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formal theory based on the relation `x is discrete from y'. Building on Le�sniewski's theory of mereology (analternative to set theory based on the part/whole relation) by introducing a new sphere primitive, Tarski (1956)gave a theory of the `geometry of solids', which is embedded, by means of de�nitions, into his axiomatisation ofelementary Euclidean geometry (Tarski 1959). More recently, Clarke (1981, 1985) presented a calculus basedon Whitehead's relation of `connectedness' and this has been taken up and modi�ed by Randell, Cohn and Cui(1989, 1992).The under-development of this area consists not so much in a lack of theories but rather that the consequencesand interconnections of the various theories have not been fully explored. A major reason for the di�cultiesencountered in evaluating and comparing the various theories is the lack of meta-mathematical and model-theoretic results about the calculi: the systems have for the most part been presented as uninterpreted calculi,with models being suggested only to give some intuitive understanding of the primitive concepts.1 In view ofthis fact, the short paper `Connection Structures' by Biacino and Gerla (1991) is very signi�cant because itclearly reveals the relationship between the theories of Leonard and Goodman and of Clarke to the well-knownmathematical structures of Boolean algebra and (ortho-complemented lattice).Amongst all these theories, that of Tarski (1956) is the only one that is presented as complete and categorical(w.r.t. denumerable models). The completeness2 means that any formula, containing only the vocabulary of thetheory, can be proved either true or false (which means that the system is also decidable) and the categoricitymeans that every (denumerable) model is isomorphic to the intended model in which the primitives of the theoryare interpreted with respect certain to geometrical and topological properties of three-dimensional Euclideanspace.A particular weakness in all the theories is the lack of attention to existential axioms. The universal propertiesof primitives such as `connectedness' or the `part/whole' relation seem to be rather more obvious than arestatements guaranteeing the existence of regions exhibiting speci�c properties and con�gurations. Existentialaxioms require us to make choices about what counts as a region and to be de�nite about the domain of regionsand its structure. Accordingly they are essential in rendering a theory categorical and thus �xing a single modelmodulo isomorphism (and denumerability if the theory is 1st-order3).Tarski's theory is only made categorical by indirect means: �rstly the notions of point, equidistance and be-tweenness are introduced by a series of de�nitions; then it is stipulated that these de�ned concepts obey theaxioms of Euclidean geometry (Tarski 1959). He admits that the resulting system is not ideal:The postulate system given above is far from simple and elegant; it seems very likely that thispostulate system can be essentially simpli�ed by using intrinsic properties of the geometry of solids.(Tarski 1956)He then gives an example of how an axiom stated indirectly in terms of points can be replaced by a simpleexistential axiom concerning the primitive notion of sphere.In this paper I investigate existential axioms for the theory of spatial regions of Randell, Cui and Cohn (1992)(henceforth the RCC theory). This theory already contains existential axioms which, in contrast to Tarski's,are direct and strictly 1st-order. They are also more sophisticated than the theories of Leonard and Goodman(1940) and Clarke (1981, 1985), in that care has been taken to avoid problems (e.g. collapse of `connection' to`overlapping') which occur in these earlier theories. Nevertheless, it is unlikely that the RCC axioms provide acomplete and categorical theory and it is not clear exactly what class of structures are characterised.1It is worth noting that model theoretic properties of calculi of temporal intervals are much better understood than those ofspatial formalisms. Allen's (1981) interval calculus has been thoroughly investigated by Ladkin (1987).2The sense of `completeness' here di�ers form the (more recently adopted) notion of the `completeness' of the proof rules of alogic w.r.t. some semantics, which means that all entailments that are valid according to the semantics are derivable using the proofrules of the logic.3If a 1st-order theory has a denumerable model it will also have non-denumerable models which cannot be excluded by any 1st-order axiom. In considering whether a 1st-order theory is categorical these can be discounted. A theory in which all denumerable(or smaller) models are isomorphic is more precisely called @0-categorical



Relation interpretation De�nition of R(x; y)DC(x; y) x is disconnected from y :C(x; y)P(x; y) x is a part of y 8z[C(z; x)! C(z; y)]PP(x; y) x is a proper part of y P(x; y) ^ :P(y; x)EQ(x; y) x is identical with y P(x; y) ^ P(y; x)O(x; y) x overlaps y 9z[P(z; x)^ P(z; y)]DR(x; y) x is discrete from y :O(x; y)PO(x; y) x partially overlaps y O(x; y) ^ :P(x; y) ^ :P(y; x)EC(x; y) x is externally connected to y C(x; y) ^ :O(x; y)TPP(x; y) x is a tangential proper part of y PP(x; y) ^ 9z[EC(z; x) ^ EC(z; y)]NTPP(x; y) x is a nontangential proper part of y PP(x; y) ^ :9z[EC(z; x) ^ EC(z; y)]Table 1: Relations de�nable in terms of C2 The RCC TheoryThe RCC formalism (Randell et al. 1992) (when I refer to RCC I always refer to the theory presented in thatpaper) is an axiomatisation of certain spatial concepts and relations in classical 1st-order predicate calculus4.The basic theory assumes just one primitive dyadic relation: C(x; y) read as `x connects with y'. Individualscan be interpreted as denoting spatial regions. The C relation is re
exive and symmetric, which is ensured bythe following two axioms: 8xC(x; x) (Cref )8xy[C(x; y) ! C(y; x)] (Csym)Using C, a basic set of dyadic relations are de�ned:The relations: P,PP,TPP and NTPP, being non-symmetrical, support inverses. For the inverses the notation ��1is used, where � 2 fP;PP;TPP;NTPPg. These relations are de�ned by de�nitions of the form ��1(x; y) �def�(y; x). Of the de�ned relations, DC,EC,PO,EQ,TPP,NTPP, TPP�1 and NTPP�1 have been proven to form ajointly exhaustive and pairwise disjoint set.The theory also contains a number of quasi-Boolean functions whose de�nitions can be regarded as existentialaxioms. These will be discussed below.3 Identity and ExtensionalityBefore considering questions of existence of regions we need a clear idea of the conditions for identity andindividuation of regions.Axiomatic theories (particularly those which seek to characterise a single primitive relation), often contain somekind of axiom of extensionality. This is an axiom which asserts that identity of any two objects follows fromtheir indiscernibility with respect to some property. Thus in set theory we have:8x8y[8z[z 2 x $ z 2 y] ! (x = y)]Such axioms can be regarded as strengthenings of Leibniz' principle of the identity of indiscernibles. Thisprinciple is the left-to-right component of a second order axiom which can be regarded as de�ning identity:8x8y[ 8	[	(x) $ 	(y)] $ x = y ]4In fact | for mainly technical reasons | a sorted 1st-order logic is employed; but in the simpli�ed version of the theorypresented here we need only one sort | that of region



Rather than requiring objects to be indiscernible with respect to all properties, we may require only that theycannot be distinguished in terms of a family of properties formed by (partially) instantiating some relation (overthe universe of objects). The idea behind this specialisation of the axiom is that this family of properties isregarded as �xing all properties expressible in the theory. In the RCC calculus of regions the obvious axiom ofextensionality would be: 8x8y[8z[C(x; z) $ C(y; z)] ! (x = y)] (Cext)This states that if two regions x and y cannot be distinguished by some instance of C(: : : ; z) (i.e. we cannot�nd any region z such that C(x; z) does not have the same truth-value as C(y; z)) they must be the same region.The force of this axiom is to claim that C is the de�ning relation for regions: regions can only be distinct ifthey di�er with respect to their connectedness with other regions.In the RCC theory we can derive something very similar to the axiom of extensionality. From the de�nitions ofEQ(x; y) and P(x; y) given above we can very easily show that:8x8y[8z[C(x; z) $ C(y; z)] $ EQ(x; y)] (CEQ)However, since the `EQ' symbol is introduced by de�nition, this derived formulae does not have the force ofthe axiom of extensionality because `EQ' need not necessarily have the properties of logical equality. Hence,the derivation does not show that an axiom of extensionality is redundant in the RCC calculus. What it showsrather is that if we take the equivalence8x8y[(x = y) $ (P(x; y) ^ P(y; x))] (P =)as an axiom rather than a de�nition and assume that the symbol `=' is to have its usual logical properties, thenthis formula is equivalent to Cext and can thus serve as an axiom of extensionality for the RCC theory.4 ExistenceA complete theory of spatial regions must not only provide us with a means of stating and reasoning aboutrelationships holding between spatial regions. It must also provide us with some kind of ontology of theseregions. This will be needed if we are interested in questions regarding the existence of regions.Some of the de�nitions of relations in terms of C involve existential quanti�ers. This quanti�cation guaranteesthe existence of certain regions in order to witness the fact that some relation holds between other regions.For example, if we know that two regions overlap, this necessitates the existence of a region which is part ofboth regions. However, such existential commitment is contingent on certain kinds of fact being asserted. Noexistential facts follow a priori from the axioms imposed on C (symmetry and re
exivity).In order to formulate the existential component of a theory of space we must have some idea of what regionswe would like to exist. In the next few sections I investigate what regions we might expect to exist and presentaxioms which ensure that such regions must exist.4.1 Demarcation and ExistenceThe domain of geometry can be characterised by reference to the physical procedure of constructing geometrical�gures. More speci�cally, the domain of 2-dimensional elementary Euclidean geometry can be regarded as thosecon�gurations of points (and possibly also lines) constructible on a plane with the aid of a ruler and compass(see (Tarski 1959)). The axioms of elementary geometry have been arrived at by considering basic operationsin the construction of �gures. For example, given any two distinct points one can introduce a new point whichlies between (using the ruler) or is equidistant from (using the compass) the initial two points. In this sectionI shall indicate how a similar analysis of the way in which con�gurations of regions may be drawn can lead usto axioms for the existence of spatial regions. My examination will be con�ned to 2-dimensional regions but,with a little more imagination and considerably more technical complication, this approach could equally wellbe applied to 3-dimensional space.Suppose I demarcate a number of regions by drawing their boundaries on a piece of paper and I name eachnew region as I draw it. There is a sense in which the number of regions I create is greater than the number



of regions which I have explicitly named. There are areas of the paper which are demarcated indirectly. Forinstance, in outlining any region I automatically create its complement, a region consisting of all of space (orall of the paper) except that which is outlined. And, for any two regions (connected or not) which I demarcateI can consider their combined space as another region (one might call this their `sum' or `fusion'). One mightthen say that any bounded region of the paper constitutes a region.5In constructing a categorical theory of spatial regions we clearly cannot be concerned with any particulardiagram showing a con�guration of regions but rather with all possible such constructions. Thus regions existwhether or not we have actually demarcated them on a piece of paper. Nevertheless, it seems clear that theexistence of a particular �nite con�guration of regions must mean that it would be possible to construct a �guredemarcating those regions; and it is in this sense that the possibilities for constructing �gures correspond toexistential axioms concerning regions.The RCC theory contains a set of de�nitions of quasi-Boolean functions from regions to regions. These functionscan be seen as generating new regions from old in accord with the idea that boundedness in some �gure ensuresexistence:QBfun1) 8x8y8z[sum(x; y) = z $ 8w[C(z; w) $ [C(w; x) _ C(w; y)]]]QBfun2) 8x8y[compl(x) = y $ 8z[(C(z;y) $ :NTPP(z; x)) ^ (O(z;y) $ :P(z; x))]]QBfun3) 8x8y8z[prod(x; y) = z $ 8w[C(w; z) $ 9v[P(v; x) ^ P(v; y) ^ C(w; v)]]]QBfun4) 8x8y[di�(x; y) = prod(x; compl(y))]These formulae may be regarded as de�ning certain functions; but are not purely de�nitional because functionsin 1st-order logic carry existential import: every term must denote some individual in the domain. Thus,e.g., the sum de�nition guarantees that for every two regions there exists a unique region (their sum) which isconnected to all and only those regions connected to either of the original two regions.This existential import means that all the functions apart from sum give rise to a problem because they are nottotal. For instance, if two regions are disjoint then there is no (non-empty) region which is their prod. One wayround this is to introduce a null region as a possible value of the functions. However, care must be taken sincein the de�nitions of topological relations it was assumed that quanti�ers ranged over only non-empty regions(e.g. two regions overlap if they have a mutual non-empty part).This di�culty is overcome in Clarke's theory (1981) by restricting permitted instantiations of universal quanti-�ers to individual variables or terms which have been proved equal to some individual variable. Randell et al.(1992) use a sorted logic (see e.g. (Cohn 1987)) to achieve essentially the same e�ect. Whilst the sorted solutionrequires more additional formal apparatus than Clarke's it has certain advantages: sorted logics are now wellknown (especially to computer scientists); sortal information can be e�ectively handled by automated theoremprovers and can even cut down search space and proof length (Cohn 1987); the 
exibility of a sorted formalismmay be useful in extending and re�ning the theory. (An alternative solution would be to employ free logic, inwhich quanti�cation does not necessarily carry existential import. The use of such a formalism for describingpartial functions in the context of a theory of the `part-whole' relation is explored in (Simons 1987).)Space does not permit a full presentation of a sorted theory but for the present purposes a much simpli�edversion will su�ce. We stipulate that the quanti�ed variables appearing in bold font in QBfun2{3 range overnon-empty regions and also the null region, whereas all other variables range only over non-empty regions. So,the range of the quasi-Boolean functions includes the null-region even though this is excluded from the domainof quanti�cation in the C axioms and de�nitions.The quasi-Boolean functions provide a notation that is very convenient for specifying certain spatial properties;but for the purpose of establishing existential axioms for the domain of (non-empty) regions it is perhaps lessthan fully satisfactory. The functions enforce an existential commitment which is too strong and then must bereduced by allowing that their value may sometimes be the null region, a pseudo-object, which doesn't reallyexist. However, the problematic null region may be eliminated entirely if, in place of the function de�ningaxioms, we have existential axioms with suitable preconditions:5We have to be a little bit careful here since we may want in�nite, unbounded regions to exist (e.g. we may want a `universalregion' which is unbounded). But for present purposes we can think of all regions being part of some �nite universal region whichis bounded (e.g. the whole of a piece of paper).



exist1) 8x8y[9!z[8w[C(z; w) $ [C(w; x) _ C(w; y)]]]]exist2) 8x[9y[:C(x; y)] $ 9!y[8z[(C(z; y) $ :NTPP(z; x)) ^ (O(z; y) $ :P(z; x))]]exist3) 8x8y[O(x; y) $ 9!z[8w[C(w; z) $ 9v[P(v; x) ^ P(v; y) ^ C(w; v)]]]]exist4) 8x8y[:P(x; y) $ 9!z8w[C(z; w) $ 9v[P(v; w) ^ C(v; x) ^ :NTPP(v; y)]]]These axioms correspond to QBfun1-4: the variable that in those axioms was constrained to be equal tosome function is now bound by the unique existential quanti�er 9!. Also, in the case of exist2-4 an additionalcondition is added to limit the existential claim of the axiom. For example, in exist3 the condition O(x; y)ensures that a unique `product' region exists if and only if x and y overlap. exist4 was arrived at by informallyconsidering the properties of the `di�erence' of two regions rather than being derived from QBfun4. Since di�is de�ned immediately from the functions prod and compl QBfun4 contains no existential commitment of itsown; so one would expect that correspondingly exist4 should be derivable from the other axioms (this has notyet been veri�ed).The uniqueness of `sum' regions follows from the axioms of extensionality, Cext or P=, so if one of these isadopted the `!' can be dropped from exist1. However it can conversely be shown (by supposing x = y in exist1)that the uniqueness of sums entails extensionality so exist1 enforces extensionality as well as guaranteeing theexistence of a sum of every pair of regions.5 Carving Up SpaceThe quasi-Boolean functions do not tell us how to actually construct �gures; they merely ensure that given a�gure demarcating a number of regions, certain other (derived) regions must also have been bounded. But theRCC theory also contains an additional existential axiom guaranteeing that every region has a non-tangentialproper part: 8x9y[NTPP(y; x)] (NTPP)This axiom di�ers from those involving the quasi-Boolean functions in that it serves to introduce not only newregions but completely new boundaries. Clearly such carve-up axioms will be needed if we want to be able toconstruct all possible �gures by decomposing regions into parts in all possible ways that are distinguishablein terms of the theory. In the remainder of this section I shall look at a number of ways in which additionalboundaries may be introduced into a �gure representing some con�guration of regions.I shall assume that we shall always be dealing with a con�guration made up of a number of designated regionswhich are topologically simple: i.e. they are self-connected, are not made up of parts connected only at asingle point and do not contain holes. These conditions can all be de�ned in terms of the C connective. Suchde�nitions are rather complex and will not be given here. A detailed discussion can be found in (Gotts 1994).Starting from some con�guration of simple regions we shall then be concerned with possible divisions of one ofthe regions into two simple parts parts.The assumption of topological simplicity of the regions involved greatly simpli�es the intellectual manageabilityof the problem. In particular, it means that, when we consider a diagram representing some con�guration ofregions, this diagram can be regarded as encompassing all topologically equivalent diagrams. If we allowed thatregions might be disconnected (or have some other topological complexity), then an example diagram wouldhave to be thought of as also representing topologically distinct situations in which one or more of the designatedregions were split into multiple parts. This would greatly reduce the usefulness of analysing digrams as a meansto �nding existential axioms. Moreover, the restriction does not reduce the generality of the existential axioms,since regions with more complex topologies can be regarded as constructed, by means of sums and complements,from a number simple parts; and the existence of such sums and complements would be guaranteed by eitherthe axioms QBfun1-2 or exist1-2 given above.Starting with a single simple region there are three ways in which it can be divided into two self-connectedparts:



Figure 1: 3 intrinsicly di�erent ways of carving up a regionThe possibility of the �rst case is guaranteed by the NTPP axiom in the RCC theory, however the other twopossible carve-ups are not. The fact that the theory allows models in which there are regions with no tangentialproper parts may be considered a shortcoming of the axioms. This could be remedied by adding the followingadditional axiom: 8x9y[TPP(y; x)] (TPP)As it stands TPP does not distinguish between the second and third cases shown in �g. 1; but such a distinctioncould be made by means of the `�rm tangential part' (FTPP) relation de�ned in terms of C by Gotts (1994).Tony Cohn has suggested that a full set of existential axioms might be arrived at by considering successivecarve-ups starting from a single undi�erentiated region. Thus, for each of the three cases of �g. 1 we wouldconsider all the ways in which an additional division (into two self-connected parts) of one of the regions couldbe made. We have investigated each of the �rst two cases but space does not permit description of both, so Ipresent only the analysis of the middle case. From this we can derive the following nine topologically distinctsituations:6
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These relations allow fairly concise speci�cation of existential axioms for each situation. For example the topleft case corresponds to the following:8x8y[WCONFEC(x; y) ! 9x19x2[SPLIT(x; x1; x2) ^ EC(x1; y) ^ DC(x2; y)]and the top middle case to:8x8y[WCONFEC(x; y) ! 9x19x2[SPLIT(x; x1; x2) ^ WCON(sum(x1; y)) ^ EC(x2; y) ^ :WCON(sum(x2; y))]In fact all nine cases can be distinguished by means of simple RCC relations and/or conditions of `well-connectedness' or otherwise of certain sums of regions.If this method of analysing successive decompositions is to provide a complete set of existential axioms, we needto be able to show that, once we have considered a su�cient number of cases, then any carve-up of a morecomplex con�guration can be accounted for in terms of a cave-up of one of its simpler sub-parts. AlthoughI have no compelling reason to believe this, it seems quite plausible. However, if it is not the case, then theanalysis of possible bisections given in the next section may help complete the picture.5.1 Describing Carve-ups in Terms of the Ends of New BoundariesAn alternative approach to specifying how additional boundaries my be introduced into arbitrarily complexcon�gurations of (topologically simple) regions is to note that: whenever we split a region into two tangentialparts, it is only the location of the end-points of the new bisecting line, relative to surrounding regions, thatdetermines the topology of the resulting con�guration.For example, if a region A is externally connected to two regions B and C then A can be carved into two piecesA1 and A2 in such a way that A1 and A2 are both connected to B and to C (see �gure 3a). In other wordsA can be split from one boundary section to another, where these boundary sections are de�ned by externalconnection to some other region. Alternatively may want to carve a region up in an even more speci�c way. Ifa region is externally connected to two other regions, such that all three regions are mutually connected at apoint, then we may want to bisect the region at exactly that boundary point (see �gure 3b). The other end ofthe bisection may be either at another such point or on a section of boundary de�ned by an external connection(as in the previous type of carve-up).
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a) b)Figure 3: Two ways to carve up a region relative to surrounding regionsIf we bisect a region starting from a section rather than a point, this would not necessarily exclude the casewhere the boundary does in fact join up with an extreme point of the boundary section. Hence we may wantto speci�cally state that such a section should be joined at a mid-point. This would enable us to ensure theexistence of regions created by both types of bisection.It should be noted that this approach does not obviate the need for axioms of the kind described in the lastsection, because, in order to be able to describe bisections in terms of end-points, we need to �rst be able togenerate con�gurations as complex as the initial situations shown in �g. 3 . Nevertheless, once con�gurationsof su�cient complexity have been generated, the consideration of possible end-points for further bisections maybe a better way to ensure completeness of the existential import of an axiom set.



6 How to Create the UniverseSo far we have looked at how to construct new regions from the boundaries of other regions and how to carveregions up to produce new regions with new boundaries. But these forms of region generation will not getus very far unless we have some regions to combine or to chop up. The RCC theory ensures that there is auniversal region, which is connected to all regions:us =def �y[8z[C(z; y)]] (us)We must consider whether starting from such a region and applying the (relative) existential axioms (whichgenerate regions by combination and dissection of regions whose existence has already been secured) guaranteesthe existence of all possible con�gurations of regions.A number of questions arise immediately. In particular:1. Is the universe in�nite or �nite?2. Is the universe bounded or unbounded?(Rather than attempting to actually answer these questions one might prefer to �nd alternative axioms char-acterising each of these possibilities.) These possibilities lead immediately to di�erences in the way in whichthe universe can be decomposed into sub regions. For example, it seems that there are only two ways in whicha single boundary can be introduced into an undi�erentiated universal region but the e�ect of such a divisiondepends on whether the universe is �nite or in�nite:1. A closed boundary can be introduced which divides the universe into an inner region and an outer region.If the universe is in�nite then the inner region will be �nite whilst the outer is in�nite.2. A boundary can be introduced which divides the universe into two regions, neither of which is surroundedby the other. If the universe is in�nite both of these regions will be in�nite.Hence it is clear that, in determining possible con�gurations of regions by the method of construction of �gures,special considerations must be given to the starting point of such a construction. Specifying the nature of auniversal region and the dissections which it can undergo is one way of �xing this starting point. A number ofissues concerning the topology of the whole universe and how this relates to problems of de�ning topologicalproperties of regions within the universe have been examined by Gotts (1994).7 Alternative ApproachesThere are a number of alternative ways one could try to arrive at a complete theory of spatial regions. Followingan approach which has been successfully employed in the analysis of temporal relations (Ladkin 1987) one canformulae a theory of spatial relations in terms of Relation Algebra. Existential commitment is then implicit inthe composition operation on relations. This was discussed by me in (Bennett 1994) and more recently I haveconstructed a fully formal relation algebra based on the C relation (the status of this algebra w.r.t. the original1st-order theory is currently under investigation).Alternatively one can aim for completeness without directly considering existential commitment: (Bennett 1995)suggests how a decision procedure for the RCC calculus might be achieved through a quanti�er eliminationprocedure.8 ConclusionI have brie
y described a number of formal systems for representing and reasoning about spatial regions and solidobjects, and have identi�ed the insu�cient attention to existential axioms as a weakness in these theories. I havesuggested a method of eliciting existential axioms by examining and formalising the process of construction of�gures illustrating con�gurations of regions. This method is analogous to the derivation of axioms of elementarygeometry from a consideration of possible constructions with ruler and compass.
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