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Abstract. The paper investigates technical meta-logical notions and theorems relating
to definitions and relative definability and shows how these are relevant to the con-
cerns of knowledge representation. In particular they can be used to identify sets of
primitives that are sufficent to fully describe a given domain. Fundamental definability
theorems of Tarski are examined, and it is shown how these can adapted to be applica-
ble not only to precise and categorical mathematical theories but also to more loosely
formalised ontological theories.

1 Introduction

The purpose of the current paper is to examine in some detail the notielatwwe definabil-

ity and explore its relevance to the construction of formal ontological theories. Definitional
languages, such as description logics [1, 2] play a very significant role in the construction
of many ontologies. Nevetheless, the theory of definability itself, seems to have been seldom
applied to ontology design.

Though there is a considerable mathematical literature on definability, most of it is con-
cerned with what concepts, functions and relations are definable in a given logical language
(such as 1st-order logic). In the present paper | am not concerned with the absolute defini-
tional power of a language, but rather with the question of whether, in the context of a given
formal theory, a given non-logical symbol (i.e. a predicate, relation or function symbol) is
definable by means of some set of other non-logical symbols of the theory. | shall refer to this
asrelative definability

The notion of relative definabilty bears directly on the role of ‘primitive’ concepts in on-
tology construction. The methodology of representing knowledge in terms of a small number
of fundamental primitives has been adopted in many Al formalisms. For example the ‘con-
ceptual dependency’ diagrams of [3] were used to represent a wide range of natural language
verbs in terms of a small number of action primitives. Another example is spatial represen-
tation languages such as the Region Connection Calculus [4]. All ontologies will implicitly
have primitive concepts that are not introduced by definitions. However, the number of prim-
itives and whether they have special status within the formal framework will vary from ontol-
ogy to ontology. Most large ontologies (e.g. CYC [5] and Ontolingua [6]) are not based on an
explicit set of primitives (apart from the logical and quasi-logical primitives that occur in the
representation language for the ontology). But there are some developments where ontologies
are based on a restricted set of primitives. For example, [7] describes an architecture in which
concepts are specified in terms of a library of basic pre-axiomatised components.

*This work was partially supported by the Ordnance Survey, as part of a project researching foundations for
an ontology of the built environment.



In [8] | argued the case for much more emphasis on definitions and primitives in ontology
development. It should be noted that this approach does not mean that an ontology should
be dogmatically committed to any specific set of primitives. Any theory can be formulated
in many different ways, which can take different sets of concepts as primitive. Some choices
may be easier to work with than others, depending on the conceptual vocabulary one wants
to formalise within the theory (for a large, multi-faceted ontology, it may actually be use-
ful to identify several sets of primitives, which give alternative perspectives on the theory).
Nevertheless, the possibility of defining one concept in terms of others gives a very power-
ful mechanism for organising and streamlining ontology development. If one is extending an
ontology with a new concept then it is very useful to know whether it is already definable
from existing vocabulary. If so, specifying a definition will enable its meaning to be fully
formalised without the need for additional axioms. Of course, it may still be useful to record
other logical properties of the concept; but these will have the status of lemmas rather than
new axioms — they will be provable from the axioms governing the primitves.

The present paper concentrates on theoretical properties and theorems relating to relative
definability and the identification of sets of primitives that are adequate to articulate a theory.
| shall be concerned to show how theorems, which were originally applied to very strict
mathematical theories, can be adapted to provide useful tools for analysing more loosely
formulated ontological theories.

In the next section | examine tmeethod of Padoand Tarski's definability theorems [9]
which provide fundamental theoretical tools for the analysis of definitions, and definability.
In particular, | shall examine the notion otanceptually completdeory, which is one that
cannot be extended with new concepts except those that are already definable in terms of its
existing vocabulary. This can be used to identify sets of primitives that are sufficient to fully
describe a given domain. Tarski’'s conceptual completeness theorem only applies directly to
theories, which are both categorical and ‘monotransformable’, thus the remainder of the pa-
per is concerned with adapting it to theories which do not have these rather strict properties.
In section 3 | show that the monotransforabilty requirement can be relaxed to give a more
general theorem. Section 4 examines non-categorical theories and explains how they can be
extended to categorical theories that explicitly axiomatise the space of interpretations of the
original theory. These are then amenable to the application of Tarsk’s conceptual complete-
ness theorem to identify fully expressive sets of primitives. | conclude with a few further
remarks about the problems and prospects of my approach.

2 The Meta-Theory of Relative Definability
2.1 The Method of Padoa

At the beginning of the last century, the mathematician Alessandro Padoa, identified a method
for determining whether a given conceptual term of a theory is definable from a set of other
terms of that theory [10]. Suppose we have a formal thébfgrmalised in terms of symbols
o,T1,...,T, and possibly other some symbols. Padoa suggested that to show ihabt
definable in terms ofy, ..., 7, it suffices to give two interpretations of all the non-logical
symbols of© (i.e. models of®), which agree on the denotations of each of the symbols
T1, ..., Tn, DUt give different denotations for the symbolLater, Tarski [9] proved rigorously
that this indeed gives a necessary and sufficient condition for definability within a formal
theory.

The essence of Padoa’s method lies in the realisation that where there are dependencies
among concepts, this is manifest both semantically, in terms of dependencies among interpre-
tations and syntactically, in terms of formal definability. Although its statement and proof are



somewhat subtle, Padoa’s method can actually be employed rather easily to any kind of for-
mal theory. Hence, it provides a valuable tool for answering questions of relative definability
in ontological theories.

2.2 Categoricity and Montransformability

The most important meta-theoretic concepts in the theory of definability are categoricity and
monotransformability.

Definition 1. A theory (i.e. a set of classical formulae)dategoricaliff and only if all its
models are isomorphit.

Definition 2. A theory isnonotransformabligiven any two isomorphic models of the theory
there is auniqueisomorphism between them.

Monotransformability of a theory is equivalent to the condition that for each of its models,
the only automorphism (i.e. mapping onto itself) on the domain that preserves the denotations
of the non-logical symbols is the identity transform. Theories that are categorical but not
monotransformable have some kind of symmetry or self-similarity in their models. For in-
stance, consider a categorical theorywedimensional Euclidean point geometry based only
on the 4-place equidistance primitivg = zw. Though all models of this theory are isomor-
phic, there are many possible mappings between two models. This is because the structure is
highly self-similar: it is invariant under transformations of translation, rotation and scaling.

But it is very simple to augment such a geometry to get a monotransformable theory.
What we need to do is add some extra constants that enable us to fix a specific coordinate
system within the space. For example, in the 2D case we might add constantsindc,
denoting respectively the origin point and the points lying at a unit distance from the origin
along thez andy axes. We then add the axiomse, = ¢,c, andRA(c,, ¢,, ¢,), whereRA
expresses the relation holding between three points that form a right-angle (this relation is
definable from equidistance). The resulting theory is now monotransformable because once
we equate the denotations@f c, andc, in one model with those in another, the mappings
of all other points are completely determined.

Though they are not commonly considered, it is possible to construct theories which are
monotransformable but not categorical. Such theories have multiple non-isomorphic models
but all of these are free of symmetry. For example, start with a 2-dimensional Euclidean
geometry without a fixed coordinate system and add three point constant symbgls:

Add axioms to ensure that these points are linearly independent but apart from that leave their
geometry indeterminate. Clearly the resulting theory is not categorical since there is a model
for every assignment of linearly independent points to the constahtandc. However, all

these models are free of symmetry since the identity mapping is the only transform on the
domain that will preserve the denotations of all non-logical symbols including the constants
a, bandc

2.3 Definability and Conceptual Completeness

We now come to the formal definition of definability and the key theorems which tell us
when a concept is definable within a theory and under what circumstances a theory can be
augmented with new undefinable primitives.

!Note that, because of the Skolem-Lowenheim theorem, 1st-order theories with infinite domains cannot be
categorical because they always have non-denumerable models. However, if they have a unique denumerable
model they are called,-categorical. In the current paper | anatrestricting to 1st-order theories except where
| explicitly say so. Thus | use a strong and simple definition of ‘categorical’.



Definition 3. The meta-function¥oc(y)) and Voc(©) denotes the set of the non-logical
symbols occurring respectively in the formuland the theonp.

Definition 4. = is a polymorphic equivalence relation which can hold between constants,
functions or relations (where symbols of the latter two types must have the same arity). Ac-
cording to the type of its argumerttsis interpreted as follows

(a=b) = (a=0b)

(f=2g) = Vor...x,[f(xy, ... 2n) = g(x1,. .., 24)]
(P=Q) = (P<Q)

(R=S) = Vay...x5[R(xy,. .., x,) < S(x1,...,2,)]

Definition 5. A possible definitiorof a non-logical symbat, which is called thelefiniensof
the definition, is a formula of the forki[(z = o) < ®(z)] , whered does not contaim.

Definition 6. A non-logical symbot is definablewithin a theory© in terms of vocabulary
V if and only if there is some possible definitign|(z = o) < ®(z)]|, whereVoc(®) C V
ando = Vz[(z = o) < O(2)].

Note that this form of definitional formula is in general 2nd-order, since the universal
quantifier ranges over denotations of the the defintemghich may be a predicate or relation.
For practical purposes we shall usually be concerned with 1st-order definitions:

Definition 7. 1st-order definitional formulae take one of the following forms, depending on
the type of symbol defined:

o Vri...x,[R(x1, ... xp) < V(z1,...,2,)]

° \V/ZEyl .. .yn[(ZE = f(yb cee 7yn)) A qj(*raylv s 7yn)]
o Vr[(x =) « U(x)]

The definienda(terms defined) by such formulae are respectively: the relaitorthe
function f and the constant. The expressio¥(z1, ..., z,) is called thedefiniens

A 1st-order definitions any formula of one of the above forms in which the definiendum
does not occur in the definiens.

Happily, if we are dealing with a 1st-order theory, we can be sure, because of Beth’s
definability theorem, that any definable symbol can be given a 1st-order definition.

The notion of definability allows us to identify subsets of the vocabulary of a theory which
can be taken as ‘primitive’ concepts:

Definition 8. A primitive vocabularyor a theory© is a setS C Voc(0) such that all symbols
in Voc(©) are definable withir® from the symbols iry.

Definition 9. A minimal primitive vocabularyor a theory© is a primitive vocabulary fo©
of which no proper subset is also a primitive vocabulary@or

Now we come to a property that give us a useful handle on the definitional power of
theories.

Definition 10. A theory® is conceptually completsff there is no categorical theor§’ such
that® C ©’ andVoc(©’) contains at least one symbol that is not definable wiéim terms
of the vocabulary/oc(©).

2Tarski actually uses the phrase ‘complete with respect to its specific terms’ rather then ‘conceptually com-
plete’.



So a ‘conceptually complete’ theory is one of which categoricalextension contains
any new concept that is not definable (in the extended theory) from the vocabulary already
present in the original theory. Note that if we dropped the restriction of considering only
categorical extensions then no theory would be conceptually complete: it is always possible
to add extra undefinable terms to a theory if we don’t care about exactly specifying their
meaning.

Though conceptual completeness is concerned with definability in categorical extensions
of a theory it is still a useful notion for theories that we do not intend to axiomatise up to
categoricity. Given that any categorical axiomatisation of a new concept within a conceptually
complete theory would entail a definition, it will normally be more sensible to define the
concept rather than give a partial axiomatisation.

Itis worth noting that conceptual completeness of a theory doasean that it is capable
of defining all possible relationships over its domain. Indeed, if the domain is infinite there
will be an uncountable number of possible predicate extensions, so these cannot all be defined
within a language with a recursively enumerable set of well defined formulae. The property
of conceptual completness just means that the definitional power of the theory cannot be
extended by adding more primitives.

2.4 Tarski's Definability Theorems

Now we come to the key theorems of [9]. The first specifies conditions for definability and
the second gives a sufficient condition for conceptual completeness of a theory.

Theorem 1. For any theoryO (o, 1, ..., T, P1, - - - » Pu)s WhEreo, my, ... T, p1, - - ., py Ar€
all the non-logical symbols of the theory, the symbak definable purely in terms of the
symbolsry, ..., 7, justin case the following equivalent conditions hold:

a) O(o, T, ..., Ty 1y -5 pn) — (Ve[(x Z o) o yr .. yn[O@, T, o Ty Y1y -+ -5 Un)]])
b) Vaa'y, ... ymz1 ... 202t .. 20
!

(@(mayla"'7ymazla-"7zn)/\@(mlayla--wymazia"'azn)) -z

= x’]
Since the symbols, m, ..., 7, p1,. . . p, May be of any logical type, these definability

formulae are in general higher order. However, it follows from basic logical principles that
condition b) can be proved just in case:

C) (O(o, M1y s Ty P15+ Pu) NO(O 1, o Ty Py PL)) — 0 =0’

So, to check whether is definable ir© in terms of symbols, . . ., 7,,, we construct the-
ory ©" which is exactly like®© except that all non-logical symbols apart from the. .., 7,
are replaced by new symbols. In particutais replaced by some symbel. Theno is defin-
able in© in terms of symbolsry, ..., 7, just in cased A ©' entails thatr is equivalent to
o'. If © is 1st-order this gives a 1st-order test for definability.

Theorem 2. Every monotransformable theory is conceptually complete.

Proof sketch3 Let ® be a monotransformable theory wittoc(®) = {m;} and®* be a
categorical extension @, containing some additional vocabulary including a symbahd
possibly some additional axioms. Th@)s = & A ¥(«a). Appealing to theorem 1c we see
that o is definable from symbol$r; } in ®* just in case(® A U(a) A ¥ (/) - a = o .
Now consider a modeM = (D,...,m;,...,«,«') which satisfies® A ¥(a) A U(a)).
This has sub-model&D, ... 7, ..., o) and(D, ... m;, ..., ). We know that(® A V(«))

3See [9] for detailed proof.



and likewise(® A W(a')) are categorical so these structures must be isomorphic, modulo the
renaming ofa to «’. But these models also satisywhich ensures monotransformability.
Thus the only isomorphism between these models is the identity mapping on the domain
Consequentlyy anda’ must have exactly the same denotationdbimhus M must satisfy
a=d. 1l

3 Generalising the Definability Theorem

Theorem 2 applies to theories that are ‘monotransformable’ a property that is rarely men-
tioned ontology circles. However, it is quite easy to generalise the theorem to apply to any
theory whose primitives exhibit symmetries with respect to model structures. The generalised
theorem is:

Theorem 3. If all automorphisms on the models of a theérpelong to a clasg then© is
conceptually complete with respect to all concepts that are invariant under the transforms in
7.

Proof sketch? The theorem can be proved by modification of the proof of Theorem 2. As
before we consider a model of a theory containing symbadsd o’ which satisfy exactly

the same constraining formulae. We again note that the two sub-models obtained by drop-
ping one of the symbols from the signature are isomorphic modulo renaming. This time the
isomorphism between these sub-models is not necessarily the identity mapping but it must
be in the clasg . Nevertheless, since we require that the denotatiom wiust be invariant
under mappings in this class, we can still conclude thanhdo’ have the same denotation

and hence that is definablel

This generalisation means that a theory may exhibit a weakened form of conceptual com-
pleteness even though its models exhibit certain symmetries. For many applications we will
be concerned with concepts that are invariant under certain kinds of transform on their mod-
els. For instance qualitative spatial relationships of the type corresponding to descriptive
terms of natural language (e.g. ‘between’, ‘touching’, ‘inside’) are nearly always invariant
with respect to translation and rotation (and usually also re-scaling) within space; and tempo-
ral relations such as Allen’s interval relations are invariant under translation of the underlying
time series.

Theorem 3 gives us an extremely powerful tool in deciding what can be defined from
what primitives. In order to decide whether a conceps definable from primitiveqr, }
we need only consider whether there is some transform, which if applied to any model of
our theory would preserve the extensions of all concep{srjh and yet would not preserve
the extension ofv.> So, for example, suppose | have a spatial theory based on the primitive
of ‘betweenness’. This primitive is preserved under all and affipetransforms, which re-
scale, rotate, translate or linearly skew the space. Since ‘convexity’ is preserved by all these
transforms, | immediately know that it is definable from betweenness. But ‘sphericity’ is not
preserved by skewing the space, so a ‘sphere’ predicate is not definable. On the other hand,

4A more detailed proof can be obtained by modifying Tarski's proof of ligFREM4 in [9]. Here we need
to replace the conditio® = I constraining the isomorphism to be the identity by the condiftos 7.

SHere | am assuming that the concept intended as the referaris @ixiomatisable within the formal system
we wish to employ. If it is not axiomatisable, then clearly it will not be definable. If we have a theory with an
infinite domain then there are an uncountable number of possible extensions of concepts. So, if we restrict our
axiomatic system to having some finite representation, then clearly there are possible extensions that we could
never capture as the extension of a defined (or categorically axiomatised) symbol. It seems to me unlikely that
we would ever find a practical use for theories including partial axiomatisations of such ‘inaccessible’ concepts.



the concept of a ‘point’ is preserved by affine but also many non-affine transforms, which do
not preserve convexity, so ‘convexity’ is not definable from ‘point’.

4 Non-Categorical Theories

The method of Padoa applies to any kind of theory, so can be used to detect interdefinability
within the vocabulary of any ontology. While this is useful, it is not sufficient to establish
conceptual completeness and thereby identify a set of primitives as being fully expressive
over a domain. To find such primitives we need to look for concepts that are sufficient to
provide a monotransformable axiomatisation, which allows no symmetries (i.e. non-identical
automorphisms) in its models.

An apparent limitation of the notion of conceptual completeness is that it only ensures
that we can define all conceptsaategoricalextensions of the theory. But categoricity is not
normally a property of the kinds of theory that are currently being constructed as ontologies
for use in computer systems. The consensus among computer-oriented ontology developers
seems to be that the categoricity is only useful in pure mathematical theories. In more prag-
matic contexts it is generally believed that the attainment of categoricity is both infeasible and
undesirable. In this section, | shall demonstrate how non-categorical theories can be regarded
as partial formalisations of larger categorical theories. This means that, even where we cannot
or do not wish to achieve categoricity, we can employ Tarski’'s definability theorem and its
generalisation to identify expressively complete sets of primitives.

There are several reasons, both practical and theoretical, why a formal theory may not be
categorical. Specifically, | distinguish the following:

Incompleteness: The axiom set is incomplete relative to the intended meaning of the vocab-
ulary of the theory.

Contingency: The theory contains concepts that refer to contingent properties and relations,
whose extension will vary according to different possible situations that can be described
within the theory.

Vagueness: The theory contains vague or ambiguous concepts, which can be interpreted in
different ways.

In general non-categoricity may be due to a combination of several or all of these factors;
and, in order to get a clear picture of the status of a theory, an ontology developer should be
aware the extent to which each comes into play.

4.1 Incompleteness

Ideally we would like the axiomatisation of an ontology to capture all the intrinsic semantic
relationships between concepts. But there are two reasons why this may not be so:

a) Axioms been unintentionally overlooked due to limitations of the ontology developers.
b) Axioms have been intentionally omitted — perhaps to help make reasoning more tractable.

Unintentional incompleteness may be seen simply as an inadequacy in the axiomatisation
of an ontology. However, most large ontologies admit to some incompleteness and indeed re-
gard a degree of incompleteness as an inevitable consequence of design decisions upon which
the ontology is based. In particular, incompleteness often arises from limited expressiveness

6Note that we are concerned here with semantic rather than proof theoretic incompleteness. A 2nd-order
theory may completely characterise its intended models and thus be semantically complete, although it does not
have a complete proof theory (e.g. 2nd-order Peano arithmatic [11]).



of the underlying logical language used to represent the ontology. This language (for instance
a particular description logic) will have been chosen as a tradeoff between expressive power
and tractability of inference (see e.g. [12]).

Unfortunately the practical concern of achieving tractability tends to lead to a bluring
between intended and unintended incompleteness. If semantic analysis is simplified for the
sake of tractability, one risks compromising the precise and unbiased specification of concept
meanings that an ontology is supposed to provide. Rather than developing ontologies within
languages of limited expressiveness, a cleaner methodology would be to separate the repre-
sentation and reasoning problems: on the one hand one should aim for a complete axiomatisa-
tion of the concepts in the ontology; but on the other hand in order to compute inferences one
will need to use an inference mechanism that is incomplete. Such an inference mechanism
may well work in terms of computationally oriented languages such as description logics,
which would form sublanguages of the more expressive language needed for the complete
axiomatisation.

Demonstrating completeness is a complex theoretical task and becomes increasingly hard
to achieve for theories with a large number of independent concepts. As | argued in [8], this
is a motivation for adopting an architecture in which concepts are defined in terms of as few
primitives as possible. As long as we establish a complete axiomatisation for the primitive
concepts we guarantee complete axiomatisation of the defined concepts. But even if we fail
to achieve completeness, we must accept that ideally we would like our theory to be complete
with respect to the intended meanings of its terms. This means that in identifying definability
among concepts it is reasonable to consider whether a definition would be possible in an ax-
iomatically complete extension of our imperfect theory. Hence in applying Tarski’s definabil-
ity theorem we may overlook any lack of categoricity that arises simply through incomplete
axioms.

4.2 Contingency, Categoricity and Possible Worlds

The state of the world is largely a matter of contingent circumstance: its stuff could be ar-
ranged in many different ways. Surely each of these possible states of the world should cor-
respond to some model of a general ontological theory. Thus the theory should have many
different models: it certainly should not be categorical otherwise it would limit us to just one
world state. Moreover having a class of possible models is fine for reasoning, since a valid
inference is one that holds in all models of the theory.

This point is true as far as it goes; but if we consider a bigger picture we can see a set
of possible models as constituents of a larger model. In an informal sense, a complete theory
becomes categorical as soon as one states that its models correspond to all and only those
structures that are genuinely possible — i.e. the formal models are exactly the ‘intended’
models. If this is so, we can conceive of these possible models as embedded structures within
a categorical super-theory, whose unigue model incorporates all possible states of the world.
This gives us a way of examining definability properties of theories, which are not in their
original form categorical.

This idea can be made fully formal. Consider a the®(y . . . 7,,) with many models. We
shall transform this into a categorical thed®pC(0O), thecategorical possibilistic closuref
©. Eachn-ary symbolr; in Voc(©) will correspond to a new + 1-ary symbolr; in CPC(O).

This vocabulary of new symbols will be referred to\asc”" (). The extra argument of the
new symbols is for a possible world operandAfz, y) is a binary relation ir0, the new
theoryVoc” (©) will include a ternary relatior?(w, z, y), which can be read asR{z, y) is
realisedat worldw”.



First, | construct an intermediate thed?Z(©), which contains the combined vocabulary
of ©® andCPC(0) —i.e. has predicates both with and without the additional world argument.
PC(0©) includes a suitable set of axions” to ensure that the elements that can satisfy the
possible world argument places of all the nevgymbols are disjoint from those satisfying
any other argument places (so the worlds are distinct sort of entity).

To help describe how the new vocabulary relates to the old | introduce the following
notation. If# is ann-ary symbol invoc” (©) then(# |,,) refers to thatn — 1)-ary relation or
function obtained by fixing the ‘world’ argument to the valuewafThus(7, |,,) = £ states
formally that the denotation of variabfehas the same extension as the relation, function or
constant denoted by has at worldw. Using this notation | definPC(©) as follows:

Definition 11. Thepossibilistic closur€¢PC) of a theory© is given by:
PC[O] = O AOF A

V& . 06 &) < Fw[(Tlw) ZE)NA oo A((Tn lw) Z &) A
Vwrwa[(((71 Ly ) = (T b)) A o A (T L) = (70 L)) — w1 = wo]

Here, the third conjunct ensures that for all possible values of relation, function, and
constant symbols that satisfy the constraints impose6 loy its vocabulary, there is some
world in PC(©) that realises this valuation. The final conjunct says that there cannot be two
distinct worlds that realise exactly the same extensions.

Clearly PC(O) contains a unique world corresponding to each modé) ahd fixes ex-
actly the extensions of all the predicates. HoweveRC(O) is not itself categorical because
it does not fix the extensions of the original symbol€ofHowever the subtheory ¢fC(O)
that involves only concepts ioc” (©) is clearly categorical. Hence, | define:

Definition 12. Thecategorical possibilistic closuf(€PC) of a theory© is given by:
CPC(©) = {¢|PC(©) = ¢ and Voc(¢) C Voc"(0)}

For any theory®, CPC[O)] is categorical and hence by theorem 3 is conceptually complete
with respect to any concepts that are preserved by the symmetries of its models.

The CPC construct is satisfactory only if the vocabulary of the original theory is ade-
guate to specify all relevant distinctions that could be made between possible worlds. This
construction should not be applied if one wants to allow multiple distinct worlds realising
the same denotations for the vocabulary of the original theory. Moreover, if such multiplicity
does exist, there may be scope for adding useful new primitives that are not definable from
the initial vocabulary.

The CPC construct is only an artificial device to illustrate the fact that theories of con-
tingent properties can be made categorical within a broader possibilistic framework. | do not
suggest that it should be actually used for constructing practical ontological theories. Having
said this, explicit reference to possible worlds may well be a reasonable way of modelling
contingency within a categorical framework. But, wher€#C invokes heavy meta-level
machinery to get a categorical possible worlds theory, it is much preferable to find a way of
specifying the domain of possible worlds directly within the ontology.

The main point of th€PC construction is that it shows that contingency can be modelled
within a categorical framework. As with the ideal complete extension of an incomplete theory,
theCPC shows how theories that deal with contingent concepts can also be made categorical.
Hence, again we can use the Tarski’ definability theorem to establish fully expressive sets of
primitives for a contingent theory. However, in order to do this we will in general need to
augment our theory with some mechanism of refering to possible worlds — either explicitly
(as in theCPC) or implicitly (perhaps using a modal logic).



4.3 Vagueness

The issue of definability is somewhat complicated by the pervasive presence of vagueness and
ambiguity in natural language. Since a vague concept can be interpreted in various different
ways it is difficult to imagine how such concepts could be formalised within a categorical
theory. Moreover, it seems unlikely that a vague concept could be adequately defined from
the primitives of a categorical theory. Nevertheless, it is instructive to apply the method of
Padoa to vague concepts.

For example, let us consider the possible interpretation of ‘good deed’ relative to a cate-
gorical materialistic theory of the spatio-tempoal history of the universe. Such a theory would
contain geometric, temporal and material primitives sufficient to completely describe the
physical structure of any spatio-temporal history (and thu€ RE€ would describe all pos-
sible spatio-temporal theories). Clearly there will be no uncontroversial way of interpreting
‘good deed’ relative to a material specification of the universe. However, suppose we have
two models that agree exactly on the physical properties of the universe. Can they then differ
on the interpretation of ‘good deed’'? Could exactly the same sequence of physical configu-
rations constitute in one case a good deed but in another not so?

The point | am making is that the undefinability of ‘good deed’ does not come from the
nature of what it refers to but rather from its vagueness. If we had a perfectly clear idea of
what constitutes a good deed then, given a complete material description of the history of the
universe. we would be able to precisely identify all the instances of good deeds; and thus, by
application of the method of Padoa, we would find that ‘good deed’ is indeed definable from
material primitives.

However, it seems that for many natural concepts, such as ‘good’, vagueness is intrinsic
and cannot be eliminated except by artificial regimentation. Thus, if we want concepts in
an ontology to correspond to natural language concepts we must allow for this source of
undefinability.

We can treat vague concepts is as loosely constrained relative to the precise primitives of
a theory. Thus, although there is a unique precise model (assuming we have eliminated con-
tingency as discussed in the previous subsection), there are many interpretations of the vague
concepts. However, it may still be useful to apply the method of Padoa to discover defini-
tional dependencies among vague concepts. Moreover, we can apply a form of closure much
the same as th€PC to regain categoricity. | will call this theategorical supervaluationistic
closure(CSC) because of its relationship to the ‘supervaluation’ semantics for vagueness
proposed by Fine [13]. The extra variables added in constructin@ 8 now correspond
to possible interpretations (precisification$ rather than possible worlds.

In general a theory may involve both vagueness and contingency. In such a case one would
first apply CPC to the precise concepts of the theory. Then add the axioms for the vague
concepts and finally form theSC. The extension of each concept in the theory constructed
in this way would then be evaluated relative to both a possible world and a precisification.
Within such a theory we can apply Tarski's definability theorem to identify conceptually
complete sets of primitives.

5 Conclusion

| have examined the notion of definability and considered its relevance to ontology construc-
tion. Tarski's theorems and the method of Padoa give us a semantic route to determining
definability and conceptual completeness. | suggest that these notions can play an impor-
tant role in organising the formalisation of a large vocabulary. Of course there are still many
choices open to the ontology designer. Just because one concept is theoretically reducible



to certain other concepts does not mean it must necessarily be treated as defined within an
ontology. Indeed, if the ontology is formulated in a restricted logical language chosen for
inferential properties, this may not be possible. However, if our concern is primarily with
representing meaning, rather than computing inferences, defining the concept is likely to be
preferable to axiomatising it as if it were a new independent concept.

In the current paper | have said relatively little about actual sets of primitives that can form
the basis of conceptually complete theories. A preliminary study of this was presented in [8],
which explored the expressive power of geometrical primitives and, in particular the theory of
Region Based Geometf¥4]. The analysis given there suggests that from a theoretical point
of view it may be possible to define very wide ranging vocabularies from rather small sets
of primitives. Spatial and temporal primitives are almost certainly necessary to formalise any
reasonably expressive vocabulary. To capture concepts whose meaning does not concern only
actual states of affairs, one will also need some primitive relating to alternative possibilities.
And, to handle concepts relating to intelligent agents, one may need further primitives relating
to mental states and intensionality.

A collection of very expressive foundational theories based on spatial and temporal primi-
tives can be found on tHe@undational Ontologyveb site ahttp://www.comp.leeds.
ac.uk/ontology and a core ontology of matter and material objects is described in [15].
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