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Abstract

I present an expressive temporal logic intended for applica-
tions in KR and ontology construction. The formalism com-
bines a 1st-order logic of time with a modal treatment of
historical necessity, which is used to model describe alterna-
tive possible histories. An axiomatisation is given and proved
complete with respect to the intended semantics.

Introduction
If the future is indeterminate, then at any time there are many
possible futures. This suggests that one might model time in
terms of a spreading tree of possible histories, one being the
actual history and the others merely possible alternatives.
The tenses and moods of our language can be interpreted as
locating and relating actual and possible occurrences upon
this branching structure of potential happenings.

This is nothing new. Indeed a fair number of possible se-
mantics and axiom sets for branching time structures have
already been given (Segerberg 1970; Burgess 1978; 1979;
Thomason 1984; Gurevich & Shelah 1985; Zanardo 1985;
Di Maio & Zanardo 1994; von Kutschera 1997). Though
these works contain quite deep results on branching time
logics I have found the formalisms rather difficult to apply to
practical problems of knowledge representation. A more AI
friendly formalism can be found in (McDermott 1982) but
this lacks fully formal semantics and proof theory. The lan-
guage proposed in the current paper is “yet another branch-
ing time temporal logic.” However I believe that the specific
logical constructs upon which it is based combine expressiv-
ity and naturalness in a way that makes it particularly suit-
able for KR applications and ontology construction.

My formalism is distinguished from all the others I have
seen in that it combines a 1st-order treatment of time with
a modal treatment of possible histories. The language in-
cludes explicit time variables, and time quantification, a con-
struct@t[ϕ], asserting thatϕ holds at timet, a special pred-
icate@(t), asserting that ‘t is the actual time’. It also con-
tains a modal ‘historical necessity’ operator�, such that�ϕ
means thatϕ holds (at the current time) in all histories that
share a common past with the actual history.
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The logic is expressive enough to define a wide range of
propositional operators relating to tense and possibility. It
forms a significant fragment of the much more comprehen-
sive logic presented in (Bennett & Galton to appear). Indeed,
the main motivation for the present work was to make some
progress towards establishing a complete axiomatisation for
that larger system. Unlike most other branching time mod-
els, all branches share a common time series. This means we
can describe orderings between events in different possible
histories. For example, we can represent temporal counter-
factuals such as “If I had passed that exam I would now have
been president”.

Another feature of the language which is attractive for AI
applications is its modularity. Unlike many 1st-order tem-
poral languages, time arguments are not added to predicates
but instead are attached to propositions using the@t[ϕ] (ac-
tually this approach is well-known in AI but little examined
in the temporal logic literature). Consequently, atemporal
formulas constitute a sub-language of the logic and, where
time is not relevant, need not complicate reasoning. Simi-
larly, since the branching structure is made up of a bundle
of linear models, where alternative histories are not relevant
the logic is equivalent to a simpler linear time logic.

I shall present an axiomatisation for a I give an axiom set
and prove completeness of this logic.

The LogicL
Before giving the full branching time logic I present the
logicL of a single linear history. I assume a base logicLB ,
which does not contain any time variables or temporal op-
erators. LB is used to describe thestatesthat hold at the
time points referred to within the temporal super-language
L. For present purposes we can takeLB to be ordinary clas-
sical propositional or 1st-order logic, but in factLB could
be any logic meeting the following requirements: it con-
tains Boolean propositional operators¬ and ∧ (from which
∨ , → and ↔ can of course be defined); it has a well-
defined semantics, such that a modelB for LB assigns one
of two values (true or false) to each formulaϕ of LB— i.e.
[[ϕ]]B ∈ {T,F}; ¬ and ∧ have their usual truth functional
semantics.

Also, in order that axiomatisation forL given below is
complete we need to have a complete axiomatisation ofLB .



Syntax

The vocabulary ofL extends that ofLB with a denumerable
set of time variablesV = {. . . , ti, . . .} and some additional
logical symbols. All formulae ofLB are also formulae ofL.
If ϕ andψ are formulae ofL andt, t′ ∈ V then:¬ψ, ϕ ∧ ψ,
t = t′, t ≤ t′, ∀t[ϕ], @t[ϕ], and@(t) are also formulae of
L (and the constructsϕ ∨ ψ, ϕ→ ψ, ϕ↔ ψ and∃t[ϕ] are
added by standard definitions).

WithinL it is very simple to define the well-known propo-
sitional past and future tense operators:

• Pϕ ≡def ∃tt′[(@(t) ∧ t′ < t)→ @t′[ϕ]]
• Fϕ ≡def ∃tt′[(@(t) ∧ t < t′t)→ @t′[ϕ]]

Semantics

The Boolean connectives and equality have their usual
meaning.≤ is a temporal ordering relation and∀t a quan-
tifier over time points. @t[ϕ] means the propositionϕ is
true at timet. @(t) means that time variablet refers to the
current point in time. Formally,L is interpreted with re-
spect to asingle history model, which is a structureA =
〈T,�, B, V, τ, {h}〉, where:

• T = {. . . , ti, . . .} is a set of time values,
• � is a total linear reflexive ordering onT ,
• B = {. . . ,Bi, . . .} is a set ofLB model structures,
• V = {. . . , ti, . . .} is the set of time variables,
• τ is a mapping fromV to T , assigning a time point to

each time variable,
• h is a mapping fromT toB, associating each time point

with anLB model.

Relative to a modelA = 〈T,�, B, V, τ, {h}〉 and a time
point t ∈ T , the denotation[[ϕ]]ht

A of each formula in the
language is specified recursively by:

S1) [[ϕ]]ht
A = [[ϕ]]Bt , whereϕ ∈ LB andBt = h(t);

S2) [[¬ϕ]]ht
A = T if [[ϕ]]ht

A = F, elseF;

S3) [[ϕ ∧ ψ]]ht
A =T if [[ϕ]]ht

A =T and[[ψ]]ht
A =T, elseF;

S4) [[t= t′]]ht
A = T if τ(t)=τ(t′), elseF;

S5) [[t≤ t′]]ht
A = T if τ(t)�τ(t′), elseF;

S6) [[@t[ϕ]]]ht
A = [[ϕ]]ht′

A , wheret′ = τ(t);
S7) [[@(t)]]ht

A = T if τ(t) = t, elseF;

S8) [[∀t[ϕ]]]ht
A =T if [[ϕ]]ht

A(t�t′) =T for all t′∈T , elseF.

Theh parameter in the denotation function[[ϕ]]ht
A is in fact

redundant since the models forL have only a single history.
However, includingh here will enable us later to generalise
the semantics to multiple history structures, without having
to re-write all the clauses.

The notationA(t�t) (in S8) refers to a modelA′ =
〈T,�, B, V, h, τ ′〉, which is exactly like A except that
τ ′(t) = t, whereasA may assign some other time value to
the variablet.

Proof System

The logic L obeys the following general inference
rules:

R1) ` ϕ if ϕ is avalid formula ofLB .
R2) ` ϕ if ϕ is a classical propositional theorem.
R3) If ` ϕ and ` (ϕ→ ψ) then ` ψ.
R4) If ` (ϕ→ ψ) then ` (ϕ→ ∀t[ψ]), providedt does

not occur free inϕ.
R5) If ` ϕ then ` @t[ϕ].

If we have a complete axiomatisation ofLB , R1 can be
replaced by the proof rules and axioms ofLB . RulesR2-4
constitute a standard 1st-order proof system but with quan-
tification restricted to time variables.R5 ensures that every
theorem holds at every time point.

Temporal equality and quantification satisfy standard ax-
iom schemata:

A1) t = t ,
A2) (t = t′ ∧ ϕ)→ ϕt⇒t

′
,

whereϕt⇒t
′

is the result of substitutingt′ for one or
more free occurrences oft in ϕ ,

A3) ∀t[ϕ]→ ϕtVt
′

,
whereϕtVt

′
is the result of substitutingt′ for all free

occurrences oft in ϕ, andt does not occur inϕ within
the scope of any quantification w.r.t. the variablet′.

The temporal ordering≤ satisfies the usual axioms for a
total linear order:

A4) (t ≤ t′ ∧ t′ ≤ t′′)→ t ≤ t′′ ,
A5) t ≤ t′ ∨ t′ ≤ t ,
A6) (t ≤ t′ ∧ t′ ≤ t′)↔ t = t′′ .

The construct@t[ϕ] satisfies the axioms:

A7) (@t[ϕ] ∧ @t[ϕ→ ψ])→ @t[ψ]
A8) ¬@t[ϕ ∧ ¬ϕ]
A9) @t[ϕ] ∨ @t[¬ϕ]
A10) @t[ϕ]↔ @t′[@t[ϕ]]
A11) t ≤ t′ ↔ @t′′[(t ≤ t′)]
A12) ∀t[@t′[ϕ]]→ @t′[∀t[ϕ]]

A7 andA8 ensure that the formulae that hold at each time
point are closed under implication and consistent.A9 en-
sures that, for every propositionϕ, at each time point either
ϕ or ¬ϕ holds. A12 means that time quantification com-
mutes with the@t[. . .] construct.

The predicate@(t) satisfies:

A13) (@(t) ∧ @(t′))→ t = t′

A14) @t[@(t)]
A15) ϕ→ ∃t[@t[ϕ]]

The LogicM
I now augment the languageL to accommodate multiple
branching histories.



Syntax
The rules of formula construction forM are exactly the
same as forL except we add the additional clause that, if
ϕ is a formula then�ϕ is a formula. We also define the
dual operator♦ϕ ≡def ¬�¬ϕ.

Semantics
M is interpreted relative to amultiple history model, a struc-
tureM = 〈T,�, B, V, τ,H〉, where:

• H = {. . . , hi, . . .} is a set of history functions, each of
which maps fromT intoB,
• For eachhi ∈ H, Mhi = 〈T,�, B, V, τ, {hi}〉 is a

single history model.

This definition means that a single history model is just a
special case of multiple history model, whereH is a single-
ton.

To specify the semantics of the logical symbols ofM we
employ clausesS1-8 (for L) without modification. In or-
der to state the semantics of� clearly, we define a relation
which asserts that two histories are the same up to a given
point in time:

h
t
≈ h′ ≡def (∀t′ ∈ T )[t′ � t→ h(t′) = h′(t′)]

Then we add the stipulation:

S9) [[�ϕ]]ht
M = T if [[ϕ]]h

′t
M = T for all h′ ∈ H such that

h
t
≈ h′, elseF.

Thus�ϕ is true ifϕ is true on all histories confluent with
the actual history up to the current time. In terms of this
several other useful operators can be defined. For exam-
ple:

• ‘Φ is inevitable’: Iϕ ≡def �Fϕ
• ‘Φ would have been possible’: Wϕ ≡def P♦Fϕ

Axioms forM
M satisfies all the axioms ofL plus some additional axioms
constraining the� operator. It satisfies the rule of necessita-
tion:

R6) If ` ϕ then` �ϕ ;

and the usual schemata for the modal logicS5:

A16) (�ϕ ∧ �(ϕ→ ψ))→ �ψ
A17) �ϕ→ ϕ
A18) ♦ϕ→ �♦ϕ
Also, if a formula of the base logicLB is true in some
history h at some timet then clearly it will be true in all
histories that are confluent up tot. Thus we have the ax-
iom:

A19) α→ �α, for all α ∈ LB
The actual time and all temporal inequalities are the same

for alternative histories:

A20) @(t)→ �@(t)
A21) t ≤ t′ → �(t ≤ t′)

Finally we have an axiom fixing the interaction between
� and the@t[ϕ] construct.

A22) ∀tt′[@t[�ϕ] ∧ t ≤ t′ → @t′[�@t[ϕ]]]

This captures the fact that alternative histories diverge
only in the direction of the future.

Since� is anS5 modality one can derive both the Barcan
formula and the converse Barcan formula for� with respect
to time quantification — i.e. we have the following theorem
(the Temporal Barcan Formula):1

TBF) ∀t[�ϕ]↔ �∀t[ϕ]

Thus, time quantification commutes with both@t[. . .] and
�; but� and@t[. . .] do not commute, except in those cases
specified byA22.

Soundness ofL andM
It is routine to verify that all the axioms are satisfied by every
single history model.

Completeness ofL
I now give a Henkin-style proof of the completeness ofL.
The theorem is as follows:

Theorem 1 The axiom system given forL is complete with
respect to the specified semantics (i.e. every formula that is
true in every single history model is provable from the ax-
ioms).

Proof: I shall show in lemma 1 that for every formulaγ
which is consistent with the axioms there is a single his-
tory model, such thatγ is true at some time point in that
model. Now supposeϕ is valid (i.e. true at every time in
every model), then¬ϕ cannot be true at any point in any
model and thus¬ϕ must be inconsistent with the axioms.
Consequentlyϕ must be provable.�.

I now prove the required lemma constructively:

Lemma 1 For every formulaγ which is consistent with the
axioms we can construct a single history model, such thatγ
is true at some time point in that model.

Proof: For every formulaγ that is consistent with the
axioms, there is amaximal consistentset Γ of L formu-
lae, which includesγ and is alsoexistentially closed. In
Lemma 2 I shall show that from every maximal consistent,
existentially closed set of formulaeΓ we can construct a
canonical modelAΓ. Finally, in Lemma 4, I show that for
every formulaϕ ∈ Γ (thus in particular forγ), there is a
time point inAΓ at whichϕ is true (according to the seman-
tics given forL). �

The first sentence of the proof needs further explanation.
The required properties ofΓ are defined as follows:

1Those who are new to this language may findTBF a little con-
fusing. Bear in mind that∀tϕ doesnot mean thatϕ holds at all
time points but thatϕ holds at the actual time, whatever time point
is the value of any freet variables withinϕ. Thus,∀t�ϕ means
that for all values oft,�ϕ holds (at the actual time) in all histories
confluent with the actual history up to theactual time; and hence
has the same meaning as� ∀tϕ.



• A set of formulae S from a language L ismaximal con-
sistentiff S is closed under entailment and for each for-
mulaϕ ∈ L eitherϕ ∈ S or¬ϕ ∈ S but not both.

• A set of formulae is existentially closed iff, whenever it
contains a formula of the form∃x[ϕ] it also contains a
formulaϕ(xVu), for some variableu, which is free in
ϕ(xVu).

There are standard techniques to construct sets satisfying
these properties and including any given consistent formula.
See e.g. (Hughes & Cresswell 1968, p.159).�

Lemma 2 From any maximal consistent and existentially
closed setΓ we can construct a (canonical) single history
modelAΓ.

Proof: I first define some building blocks that will be used
to construct the model.

For each time variableti in the vocabulary ofL, its deno-
tationti will be the set defined by:

ti = {tj | (ti = tj) ∈ Γ}
Thus, the value of each time variableti is the equivalence
class of those time variables which are equal toti according
to the equality relations inΓ. AxiomsA1 andA2 ensure that
the setsti are indeed equivalence classes.

For eachti we construct the following set (which we shall
later prove to be the set of all formulae true atti according
to AΓ):

Γti = {ϕ | @t[ϕ] ∈ Γ for somet ∈ ti}
SinceΓ is maximal consistent,R5, A7, A8, and A9 en-
sure that eachΓti is also maximal consistent. Further-
more we can show thatΓti is existentially closed: suppose
∃u[ϕ] ∈ Γti then@t[∃u[ϕ]] ∈ Γ for somet ∈ ti. But then
usingA12 we can derive∃u[@t[ϕ]] ∈ Γ. So, becauseΓ is
existentially complete@t[ϕ](uVv) ∈ Γ, for some variablev.
Consequently we must haveϕ(uVv) ∈ Γti .

I also define

∆ti = {ϕ | ϕ ∈ Γti ∧ ϕ ∈ LB} .
So ∆ti is just the set of non-temporal formulae inΓti .
Clearly,∆ti is maximal with respect to the language ofLB
and is also consistent. Therefore, for each∆ti we can con-
struct anLB model satisfying all the formulae in∆ti . This
model will be referred to asBti .

FromΓ we can construct anLmodel

AΓ = 〈TΓ,�Γ, BΓ, VΓ, τΓ, {hΓ}〉
whose components are specified as follows:

• VΓ is the set of time variables of the languageL.

• The functionτΓ which assigns values to the time variables
is defined byτΓ(ti) = ti.

• The setTΓ of all time points is defined to be the range of
τΓ.

• The ordering relation�Γ is defined by:

ti �Γ tj iff (∀t ∈ ti)(∀t′ ∈ tj)[(t ≤ t′) ∈ Γ]
Because the time points are quivalence classes of the time
variables andΓ is maximal and closed underA4-6, it fol-
lows that�Γ must be a total linear order.

• We sethΓ(ti) = Bti

• Finally, we letBΓ be equal to the range ofhΓ. �

The following equivalence which relates formulae inΓ
to formulae in the derived setsΓti will be used several time
(sometimes without reference) in the remainder of the proof:

Lemma 3 The following conditions are equivalent:

• ϕ ∈ Γti ,
• @t[ϕ] ∈ Γ for every variablet ∈ ti,
• @t[ϕ] ∈ Γ for some variablet ∈ ti.

Proof: By definition,ϕ ∈ Γti just in case@t[ϕ] ∈ Γ for all
t ∈ ti; and moreoverti is by definition non-empty. On the
other hand ifϕ 6∈ Γti then, becauseΓti is maximal consis-
tent,¬ϕ ∈ Γti , which means that@t[¬ϕ] ∈ Γ for all t ∈ ti.
From R5, A7 and A8, we can derive@t[¬ϕ]→¬@t[ϕ].
Thus, becauseΓ is closed under implication¬@t[ϕ] ∈ Γ;
so, sinceΓ is consistent@t[ϕ] 6∈ Γ for anyt ∈ ti.

Because the variable setti is by definition non-empty, the
third condition follows from the second.�

Lemma 4 In the cannonical modelAΓ constructed from
any maximal consistent, existentially closed formula setΓ.
For every formulaϕ ∈ Γ there is a time point at whichϕ is
are true according to the semantics given forL.

Proof: By A15 and the maximal consistency ofΓ, we know
thatϕ ∈ Γ implies∃t[@t[ϕ]] ∈ Γ and hence, becauseΓ is
existentially closed,@u[ϕ] ∈ Γ for some timeu. Thus, by
Lemma 3,ϕ ∈ Γti , whereti = τΓ(u) is the denotation ofu.
Below, in Lemma 5, I shall prove thatϕ ∈ Γti just in case
[[ϕ]]hti

AΓ
= T. Thereforeϕ is true at timeti in AΓ. �.

Now we come to the final requirement of the proof, which
is to demonstrate the following lemma:

Lemma 5 For eachti the setΓti contains exactly those for-
mulae which are true atti according toAΓ — i.e.ϕ ∈ Γti if
and only if[[ϕ]]hti

AΓ
= T.

Proof: The proof is achieved by induction on the structure
of L formulae:

Non-Temporal Case: Consider first the case whereϕ ∈
LB . If ϕ ∈ Γti thenϕ ∈ ∆ti , which by definition is satisfied
by Bti . Thus,S1 means that[[ϕ]]hti

AΓ
= [[ϕ]]Bti

= T. On
the other hand, ifϕ 6∈ Γti then, becauseΓti is maximal,
¬ϕ ∈ Γti . Now since¬ is a connective ofLB , ¬ϕ is also
in LB , and thus in∆ti . Therefore[[¬ϕ]]hti

AΓ
= [[¬ϕ]]Bti

= T
and consequently[[ϕ]]hti

AΓ
= [[ϕ]]Bti

= F.

Case oft = t′ and t ≤ t′ Atoms: If t = t′ ∈ Γti then
by A6 t ≤ t′, t′ ≤ t ∈ Γti . So for some timesu andu′

@u[t ≤ t′], @u′[t′ ≤ t] ∈ Γ and thus byA11 t ≤ t′, t′ ≤
t ∈ Γ. Then usingA6 again we gett = t′ ∈ Γ. From the
definition of τΓ and the stipulationS4 we must then have
[[t = t′]]hti

AΓ
= T. On the other hand, ift = t′ 6∈ Γti then

¬(t = t′) ∈ Γti . So because of maximality andA6 we must
have either¬(t ≤ t′) ∈ Γti or ¬(t′ ≤ t) ∈ Γti . Hence,
either¬(t ≤ t′) ∈ Γ or ¬(t′ ≤ t) ∈ Γ, so because of



A6 we get¬(t = t′) ∈ Γ and consequentlyt = t′ 6∈ Γ.
Referring once more to the definition ofτΓ and toS4we see
that[[t = t′]]hti

AΓ
= F.

Supposet ≤ t′ ∈ Γti . This means that@u[t ≤ t′] ∈
Γ for someu ∈ ti and, byA11, t ≤ t′ ∈ Γ. From the
definition ofτΓ and�Γ and the stipulationS5we must then
have[[t ≤ t′]]hti

AΓ
= T. On the other hand, ift ≤ t′ 6∈ Γti ,

then by maximality¬(t ≤ t′) ∈ Γti and so, byA5, t′ ≤
t ∈ Γti . Then, following the same reasoning used for the
positive case, we now get (1)t′ ≤ t ∈ Γ. Also, if ¬(t ≤
t′) ∈ Γti then byA6 ¬(t = t′) ∈ Γti sot = t′ 6∈ Γti . Thus,
as shown in the previous paragraph, we get (2)¬(t = t′) ∈
Γ. From (1) and (2) andA6 we derive¬(t ≤ t′) ∈ Γ, so
t ≤ t′ 6∈ Γ. Then fromS5we get[[t≤ t′]]hti

AΓ
= F.

Case of@(t): According to the semantics:[[@(t)]]hti
AΓ

= T
iff τΓ(t) = ti. So we need to show that@(t) ∈ Γti iff
τΓ(t) = ti.

Suppose@(t) ∈ Γti . Then for anyt′ ∈ ti we know that
τΓ(t′) = ti and@t′[@(t)] ∈ Γ. But then, because of ax-
iom A14, we must also have@t′[@(t′)] ∈ Γ, and hence,
@t′[@(t) ∧ @(t′)] ∈ Γ. Now we can appeal toA13 to get
@t′[t = t′] ∈ Γ andA11 to gett = t′ ∈ Γ. Then, from the
definition ofτΓ, we haveτΓ(t) = τΓ(t′) = ti.

On the other hand, if@(t) 6∈ Γti , then for all t′ ∈ ti
¬@t′[@(t)] ∈ Γ. Now suppose thatτΓ(t) = ti. Because of
the definition ofτΓ, this would mean thatt = t′ ∈ Γ, and
from this usingA14 andA2 we can derive@t′[@(t)] ∈ Γ.
This is impossible sinceΓ is maximal consistent. Therefore
we must haveτΓ(t) 6= ti.

Since we have proved Lemma 1 for all formulae ofLB
and for the atomic formulae ofL, we use this as the base
case to prove it by induction for allL formulae.

Case of the Boolean Connectives:Suppose¬ϕ ∈ Γti . By
the induction hypothesis we can assume that[[ϕ]]tiAΓ

= T
iff ϕ ∈ Γti . So, since¬ϕ ∈ Γti , consistency ensures we
haveϕ 6∈ Γti , and hence[[ϕ]]tiAΓ

= F. Then, according to
S2, we have[[¬ϕ]]tiAΓ

= T. On the other hand if¬ϕ 6∈ Γti

maximality ensures thatϕ ∈ Γti . So then[[ϕ]]tiAΓ
= T and

[[¬ϕ]]tiAΓ
= F.

The case of conjunctions(ϕ ∧ ψ) is similarly trivial.

Case of@t[ϕ]: According toS6, [[@t[ϕ]]]tAΓ
= [[ϕ]]τΓ(t)

AΓ
.

The induction hypothesis then allows us to assume that
[[ϕ]]τΓ(t)

AΓ
= T iff ϕ ∈ ΓτΓ(t), so we just need to show that

@t[ϕ] ∈ Γti iff ϕ ∈ ΓτΓ(t). Suppose@t[ϕ] ∈ Γti . Then
@t′[@t[ϕ]] ∈ Γ for eacht′ ∈ ti. But because ofA10 this
means that we also have@t[ϕ] ∈ Γ and hence, from the def-
initions of τΓ(t) and the setsΓti , we must haveϕ ∈ ΓτΓ(t).
On the other hand, if@t[ϕ] 6∈ Γti , then, because of maximal
consistency,¬@t[ϕ] ∈ Γti ; and thus, byA9, @t[¬ϕ] ∈ Γti .
This means that@t′[@t[¬ϕ]] ∈ Γ for eacht′ ∈ ti; and,
because ofA10, we also have@t[¬ϕ] ∈ Γ. Consequently,
¬ϕ ∈ ΓτΓ(t) and so, as required,ϕ 6∈ ΓτΓ(t).

Case of∀t[ϕ]: Suppose∀t[ϕ] ∈ Γti . According toS8,
[[∀t[ϕ]]]hti

AΓ
= T just in case[[ϕ]]ht

A(t�t′) = T for all t′ ∈ T .
By the definition ofTΓ, for everyt′ ∈ TΓ there is an equa-
tion t′ = t′ in Γ such thatτΓ(t′) = t′; so every element
in TΓ is denoted by some time variable. Consider any time
variablet′ such thatτΓ(u) = t′ and letϕ(t′⇒\t) be an al-
phabetic variant ofϕ such that anyt′ occurring in a quan-
tifier or bound by a quantifier withinϕ is replaced by a
new variable that is distinct fromt and does not occur any-
where inϕ. (The purpose of constructing this variant of
ϕ is to get an equivalent formula for which we can sub-
stitute t′ in place oft without fear oft′ becoming bound
by some quantifier inϕ.) By standard classical reasoning
usingR2-R4 andA3 one can show thatϕ(t′⇒\t) ↔ ϕ and
hence (after some routine manipulation of the Boolean con-
nectives we see that) in every model these formulae are as-
signed the same truth value. It is then easy to see that:
[[ϕ]]ht

A(t�t′) = [[ϕ(t′⇒\t)]]ht

A(t�t′) = [[(ϕ(t′⇒\t))(tVt′)]]ht
A

By some further simple classical reasoning we can also
show that∀t[ϕ(t′⇒\t)]↔ ∀t[ϕ]. Therefore, since,∀t[ϕ] ∈
Γti we also have∀t[ϕ(t′⇒\t)] ∈ Γti . Then usingA3 we can
derive(ϕ(t′⇒\t))(tVt′) ∈ Γti for any time variablet′. (Note
thatϕ(t′⇒\t) must satisfy the proviso on axiomA3.)

The induction on formula structure can be run in such
a way that, when we need to show Lemma 1 holds for
a formula with n quantifiers, we have already proved it
for all formulae withn − 1 quantifiers. Consequently we
can assume that Lemma 1 holds for all substitution in-
stances of all alphabetic variants ofϕ, and hence for any
formula (ϕ(t′⇒\t))(tVt′). Thus, [[(ϕ(t′⇒\t))(tVt′)]]ht

A =
[[ϕ]]ht

A(t�t′) = T, for all t′ ∈ TΓ; and therefore, as required

[[∀t[ϕ]]]hti
AΓ

= T.

Suppose on the other hand∀t[ϕ] 6∈ Γti ; then¬∀t[ϕ] ∈ Γti
and hence∃t[¬ϕ] ∈ Γti . Thus, becauseΓti is existentially
closed, there is some time variableu such that¬ϕ(tVu) ∈
Γti . Thusϕ(tVu) 6∈ Γti and [[ϕ(tVu)]]hti

AΓ
= F. Hence we

must also have[[ϕ]]ht

A(t�t′) = F, for the case wheret′ =
τΓ(u); and, according toS8, this means that[[∀t[ϕ]]]hti

AΓ
= F.

This case by case analysis completes the proof of
Lemma 5.�

Having proved all the required lemmas, we have now es-
tablished Theorem 1.

Completeness ofM

I again employ a Henkin-style approach to show thatγ is
consistent with the axioms then there is a multiple history
model which satisfies it. Though the following proof is al-
ready rather complex, there are still some places where it
glosses over the full details. Construction of a completely
thorough proof is ongoing. Hopefully some simplification
will also be possible.



TME-Sets
In order to model the semantics of the modal operators I
construct maximal consistent sets that are not only existen-
tially closed but also contain a stock of certain kinds formu-
lae which will facilitate the derivation of other formulae sets
corresponding to alternative histories. I modify (by adding
a temporal component) the method of (Hughes & Cresswell
1968, Chapter 9), where it is shown how to construct sets
having the so-called ‘E′M -property’, which enables existen-
tial closure to be transported to modal alternatives. For the
current proof I introduce the closely related idea of aTME-
set, a set of formulae containing a certain class ofTemporal
Modal Existential Formulae(henceforthTME-formulae).

A TME-formula with respect to substitution variableu is
any formula in that satisfies the following recursive specifi-
cation:

• Any formula of the form@t[∃x[ϕ]]→ @t[ϕ(xVu)] is a
TME-formula with respect otu.
• If ξu is a TME-formula w.r.t.u andψ is any formula that

does not containu free, then any formula of the form
@t[♦ψ]→ @t[♦(ψ ∧ ξ)] is a TME-formula w.r.t.u.

Lemma 6 If ξu is a TME-formula with respect tou then
∃u[ξu] is a theorem ofM.

Proof: We perform induction on the definition of a TME-
formula. First the base case. From simple predicate logic
and A7 it follows that ` @t[∃x[ϕ]]→ @t[∃u[ϕ(xVu)]].
Then usingA12 we get` @t[∃x[ϕ]]→ ∃u[@t[ϕ(xVu)]].
Since,u does not occur free in the antecedent, this can be
rewritten to get̀ ∃u[@t[∃x[ϕ]]→ @t[ϕ(xVu)]].

Now to prove the induction step we show that, if
` ∃u[ξu] and ψ does not containu free, then `
∃u[@t[♦ψ]→ @t[♦(ψ ∧ ξu)]]. Since` ∃u[ξu] it follows
from theS5 axioms that̀ ♦ψ→ ♦(ψ ∧ ∃u[ξu]); and then
from A7 that` @t[♦ψ]→ @t[♦(ψ ∧ ∃u[ξu])]. Then, using
TBF andA12 together with the fact thatu does not occur
free inψ, we can move the existential quantifier outwards
to obtain` ∃u[@t[♦ψ]→ @t[♦(ψ ∧ ξu)]]. Induction then
proves the lemma for all TME-formulae.�

We can now show that:

Lemma 7 For any finite consistent setΛ and any TME-
formulaξu with respect to a variableu that does not occur
in any formula inΛ, the setΛ ∪ {ξu} is also consistent.

Proof: This follows from Lemma 6 by standard 1st-order
reasoning — see e.g. (Hughes & Cresswell 1968, p. 160).�

We now define TME-forms and TME-sets as fol-
lows:

• A TME-formis a maximal set of all TME-formulae that
are identical apart from the substitution variable.
• A TME-setis any set of formulae that contains at least

one member of each TME-form.

Lemma 8 Any consistent finite formula set can be expanded
to a consistent TME-set (and therefore to a maximal consis-
tent TME-set).

Proof: Start with any finite consistent formula set. Ar-
range the TME-forms in some sequence and then succes-
sively add from each TME-form a TME-formula with re-
spect to some variable that does not already occur in any
formula so-far contained in the set (since we have a denu-
merable number of variables, there is always a new variable
available). Lemma 7 ensures consistency of the resulting
TME-set. (This consistent TME-set can then be expanded
to a maximal consistent TME-set in the usual way).�

tα-Alternatives
Suppose we have a maximal consistent TME-setΓ consist-
ing of all the formulae true at some time on some historyh;
and suppose thatΓ contains a formula@t[♦α]. According
to the semantics ofM this means there must be some other
historyh′, which is confluent withh up to a timet = τ(t),
and such thatα is true att onh′. Let Γ′ be the set of formu-
lae true att onh′. The semantics of� requires that for every
formula @t[�ϕi] ∈ Γ we must haveψi ∈ Γ′. To charac-
terise this relationship we define the following relation:

• Γ′ is atα-alternativeto Γ just in case: bothΓ andΓ′ are
maximal consistent TME-sets,@t[♦α] ∈ Γ, α ∈ Γ′ and
for each@t[�ϕi] ∈ Γ we haveψi ∈ Γ′.

Lemma 9 Every maximal consistent TME-set containing a
formula@t[♦α] has atα-alternative.

Proof: Let Γ be a maximal consistent TME-set contain-
ing @t[♦α]. We will construct atα-alternativeΓ′ by ex-
tending the set{α} to a maximal TME-set in the follow-
ing way. We arrange all the TME-forms in some order
and index them asΞ1 . . .Ξn . . .. We must pick one TME-
formula from eachΞ1; and we will constrain this choice
by reference to the formulae inΓ. Since Γ is a TME-
set, it must contain a formula@t[♦α]→ @t[♦(α ∧ ξ1)]
for some ξ1 ∈ Ξ1. Moreover, Γ must also contain
a formula @t[♦(α ∧ ξ1)]→ @t[♦(α ∧ ξ1 ∧ ξ2)] for some
ξ2 ∈ Ξ2; and more generally, given any choices forξ1 ∈
Ξ1 . . . , ξn ∈ Ξn we can pickξn+1 ∈ Ξn+1 such that
@t[♦(α ∧ ξ1 ∧ . . . ∧ ξn)]→

@t[♦(α ∧ ξ1 ∧ . . . ∧ ξn ∧ ξn+1)]
is in Γ. Following this selection procedure we derive an in-
finite sequence of formulaeξn one from eachΞn. Hence,
the infinite setΛ = {α, ξ1, . . .} is a TME-set. Because
Γ is maximal consistent (and hence is closed under modus
ponens and contains every instance of the theorem schema
@t[♦(ψ ∧ ψ′)]→ @t[♦(ψ)]), we see that for any subset
{λ1, . . . , λj} of Λ, the formula@t[♦(λ1 ∧ . . . ∧ λj)] is in
Γ.

Now let Π = {ϕi | @t[�ϕi] ∈ Γ}. We can show
that Λ ∪ Π is consistent. For any finite subsetS =
{λ1, . . . , λm, ϕ1, . . . , ϕn} ⊂ (Λ ∪ Π). we see thatΓ must
then contain the formulae

@t[♦(α, λ1 ∧ . . . ∧ λm)],@t[�ϕ1], . . .@t[�ϕn].

But then ifS were inconsistent, simple reasoning usingA7-9
and theS5 axioms would show thatΓ is inconsistent. How-
ever, by assumptionΓ is consistent and thusS must be con-
sistent. Moreover, sinceS is an arbitrary finite subset of
Λ ∪ Π thenΛ ∪ Π must itself be consistent. So finally we



can extendΛ∪Π to a maximal consistent TME-setΓ′, which
must be atα-alternative toΓ. �

Alternative Sequences
In constructingM models we shall be concerned with for-
mula sets that are derived from an initial setvia a sequence
of tα-alternative relationships. Thus we define:

• An alternative sequencederived fromΓ0 is a finite se-
quence

〈〈∅, ∅,Γ0〉, 〈t1, α1,Γ1〉, . . . , 〈tn, αn,Γn〉〉 ,

where (forn > 0) eachΓn is atnαn-alternative toΓn−1

(henceαn ∈ Γn and@t[♦αi] ∈ Γn−1).

The following lemma will be used later for reasoning
about the propagation of formulae through a sequence:

Lemma 10 For any sequence
Σi = 〈. . . , 〈tn−1, αn−1,Γn−1〉, 〈tn, αn,Γn〉, . . .〉,
@tn[�ϕ] ∈ Γn−1 if and only if@tn[�ϕ] ∈ Γn.

Proof: From A14 we have ` @tn[@(tn)] and from
A20, @(tn)→ �@(tn), therefore byA7 we get 1) `
@tn[�@(tn)]. From the S5 axioms andA7 we get
@tn[�ϕ] ` @tn[��ϕ]. So, combining this with 1),
we have@tn[�ϕ] ` @tn[��ϕ] ∧ @tn[�@(tn)]. From
this we get@tn[�ϕ] ` @tn[�(�ϕ ∧ @(tn))]. Hence if
@tn[�ϕ] ∈ Γn−1 so is @tn[�(�ϕ ∧ @(tn))] and, since
Γn is a tα-alternative toΓn−1, the construction rule for se-
quences gives us�ϕ ∧ @(tn) ∈ Γn. UsingA15 andA13,
we then get�ϕ ∧ @(tn) ∈ Γn ` @tn[�ϕ]. So we must
have@tn[�ϕ] ∈ Γn.

On the other hand suppose@tn[�ϕ] 6∈ Γn−1, then
¬@tn[�ϕ] ∈ Γn−1 and from this we get@tn[♦¬ϕ] ∈
Γn−1. So usingA18 andA7 we must have@tn[�♦¬ϕ] ∈
Γn−1 and thus, using the argument of the previous paragraph
we get@tn[�♦¬ϕ] ∈ Γn. But@tn[�♦¬ϕ] is inconsistent
with @tn[�ϕ] so@tn[�ϕ] 6∈ Γn. �

Constructing a Model from γ

We now want to construct aM model satisfyingγ. This
will be done by first building a set of single history models
corresponding to branches of the multiple history model and
then joining these models together.

For technical reasoning we shall start by considering for-
mula sets that are only maximal with respect to a sub-
vocabulary of the language ofM. Specifically, we shall set
aside a denumerable setD = {. . . , δi, . . .} of propositional
variables of the atemporal base languageLB which do not
occur inγ. (Later these will be to construct unique indices
for the branches of the model). LetM[ be the sub-language
ofM consisting of the formulae in{ϕ | ϕ ∈M and noδi ∈
D occurs inϕ}. AnM[-maximal consistentformula set is
one which is maximal consistent with respect to the sub-
languageM[.

We start by constructingΓ0, a M[-maximal consis-
tent TME-set containingγ (by hypothesis,γ is consis-
tent, so this will always be possible). We then letS
be the set of all alternative sequences derived fromΓ0.

From eachΣi = 〈〈∅, ∅,Γ0〉, 〈t1, α1,Γ1〉, . . . , 〈tn, αn,Γn〉〉
in S we now create a single history model,A[Σi =
〈TΣi ,�Σi , B

[
Σi
, VΣi , τΣi , {h[Σi}〉. This is derived fromΓn

in accordance with the construction given in theL complete-
ness proof.

Note, in particular that, sinceγ ∈ Γ0, we know thatγ
is true at some point on one of the generated single history
models.

The presence of modal formulae inΓn does not affect this
construction (although the setsΓnti associated with each
time pointti will now contain modal formulae). Moreover,
the same reasoning as used for theLmodels shows that each
Γnti will be a maximal consistent subset ofM[.

‘Tagging’ the Single History Models Later in the proof
we shall need to ensure that the constructed model does not
contain any ‘accidentally’ confluent histories. We want the
only confluent histories to be ones that were forced to be
confluent by the method of construction.

Recall that the setsΓi do not contain any propositional
variables in the setD, so the modelsB[Σi will not assign to
these variables. We shall now extend eachA[Σn model to an-
other single history modelAΣn , within which each sequence
Σi, has a unique ‘tag’ specified by means of an assignment
to the variables inD. We note that the setS of sequences
and℘(D) (the power set of the setD of ‘spare’ proposi-
tional constants) are both have the cardinality ofR. This
means that there is a one-to-one mappingω : S→ ℘(D),
which we can use to associate with eachΣi ∈ S a unique
assignment of truth values to the propositions inD. This
assignment will be referred to asω(Σi).

From eachA[Σi we construct the single history model
AΣi = 〈TΣi ,�Σi , BΣi , VΣi , τΣi , {hΣi}〉, which augments
A[Σi by adding assignments to the propositional variables in
D. In the case ofΣ0 = 〈〈∅, ∅,Γ0〉〉, for eacht ∈ TΣ0 we
sethΣ0(t) = h[Σ0

(t) ⊕ ω(Σ0), where the⊕ operator means
that we simply combine the assignment of the base-model
h[Σ0

(t) with the assignmentω(Σ0) to the variables ofD. We
setBΣi equal to the range ofhΣ0 . When augmenting the
otherA[Σi models, the construction proceeds in order of in-
creasing length of the generating sequencesΣi, so that when
we come to augmentA[Σi we have already augmented those
models generated from its sub-sequences.

For eachΣi = 〈〈∅, ∅,Γ0〉, 〈t1, α1,Γ1〉, . . . , 〈tn, αn,Γn〉〉
the history functionhΣi is specified as follows:

• If t �Σi τΣi(tn) thenhΣi(t) = hΣj (t), whereΣj is the
initial sub-sequence ofΣj omitting just its final element.

• If t 6�Σi τΣi(tn) thenhΣi(t) = h[Σ0
(t)⊕ ω(Σi).

This specification ensures thathΣi agrees withhΣj up to
the point at whichhΣi branches off as an alternative history;
and for all times after that point it satisfies a Boolean com-
bination (given byω(Σi)) of the variables ofD that is not
satisfied anywhere on any previously generated history.

Finally for eachAΣi we again setBΣi equal to the range
of hΣi .



Notation A single history model generated in this way,
whose history function ish, will be referred to asAh (the as-
signments to theD variables guarantee that there is a unique
history for each model andvice versa), the set of formu-
lae occurring in the final tuple of the sequence from which
it was generated will beΓh, and the set of formulae asso-
ciated with time pointt during the construction ofAh (ac-
cording to the specification in section ) will beΓht. Fol-
lowing the notation used for the single history models I let
∆ht = {ϕ | ϕ ∈ Γht ∧ ϕ ∈ LB} andBht be anLB model
satisfying∆ht.

Joining the Single History Models We now combine all
the single history modelsAΣi to form a multiple history
model

MΓ = 〈TΓ,�Γ, BΓ, VΓ, τΓ,HΓ〉 .
From A21 and A11 we can prove thatt ≤ t′ →

∀u[@u[�(t ≤ t′)]; and from A6 we can derivet = t′

→ ∀u[@u[�(t = t′)]]. So, from the definition of the for-
mula setsΓi occurring in the sequences inS, we see that all
single history modelsΣi will agree onTΣi , �Σi , VΣi and
τΣi . Thus we chose anyΣi and set:

• TΓ = TΣi ,
• �Γ=�Σi ,
• VΓ = VΣi andτΓ = τΣi ,
• BΓ =

⋃
{BΣi | Σi ∈ S} (Since the values ofBΣi will

vary between the differentΣi we take the union of all
these values),
• HΓ = {hΣi | Σi ∈ S}.

γ is true at some point inMΓ

As was done in the completeness proof forL, I will now
show that in the modelMΓ generated fromΓ, every formula
ϕ ∈ Γ (including in particularγ) is true at some point in
the model (i.e. at some time in one of the single history sub-
models contained withinMΓ. As withL, this is again done
by proving the following more general lemmaa:

Lemma 11 For all ϕ ∈M, ϕ ∈ Γht iff [[ϕ]]ht
M = T.

Proof: The structure of the single history modelAh is de-
rived entirely from the non-modal formulae ofΓh. More-
over, it is easy to see that the non-modal formulae of the set
Γht (associated with timet in Ah) is the same set that would
be associated witht if we built a canonical single history
model just from the non-modal formulae ofΓh. Thus we
can appeal to Lemma 5 to prove that for any non-modal for-
mulaψ ∈M[, we haveψ ∈ Γht if and only if [[ψ]]ht

MΓ
= T.

We must now consider formulae including the� operator
(we may assume♦ has been eliminated by its definition).
We precede by induction so that when we consider whether
the lemma holds for�ϕ we can assume that it has already
been demonstrated to hold forϕ. We consider an exhaus-
tive set of possible forms of the formula�ϕ in terms of the
immediate sub-formulaϕ:

Case of�ϕ, whereϕ is Basic: Suppose�ϕ ∈ Γht. Then
by A17 ϕ ∈ Γht. Sinceϕ is basic it is a member ofΓht

just in case[[ϕ]]Bht
= T, whereBht = h(t). But for any

history h′ such thath′
t
≈ h we know thath′(t) = h(t); so

[[ϕ]]Bht
= [[ϕ]]Bh′t . By the induction hypothesisϕ ∈ Γht iff

[[ϕ]]ht
M = T; soϕ must be true att for all histories which

are alternatives toh at t. Hence, byS9, we must have
[[�ϕ]]ht

M = T. On the other hand, if�ϕ 6∈ Γht then, be-
cause of maximal consistency,¬�ϕ ∈ Γht and then from
A19 we also have¬ϕ ∈ Γht, soϕ 6∈ Γht. Thus by the in-

duction hypothesis[[ϕ]]ht
M = F and so (sinceh

t
≈ h) from S9

we get[[�ϕ]]ht
M = F.

Case of�(t ≤ t′): To demonstrate this I show that if
t ≤ t′ ∈ Γh,t thent ≤ t′ is a member of every formula set
Γhiti . FromA11 t ≤ t′ ↔ @t′′[(t ≤ t′)], for anyt′′. Then
usingA7 andA21 we see thatt ≤ t′ → @t′′[�(t ≤ t′)].
Using this together with Lemma 10 we see thatt ≤ t′ must
be a member in every formula setΓhi and thus so must
@t′′[�(t ≤ t′)] for any t′′. By the way the single history
sets are constructed from eachΓhi we then see thatt ≤ t′

is indeed a member of everyΓhiti . Given the universality of
such formulae it is easy to establish this case of the induction
step.

Case of�@(t): UsingA20, A14 andA13 it can be shown
that if @(t) holds at any time point in any history it must
hold at that point in any history. Thus, clearly, if�@(t)
holds at some time point in any history,@(t) must hold at
that time in all confluent histories.

Case of��ϕ: From theS5 axioms��ϕ↔ �ϕ, so
��ϕ ∈ Γht just in case�ϕ ∈ Γht. So we can reduce
this case to one of the others.

Case of�∀t[ϕ]: By TBF �∀t[ϕ] is equivalent to∀t[�ϕ].
By the induction hypothesis, the lemma must hold for�ϕ.
To get the induction for∀t[�ϕ] we can then use the same
reasoning used for time quantification in the non-modal
logicL.

Case of�@t[ϕ]: This is the key case. We need to show
that if �@t[ϕ] ∈ Γht then @t[ϕ] ∈ Γh′t for all histories
h′ that are confluent withh up to t. We shall show this
by performing an induction over all histories and show that
each one satisfies the condition: either�@t[ϕ] ∈ Γh′t or
h′ is not confluent withh up to t. The induction will we
be specified relative to the set of sequencesΣi from which
the histories are constructed. Starting with any sequence
Σh = 〈. . . , 〈t′, α,Γh〉〉 we can get to any other sequence
by a series of truncations and or extensions by alternatives.

Clearly the starting point satisfies the conditions since we
know that�@t[ϕ] ∈ Γht and hence byA17 @t[ϕ] ∈ Γht.
We just need to show that truncations and legitimate exten-
sions preserve the desired condition.

The coding with Boolean combinations of the formulae
in D means that from the pointτΓ(t) onwards the history
h generated fromΣh must be distinct from any historyh′

generated by any extension or truncation ofΣi. Since all
formulaeβ of the atemporal sub-languageLB satisfyA19,
we can now useA22 to show that for any time prior toτΓ(t)
if any suchβ is true onh it is also true onh′. Consequently
h andh′ must be confluent up to the timeτΓ(t). This means



that all histories confluent withh up toτΓ(t) can be reached
by a series of truncations and extensions ofΣi such that the
time variableti in the last tuple of each sequence in the se-
ries always satisfiesτΓ(t) �Γ τΓ(ti). To complete the proof
we just need to show that for any such historyh′ we have
@t[ϕ] ∈ Γh′t.

Suppose�@t[ϕ] is in some arbitraryΓgti on the struc-
ture. Then,��@t[ϕ] ∈ Γgti and also@t′[��@t[ϕ]] for
some variablet′. This means that anyΓg′ that is atα-
alternative toΓg must contain the formula�@t[ϕ]. Suppose
thatt ≤ t′ (as we have seen, if this is in any history it is true
for all), then byA22 we can derive that@t′[�@t[ϕ]] ∈ Γg′ .
Then usingA17, A7 and A10 we get@t[ϕ] ∈ Γg′ as re-
quired.

I have demonstrated the induction step for all formulae
�ϕ so the lemma is proved.�

Theorem 2 The axiom system forM is complete with re-
spect to the given semantics.

Proof: We need to show that any consistent formula has
a model. I have shown that any consistent formulaγ is a
member of a maximal consistent TME-setΓ and from this
we can build a canonical modelMΓ such thatγ must be true
at some time on some history within this model.�

Conclusion
I have given an axiomatisation of a very expressive logic
of branching histories, which I believe to be useful in for-
malising commonsense concepts which relate to time and
possibility. This forms a significant fragment of the logic
presented in (Bennett & Galton to appear). I have found that
the system is capable of describing many aspects of phys-
ical processes and one can define within it various causal
relationships. Probably the logic is to complex to serve as
a vehicle for effective reasoning. Rather it is intended to
provide a general framework within which more limited,
application-oriented,formalisms could be embedded.

More work remains to be done tightening up some of the
details of the proof.
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