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Abstract The logic is expressive enough to define a wide range of

, . ) propositional operators relating to tense and possibility. It

{ig;isiﬁ”&S“agépgﬁf;g’geytﬁgqnps‘i:ﬁlct'%ﬂC#}f?gfg;?;ﬁ%‘(’)‘:ﬁ? forms a significant fragment of the much more comprehen-

bines a 1st-order logic of time with 2.3. modal treatment of sive Iog|c presen_ted in (Bennett & Galton to appear). Indeed,
historical necessitywhich is used to model describe alterna- the main motivation for t_he _present work was to ma_lke some
tive possible histories. An axiomatisation is given and proved ~ Progress towards establishing a complete axiomatisation for
complete with respect to the intended semantics. that larger system. Unlike most other branching time mod-

els, all branches share a common time series. This means we

can describe orderings between events in different possible

Introduction histories. For example, we can represent temporal counter-

If the future is indeterminate, then at any time there are many factuals such as “If | had passed that exam | would now have
possible futures. This suggests that one might model time in been president”.
terms of a spreading tree of possible histories, one being the  Another feature of the language which is attractive for Al
actual history and the others merely possible alternatives. applications is its modularity. Unlike many 1st-order tem-
The tenses and moods of our language can be interpreted agoral languages, time arguments are not added to predicates
locating and relating actual and possible occurrences upon but instead are attached to propositions usingdhe] (ac-
this branching structure of potential happenings. tually this approach is well-known in Al but little examined
This is nothing new. Indeed a fair number of possible se- in the temporal logic literature). Consequently, atemporal
mantics and axiom sets for branching time structures have formulas constitute a sub-language of the logic and, where
already been given (Segerberg 1970; Burgess 1978; 1979;time is not relevant, need not complicate reasoning. Simi-
Thomason 1984; Gurevich & Shelah 1985; Zanardo 1985; larly, since the branching structure is made up of a bundle
Di Maio & Zanardo 1994; von Kutschera 1997). Though of linear models, where alternative histories are not relevant
these works contain quite deep results on branching time the logic is equivalent to a simpler linear time logic.
logics | have found the formalisms rather difficult to apply to | shall present an axiomatisation for a | give an axiom set
practical problems of knowledge representation. A more Al and prove completeness of this logic.
friendly formalism can be found in (McDermott 1982) but
this lacks fully formal semantics and proof theory. The lan- The Loaic £
guage proposed in the current paper is “yet another branch- g
ing time temporal logic.” However | believe that the specific  Before giving the full branching time logic | present the
logical constructs upon which itis based combine expressiv- |ogic £ of a single linear history. | assume a base lofjjg,
ity and naturalness in a way that makes it particularly suit- which does not contain any time variables or temporal op-
able for KR applications and ontology construction. erators. Lp is used to describe thetatesthat hold at the
My formalism is distinguished from all the others | have time points referred to within the temporal super-language
seen in that it combines a 1st-order treatment of time with £. For present purposes we can take to be ordinary clas-
a modal treatment of possible histories. The language in- sjcal propositional or 1st-order logic, but in fag could
cludes explicit time variables, and time quantification, acon- be any logic meeting the following requirements: it con-

struct@t[y], asserting thap holds at time!, a special pred-  tains Boolean propositional operatersand A (from which
icate@(t), asserting thatt'is the actual time’. It also con- vV, — and < can of course be defined); it has a well-
tains a modal *historical necessity’ operaorsuch thaf] ¢ defined semantics, such that a moefor £ assigns one
means thap holds (at the current time) in all histories that  of two values (true or false) to each formuyteof £z— i.e.
share a common past with the actual history. [#]s € {T,F}; —and A have their usual truth functional
*Supported by the EPSRC under grant GR/M56807. semantl(}S. i L . .
Copyright © 2003, American Association for Artificial Intelli- Also, in order that axiomatisation fof given below is

gence (www.aaai.org). All rights reserved. complete we need to have a complete axiomatisatiafyof



Syntax

The vocabulary ofZ extends that of g with a denumerable
set of time variable¥ = {...,¢;,...} and some additional
logical symbols. All formulae of 5 are also formulae of.
If ¢ and) are formulae of andt,t’ € V then: =), p A 1),
t=1t,t <, Vtlp], Qt[p], andQ(¢) are also formulae of
L (and the constructg V ¢, ¢ — ¥, ¢ < 1 and3t]p] are
added by standard definitions).

Within L itis very simple to define the well-known propo-
sitional past and future tense operators:

o Py =u Q) A < t) — QF[g]]
o Fy =g Jt[(Qt) At < t't) — Qt'[g]]

Semantics

The Boolean connectives and equality have their usual
meaning. < is a temporal ordering relation ad a quan-
tifier over time points. @¢[p] means the propositiop is
true at timet. @(¢) means that time variablerefers to the
current point in time. FormallyZ is interpreted with re-
spect to asingle history modelwhich is a structur&@l =
(T,=,B,V,7,{h}), where:

., t,...}is a set of time values,

total linear reflexive ordering df,

.,B,,...} is aset ofL 5 model structures,

., ti, ...} is the set of time variables,

T is a mapping from/ to 7', assigning a time point to

each time variable,

e his a mapping fron¥" to B, associating each time point
with an £ g model.

Relative to a model = (T, <, B,V, 7, {h}) and a time

pointt € T, the denotatiorfy]) of each formula in the
language is specified recursively by:

SD) ¢y = [¢ls,, wherep € L andB, = b(t);

S2 [-¢l =T if [¢]) = F, elseF;

S3 [ A¢lY =T if []% =T and[]} =T, elseF;
S4 [t=t']3 =T if 7(t)=7(t'), elseF;

S9 [t<t']y =T if 7(t)<7(t'), elseF;

6 [at[e]ly = [¢]3 , wheret = (t);

S7 [@®)]y =T if 7(t) = t, elseF;

S8 [vt[]]g =T if [¢]}, .., =T forallt €T, elseF.

Thel parameter in the denotation functi{),n]]glt is in fact
redundant since the models f6rhave only a single history.
However, includind) here will enable us later to generalise
the semantics to multiple history structures, without having
to re-write all the clauses.

The notationA(*—~Y (in S8 refers to a modeR!l’
(T,=<,B,V,h,7), which is exactly like2l except that
7'(t) = t, wherea may assign some other time value to
the variablet.

Proof System

The logic £ obeys the following general inference
rules:

R1) F ¢ if ¢ isavalid formula of L.

R2) F ¢ if ¢ is a classical propositional theorem.

R3) If ¢ and F (¢ — ) then F 4.

R4) If + (p— ) then F (¢ — Vt[¢]), provided: does
not occur free inp.

R5) If F ¢ then F Qt[yp].

If we have a complete axiomatisation 6f;, R1 can be
replaced by the proof rules and axioms®$. RulesR2-4
constitute a standard 1st-order proof system but with quan-
tification restricted to time variablef5 ensures that every
theorem holds at every time point.

Temporal equality and quantification satisfy standard ax-
iom schemata:

Al) t=t,

A2) (t=1t'Ap)— =1,
where p'=*" is the result of substituting’ for one or
more free occurrences ofn ¢,

A3) Vit[p] — =1,
where!=*" is the result of substituting for all free

occurrences of in p, andt does not occur i within
the scope of any quantification w.r.t. the variable

The temporal orderingt satisfies the usual axioms for a
total linear order:

Ad) (t<t' At <t —t<t',
AB) t<t' Vit <t,
AB) (t<t' At <t)et=1t".

The construc@t[y] satisfies the axioms:

AT) (@tlp] A Qtlp — Y]) — Q)]
AB) —@t[p A —]

A9) @tfp] v @t[y]

AL0) @tlp] < @t'[at[p]]

All) t <t o @t[(t < )]

Al12) vi[@t'[g]] — Qt'[Vt[y]]

A7 andA8 ensure that the formulae that hold at each time
point are closed under implication and consisteff en-
sures that, for every propositian at each time point either
o or = holds. A12 means that time quantification com-
mutes with theQt][. . .] construct.

The predicatéd(t) satisfies:

A13) (Q(t) A Q(H)) —t =t
Al4) @t[a(t)]
AL5) o — 3t[at[y]]

The Logic M

| now augment the languagé to accommodate multiple
branching histories.



Syntax

The rules of formula construction fok1 are exactly the
same as forZ except we add the additional clause that, if
@ is a formula ther ¢ is a formula. We also define the
dual operatot) ¢ =qer — [ 0.

Semantics

M is interpreted relative tomultiple history modela struc-
turedn = (T, <X, B,V, 7, H), where:
e H=/{... b;...} is aset of history functions, each of
which maps froni into B,

e For eachly; € H, M,
single history model.

<T7 j> B> V7 T, {hl}> is a

This definition means that a single history model is just a
special case of multiple history model, whefteis a single-
ton.

To specify the semantics of the logical symbols\dfwe
employ clauses$1-8 (for £) without modification. In or-
der to state the semantics @fclearly, we define a relation

which asserts that two histories are the same up to a given
point in time:

b~ =g (W €T < t—b(t') =b/(¢)]
Then we add the stipulation:

S9 [Dell = T if [¢]% = Tforally’ € H such that
b ~ b’, elseF.

ThusO p is true if p is true on all histories confluent with
the actual history up to the current time. In terms of this
several other useful operators can be defined. For exam-
ple:

e ‘disinevitable’
e ‘® would have been possible’:

ISD =(ef DFSD
WQO =def POFQD

Axioms for M

M satisfies all the axioms & plus some additional axioms
constraining th&] operator. It satisfies the rule of necessita-
tion:

R6) If - ¢ thenk O ;

and the usual schemata for the modal lasjic
A16) (De A Olp =) — O

Al7) Op— o

Al8) G — OOy

Also, if a formula of the base logi€ is true in some
history h at some timet then clearly it will be true in all
histories that are confluent up to Thus we have the ax-
iom:

Al9) a — da,foralla € Ly

The actual time and all temporal inequalities are the same
for alternative histories:
A20) Q(t) — OQ(k)
A2D) t<t — Ot <t)

Finally we have an axiom fixing the interaction between
0O and theQt[y] construct.

A22) Vit'[Qt[O ] At <t — G [0Gt[¢]]]

This captures the fact that alternative histories diverge
only in the direction of the future.

SinceJ is anS5 modality one can derive both the Barcan
formula and the converse Barcan formulafowith respect
to time quantification — i.e. we have the following theorem
(the Temporal Barcan Formuld):

TBF) Vt[Op] « OViy]

Thus, time quantification commutes with bodii[. . .] and
0O0; butJ and@t][. . .] do not commute, except in those cases
specified byA22.

Soundness of” and M

Itis routine to verify that all the axioms are satisfied by every
single history model.

Completeness ofC

| now give a Henkin-style proof of the completenesslof
The theorem is as follows:

Theorem 1 The axiom system given fdris complete with
respect to the specified semantics (i.e. every formula that is
true in every single history model is provable from the ax-
ioms).

Proof: | shall show in lemma 1 that for every formula
which is consistent with the axioms there is a single his-
tory model, such that is true at some time point in that
model. Now suppose is valid (i.e. true at every time in
every model), thermp cannot be true at any point in any
model and thus-¢ must be inconsistent with the axioms.
Consequently must be provablel.

| now prove the required lemma constructively:

Lemma 1 For every formulay which is consistent with the
axioms we can construct a single history model, such-that
is true at some time point in that model.

Proof: For every formulay that is consistent with the
axioms, there is anaximal consistensetI" of £ formu-
lae, which includesy and is alsoexistentially closed In
Lemma 2 | shall show that from every maximal consistent,
existentially closed set of formulaé we can construct a
canonical modeflr-. Finally, in Lemma 4, | show that for
every formulay € T' (thus in particular fory), there is a
time point in2( at which is true (according to the seman-
tics given for£). &

The first sentence of the proof needs further explanation.
The required properties a@f are defined as follows:

Those who are new to this language may fif&F a little con-
fusing. Bear in mind that't, doesnot mean thaty holds at all
time points but thap holds at the actual time, whatever time point
is the value of any free variables withing. Thus,VtJ ¢ means
that for all values of, [J ¢ holds (at the actual time) in all histories
confluent with the actual history up to tlaetualtime; and hence
has the same meaning@svty.



e A set of formulae S from a language Lnsaximal con-
sistentiff S is closed under entailment and for each for-
mulay € L eitheryp € S or —¢ € S but not both.

o A set of formulae is existentially closed iff, whenever it
contains a formula of the forraz[y] it also contains a

formula o(*=%) for some variable:, which is free in
(x=>u)
%) .

There are standard techniques to construct sets satisfying
these properties and including any given consistent formula.

See e.g. (Hughes & Cresswell 1968, p.19®).

Lemma 2 From any maximal consistent and existentially
closed sef” we can construct a (canonical) single history
modelr.

Proof: | first define some building blocks that will be used
to construct the model.

For each time variablg in the vocabulary oL, its deno-
tationt; will be the set defined by:

ti={t; | (ti=t;) €T}

Thus, the value of each time variabilgis the equivalence
class of those time variables which are equdl; taccording
to the equality relations ifi. AxiomsAl andA2 ensure that
the setd; are indeed equivalence classes.

For eacht; we construct the following set (which we shall
later prove to be the set of all formulae truetatccording
to 911"):

I', = {p | Qtlp] € T' for somet € t;}

SinceI" is maximal consistentR5, A7, A8, and A9 en-
sure that eac’y, is also maximal consistent. Further-
more we can show that, is existentially closed: suppose
Ju[p] € Ty, then@t[Jufy]] € T for somet € t;. But then
usingAl12 we can derivelu[Qt[¢]] € T. So, because is
existentially completéit[](“=") ¢ T, for some variable.
Consequently we must hayeé"=") € T',.
| also define

Ay, ={pleel, NpeLp}.

So Ay, is just the set of non-temporal formulae In,.
Clearly, A¢, is maximal with respect to the languageg
and is also consistent. Therefore, for edch we can con-
struct anl g model satisfying all the formulae iA¢,. This
model will be referred to a$, .

FromI' we can construct aid model

22[1—‘ - <TF7 jl—‘v BFa VF) T, {hF}>
whose components are specified as follows:
e VT is the set of time variables of the language

e The functionm which assigns values to the time variables

is defined by (t;) = t;.
e The setlT of all time points is defined to be the range of
.
e The ordering relatior<r is defined by:
t; <pt; iff (Vtet,)(Vt' ety)[(t<t)eT]

o We sethr(t;) = By,
e Finally, we letBr be equal to the range ¢f. B

The following equivalence which relates formulaelin
to formulae in the derived set§, will be used several time

(sometimes without reference) in the remainder of the proof:

Lemma 3 The following conditions are equivalent:

e pely,
e @t[p] € T for every variablet € t;,
e @t[p] € T for some variable € t;.

Proof: By definition,p € Ty, just in caseQt[p] € T for all
t € t;; and moreovet; is by definition non-empty. On the
other hand ifp ¢ I'y, then, becausg,, is maximal consis-
tent,—¢ € I'y,, which means thatt[—¢] € T for all ¢ € t,.
From R5, A7 and A8, we can deriveQt[—p] — —Qt[].
Thus, becaus€ is closed under implicatiom@t[p] € T
so, sincd” is consisten@t[p] ¢ I" for anyt € ;.

Because the variable sgtis by definition non-empty, the
third condition follows from the secon@

Lemma 4 In the cannonical modefl;- constructed from
any maximal consistent, existentially closed formulalset
For every formulay € T there is a time point at whicl is
are true according to the semantics given for

Proof: By A15 and the maximal consistency Bf we know
thatey € I implies 3t[@t[¢]] € T and hence, becauseis
existentially closed@u[y] € T for some timeu. Thus, by
Lemma 3,p € T'y,, wheret; = 7 (u) is the denotation of.
Below, in Lemma 5, | shall prove that € T, just in case

[[ga]]gf; = T. Thereforep is true at timet; in Ap. W.

Now we come to the final requirement of the proof, which
is to demonstrate the following lemma:

Lemma 5 For eacht; the setl’y, contains exactly those for-
mulae which are true af according to2r —i.e.p € 'y, if

and only if[] 3" = T.

Proof: The proof is achieved by induction on the structure
of £ formulae:

Non-Temporal Case: Consider first the case whege €
Lp. If p € I'y, theny € Ay,, which by definition is satisfied
by B,. Thus,S1means thafe])’ = [¢]s,, = T. On
the other hand, ifp ¢ I', then, becausé&', is maximal,
- € I'y,. Now since— is a connective oL 5, - is also
in £, and thus inA, . Therefore[-¢]3 = [~¢]s, =T
t;
and consequentlyo]y = [¢]s,, = F.

Case oft = t' and ¢ < ¢ Atoms: If t = ¢/ € T, then
byA6t¢t < ¢, t' <teTly. Sofor some times andu’
Qult < t'], Qu'[t' <t] € T andthus byAllt < ¢/, t' <
t € T'. Then usingA6 again we get = ¢’ € T". From the
definition of 7 and the stipulatior84 we must then have

[t = ¢']5 = T. On the other hand, if = ¢’ ¢ T, then

Because the time points are quivalence classes of the time —(t = ¢') € I'y,. So because of maximality aib we must

variables and” is maximal and closed und@#-6, it fol-
lows that=<r must be a total linear order.

have either~(t < t') € T, or =(t' < t) € T'y,. Hence,
either—(t < t') € Tor=~(t' < t) € T, so because of



A6 we get—(t = ¢') € T and consequently = ¢/ ¢ T.
Referring once more to the definition af and toS4we see
that[t = #']3\ = F.

Suppose < ¢ € T'y,. This means thaBult < t] €
I for someu € t; and, byAll, ¢t < ¢ € T'. From the
definition of - and<r and the stipulatiols5we must then
have[t < #]3 = T. On the other hand, if < ' ¢ T',,
then by maximality—(¢ < ') € T'y, and so, byA5, ¢’ <
t € T'y,. Then, following the same reasoning used for the
positive case, we now get () < ¢t € T'. Also, if =(t <

t') € I'y, then byA6 —(t = t') € T'y, sot =t' ¢ T'y,. Thus,
as shown in the previous paragraph we getH(@)=t') €
I'. From (1) and (2) ané\6 we derive—(t < t') € T, so
t <t ¢T. Then fromS5we get]t <¢']3" = F.

Case of@(t): According to the semantic§Q(¢) g{; =T
iff 0(t) = t;. So we need to show tha(t) € Ty, iff
mT(t) =t

Supposed(t) € T'y,. Then for anyt’ € t; we know that
(") = t, and@t’[Q(t)] € T'. But then, because of ax-
iom Al4, we must also haveit'[@(¢')] € T', and hence,
Qt'[@Q(t) A Q(t')] € T. Now we can appeal t813 to get
@t'[t = ¢'] € T andAllto gett = t' € I'. Then, from the
definition of -, we haverr(t) = (') = t;.

On the other hand, if(¢t) ¢ T'y,, then for allt’ € ¢,
—@t'[@Q(t)] € T'. Now suppose thatr(t) = t;. Because of
the definition ofrr, this would mean that = ¢’ € T, and
from this usingA14 and A2 we can derived¢’ [Q(t)] € T.
This is impossible sincE is maximal consistent. Therefore
we must haver (t) # t;.

Since we have proved Lemma 1 for all formulae
and for the atomic formulae of, we use this as the base
case to prove it by induction for all formulae.

Case of the Boolean ConnectivesSuppose-p € I'y,. By
the induction hypothesis we can assume M’éﬁr =T

iff ¢ € I'y,. So, since~y € I'y,, consistency ensures we
haveyp ¢ T',, and hencqcp]]gF = F. Then, according to
S2 we have[-¢] = T. On the other hand ity ¢ T,
maximality ensures that € T',. So then[[np]]gF =T and

The case of conjunction(g A v) is similarly trivial.

Case of@t[g]: According t0S6 [at[g]]y. = [¢]a".
The induction hypothesis then allows us to assume that
[[c,o]]gfr(t) = Tiff ¢ € I';.(+), SO we just need to show that
@tlp] € Ty, iff ¢ € I';. (). Supposedt[p] € I'y,. Then
Q@t'[@t[p]] € T for eacht’ € t;,. But because oA10 this
means that we also ha&[y] € I" and hence, from the def-
initions of () and the set¥',, we must havep € ' 4.
On the other hand, ifit[¢] ¢ T'y,, then, because of maximal
consistency;@t[p] € T'y,; and thus, byA9, Qt[—p] € T'y,.
This means tha®t’[@Qt[—p]] € T for eacht’ € t;; and,
because oA10, we also havedt[—¢] € T'. Consequently,
¢ € I's. (1) and so, as requiregh, & T'.(y)-

Case ofVt[p]: Supposeviy] € T'y,. According toS8
[Vt[e]la = T justin caseg]y, ., =T foral ' €T.

By the definition ofTt, for everyt’ € Tt there is an equa-
tion ¢’ = ¢’ in T such thatr(t') = t'; so every element

in Tt is denoted by some time variable. Consider any time
variablet’ such thatrr(u) = t' and leto('=\") be an al-
phabetic variant ofp such that any’ occurring in a quan-
tifier or bound by a quantifier withip is replaced by a
new variable that is distinct fromhand does not occur any-
where inp. (The purpose of constructing this variant of
@ is to get an equivalent formula for which we can sub-
stitute ¢’ in place oft without fear oft’ becoming bound

by some quantifier inp.) By standard classical reasoning
usingR2-R4 and A3 one can show thap(!' =\ « ¢ and
hence (after some routine manipulation of the Boolean con-
nectives we see that) in every model these formulae are as-
signed the same truth value. It is then easy to see that:

[y = [ =10, oy = [ =\0)E=O]0

By some further simple classical reasoning we can also
show thatvt[p®*'=\)] — Vt[p]. Therefore, sinceyt|e] €
T, we also havé/t[p(*'=\Y] € I',. Then usingA3 we can
derive(p*'=\0)(=) ¢ T for any time variable’. (Note
thato(!'=\t) must satisfy the proviso on axioAB.)

The induction on formula structure can be run in such
a way that, when we need to show Lemma 1 holds for
a formula withn quantifiers, we have already proved it
for all formulae withn — 1 quantifiers. Consequently we
can assume that Lemma 1 holds for all substitution in-
stances of all alphabetic variants ¢f and hence for any
formula (' =\D)(2¥) " Thus, [(p¢=\0)E=21]0t =
[ ]]ww) = T, forall ¢ € Ir; and therefore, as required
[vilelly = T.

Suppose on the other havit{y] ¢ T',; then—Vt[p] € T,
and hencélt[-y] € T'y,. Thus, becausE, is existentially
closed, there is some time variablesuch that-p(*=%) ¢

u w)hti
Iy,. Thusp(= ¢ I, and[p"=*]]* = F. Hence we
must also havqcp]]m(,Ht) F, for the case wher¢ =
mr(u); and, according t&8 this means thdtvi[y] g;; =F.

This case by case analysis completes the proof of
Lemma5.H

Having proved all the required lemmas, we have now es-
tablished Theorem 1.

Completeness ofM

| again employ a Henkin-style approach to show thas
consistent with the axioms then there is a multiple history
model which satisfies it. Though the following proof is al-
ready rather complex, there are still some places where it
glosses over the full details. Construction of a completely
thorough proof is ongoing. Hopefully some simplification
will also be possible.



TME-Sets
In order to model the semantics of the modal operators |

Proof: Start with any finite consistent formula set. Ar-
range the TME-forms in some sequence and then succes-

construct maximal consistent sets that are not only existen- Sively add from each TME-form a TME-formula with re-

tially closed but also contain a stock of certain kinds formu-
lae which will facilitate the derivation of other formulae sets
corresponding to alternative histories. | modify (by adding
a temporal component) the method of (Hughes & Cresswell
1968, Chapter 9), where it is shown how to construct sets
having the so-called ‘& -property, which enables existen-
tial closure to be transported to modal alternatives. For the
current proof | introduce the closely related idea GfME-
set a set of formulae containing a certain clas§efmporal
Modal Existential FormulaéhenceforthT ME-formulag.

A TME-formula with respect to substitution variahlés
any formula in that satisfies the following recursive specifi-
cation:

e Any formula of the form@t[3z[y]] — Qt[p*=*)] s a
TME-formula with respect ot.

o If &, isa TME-formula w.r.tz andy is any formula that
does not contain: free, then any formula of the form
Qt[Q ] — Qt[O(y A £)] is a TME-formula w.r.tu.

Lemma6 If &, is a TME-formula with respect ta then
Ju[¢,] is a theorem ofM.

Proof: We perform induction on the definition of a TME-
formula. First the base case. From simple predicate logic
and A7 it follows that - @t[3x[p]] — Qt[Fu[p@=]).
Then usingA12 we get- @t[3z[yp]] — Ju[@t[p*=]).
Since,u does not occur free in the antecedent, this can be
rewritten to get- Ju[Qt[Iz[p]] — Qt[pF=W]].

Now to prove the induction step we show that, if
F Jul¢] and ¢ does not containu free, thent
Fu[@Qt[O ] — QE[O(Y A &y)]]. Sincel Jul,] it follows
from theS5 axioms that- ¢ ¢y — O(¥ A Jul€,]); and then
from A7 thatk @Q¢[Q ] — @Qt[O(Y A Tu[€,])]. Then, using
TBF and A12 together with the fact that does not occur
free invy, we can move the existential quantifier outwards
to obtaink Ju[Qt[O ¥] — Qt[O(Y A &,)]]- Induction then
proves the lemma for all TME-formula@

We can now show that:

Lemma 7 For any finite consistent sex and any TME-
formula¢&, with respect to a variable that does not occur
in any formula inA, the setA U {¢, } is also consistent.

Proof: This follows from Lemma 6 by standard 1st-order
reasoning — see e.g. (Hughes & Cresswell 1968, p. 180).

We now define TME-forms and TME-sets as fol-
lows:

e A TME-formis a maximal set of all TME-formulae that
are identical apart from the substitution variable.

e A TME-setis any set of formulae that contains at least
one member of each TME-form.

Lemma 8 Any consistent finite formula set can be expanded
to a consistent TME-set (and therefore to a maximal consis-
tent TME-set).

spect to some variable that does not already occur in any
formula so-far contained in the set (since we have a denu-
merable number of variables, there is always a new variable
available). Lemma 7 ensures consistency of the resulting
TME-set. (This consistent TME-set can then be expanded
to a maximal consistent TME-set in the usual wdl).

ta-Alternatives

Suppose we have a maximal consistent TMElsebnsist-
ing of all the formulae true at some time on some histary
and suppose that contains a formul&t[( «]. According

to the semantics oM this means there must be some other
history ', which is confluent witth up to a timet = 7(¢),
and such that is true att onb’. LetI” be the set of formu-
lae true at onh’. The semantics af] requires that for every
formula@¢[J¢,] € T we must have);, € I". To charac-
terise this relationship we define the following relation:

e I is ata-alternativeto I' just in case: botlr andI” are
maximal consistent TME-set§t[¢ o] € T, & € TV and
for each@t[d ¢;] € T’ we havey; € T".

Lemma 9 Every maximal consistent TME-set containing a
formula@t[$ «] has ata-alternative.

Proof: Let I' be a maximal consistent TME-set contain-
ing @t[Q «]. We will construct ata-alternativel” by ex-
tending the se{«} to a maximal TME-set in the follow-
ing way. We arrange all the TME-forms in some order
and index them a&; ...=, .... We must pick one TME-
formula from eachz;; and we will constrain this choice
by reference to the formulae if. Sincel is a TME-
set, it must contain a formul&t[) a] — Qt[O(a A &)
for some &, € Z;. Moreover, I' must also contain
a formula @¢[O(a A &1)] — Qt[O(a A & A &:)] for some
&5 € Eq; and more generally, given any choices for €
Ey...,& € E, we can pick§,+1 € Z,41 such that
QO(@ANEL A .. A& —

QtO(aAELA ... AN A éngr)]
is in T". Following this selection procedure we derive an in-
finite sequence of formulag, one from eaclE,,. Hence,
the infinite setA = {«,&,...} is a TME-set. Because
I' is maximal consistent (and hence is closed under modus
ponens and contains every instance of the theorem schema
QO A Y] — @t[O(¢)]), we see that for any subset
{A1, ..., A} of A, the formula@t[O(A A ... A ;)] isin
T.

Now letII = {¢; | Qt[O¢;] € T'}. We can show
that A U II is consistent. For any finite subsét =
{1, Ay 01,00} C (AUTD). we see thal® must
then contain the formulae

Qt[O(a, A1 A oo AR, QO 1], ... QO @]

But then if.S were inconsistent, simple reasoning usik¥}9
and theS5 axioms would show thdt is inconsistent. How-
ever, by assumptioh is consistent and thus must be con-
sistent. Moreover, sincé is an arbitrary finite subset of
A UTII thenA U II must itself be consistent. So finally we



can extend\UII to a maximal consistent TME-sEt, which
must be &ca-alternative ta”. B

Alternative Sequences

In constructingM models we shall be concerned with for-
mula sets that are derived from an initial s& a sequence
of ta-alternative relationships. Thus we define:

e An alternative sequenceerived fromI' is a finite se-
guence

<<®7 ma F0>a <t170‘13 I‘1>a teey <tna anvrn>> )

where (forn > 0) eachl’,, is at,,a,-alternative td",, _;
(hencen,, € T',, and@t[) ;] € Ty, 7).

The following lemma will be used later for reasoning
about the propagation of formulae through a sequence:

Lemma 10 For any sequence
Y= < ER) <tn*17an7171—‘n71>, <tn,Oén, Fn>, . .>,
Qt,[0¢] € T',,—; if and only ifQt,[d¢] € T,,.

Proof: From Al4 we havet @t,[Q(t,)] and from
A20, Q(t,) — OQ(t,), therefore byA7 we get 1)+
Qt,[0Q@(t,)]. From the S5 axioms andA7 we get
@t,[O¢] F @t,[d0O¢]. So, combining this with 1),
we have@t,[0¢| - Qt,[00¢] A Qt,[0Q(t,)]. From
this we get@t,[d¢] - Qt,[O(0O¢ A Q(t,))]. Hence if
Q@t,[dO¢] € T',—1 sois@t, [O(O¢ A Q(t,))] and, since
T',, is ata-alternative tal,,_1, the construction rule for se-
qguences gives Uslp A Q(t,) € T',,. UsingAl5 andAl3,
we then geOp A Q(t,) € T, F Qt,[0¢]. So we must
have@t, [J¢] € Ty,

On the other hand supposet,[J¢] ¢ T',-_1, then
-@t,[O0¢] € T',-1 and from this we getdt, [0 —p] €
T,_1. So usingAlS andA7 we must havedt,, [D O] €

From each®; = ((0,0,Tq), (t1,01,T1), ..., {tn, @n, Tn))
in & we now create a single history modell"zi
(Ts,, =s,, By, Vs, 7., {b%,}). This is derived fronl",,

in accordance with the construction given in theomplete-
ness proof.

Note, in particular that, since € T'g, we know thaty
is true at some point on one of the generated single history
models.

The presence of modal formulaeliy) does not affect this
construction (although the sely,;, associated with each
time pointt; will now contain modal formulae). Moreover,
the same reasoning as used for fhmodels shows that each
I',,¢, will be a maximal consistent subset.of’.

‘Tagging’ the Single History Models Later in the proof
we shall need to ensure that the constructed model does not
contain any ‘accidentally’ confluent histories. We want the
only confluent histories to be ones that were forced to be
confluent by the method of construction.

Recall that the setF; do not contain any propositional
variables in the seb, so the modele will not assign to

these variables. We shall now extend eﬁ@w model to an-
other single hlstory modély, , within which ‘each sequence
¥;, has a unique ‘tag’ specmed by means of an assignment
to the variables inD. We note that the s&b of sequences
and p(D) (the power set of the sdD of ‘spare’ proposi-
tional constants) are both have the cardinalityRof This
means that there is a one-to-one mapping & — (D),
which we can use to associate with eathe & a unique
assignment of truth values to the propositionsZin This
assignment will be referred to agX;).

From each?}, we construct the single history model
Ay, = (T, ,sz,qu,ng,Tzi,{bg 1), which augments

I',—1 and thus, using the argument of the previous paragraph g3, by adding assignments to the propositional variables in

we getQt,, [0 ¢ —¢] € I'y,. But@t,, [0 —¢] is inconsistent
with @t,,[O0¢] so@t,[O¢] ¢ T,. A

Constructing a Model from ~

We now want to construct &1 model satisfyingy. This

will be done by first building a set of single history models
corresponding to branches of the multiple history model and
then joining these models together.

For technical reasoning we shall start by considering for-
mula sets that are only maximal with respect to a sub-
vocabulary of the language @#1. Specifically, we shall set
aside a denumerable sbBt= {...,d;, ...} of propositional
variables of the atemporal base language which do not
occur in+. (Later these will be to construct unique indices
for the branches of the model). Létt” be the sub-language
of M consisting of the formulae ifip | ¢ € M and nod; €
D occurs inp}. An M-maximal consisterformula set is
one which is maximal consistent with respect to the sub-
languageM”.

We start by constructing’y, a M’-maximal consis-
tent TME-set containingy (by hypothesis,y is consis-
tent, so this will always be possible). We then It
be the set of all alternative sequences derived fidgn

D.'In the case o, = ((0,0,Ty)), for eacht € Tx,, we
seths, (t) = b%, (1) ® w(Zo), where thep operator means
that we S|mply combine the assignment of the base-model
hg (t) with the assignment (%) to the variables oD. We
setBZl equal to the range dfy,. When augmenting the
other2(3, models, the construction proceeds in order of in-
creasing length of the generating sequerteso that when
we come to augmemts, %, we have already augmented those
models generated from its sub-sequences.

For each®; = ((0,0,T0), (t1,1,T1), .., {tn, @, L))
the history functiorfy;, is specified as follows:

o If t =5, 7=, (t,) thenbs, (t) = by, (1), whereX; is the
initial sub-sequence af ; omitting just its final element.

o If t 25, 7, (t) thenbs, (6) = b, () & w(Z,).

This specification ensures thigt, agrees withhs,, up to
the point at whichyy;,, branches off as an alternative history;
and for all times after that point it satisfies a Boolean com-
bination (given byw(X;)) of the variables ofD that is not
satisfied anywhere on any previously generated history.

Finally for each2ly;, we again seBy;; equal to the range
of bEi .



Notation A single history model generated in this way,
whose history function i, will be referred to a8l (the as-
signments to thé variables guarantee that there is a unique
history for each model andice versy, the set of formu-
lae occurring in the final tuple of the sequence from which
it was generated will bé'y, and the set of formulae asso-
ciated with time point during the construction i, (ac-
cording to the specification in section ) will i&,;. Fol-
lowing the notation used for the single history models | let
Age ={p | ¢ € Tyt A p € L} andBy, be anLz model
satisfyingA .

Joining the Single History Models We now combine all
the single history model8ly,, to form a multiple history
model

Mr = (Ir, =r, Br, Vr, 7, Hr) .

From A21 and A1l we can prove that < t —
Vul@Qu[O(t < t')]; and fromA6 we can derivet = ¢t/
— Yul@u[O(t = t')]]. So, from the definition of the for-
mula setd"; occurring in the sequences@) we see that all
single history model&; will agree onTy;,, <x,, Vx, and
Ts,. Thus we chose any; and set:

Tr =Tx,,

=r==y,,

Vi = Vgi andm = TS

Br = |J{Bs, | ¥; € 6} (Since the values aBy, will
vary between the differeri; we take the union of all
these values),

e Hyr = {f)zl X € G}

~ is true at some point in9Mp

As was done in the completeness proof fiyrl will now
show that in the modéir generated front', every formula

¢ € T (including in particulary) is true at some point in
the model (i.e. at some time in one of the single history sub-
models contained withifdir. As with £, this is again done
by proving the following more general lemmaa:

Lemma 11 Forall ¢ € M, ¢ € Ty iff [[gp]]g;z =T.

Proof: The structure of the single history mod#) is de-
rived entirely from the non-modal formulae ©f. More-
over, it is easy to see that the non-modal formulae of the set
I'y¢ (associated with timein 2) is the same set that would
be associated witl if we built a canonical single history
model just from the non-modal formulae Bf,. Thus we
can appeal to Lemma 5 to prove that for any non-modal for-
mulay) € M”, we havey € I'y if and only if [¢]; = T.

We must now consider formulae including theoperator
(we may assum& has been eliminated by its definition).
We precede by induction so that when we consider whether
the lemma holds for] ¢ we can assume that it has already
been demonstrated to hold for We consider an exhaus-
tive set of possible forms of the formutay in terms of the
immediate sub-formule:

Case of ]y, where ¢ is Basic: Supposély € I'y,. Then
by Al7 ¢ € T'y¢. Sincey is basic it is a member dfy
justin cas€[p]s,, = T, whereBy, = h(t). But for any

history b’ such thath’ ~ h we know thath’(t) = h(t); so
lels,, = [[<p]]%m. By the induction hypothesig € 'y iff

[¢]9; = T; soy must be true at for all histories which
are alternatives td at t. Hence, byS9 we must have
[ ga]]g;t = T. On the other hand, if1¢ ¢ Ty then, be-
cause of maximal consistencyJ¢ € I'y¢ and then from
Al19 we also have~p € I'yy, SOp ¢ I'ye. Thus by the in-

duction hypothesi@,p]]g;I = F and so (sincé ~ b) from S9
we get[d ¢]a; = F.

Case of(t < t'): To demonstrate this | show that if
t <t eTythent < ¢’ is a member of every formula set
Iy, FromAllt < t' < @t"[(t < t’)], for anyt”. Then
using A7 and A21 we see that < ¢ — @’[0J(t < ).
Using this together with Lemma 10 we see that ¢’ must
be a member in every formula s&}, and thus so must
Qt"[O(t < t')] for anyt”. By the way the single history
sets are constructed from eaCh, we then see that < ¢’

is indeed a member of evely,,. Given the universality of
such formulae it is easy to establish this case of the induction
step.

Case of (1 @(¢): UsingA20, A14 andA13 it can be shown
that if @Q(¢) holds at any time point in any history it must
hold at that point in any history. Thus, clearly,(fQ(t)
holds at some time point in any historg(¢) must hold at
that time in all confluent histories.

Case of Jdy: From the S5 axioms 0 <« Oy, SO
OO¢ € I'ye justin casedy € I'ye. So we can reduce
this case to one of the others.

Case of g Vt[¢]: By TBF OVt[y] is equivalent tovt[d ).

By the induction hypothesis, the lemma must holdfop.

To get the induction fol/¢[0 ] we can then use the same
reasoning used for time quantification in the non-modal
logic L.

Case of[d@t[p]: This is the key case. We need to show
that if 0Qt[p] € I'ye then@ty] € I'y for all histories
b’ that are confluent withy up tot. We shall show this
by performing an induction over all histories and show that
each one satisfies the condition: eitlie@t[¢] € I'y/ or
b’ is not confluent withh up tot. The induction will we
be specified relative to the set of sequentgg$rom which
the histories are constructed. Starting with any sequence
Yy = (..., {t,a,Ty)) we can get to any other sequence
by a series of truncations and or extensions by alternatives.
Clearly the starting point satisfies the conditions since we
know that0 @t[p] € Ty and hence bA17 Qtlp] € Tyy.
We just need to show that truncations and legitimate exten-
sions preserve the desired condition.
The coding with Boolean combinations of the formulae
in D means that from the point-(¢) onwards the history
h generated fronE, must be distinct from any historly
generated by any extension or truncationdf Since all
formulaeg of the atemporal sub-languadgs; satisfy A19,
we can now usé22 to show that for any time prior te-(¢)
if any suchg is true onf it is also true or)’. Consequently
h andh’ must be confluent up to the time(¢). This means



that all histories confluent with up tor(¢) can be reached
by a series of truncations and extension&psuch that the
time variablet; in the last tuple of each sequence in the se-
ries always satisfies(¢) <r mr(t;). To complete the proof
we just need to show that for any such histgfywe have
Qt[p] € Tyry.

Suppose] @t[p] is in some arbitrary'y;, on the struc-
ture. ThenJO@t[y] € Ty, and alsoQt' [0 0 Qt[y]] for
some variablel’. This means that any that is ata-
alternative td"; must contain the formula @¢[,]. Suppose
thatt < ¢’ (as we have seen, if this is in any history it is true
for all), then byA22 we can derive tha@t' [0 Qt[y]] € T'y/.
Then usingAl7, A7 and A10 we get@t[yp] € T'y as re-
quired.

I have demonstrated the induction step for all formulae
O so the lemma is proved

Theorem 2 The axiom system fok1 is complete with re-
spect to the given semantics.

Proof: We need to show that any consistent formula has
a model. | have shown that any consistent formuls a
member of a maximal consistent TME-dé&ind from this
we can build a canonical mod®ir- such thaty must be true

at some time on some history within this modall.

Conclusion

| have given an axiomatisation of a very expressive logic
of branching histories, which | believe to be useful in for-

malising commonsense concepts which relate to time and

possibility. This forms a significant fragment of the logic

presented in (Bennett & Galton to appear). | have found that
the system is capable of describing many aspects of phys-
ical processes and one can define within it various causal

relationships. Probably the logic is to complex to serve as
a vehicle for effective reasoning. Rather it is intended to
provide a general framework within which more limited,
application-oriented,formalisms could be embedded.

More work remains to be done tightening up some of the
details of the proof.
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