable y su
h that pn =(�; [
; �n; �(y=x)℄) is 
onsistent; pn is of 
onstant domains inLm ([Gab74℄, lemma 2).B) (�n; [
n; �n℄) is in
onsistent. Then ([�n; �n℄; 
n) is 
onsis-tent, by lemma 6. Let �n+1 = [�n; �n℄ and 
n+1 = 
n.Let �0 = Sn2N �n and 
0 = Sn2N 
n; then, using lemma 8, itfollows that (�0;
0) is a 0-theory in Lm.We 
an now prove the following (similar to [Gab81℄, lemma 3.4.3).Lemma 10 Given a language Lm and a modal logi
 L, let 0 be a root-theory, and (�;
) be a 0-theory; then (�;
) 
an be extendedto a terminal 0-theory (�0; 
0) in the same language.Proof. Let 
 = 8x:x _ �x; sin
e `L �
 (by lemma 3), it must be
 ! ? 2 
. By lemma 9, there exists a 0-theory t = (�0; 
0)16



in Lm, su
h that [�; 
℄ � �0 and 
 � 
0; for every formula � inLm, �_�� 2 �0, as 
 `L �_�� and t is saturated; but then,again by saturation of t, either � 2 �0 or �� 2 �0.We 
an now move on to the proof of the main theorem.Thm. 2 (Soundness and 
ompleteness for N2At).For any formula �, `N2At � i�, for every N2At-modelM, �M �.Proof. Left to right. It is routine to 
he
k that the axioms arevalid, and that the inferen
e rules are validity-preserving in everymodel de�ned a

ording to def.4.Right to left. The idea is that of showing, given a non-theorem,how to build a 
ounter-model, where the minimum is a root-theory 0, and the other elements of the frame are 0-theories; theinterpretation is the 
anoni
al one (ea
h propositional letter isinterpreted as itself).Assume 0N2At �; then, there must be a 
onsistent k-theory(�;
) in Lm, with � 2 
, and 
onsequently by lemma 7, also aroot-theory 0 = (�0;
0) whi
h extends (�;
), in an extendedlanguage L0m wrt N2At . Then a 
ounter-model K = (S ;R; �)for � in L0m, with S = (S;�;0), 
an be built as follows.Let S be the set of all the 0-theories (�0;
0) su
h that � � �0;let (�0;
0) � (�00; 
00) i� �0 � �00; let 0 = (�0; 
0). For anyvariable x 2 L0m, �(x) = f(�;
) : x 2 �g. Let R = fX :X = f(�;
) : � 2 L0m & � 2 �gg.(A) S is a 2At-frame.Proof. (a) By 
onstru
tion, (S;�) is a partial order and has aminimum.(b) S satis�es 
ondition mh. In fa
t, by lemma 10 we know thatfor ea
h a 2 S there is a terminal b 2 S su
h that a � b.(
) S satis�es 
ondition f
. In fa
t, sin
e all the instan
es ofs
hema A6 are in �, for any formula � in L0m there must be avariable x su
h that k�k� = kxk� (by saturation).(B) K is a N2At-model.In order to prove this, we still need to show that the 
anoni
alinterpretation 
an be extended to all the formulae, as follows.(*) Given (�;
) 2 S, for any formula 
 in L0m, (�;
) 2 k�k�i� 
 2 �. 17



Proof. Both halves (A and B) are by indu
tion on 
omplexity ofthe formul�.A) Assume (�;
) 2 k
k�, to prove 
 2 �.A1) 
 = � ! �. If 
 =2 �, then 
 2 
, sin
e any 0-theory is
omplete. Then, by lemma 9, there exists a 0-theory (�0; 
0)in the same language, with � 2 �0, � 2 
0, � � �0. We 
anapply the indu
tion hyp.; so (�;
) � (�0; 
0), (�0; 
0) �M �and (�0; 
0) 2M �; given the interpretation rule for ! in def. 4,this is not 
ompatible with (�;
) 2 k
k�.A2) 
 = 8x:�(x). Sin
e (�;
) is of 
onstant domain, if 
 2 
,then, for some variable y 2 Lm, �(y=x) 2 
. Applying theindu
tion hyp. and the interpretation rule for 8, we get a 
on-tradi
tion.A3) 
 = ��. Sin
e (�;
) is a 0-theory, if 
 2 
, then � =2 �0.Applying the indu
tion hyp., (�0; 
0) 2M �, and then, applyingthe interpretation rule for �, (�;
) 2M ��, in 
ontradi
tionwith the hypothesis.B) Assume 
 2 �, to prove (�;
) 2 k�k�.B1) 
 = � ! �. If (�;
) =2 k
k� then, by def. of interpreta-tion, there exists (�0; 
0) 2 W su
h that (�;
) � (�0; 
0), (ie,� � �0) with (�0; 
0) � � and (�0; 
0) 2 �; so, by A (�rst halfof the proof), � 2 �0 and, by indu
tion hyp., � =2 �0; it followssaturation of the theory, sin
e 
 2 �0 by hyp., that � 2 �0, a
ontradi
tion.B2) 
 = 8x:�. If (�;
) =2 k
k� then, applying the interpreta-tion rule for 8, (�;
) =2 k�(y=x)k� for some y 2 Lm, then, byindu
tion hyp., �(y=x) =2 �; a 
ontradi
tion follows.B3) 
 = ��. If (�;
) =2 k
k� then, by def. of interpretation,(�0; 
0) =2 k�k�; then, by indu
tion hyp., � =2 �0. Sin
e (�;
)is a 0-theory, it follows �� =2 �.�This proof 
an be modi�ed in order to get 
ompleteness also for2At and NC2h.Thm. 3 (Soundness and 
ompleteness for 2At).For any formula �, `2At � i�, for every 2At -model M, �M �.Proof. The proof of theorem 2 
an be modi�ed omitting all the as-pe
ts related to modality. So, the 
anoni
al model is just a setof 
k-theories in a non-modal language L.18



Thm. 4 (Soundness and 
ompleteness for NC2h).For any formula �, `NC2h � i�, for every NC2h-modelM, �M �.Proof. The proof of theorem 2 
an be modi�ed omitting all the as-pe
ts related to terminability (so, lemma 10 is not used).4 Topology and Kripke modelsIt is possible to look at Kripke models from a topologi
al point of view,referring to a 
lass of topologies that 
an be presented in several dif-ferent, equivalent ways. We �rst introdu
e some standard topologi
alnotions [RS63℄.In general, a topologi
al spa
e S is given as a pair (S;O) where S isa set of points andO is the 
lass of the open sets (also opens) of S. Set-theoreti
 
omplements of open sets are 
losed sets. The opens 
an alsobe presented algebrai
ally, as the elements that satisfy X = IX in a
omplete Boolean algebra, isomorphi
 to (}(S);T;S;\;[;�), whereI is added as an interior operator de�ned by the Kuratowski axioms([RS63℄, 
hp. 3); this means that ?; S 2 O, and that O is 
losed withrespe
t to arbitrary unions (S), and �nite interse
tions (\). A 
losureoperator C 
an be de�ned as the dual of I. A subset B � O forms abasis for the topology i� every open set 
an be represented as a unionof elements of B. Given A 2 O, we write SA for the restri
tion of Sto A.An operation of pseudo-
omplement, or Heyting 
omplement, 
anbe de�ned, for open sets, as the interior of the set-theoreti
 
omple-ment, ie A� = I(�A). This notion 
an be generalised, for A;B 2 O,to that of relative pseudo-
omplement A)B, as follows.Lemma 11 [Tar56℄. Let A)B = I(�A [ B) in S as above. Then,for any A;B;C 2 O:(a) A� = A)?(b) C � A)B i� C \A � B.Equivalen
e b is often used as de�nition of ); intuitively, it statesthat A)B gives the largest open subspa
e in whi
hA is set-theoreti
allyin
luded in B.A subset of S is regular open when it is equivalent to the interior ofits 
losure; sin
e I(CA)) = A��, however, it turns out more 
onvenientfor us to intend regularisation as double pseudo-
omplement.19



The notion of open set together with pseudo-
omplement and reg-ularisation o�er to the intuition a qualitatively signi�
ant way to par-tition points in a spa
e. For A 2 O and p 2 S, in fa
t, we 
an saythat p is an internal point of A i� p 2 A; that p is an external pointof A i� p 2 A�; that p is an internal boundary point of A i� p =2 Aand p [ A��; that p is an external boundary point of A i� p =2 A andp =2 [A��. The presen
e of boundary points will allow us introdu
ing,further on, di�erent notions of 
onne
tion relation.Def. 7 Given a spa
e S = (S;O) we 
an always de�ne a spe
i�
ationorder v on S, s.t. pvq i�, for any A 2 O, p 2 A implies q 2 A.Def. 8 Let (S;O) be a spa
e.We say that an open set is prime (strongly 
ompa
t, in [RS63℄)i�, whenever it is in
luded in a union of open sets, it is in
ludedin one of them.We say that an open set is minimal (or atomi
) i� there doesnot exist a non-empty open set whi
h is properly in
luded in it.We say an open set is terminable i� every open subset of thatset in
ludes a non-empty minimal open set. We 
an see that, ifthe spa
e is terminable, for every point p, either p is internal toa minimal set, or is a boundary point of some minimal set.Def. 9 A spa
e (S;O) is Alexandro� i� O is also 
losed wrt arbitraryinterse
tion (T).Def. 10 Given a pre-order (S;�), we 
all (S;O) the order topologydetermined by� on S, i�O = U�, ie the open sets are the upper-
losed sets wrt �. For a 2 S, fa "g is the smallest upper-
losedset that 
ontains a (ie, the upper-
losed generated by a.)Def. 11 A topologi
al spa
e is T0 (has the T0 separation property) i�for any two points, there is an open set 
ontaining one of themand not the other one.Lemma 12 Thm.9, 
hp.3 [Gab81℄. If (S;�) is a partially ordered set,then the order topology S� determined by � on S is an Alexan-dro�, T0 spa
e, and the spe
i�
ation order on S� is isomorphi
to �.If S = (S;O) is an Alexandro�, T0 spa
e then (S;v) is a par-tially ordered set, and S is isomorphi
 to the order topologydetermined by v on S. 20



Lemma 13 (S;O) is an order topology i� the 
lass of its prime sub-sets form a basis for it [FS79℄.From lemma 12 follows that Alexandro� spa
es and order topolo-gies are equivalent notions.Lemma 13 intuitively says that a spa
e is Alexandro� i� it has a
anoni
al basis whi
h is minimal, sin
e it is made of elements that
annot be represented as union of other elements. So, ea
h open sethas a unique de
omposition in terms of basi
 elements. This, if notsuÆ
ient, still �ts in quite naturally when we want to model digitalrepresentation.Lemma 14 Let S be an Alexandro� spa
e. Then, for A;B 2 O,A)B is the union of all the prime X 2 O s.t. X \A � B.Proof. By lemmas 11 and 13.4.1 Topologi
al interpretationIntuitively, given a Kripke modelM = ((S;�;0);R; �), the truth-setsgenerated by the interpretation of the formul� (k�k�) are the regions;that is, the elements of R are the sets of points that satisfy someformula. Ea
h point, on the other hand, 
an be de�ned by the set ofthe regions that have it as an element (essentially, this is the strategyfor the 
ompleteness theorem).Lemma 15 There is a one-to-one 
orresponden
e between KripkeC2h-frames and T0, prime, Alexandro� spa
es.Similarly, there is a one-to-one 
orresponden
e between Kripke2At -frames and T0, prime, terminable, Alexandro� spa
es.Proof. Essentially a 
orollary of 12 and def. 3.The fa
t that the spa
e is prime 
orresponds, under the T0 re-stri
tion, to the fa
t that the frame has a minimum.Terminability 
orresponds to the 
ondition mh.We now 
an introdu
e the following notions.Def. 12 Let (S;O) be an Alexandro� spa
e; let A � O; let B bethe smallest subset of O su
h that A � B, if X;Y 2 A thenX)Y 2 B, and, if F 2 (A 7! B), TfF (Y ) : Y 2 Ag 2 B. Then,we say that A is a r-set in (S;O) i� B � A.21



Def. 13 We say here that (S;O;R) is a region spa
e (or a r-spa
e forshort) whenever (S;O) is an Alexandro� spa
e and R � O is ar-set in (S;O).We will say that a r-spa
e (S;O;R) has a topologi
al propertywhenever the spa
e (S;O) has it; if the property refers to R, we mayalso say that the spa
e has that property wrt R. Besides, a notion ofrestri
tion 
an be de�ned also for r-spa
es, as follows.Def. 14 Let AO; the restri
tion of Sr to A is SAr = (A; fX \A : X 2Og; fY \A : Y 2 Rg).It is routine to 
he
k that SAr is a r-spa
e.Lemma 16 Given a Kripke L-model M = ((S;�;0);R; �), let thetopologi
al interpretation of ea
h formula be its truth-set wrt to�, ie k�k�.Then (S;U�;R) is an r-spa
e.Besides, for any � 2 W� , the topologi
al interpretation alwayssatis�es the following equalities (some of these give a represen-tation for intuitively signi�
ant relations, as indi
ated).1. k�! �k� = k�k�)k�k�2. k8x:�(x)k� = Tfk�(y=x)k� : y 2 Varg3. k��k� = S i� k�k� = S4. k��k� = ? i� k�k� 6= S5. k?k� = ?6. k>k� = S7. k� ^ �k� = k�k� \ k�k�8. k� _ �k� = k�k� [ k�k�9. k9x:�(x)k� = Sfk�(y=x)k� : y 2 Varg10. k��k� = k�k�� (pseudo-
omplement)11. k��k� = k�k��� (regularisation).12. k� $ �k� = k�k� , k�k� (equivalen
e).13. a 2 k�k�; a � b implies b 2 k�k�14. 0 2 k�k� i� k�k� = S15. k�! �k� = S i� k�k� � k�k� (in
lusion or part).16. k��k� = S i� k�k� 6= ? (non-emptiness).17. k�(� ^ �)k� = S i� k�k� \ k�k� = ? (disjointness).18. k�(� ^ �)k� = S i� k�k� \ k�k� 6= ? (overlapping).22



Proof. By lemma 4, every truth-set is an upper-
losed set wrt �, adso R is a sub
lass of the open sets in the order topology (S;U�).Besides, given the interpretation rules of !;8 and the 
onditionf
 in def. 4, R must be 
losed in the sense of def. 12.All the equivalen
es are proved by the properties of Kripke mod-els (def. 4, lemma 5), and by those of the topologi
al operators.Lemma 17 Let (S;O;R) be a T0, prime r-spa
e, and p 2 S a points.t. for all X 2 O, X 6= S, p =2 X. Let � : Var 7! R be asurje
tive fun
tion from the variables of the language into R.ThenM = ((S;v; p);R; �) is a model (for NC2h if the languageis modal; otherwise for C2h; if the r-spa
e is terminable, respe
-tively for N2At or 2At).Proof. By lemma 15, (S;v; p) gives a frame. By the properties ofr-sets (def. 12), � 
an be extended to an interpretation for allformul� in M as in def. 4.5 Topologi
al relationsWe now will 
onsider how some qualitatively signi�
ant notions 
anbe expressed using topology. As a �rst example, we 
an de�ne theproperty of an open set's being 
onne
ted, and so, intuitively, madeof one pie
e, by noting that a 
onne
ted open 
annot be `divided' bythe boundary of any open set. The following is just a variant of thestandard de�nition of a 
onne
ted set as one that is not equal to thesum of two disjoint non-empty opens.Def. 15 Let S = (S;O) be a topologi
al spa
e. A 2 O is 
onne
tedin S i�, for everyX 2 O, A � X[X� impliesA � X or A � X�.In the following, let S = (S;O) be Alexandro� spa
e, and Sr = (S;O;R)be a prime r-spa
e. We 
an now introdu
e an idea of relativisation wrtthe expressive power of the language, represented by the 
olle
tion Rof the regions. So for 
onne
tedness and the following.Def. 16 A 2 R is R-
onne
ted in Sr (or r-
onne
ted in S wrt R) i�,for every X 2 R, A � X [X� implies A � X or A � X�.Whenever Sr is prime, the metatheoreti
al statement A � X orA � X� is equivalent to a theoreti
al one, (A)X) [ (A)X�) = S.23



5.1 Conne
tedness with restri
tionsA relation that in prime r-spa
es is stronger than R-
onne
tedness
an be introdu
ed as follows.Def. 17 Given T 2 O, A 2 R is strongly R-
onne
ted in STr (T � SC(A))i�, for every prime V � T , the interse
tion A\T is R-
onne
tedin Sr.Strong R-
onne
tedness 
an also be 
onsidered from another pointof view, though, introdu
ing the following.Def. 18 For A;B 2 R, T 2 O, we say that B nowhere R-splits Ain STr (T � NS(A;B)) i�, for every prime V � T , we have thatV \A � B [B� implies V \A � B or V \A � B�.Lemma 18 Given T 2 O, T � SC(A) i�, for everyX 2 R, T � NS(A;X)(ie, i� T � TX2R NS(A;X)).Proof. By def.17, def.16, def.18 and def. 14.Di�erently from R-
onne
tedness, strong R-
onne
tedness 
an beexpressed in a logi
al languages at the obje
t level, without using themodality (lemma 27).We will now show how imposing some 
onstraints on the r-spa
es,we 
an make the property of strong r-
onne
tedness 
oin
ide withr-
onne
tedness, at least for the regular regions.Def. 19 We say that an open subspa
e T is R-trivial in S i� forevery regular A 2 R, T � SC(A); otherwise, we say that it isR-nontrivial.Def. 20 We say that S is R-disjun
tive i� for every A 2 R, eitherA = S, or A is R-trivial.Here we get the main lemma.Lemma 19 In a prime R-disjun
tive r-spa
e Sr = (S;O;R), for anyregular A 2 R, A is R-
onne
ted i� it is strongly R-
onne
ted.Proof. Left to right. Straightforward; from the de�nition, in anyprime spa
e, strong R-
onne
tedness implies R-
onne
tedness.Right to left. If A = A�� 2 R is not strongly R-
onne
ted in Srthen, for some B 2 R, there must be a region F = A)B [B�su
h that A)B[B� * (A)B)[(A)B�); then F is not trivial,sin
e F * SC(A); but sin
e Sr is R-disjun
tive, by de�nition, itmust be then F = S, and so A is not R-
onne
ted in Sr.24
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Figure 1:Fig. 1 shows three 2At-frames (1,2,3), s.t. the prin
ipal modelsde�ned on them are R-disjun
tive, whereas this is not the 
ase forframes (4,5). In both 4 and 5 the set (fbg [ f
g)�� is 
onne
ted at a,but fails to be 
onne
ted at d.5.2 Conne
tion and dis
onne
tionWe have two di�erent ways of de�ning the relations of 
onne
tion anddis
onne
tion (here also: inter
onne
tion and interdis
onne
tion, inorder to avoid 
onfusion with unary 
onne
tedness, aka self-
onne
tedness).Intuitively, two overlapping regions must have as a 
ommon partsome non-empty subregion. On the other hand, inter
onne
ted regionseither may be overlapping, or may be simply adja
ent one to the other;in the latter 
ase, they will share some points of their boundaries,without overlapping. This situation 
annot be modelled dire
tly in ourlanguage, sin
e we 
annot express independently a notion of boundary.However, we 
an rely on the fa
t that, regularising the union of tworegions that share some boundary interval (not just isolated boundarypoints) we get a region that is stri
tly larger than the simple union;in other terms, whenever non-empty regions A and B are \�rmly"adja
ent, A�� [B�� 6= (A [B)��.25



Alternatively, inter
onne
tion 
an be de�ned referring to 
onne
t-edness; two regions, not ne
essarily self-
onne
ted ones, are inter
on-ne
ted whenever they in
lude non-empty, self-
onne
ted parts su
hthat their regularised union is another self-
onne
ted region.This se
ond de�nition is based on an existential statement, and sodepends on R. On the 
ontrary, the �rst de�nition does not dependon R, but requires modality to be en
oded in our logi
 (as we shallsee).We 
an make these distin
tions more pre
ise with the following.Let S and Sr be as before.Def. 21 Let DC(A;B) = (A \B)� \ ((A [B)��) (A�� [B��)).We say that two regions A;B are interdis
onne
ted in S when-ever DC(A;B) = S.Otherwise, we say that they are inter
onne
ted.Def. 22 We say that two regions A;B are R-inter
onne
ted in Sr(RC(A;B) = S) i� there exist not-emptyX;Y 2 R s.t. X � A; Y � Band (X [ Y )�� is R-
onne
ted in Sr.Otherwise, they are said to be R-interdis
onne
ted.The following intuitively justi�es our de�nition ofR-inter
onne
tion.Lemma 20 For any regular A 2 O, A is R-
onne
ted in Sr i� theredo not exist non-empty B;C 2 R whi
h are interdis
onne
tedsu
h that A � B [C, A \B 6= ?; A \ C 6= ?.Proof. Left to right. If A 
an be split in two su
h regions B;C, it
annot be R-
onne
ted, as follows from def. 16.Right to left. Assume A is not R-
onne
ted. Then, there is someX 2 R su
h that A)X [X� = S, A)X 6= S, A)X� 6= S.Now assume that (A\X) and (A\X�) are not interdis
onne
ted.Then, by def. 21 there must be a point b 2 S su
h that b 2(A \ (X [X�))�� and b =2 (A \X)��, b =2 (A \X�)��. So b 2 A,b =2 (X [ X�)��. But then, A) X [ X� 6= S, 
ontrary to theassumption.Lemma 21 For any regular, non-empty R-
onne
ted A;B 2 R, (A[B)�� is R-
onne
ted in S i� A and B are inter
onne
ted.Proof. Left to right. From lemma 20. Right to left. If A and B areinter
onne
ted, they share a boundary interval; it follows that(A [B)�� is 
onne
ted, and then also R-
onne
ted.26



5.3 Well-
onne
tednessWe 
an now 
onsider an additional restri
tion on our spa
es.Def. 23 We say that a r-spa
e (S;O;R) is well-
onne
ted whenever:(a) for any A;B;C 2 R, if A and C are interdis
onne
ted andB and C are interdis
onne
ted, then A [ B and C are interdis-
onne
ted;(b) for any A 2 R, A equals the union of its regular, R-
onne
tedsubregions.Lemma 22 In any well-
onne
ted, prime r-spa
e (S;O;R), for anynon-empty A;B 2 R:A) A andB are interdis
onne
ted, i� they areR-interdis
onne
ted.B) A and B are inter
onne
ted, i� they are R-inter
onne
ted.Proof. A) Left to right. If A and B were R-inter
onne
ted, thereshould be non-empty C � A, D � B s.t. their regular union isR-
onne
ted; but, sin
e A and B are interdis
onne
ted, A�� [B�� = (A[B)��, and A�� [B�� � A�� [A�. (C [D)�� � A�� [B��, so (C [ D)�� � A [ A�; however, (C [ D)�� * A, (C [D)�� * A�, 
ontradi
ting the R-
onne
tedness of (C [D)��.Right to left. Sin
e A and B are not R-inter
onne
ted, for everynon-empty, regular, R-
onne
ted C;D s.t. C � A, D � B, wehave that (C [D)�� is not R-
onne
ted, so, by lemma 21, C andD must be interdis
onne
ted. The union of all the non-empty,R-
onne
ted, regular open subsets of A equals A (by property bof def. 23; and similarly for B. Then, using property a of def.23,A and B must be interdis
onne
ted.B) Consequen
e of part A and the de�nitions.The following shows that R-inter
onne
tion has a signi�
ant prop-erty that, a

ording to [PS98℄, as dis
ussed in the introdu
tion, 
on-ne
tion on regions should satisfy.Lemma 23 In any well-
onne
ted, prime r-spa
e (S;O;R), for anyA;B;C 2 R, if A [ B and C are R-inter
onne
ted, then eitherA and C or B and C are R-inter
onne
ted.Proof. By lemma 22 and property a of def.23.In �g. 2 the dire
ted graph on the right is a 2At-frame where theprin
ipal model isR-nontrivial and well-
onne
ted; this parti
ular one
an be asso
iated in a natural way to the 2-d representation on the27
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Figure 2:left. By 
ontrast, in �g. 1, examples 1 and 2 give prin
ipal modelsthat are not well-
onne
ted, whereas example 3 gives one that is R-trivial.Fig. 3 shows an example of 2At -frame where the prin
ipal modelis not well-
onne
ted; taking A as the set of the even points and B asthe set of the odd points, both A and B are interdis
onne
ted with L(limit region arising out of an in�nite interse
tion), whereas A [B isnot.5.4 Tangential and non-tangential partsIt is now possible to make some distin
tions within the part-wholerelation, along the lines of RCC [CBGG97℄. Let Sr = (S;O;R) be aprime r-spa
e.Def. 24 In Sr, for any A;B 2 O, we say that A is a non-tangentialpart (R-nontangential part) of B i� A is part of B and is inter-dis
onne
ted (R-interdis
onne
ted) with B�.In parti
ular, A is a non-tangential part of B�� i� A is interdis
on-ne
ted with B� (and similarly for the 
orresponding R-relations).28
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Figure 3:Def. 25 In Sr, for any A;B 2 O, we say that A is a tangential part(R-tangential part) of B i� A � B and A is inter
onne
ted (R-inter
onne
ted) with B.Immediately from the de�nitions we get the following.Lemma 24 In Sr, for any A;B 2 R s.t. A � B, A is (R-)non-tangential part of B i� A is not (R-)tangential part of B.Lemma 25 If Sr is well-
onne
ted, for any A;B 2 R s.t. A � B, Ais non-tangential part of B i� A is not R-tangential part of B.Proof. From the de�nitions and lemma 22.6 Spatial extensionsThe prin
ipal aim is yet to 
onsider the logi
s that 
an be obtained,as axiomati
 extensions, by adding either to 2At , C2h, N2At , NC2hsome de�nitions and axiom s
hemas that are relevant from the pointof view of spatial expressiveness.Def. 26 s
(�) = 8x:(�! x _ �x)! (�! x) _ (�! �x)s
0(�) = 8x:�(�! x _ �x)! (�! x) _ (�! �x).ext(�) = ��! Kd
(�; �) = �(� ^ �) ^ (�(� _ �)! �� _ ��)29



r
(�; �) = ��(d
(�; �))r
r(�; �) = 9xy:ext(x)^ext(y)^(x! �)^(y ! �)^s
(�(x_y))d
r(�; �) = ��(r
r(�; �))ntp(�; �) = (�! �) ^ d
(�;� �)tp(�; �) = (�! �) ^ r
(�;� �)tpr(�; �) = (�! �) ^ r
r(�;� �)ntpr(�; �) = (�! �) ^ d
r(�;� �)ov(�; �) = ext(� ^ �)ov0(�; �) = �(� ^ �)K = 8x:s
(�x)� = � _ (�! K)� = �K ! ?� = 8xyz:d
(x; z) ^ d
(y; z)! d
(x _ y; z)�m = 8xyz:�(d
(x; z) ^ d
(y; z))! d
(x _ y; z)� = �! 9x:(�x! x ^ �) ^ s
(x) ^ x�0 = �! 9x:(�x! x ^ �) ^ s
0(x) ^ xThe extensions we are interested in are su
h that in them it ispossible to express a notion of binary 
onne
tion (inter
onne
tion,r
r) whi
h satis�es well-
onne
tedness (lemma 31). This 
an be donein any of the above mentioned logi
s, introdu
ing de�nitions of s
 (forstrong R-
onne
tedness) and d
 (for interdis
onne
tion), and addingas axiom s
hemas � (R-disjun
tive) and �; � (strongly well-
onne
ted).In a modal logi
, s
 
an be repla
ed with s
0(�) (forR-
onne
tedness),� 
an be omitted, � 
an be repla
ed with the weaker �m and � with�0 (well-
onne
ted). Non-emptiness 
an be represented using �.If the non-modal en
oding is embedded in one of the modal logi
s,adding as an extra axiom s
hema � (for non-trivial), we 
an expressnon-emptiness with a non-modal operator (ie, pos; lemma 29).7 Logi
al representationWe 
an now use the 
ompleteness results, and the 
orresponden
e be-tween Kripke and topologi
al interpretation (lemmas 16, 17), to showthe mat
h between synta
ti
al expressions and topologi
al notions.In the following, given a modelM = ((S;�;0);R; �), we will writeM0 for the 
orresponding r-spa
e (S;U�;R). We will also write �0 fork�k�, ie for the region that is the interpretation of � in M.30



7.1 Representation for 
onne
tednessUsing modality, the fa
t that a region A is r-
onne
ted in a modelM, 
an then be expressed in the language stating the validity in themodel of a formula.Lemma 26 Given a N2At -model (NC2h-model)M = ((S;�;0);R; �),�M 8x:�(�! x _ �x)! (�! x) _ (�! �x)i� the region �0 is R-
onne
ted in M0.Proof. Using the properties of topologi
al interpretation in lemma16, for any region X, whenever �0 � X _X�, we get (�0 � X)_(�0 � X�); then, sin
e a Kripke frame 
orresponds to a primespa
e, we get as a 
on
lusion either �0 � X or �0 � X�, 
orre-sponding to def. 16.Di�erently from R-
onne
tedness, strong R-
onne
tedness 
an berepresented at the obje
t level without using the modality.Lemma 27 Let ns; s
 be as in def.26.Given a L-model M = ((S;�;0);R; �), for any a 2 S:(1) a � ns(�; �) i� fa "g � NS(�0; �0).(2) a � s
(�) i� fa "g � SC(�0).(3) �M ns(�; �) i� NS(�0; �0) = S.(4) �M s
(�) i� SC(�0) = S.Proof. (1) Using the interpretation rules in def.4, we get that a �ns(�; �) is equivalent to: for every b s.t. a � b, if b � �! �_� �then either b � � ! � or b � � ! ��; by the topologi
alinterpretation de�ned in lemma 16 and its properties, def.18 anddef. 10 this is equivalent to fa "g � NS(�0; �0).(2) By lemma 18; then, by the interpretation rule for 8 and part1 of this lemma, we get equivalen
e with a �M s
(�).(3),(4) Straightforward, taking a = 0.The following gives the 
orresponding synta
ti
al 
onditions forthe restri
tions that we have introdu
ed in subse
tion 5.1.Lemma 28 Let K;� be as in def.26. Given an L-model M, M0 isR-trivial whenever �M K.Besides, M0 is R-disjun
tive whenever �M �.Proof. By def. 19, def.20, def. 4 and lemma 27.31



Now the following 
an be proved.Thm. 5 Given a L-model M s.t. �M �, for any formula � of thelanguage, �M s
(��) i� �0�� is R-
onne
ted in M0.Proof. By lemmas 19 and 27.With a similar proof, we 
an show that, if we 
an semanti
ally ruleout R-triviality, it is also possible to express non-emptiness withoutusing modality.Lemma 29 Let ext(�) be as in def.26. In any L-modelM s.t. M0 isR-nontrivial, �M ext(�) i� �0 6= ?.However, modality is needed if we want to express synta
ti
allythat the model is not trivial. From the interpretation of �, we imme-diately get the following.Lemma 30 Let K; � be as in def.26. Let M be a modal L-model.Then M0 is not R-trivial (is R-nontrivial) whenever �M � .7.2 Representation for other relationsWe 
an now extend the expressiveness result to other relations.Thm. 6 1. In a L-model M:�M d
(�; �) i� �0 and �0 are interdis
onne
ted in M0.�M ntp(�; �) i� �0 is non-tangential part of �0 in M0.2. In a L-model M s.t. �M � (ie, s.t. M0 is R-disjun
tive):�M r
r(�; �) i� �0 and �0 are R-inter
onne
ted in M0.�M tpr(�; �) i� �0 is R-tangential part of �0 in M0.3. In a L-model M s.t. �M � and �M � (ie, s.t. M0 is R-disjun
tive and R-nontrivial):�M ov(�; �) i� �0 and �0 are overlapping in M0.4. In a modal L-model M:�M r
(�; �) i� �0 and �0 are inter
onne
ted in M0.�M tp(�; �) i� �0 is tangential part of �0 in M0.�M ov0(�; �) i� �0 and �0 are overlapping in M.5. In a modal L-model M s.t. �M � (ie, s.t. M0 is R-disjun
tive):�M d
r(�; �) i� �0 and �0 are R-interdis
onne
ted in M0.�M ntpr(�; �) i� �0 is R-nontangential part of �0 in M0.32



Proof. From the de�nitions, the properties of interpretation (lemma16, def.4) and the lemmas in se
tion 7.1.We 
an 
hara
terise well-
onne
tedness synta
ti
ally, as follows.Lemma 31 (A) Let M be a modal L-model. Then, M0 is well-
onne
ted i� �M �m and �M �0.(B) LetM be a L-model s.t. �M �. Then,M0 is well-
onne
tedif (strongly well-
onne
ted i�) �M � and �M �.Proof. By the de�nitions in def.26, lemmas 16, 27, 6. Validity of�; �m and �; �0 
orrespond respe
tively to 
onditions a and b ofdef.23.7.3 JEPD relationsWe 
an now re
onsider the expressiveness of the propositional lan-guage. Here we see that the Jointly Exhaustive and Pairwise Disjoint(JEPD) sets of relations familiar from the Region-Conne
tion Cal
ulusare expressible in di�erent ways. We are giving some examples.Thm. 7 Given a modal L-model M s.t. �M �, for any negative,non-empty �; � 2W� , the following are JEPD:�M � $ ��M ov0(�; �) ^ ov0(�;� �)�M ntpr(�; �)�M ntpr(�; �)�M tpr(�; �) ^ ov0(��; �)�M tpr(�; �) ^ ov0(�;� �)�M ntpr(�;� �)�M tpr(�;� �)Proof. From the representation results in se
tions 7.1,7.2 and theproperties of the topologi
al relations 
orresponding to the syn-ta
ti
al expressions.These eight 
ases provide some analogues of the JEPD 
lassi�-
ation as the well-known RCC8 one [RCC92℄. The following is arepresentation of them that does not require any restri
tion on themodels.Thm. 8 Given a modal L-model M, for any negative, non-empty�; � 2W� , the following are JEPD:33



�M � $ ��M ov0(�; �) ^ ov0(�;� �)�M ntp(�; �)�M ntp(�; �)�M tp(�; �) ^ ov0(��; �)�M tp(�; �) ^ ov0(�;� �)�M ntp(�;� �)�M tp(�;� �)Proof. Similar to lemma 7.We also get the following, where none of the expressions used toen
ode the RCC8 relations is modal (the only modal expression is � ,used as a postulate for R-nontriviality).Thm. 9 Given a modal L-model M s.t. �M �, �M � , �M �, �M �,for any negative, non-empty �; � 2W� , the following are JEPD:�M � $ ��M ov(�; �) ^ ov(�;� �)�M ntp(�; �)�M ntp(�; �)�M tpr(�; �) ^ ov(��; �)�M tpr(�; �) ^ ov(�;� �)�M ntp(�;� �)�M tpr(�;� �)Proof. Similar to lemma 7, using also lemmas 22,25.8 Con
lusion and further workWe have shown how some extensions of intuitionisti
 propositionallogi
 
an be used to en
ode spatial notions; relevant 
omparisons 
anbe made with systems in [RCC92℄ and in [PS98℄.The introdu
tion of r-spa
es, as topologi
al stru
tures where thedependan
e on language and partial knowledge 
an be made expli
it,and the general features of intuitionisti
 models depending on theirordered 
hara
ter, seem to �t in promisingly with aspe
ts related togranularity and un
ertainty in spatial representation (as presented, forexample, in [SW97℄).From the point of view of expressiveness, the logi
al representa-tions that we have presented here di�er from those in [Ben96, Ben98℄34



(based on intuitionisti
 propositional logi
 and modal S4 ) espe
iallyinsofar jere we 
an get an obje
t-language en
oding of 
onne
tedness;using an approa
h based on topologi
al semanti
s, this would seemhard to obtain without quanti�
ation; on the other hand, it is notthe 
ase that quanti�
ation is needed for 
onne
tedness under an al-together di�erent approa
h, su
h as that presented in [Lem96℄.From the 
omputational point of view, a major problem in our
ase is given by the unde
idability of intuitionisti
 2nd-order propo-sitional logi
 (see [Gab74℄ for C2h), in 
ontrast with the PSPACE-
ompleteness of its quanti�er-free fragment [Sta79℄. Anyway, worksu
h as [Pit92℄ shows that the 
omplexity of 2nd-order reasoning 
anbe redu
ed in signi�
ant 
ases. Further work should fo
us on the pos-sibility to extra
t, from the present en
odings, logi
al representationsfor automated theorem-proving.Referen
es[Bar92℄ H.P. Barendregt. Lambda 
al
uli with types. InS. Abramsky, D.M. Gabbay, and T.S.E. Maibaum, ed-itors, Handbook of Logi
 in Computer S
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[FS79℄ M. P. Fourman and D. S
ott. Sheaves and logi
. InSpringer Le
ture Notes in Mathemati
s No. 753, pages302{402. Springer Verlag, 1979.[Gab74℄ D.M. Gabbay. On 2-nd order intuitionisti
propositional 
al
ulus with full 
omprehension.Ar
h.f.Math.Log.u.Grund.Math., 16:177{186, 1974.[Gab81℄ D.M. Gabbay. Semanti
al Investigation in Heyting intu-itionisti
 logi
. Number 148 in Synthese. Reidel, 1981.[Ger95℄ G. Gerla. Pointless geometries. In F. Buekenhout, edi-tor, Handbook of In
iden
e Geometry, pages 1015{1031,1995.[Goe71℄ S. Goernemann. A logi
 stronger than intuitionism.Journal of Symboli
 Logi
, 36:249{261, 1971.[Kop92℄ R. Kopperman. The Khalimsky line as a foundation fordigital topology. In O. Ying-Lie, A. Toet, D. Foster,H.J.A.M. Heijmans, and P. Meer, editors, Shape in pi
-ture, pages 3{20. Springer-Verlag, 1992.[Kov92℄ V.A. Kovalevsky. Topologi
al foundations of shape anal-ysis. In O. Ying-Lie, A. Toet, D. Foster, H.J.A.M. Heij-mans, and P. Meer, editors, Shape in pi
ture, pages 21{37. Springer-Verlag, 1992.[Kre97℄ P. Kremer. On the 
omplexity of propositional quanti�-
ation in intuitionisti
 logi
. Journal of Symboli
 Logi
,62(2):529{544, 1997.[Lem96℄ O. Lemon. Semanti
al foundations of spatial logi
. InL. Aiello, J. Doyle, and S. Shapiro, editors, Prin
iples ofKnowledge Representation and Reasoning: Pro
eedingsof the 6th International Conferen
e (KR-96), pages 212{219. Morgan Kaufman, 1996.[Le�s31℄ S. Le�sniewski. O podstawa
h matematyki. Przeglad Filo-zo�
zny, 30-34, 1927-1931.[Loe76℄ M. H. Loeb. Embedding �rst order predi
ate logi
 infragment of intuitionisti
 logi
. Journal of Symboli
Logi
, 41:705{718, 1976.[LP96℄ O. Lemon and I. Pratt. On the in
ompleteness of modallogi
s of spa
e: advan
ing 
omplete modal logi
s of pla
e.36



In M. Kra
ht, M. de Rijke, and M. Zakharyas
hev, edi-tors, Advan
es in Modal Logi
 '96, 1996.[Mor98℄ T. Mormann. Continuous latti
es and Whiteheadian the-ory of spa
e. Logi
 and Logi
al Philosophy, 6:35{54, 1998.[MT44℄ J.C.C. M
Kinsey and A. Tarski. The algebra of topology.Annals of Methemati
s, 45:141{191, 1944.[Pit92℄ A. Pitts. On an interpretation of se
ond-order quanti�
a-tion in �rst-order intuitionisti
 logi
. Journal of Symboli
Logi
, 57(1):33{52, 1992.[PL97℄ I. Pratt and O. Lemon. Ontologies for plane, polygo-nal merotopology. Notre Dame Journal of Formal logi
,38(2):225{245, 1997.[Pra65℄ D. Prawitz. Natural Dedu
tion: A Proof-Theoreti
alStudy. Almqvist and Wiksell, 1965.[PS98℄ I. Pratt and D. S
hoop. A 
omplete axiom system forpolygonal mereotopology of the real plane. Journal ofPhilosophi
al Logi
, 27:621{658, 1998.[RCC92℄ D. A. Randell, Z. Cui, and A. G. Cohn. A spatial logi
based on regions and 
onne
tion. In Pro
. 3rd Int. Conf.on Knowledge Representation and Reasoning, pages 165{176. Morgan Kaufmann, 1992.[RS63℄ H. Rasiowa and R. Sikorski. The Mathemati
s of Meta-mathemati
s. Polish A
ademy, 1963.[She99℄ V. Shehtman. `Everywhere' and `here'. Journal of Ap-plied Non-Classi
al Logi
s, 9(2-3):369{279, 1999.[Sim87℄ P. Simons. Parts: A Study In Ontology. Clarendon Press,Oxford, 1987.[Skv97℄ D. Skvortsov. Non-axiomatisable se
ond order intuition-isti
 propositional logi
. Annals of pure and applied logi
,86:33{46, 1997.[Sta79℄ R. Statman. Intuitionisti
 propositional logi
 ispolynomial-spa
e 
omplete. Theoreti
al Computer S
i-en
e, 9:67{72, 1979.[Ste00℄ J. G. Stell. Boolean 
onne
tion algebras: a new approa
hto the region-
onne
tion 
al
ulus. Arti�
ial Intelligen
e,(122):111{136, 2000.37



[SW97℄ J. G. Stell and M. F. Worboys. The algebrai
 stru
tureof sets of regions. In Stephen C. Hirtle and Andrew U.Frank, editors, Pro
eedings of COSIT'97, volume 1329 ofLNCS, pages 163{174. Springer, 1997.[SW99℄ J. G. Stell and M. F. Worboys. Generalizing graphs usingamalgamation and sele
tion. In R. H. Guting, D. Papa-dial, and F. Lo
hovsky, editors, Pro
. 6th Int. Symp. onAdvan
es in Spatial Databases (SSD'99), volume 1651 ofLNCS, pages 19{32. Springer, 1999.[Tar56℄ A. Tarski. Sentential 
al
ulus and topology. In Logi
,Semanti
s, Metamathemati
s. Oxford University Press,1956.[Vi
89℄ S. Vi
kers. Topology via logi
. Cambridge UniversityPress, 1989.[WZ95℄ F. Wolter and M. Zakharyas
hev. Intuitionisti
 modallogi
. In P. Minari, editor, Logi
, Methodology and Phi-losophy of S
ien
e, 1995.

38


