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Abstract. Region Based Geomet(iRBG) is an axiomatic theory of qualitative configurations of
spatial regions. It is based on Tarski®ometry of Soliddn which theparthoodrelation and the
concept osphereare taken as primitive. Whereas in Tarski's theory the comfion of mereological
and geometrical axioms involves set theoryRBG the interface is achieved by purely 1st-order
axioms. This means that the elementary sublangua@B@ is extremely expressive, supporting
inferences involving both mereological and geometricalogpts. Categoricity of thRBG axioms
is proved: all models are isomorphic to a standard integgicet in terms of Cartesian spaces oRer

1. Introduction

Many researchers in the field of Qualitative Spatial ReaspiiQSR) have argued that it is useful to
have representations in whispatial regionsare the basic entities [10, 8]. This ontology contrasts with
the approach of classical geometry, where lines, surfacgsemgions are typically thought of as sets of
points, so that reasoning about them requires the use ofisetyt To meet this need several region-
based theories have been proposed [18, 1, 17]. Howevee thesries have been limited to describing
topological properties, so the expressive power is muclemastricted than point-based geometry.

By adding asphereprimitive to LeSneiwski'sMereology Tarski [21] showed how to give a categor-
ical axiomatisation of the geometry of regions whose modetsisomorphic to the structure of regular
open sets of points in Euclidean point-based geometry. Hedcthis theory theGeometry of Solids
In Tarski's system, the interface between point Geometd/the regions of mereology is achieved by
identifying points with equivalence classes of concergpberes (i.e. sets of spheres sharing the same
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This is really a theory of ‘regions’ or ‘volumes’, since thatiéies of the theory may inter-penetrate and the propersplidity

is not considered.
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centre point). Thus the usual approach, where regions kea &s sets of points, is reversed. While the
resulting system is technically interesting, it is at oddhwhe desire to eliminate (or at least minimise)
the need for set theory.

The current paper presents a theorjrRefjion-Based GeometifiBG), in which geometry and mere-
ology are combined in a much simpler way. Standard axiomsnireology and geometry are used,
apart from a relatively straightforward modification of gpgometrical axioms to accommodate the more
densely populated domain of discourse of a region-baseatythéOnce certain definitions have been
specified, the interaction between parthood and the gemaletoncepts is expressed by a small number
of purely 1st-order axioms.

To achieve a categorical theory it is of course necessargtainrthe two 2nd-order axioms already
presentin geometry and mereology (the geometrical caitiaiom and the mereological axiom stating
that all non-empty classes of regions have a unique sum).eMemthe 1st-order sublanguageRBG is
extremely expressive, with elementary reasoning sparbtiy mereological and geometrical concepts.

The primary motivation for the developmentRBG was to provide a secure ontological foundation
(as advocated e.g. in [14]) for theories of spatial infolioratit may also be of use as a framework within
which more computationally oriented representations. (@,g19, 9, 23]) can be embedded. Since the
theory has a categorical interpretation in terms of Caatefields overR, it is readily compatible with
more traditional representations that employ this classrodel of space.

The formulation ofRBG was influenced by [6], which, drawing on [21], constructs &digler
theory of spatial regions based on the primitive prediciteple region(satisfied by regions that are
homeomorphic to a ball) and relatioogngruencendstrong connectioffitwo 3-dimensional regions are
strongly connected if they share a 2-dimensional surfaég)recursor of the currerRBG theory was
given in [9]. Subsequent developments appeared in [4] apdlfe aim of the current paper is to give
a concise but definitive version of the theory together wittetiled proof of its categoricity. Further
details of what can be defined within the theory can be fourj@]in

2. Mereology

We begin by presenting a formal theory of the parthood @iaf(z,y). As a basis for the axiomatisa-
tion we take the classical Mereology of Lesneiwski [15(sds0 [21, 25, 20]):

D1) DR(z,y) =4 —3z[P(z,z) A P(z,y)]
D2) SUM(X,z) =4 Yy[X(y) — P(y,z)] A =32[P(z,x) A Vy[X (y) — DR(y, 2)]]

In D2, X is a 2nd-order variable, which can denote any subset of theagtoof regions X (z) is of
course true just in case the denotation:a a member of the set denoted Ky

In addition to the usual principles of classical Io@ithe system is required to satisfy two specifically

mereological postulates:
Al) VaVyVz[P(z,y) A P(y, z) = P(z, z)]
A2) VX [Fz[X (z)] = F'z[SUM(X, z)]]

2Since the theory includes 2nd-order monadic variablespmewish to supplement the formalism some set theory or lambd
calculus in order to characterise certain inferences wingl2nd-order reasoning (see [3] for further discussiothisf issue).
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These ensure firstly that the part relation is transitive sewbndly (and slightly controversially) that
for any non-empty set of individuals there is a unique irdlisl which is the sum of that set.

Many other useful concepts can be defined in term®.ofFor instance we define the universal
region/, a binary sum function-, proper partiPP), overlap O) and partial overlapRO) relations, and
relational counterparts of Boolean product, differencd eomplement functions (these are defined as
relations because, since the domain of Mereology does oltde an ‘empty’ region, it is not possible
to define them as total functions).

D3) Vz[z =U «+ Yy[P(y, z)]]

D4) Vz[z = (y + 2) > (P(y,z) A P(z,2) A =3w[P(w,z) A DR(w,y) A DR(w, 2)])
D5) PP(z,y) =w (P(z,y) A ~(z =y))

D6) O(z,y) =4 "DR(z,y)

D7) PO(w,y) =def O(xvy) A _'P(xvy) A _'P(yvx)

D8) Prod(z,y,z) =g Yw[(P(w,z) A P(w,y)) <> P(w, z)]

D9) Diff(z,y,2) =g Yw[(P(w,z) A DR(w,y)) <> P(w, z)]

D10) Compl(z,y) =gt Yw[P(w,z) <> DR(w,y)]

3. Region-Based Geometry

The theory ofRegion-Based Geometiydirectly inspired by Tarski's Geometry of Solids [21]. [l6av-
ing Tarski, we build on Lesneiwskimereologyby introducing a new primitivepherepredicate, which
we write S(z). In terms ofP andS a series of geometrical relationships and concepts areediefind a
set of postulates is given. Here and in the rest of the papehait often want to quantify over just the
spherical regions in the domain. For convenience we intedhe notations:

D11) V°z[¢] =g V[S(z) — ¢]
D12) 3°z[¢] =uw 37[S(z) A @]

The relations oexternal tangencyET), internal tangencyIT), external diametricitfED), internal
diametricity (ID) andconcentricity(z ®y) are defined as in [21]. See Fig. 1 for 2D illustrations.

D13) ET(a,b) =g (S(a) A S(b) A DR(a,b) A
Vexy((P(a, z) A P(a,y) ADR(b,z) ADR(b,y)) = (P(z,y) V P(y,z))])
D14) IT(a,b) =g (S(a) A S(b) A PP(a,b) A
Vexy[(P(a,z) A P(a,y) AP(z,b) AP(y,b)) = (P(z,y) V Py, z))])
D15) ED(a,b,c) =4 (ET(a,c) ANET(b,c) A
Vezy[(DR(z,c) A DR(y,c) A P(a,z) A P(b,y)) — DR(z,y)])
D16) ID(a,b,c) =4 (IT(a,c) AIT(b,c) A
Vezy[(DR(z,c) A DR(y,c) A ET(a,z) A ET(b,y)) — DR(z,y)])
D17) a®b =4 S(a) A S(b) A [ (a =Db)
V (PP(a,b) AV°zy[(ED(z,y,a) AT(z,b) AlT(y,b)) — ID(z,y,b)])
V (PP(b,a) AV°zy[(ED(z,y,b) ANT(z,a) ANT(y,a)) = ID(z,y,a)]) ]
Note that each of these relations false if any of their arqumis not a sphere.
We now define some fundamental relations involving spheres:
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Figure 1. Relations among spheres defined by Tarski

D18) B(z,y,2) =w 20y V yo@z V
'y’ Zvwlxr' @z Ay ©y A Z©2 ANED(2',y',v) AED(v,w,y’) AED(Y, 2, w)]
D19) COB(s,r) =4 S(s) AVs'[s'@s — (O(s',7) A =P(s',7))]
D20) COI(s,r) =4 3s'[s'@s A P(s,7)]
D21) EQD(z,y,2) =g 3°2'[2'@2z A COB(z, z') A COB(y, 2')]
D22) Mid(z,y,2) =4 (@Y Ay©2z) V (B(z,y,2) A I°Y'[y' @y A COB(z,y") A COB(z,4')])
D23) EQD(w, z,y,2) =g I°uv[Mid(w,u,y) A Mid(z,u,v) A EQD(v, z,y)]
D24) Nearer(w,z,y,z) =g 3°2'[B(w,z,2') A =(z@2") AN EQD(w,2',y, 2)]

B(z,y, z) holds when the centre aof is between the centres efand z (or coincides with one of
these). COB(s, ) means that sphereis Centred On the Boundary of while COI(s, ) means that
s is Centred on the Interior of. EQD(z,y, z) says that the centres efandy are equidistant from
the centre ok. Mid(z, y, z) says that the centre gflies mid-way between the centresofindz; and
EQD(w, z,y, z) holds when the distance between the centres @ind = is the same as the distance
between the centres gfandz. Nearer(w, z, y, ) means that the centres ©fandz are closer than the
centres ofy andz.

Since the concept of the equidistance of two pairs of poigt3l) is definable, we can write the
axioms ofn-dimensional geometry within our language (the value.a$ fixed by appropriate choice
of upper and lower dimension axioms). [21] takes this apgtda prove that his geometry of solids is
categorical and is modelled bydimensional Euclidean space in which spheres are integhigs open
balls and ‘solids’ are regular open sets. We take a similprageh; however, whereas Tarski introduced
pointsas sets of spheres, our relations concern spheres but thebyusbin case the centre points of
the spheres satisfy the corresponding point relations.s Tine quantifiers of the point-based geometry
axioms can be replaced by quantifiers over spheres and thétggalation replaced by th@relation.

We formulate our geometrical axioms by modifying the theofyElementary Geometrgiven in
[22]. This is well-suited to our purpose because it assunmig oints as primitive entities (rather
than, say, points and lines, which would further complidateinterface with Mereology). Hence our
geometrical axioms are as follows:

A3) Vozy[B(z,y,z) = 2O®y]

Ad) Vozyzu[(B(z,y,u) A B(y, 2,u)) = B(z,y, 2)]

AS) Vryzul(B(r, v, 2) A B(z,y,u) A ~(zy)) - (B(z, z,u) V Bz, u,2))
A6) V°zy[EQD(z,y,y, z)]

A7) V°zyz[EQD(z,y, z,2) — z@y]

A8) V°zyzuvw[(EQD(z,y,z,u) A EQD(z,y,v, w)) — EQD(z,u,v, w)]
A9) VP tyzuZo](B(z, t,u) A B(y,u, 2)) - (B(z,.y) A Bz, 1,0))]
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Al10) V°tzyzud°vw[(B(z,u,,t) A B(y, u,z) A ~(z@y)) = (B(z, z,v) A B(z,y, w) A B(v,t,w))]
All) Vozz'yy z2'uu'[(EQD(z,y,x',y") A EQD(y, z,y,2') AN EQD(z,u, 2’ ,u") A

EQD(y,u,y’,u') A B(z,y,z) AB(z',y',2") A ~(z@y)) = EQD(z,u, 2’,u')]
Al2) Vezyuv3°z[B(z,y,z) A EQD(y, z,u,v)]
Al13) VXY [I2Vxy[(X(z) ANY (y)) = B(z,z,y)] = I°2V°xy[(X(z) A Y (y)) = B(z, z,9)]]
Ald) Vozyz[(z@y A y®z) — £©2]
Al5) Vozz'yzw[(EQD(z,y, z,w) A #'©®z) — EQD(z',y, z, w)]
A16") 3z ... 20 [Nocinjrran(C(2i®@z;) A EQD(2i, 5, 25, x1))] A

=320 ... Tnt1[Ao<izjrh<ni1 (@i @25) AEQD(24, 5, 75, 7))

A3-12correspond directly to Tarski's first ten axioms. As expdaimbove quantification is restricted
to spheres and equality is replaced by concentricity. Rdtren the 1st-order schema version of the
continuity axiom, used in [22], we employ a 2nd-order camtinaxiom,A13. This is required to ensure
categoricity, although the weaker version might be more@pyate for reasoning applications.

Axioms A14 andAl5 ensure thad behaves like equality relative to the geometrical axiorefdk-
ivity and symmetry are implicit in the definition of). Reflexivity and symmetry are implicit in the
definition of ®, so to ensure it is an equivalence relation only a transitikiom needs to be added (it
is possible that this too is derivable from the other axion&hce the meanings of the basic geometri-
cal relations depend only on the centre points of the sphevess/ed, their truth must be preserved by
substituting one variable for another that denotes a cdrnicesphere. Since all geometrical concepts
are definable in terms of equidistance and because of the simnproperties oEQD, it is sufficient
to axiomatise this substitution property only for the caééhe first argument of th&€QD(x, y, z, w)
relation.

In RBG Tarski's upper and lower dimension axioms (which in his eysfix the dimension to 2)
are replaced by an instance of the schematic fordl@*, wheren is the required dimensionality.
This formula asserts that in andimensional space there ate+ 1 (and no more) mutually equidistant
equidistant points. The theory consisting of the geomatagziomsA3-A15 andA16™ (for some natural
numbern), will be calledG™.

To get a categorical axiomatisation one must ensure thatalse of regular open sets of centre points
of spheres coincides with the class of regions and tha® ttedation corresponds to the inclusion relation
among the centre points. Rather than stating these as evetlaebnstraints (as Tarski does) we enforce
them directly by 1st-order axioms:

Al7) YVozy[-(z@y) = I°sV°z[COI(z, s) <> Nearer(z, z, z, y)]
Al8) VozI°y[~(x®y) A V°z[COI(z,z) +» Nearer(z, z, z,y)]]
Al19) Vzy[P(z,y) <> Vs[COlI(s,z) — COI(s,y)]]

A20) Vr3°s[P(s,r)]

The defined relatio€Ol(s, r) (spheres is centred at an interior point of regief provides a means
of specifying that each equivalence class of concentrieigghcontains all and only those spheres which
are centred at some point in space (i.e., as we shall sé&!)inAl7 ensures that for every two non-
concentric spheresandy there is a sphere concentric witrand bounded by the centre pointyfA18
says that all spheres can be constructed in this way.

A19 means thaP(z,y) holds just in case every interior point afis an interior point ofy (this
actually make®l redundant). This axiom looks like it could be taken as a difimiof P but in fact,
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since COl is itself defined in terms oP ande, it is really an axiom constraining relative to the
geometrical concepts. On the other hand, one could just bh$ake COI as a primitive, in which case
A19 would be construed as a definition add0 as an axiom.

A20 states that every region has a spherical part (from thisntleEproved that every region is
equal to the sum of its spherical parts). The theory spedifiethe axiomsA1-20 we callRBG" (n-
dimensional Region-Based Geometry).

4. Categorical Interpretation of RBG

In this section it is proved that all models of the theoREG™ are isomorphic to a standard interpretation
over the Cartesian spad® . In order to show this a number of other kinds of model stmectuill be
defined.

4.1. Geometrical Models

e A (proper) n-dimensional geometrical modal a structure™ = (P,®,B,EQD), whereP is a
set of elements ar®@l, B andEQD are respectively binary ternary and quaternary relatioves B
satisfying the geometrical axion@&" (for some dimensiom) and also:

SD) Vz[S(z)]
Cl) Vzy[z@y <> z = y]

Axiom S simply restricts the domain to the class of ‘spheres’ (sgtiedicatesS is trivially definable
and not included in the signature of the structuf@)mnakess coincide with the identity relation (so it
too is definable and need not be explicitly mentioned in theature; however, it is included to facilitate
the analysis of the more general models defined below).

Lemma 1. Every n-dimensional geometrical structure is isomorphic to therucstire
(R",®,B,EQD), where each element is identified with a (coordinate) tupl®, ® is the identity
relation and betweenness and equidistance have their aigigdraic definitions in terms of the coordi-
nate tuples.

Proof: It is easy to show that for each the axiomsG", SD, Cl are logically equivalent to an-
dimensional version of Tarski's axioms given in [Z2lvhich are known to provide a categorical axiom
system for the geometry of points, such that all models ammdsphic to the standard interpretation
overR". [

4.2. Relaxed Geometrical Models

We now define models in which multiple objects may be assegiatth each geometrical point:

%In [22] Tarski is primarily concerned witklementarygeometries, where the 2nd-order continuity axiom is regdawith a
1st-order schema. He proves that the models of his axiontk @ppropriate upper and lower dimension axioms to set fix the
dimension tae) are exactly the Cartesian spa@s whereg is somereal closed (ordered) fiel(betweenness and equidistance
having their usual definitions). Sind@is the unique ordered field that is continuous, it is cleat tha systems obtained by
using the 2nd-order continuity axiom are categorical, withmodels being isomorphic to the standard interpretatierR™ .
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A relaxedn-dimensional geometrical modela structurey™ = (Q,®, B, EQD), which satisfie€s™

andSD but, in place ofCl,® is only required to be an equivalence relation.

e Aformula containing only relation symbols {®, B, EQD} andnot containing any equality relation
will be called arelaxed geometrical formula

e Ifapair(g;,q;) € Q? satisfiesc@y in H™ we say thaty; andg; areconcentricin H".

e Any substructure o™ whose domain includes exactly one element from eaeljuivalence class
in @ will be called aminimal geometrical substructure

e Given any relaxed geometrical modgl = (Q,®, B, EQD) and one of its minimal geometrical sub-

structuresh™ = (Q',®', B', EQD’), the mapping: : Q — @', such that andu(q) are concentric

in H™ for everyq € Q, is called theminimisation functiorfrom $™ to $™’.

Lemma 2. For any relaxed geometrical modgt = (Q,®, B, EQD) and any 1st-order relaxed geomet-
rical formula¢(z1, ... ,z;), whenevergi, .., ¢, ..,q;) € Q7 satisfiesp(zy,... ,z;) in H*, andq] is
concentric withg; then(q, .., ¢, .., ¢;) also satisfieg(z,... ,z;) in H™.

Proof: Each case wherg is an atomic formula can be proved directly from the georoakraxioms
(making particular use g&15). The generalisation to all 1st-order relaxed geometfmahulae follows

by straightforward induction on formula structure. g

Lemma 3. If (q1,... ,q;) satisfies a 1st-order relaxed geometrical formg(a,, ... ,z;) in a relaxed
geometrical modeHy” and$H™ is a minimal geometrical substructure ©f then k{u(q1),. .. , u(gqn))

satisfiesp(z1, ... ,z;) in H™, wherey is the minimisation function fron™ to ™.

Proof: This follows directly from Lemma 2 and the definitions of nmral geometrical substructure and
the minimisation function. O

Lemma 3 has the following immediate corollaries:
Corollary 3a: Every 1st-order relaxed geometrical formula satisfiable ialaxed geometrical model is
satisfiable in any minimal geometrical substructure of thadel.
Corollary 3b: Any closed 1st-order relaxed geometrical formula whichiug in a relaxed geometrical
model is also true in any minimal geometrical substructdrdat model.

Lemma 4. Any minimal geometrical substructure of a relaxediimensional geometrical model is a
propern-dimensional geometrical model (and hence is isomorph&tp

Proof: Let " = (Q,®,B,EQD) be a relaxed geometrical model. Clearly any minimal geaowstr
substructure will satisfy5. We need to show that it satisfies the geometrical axi@fis Corollary
3b guarantees that all the 1st-order geometrical axiomsgdhey are 1st-order relaxed geometrical
formulae, will be satisfied by every minimal geometrical stulbcture.

To prove that the truth of the 2nd-order continuity axié3 is also preserved, we first show that if
Al3is satisfied i)™ then the open formula

A13) VXY[(—32[(X(2) VY (2)) A =Z(2)] A F°2[Z(2) AV ay[(X(z) A Y (y)) = B(2,7,9)]])
— 3°2[Z(u) AVzy[(X (z) ANY (y)) — Bz, 2,9)]]]

is satisfied whenever the free 2nd-order variableakes the value of some C @, which is the domain
of a minimal geometrical substructure 9f.



152 B. Bennett/A Categorical Axiomatisation of Region-Basedr@etry

Al3’ is obtained fromA13 as follows. Addition of the antecedent restricting the ensally quanti-
fied 2nd-order variables is justified by purely logical irgiece. We can also see that the satisfiability of
the existential sub-formulae is not affected by restrigiuantification to the domain of a minimal ge-
ometrical substructure, since whenever either of the guiesgions/°zy[(X (z) A Y (y)) — B(z, z,y)]
andV°zy[(X (z) A Y (y)) — B(z, 2,y)], with free variablesX, Y, z, are satisfied bySi, Sa, ¢) they are
also satisfied by every tuples, S2, ¢') such thay’ is concentric withy.

Al13 is like A13 but with all domains of quantification explicitly restricte¢o the set denoted by
Z. Hence, if(S) satisfiesA13" in $, it must also satisfyA13’ in the substructure with domai.
Moreover, on this substructur®is identical with universe of discourse, so the quantifistrietions are
redundant and the substructure must also satisfy the atigomtinuity axiomA13. O

The relationship between relaxed geometrical models amdtindard®™ interpretation of the geo-
metrical concepts is exhibited by the following class of piags:

e For any relaxed geometrical modgt = (Q,®, B, EQD) a surjective functiomr : ) — R" is called
a Cartesian centre-point interpretation functiam more briefly a&CCPI-functioniff it fulfills the fol-
lowing condition: For anyy, ... ,q7 € Q, (q1, 42, q3) satisfieB(z, y, z) and(q4, g5, gs, g7) satisfies
EQD(z,y, z,w) in §" just in case the tuplegr(q:), 7(g2), 7(gs)) and(m(g4), 7(gs), 7(gs), 7(q7))
satisfy the standard definitions of betweenness and etpidis inR" ; and also(q;, ¢») satisfiestey
in H™ iff 7(q1) = 7(q2).

Lemma 5. On any relaxed geometrical modg! = (Q,®, B, EQD) there is CCPI-functiong : Q@ —
R”,

Proof: Let$™ = (Q',®',B’,EQD') be a minimal geometrical substructuresgf and lety. be the min-
imisation function from®™ to $*'. Lemma 3 ensures that, for each basic relafiva {®, B, EQD}, the
tuple (qi, ... ,q;) satisfiesR(z1,... ,z;) in H" justin case(i(q1), ... , p(g;)) satisfiesR(z1,... ,z;)
in 5. By Lemma 4,9™ is isomorphic to®", which by Lemma 1 is isomorphic to the standael
model. Thus there must be a surjective mappingdirectly from @ to R” that fulfills the requirements
of a CCPI-function. O

4.3. Sphere Models

A structure whose elements are isomorphic to the set of alhegballs inR" is specified by:
e An n-dimensional sphere modil a structures™ = (S,©, B, EQD, COl), where(S,®, B, EQD) is
a relaxed geometrical model a@DI also satisfie®17 andA18 and also
ID) VzVy[Vz[COI(z,z) <> COl(z,y)] = = =y].

Since a sphere model is also a relaxed geometrical modelist support a CCPI-function. In terms
of this we define the following useful function:

e A Cartesian open ball interpretatiofunction orCOBI-functionII : S — p(R™) for a sphere model
6" =(S,0,B,EQD, COl) is defined by:II(s) = {m(s;) | (s;,s) satisfiesCOI(x,y) in &"}, where
7 is a CCPI-function or&™. We say thall is supervenientupon.

e Let Bgn denote the set of opentballs inR".

e Foranyp;,pe € R such thap, # po, let 5(p1, p2) be the (unique) open-ball in R” that is centred
onp; and hag, as a boundary point.
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Lemma 6. In any sphere model with a CCPI-functian the defined relatioNearer(z, y, z, w) is sat-
isfied by (s;, s, sg, s1) just in cased(n(s;), w(s;)) < d(mw(sk),n(s;)), whered(pi,p2) is the distance
between pointp; andp, in R™.

Proof: Since sphere models are a special kind of relaxed geonletnodel, Lemma 5 tells us there
must be a CCPI-function : S — R" and thatr for any R € {®,B,EQD}, (s1,... ,s;) € S/ satisfies
R(zy,... ,z;) in &" just in case(r(s1),... ,n(s;)) € R/ satisfies the standard interpretation/of
in R*. SinceNearer is defined from these primitive relation relations, whetaduple (s;, s;, si, s;)
satisfiesNearer(z,y, z, w) is also completely determined by the corresponding pairits), = (s;),
m(sk), m(s;) € R™ and must also have its usual interpretation in terms of thesgs. O

Lemma 7. For any sphere mod&” = (S,®, B, EQD, COI) with a CCPI-functionr, (s1, s, s3) € S3,
wheres, andss are not concentric i®"”, satisfiesp(z, y, z) = V°w[COIl(w, z) <> Nearer(y, w, y, z)]
in &™ justin casdl(s;) = B(m(s2), 7(s3)).

Proof. This is a straightforward consequence of Lemma 6 and theitiledfirof 1. d

Lemma 8. For any sphere mod&"™ = (S,®, B, EQD, COl), if = is a CCPI-function o™ andIl is a
COBI-function supervenient onthen, for alls € S, I1(s) is an opem-ball of R™ and~(s) is the centre
point of I1(s).

Proof. Applying the result of Lemma 7 tA18 (and taking into account axio®), we see that for every
s € S we havell(s) = B(n(s), w(t)) for somet € S. O

Lemma 9. Every COBI-functionII on a sphere mod&b™ is a bijection ontaBgn.

Proof: By Lemma 8 the range df is a subset 0By~

Axiom A17 ensures that for every two non-concentric elemeniss € S there is somes € S,
such that for any, € S the pair(sy, s3) satisfiesCOIl(z,y) in &™ just in case(sy, s4, 51, s2) Satisfies
Nearer(z,y, z, w). This means that the s#i(s3) is identical with then-ball 3(7(s1), 7(s2)). Further-
more, sincer is surjective, for any two distinct poinjs, p; € R", we can find non-concentric elements
53,85 € S such thatr(s;) = p; andn(sj) = pj; and consequently, for any operball B C R" there is
an element € S such thafl(sp) = B. Thus,IT is surjective ont@Bgx.

FromID and the definition ofI it immediately follows that ifii(s;) = II(s2) thens; = so. ThusIl
is also one-one and therefore a bijection. d

Lemma 10. For any sphere mod&™ = (S,®, B, EQD, COI) any COBI-functionll : S — p(R") ful-
fills the following conditions:(s;, s;) satisfiesc@y iff II(s;) andIl(s;) are concentric in the usual sense;
(si,s4,s) satisfiesB(z, y, z) iff the centre point ofll(s;) is geometrically between the centre points
of II(s;) andII(s); (s4, S5, sk, 1) SatisfiesEQD(z,y, z, w) iff the distance between the centre points
of II(s;) andIl(s;) is the same as the distance between the centre poidigs@f andIl(s;); (s;, s;)
satisfiesCOI(z, y) iff the centre point oflI(s;) lies withinTI(s;).

Proof: Lemma 7 established that for every S the centre point ofI(s) is 7(s), wherer is the CCPI-
function upon whichlIl supervenes. The definition of a CCPI-function then guaesntbat, for the
geometrical relations, B andEQD, II must satisfy the requirements of the lemma. From the defmiti
of I, it follows that(s1, s2) satisfiesCOI(z,y) in &™ just in caser(sy) € II(s2). O



154 B. Bennett/A Categorical Axiomatisation of Region-Basedr@etry

Lemma 11. All n-dimensional sphere models are isomorphi¢ia-,, B, EQD, COIl), where:

(siy 3j) € (Bgrn)? satisfiescoy iff s; ands; are concentric; for any? € {& B, EQD}, (s1,...,s;) € §7
satisfiesR(z1, ... ,x;) iff the centre points of, ... , s; satisfy the standard interpretation &fin R";
(si,s;) satisfiesCOI(z, y) iff the centre point ofs; lies within then-ball s;.

Proof: Lemmas 9 and 10 ensure that COBI-functions (which alwayst &ecause of Lemma 5) provide
the required isomorphism from any arbitrary sphere modeldphere model over the domds~ .

4.4. A Model for RBG
Finally, models for the whol®BG theory are specified by:

e An n-dimensionaRBG"™-model is a structurér, P, S), whereP andS are respectively binary and
unary relations satisfying the axiomsRBG".

To demonstrate categoricity of the axiom system these maatel considered as incorporating a
sphere model as a substructure. Hence the following defiritiexpansion of aRBG™-model is de-
fined:

e A verboseRBG™-model is a structur@n™ = (R, P, S,©, B, EQD, COI) satisfying all the axioms of
RBG".

Lemma 12. Given a verbos&BG"™-modelM™ = (R, P, S,®, B, EQD, COI), the substructurés,c,
B, EQD, COl), whereS = {r € R | S(r)}, is an @-dimensional) sphere model.

Proof: 91" satisfiesG™, A17, A18 and the domains of all quantifiers in these axioms are réstrio
elements satisfying(z). Thus they must be satisfied on the substructure of elematisfying S(x).
ID is satisfied byt"™ because it is a theorem &BG (it follows from A2 andA19). Being a purely
universal formula it must also be satisfied on all substmestwf9". 0

The embedded sphere model enables us to generalis&h -functions of the previous section to
functions operating on the larger domain ofRBG™-model:

e A Cartesian regular open set interpretation functionCROSI-functiorfor a RBG"-model 971" is
defined byIl(r) = {n(r;) | (r;,r) satisfiesCOI(z,y) in M"}, wherer is a CCPI-function for the
embedded sphere model witHIi"™.

Some useful lemmas concernibigwill now be proved:

Lemma 13. Eachr € R satisfiesS(z) in 9™ if and only if II(r) is ann-ball.
Proof: This follows from Lemmas 9 and 12. O

Lemma 14. A pair (ry,2) € R? satisfiesP(z,y) in 9" just in casdl(r;) C II(r2).
Proof:. This is an immediate consequencefdfd and the definition ofI. O

Lemma 15. For anyr;,re € R such that bothr; andr, satisfy S(x) in 9", the pairry, ro satisfies
COl(z,y) in M™ just in case the centre point of the opetvall I1(r; ) lies within the opem-ball II(rz).

Proof: Follows from Lemma 13 and the definition of a CROSI-function. O
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Lemma 16. For anyry, s € R, if II(ry) N IL(ry) = 0 then(ry, ;) € R? satisfieDR(x,y) in M™.

Proof: By definition DR(z, y) <+ =3z[P(z,z) A P(z,y)]. UsingA20 and the transitivity oP we can
derive from this:DR(z,y) +» =3°2[P(z,z) A P(z,y)]. If II(r1) N II(r2) = 0 then there is na-ball in
R™ which is a subset of botH (r;) andII(r2). Hence there can be no elemer¢ R, such tha{ry, rs, s)
satisfiefS(z) A P(z,z) A P(z,y)). Consequentlyr;, r2) must satisfy-3°z[P(z, ) A P(z,y)], which
by D1is equivalent tDR(z, y). O

Lemma 17. For every non-empty regular open g8t C R" there is an element € R such that
II(r) = O.

Proof: Let O be any non-empty regular open set®d. Then there is a non-empty sitof openn-balls
of R” such thal J B = O. By Lemma 9, for each € B there is some € R such thafI(r) = b. Let
T = {t; € R|1II(t;) € B}. T is clearly non-emptyA2 then guarantees that there is a unique element
t € R such that(T t) satisfiesSSUM(X, z). According to the definition o8UM (D2), for eacht; € T'
the pair(t;,t) satisfiesP(z,y) and hencdI(¢;) = b; C II(¢). ThuslIl(¢) includes all the points of the
n-balls inB. SoO C II(t).

We now need to show thak(t) C O. Consider an arbitrary € I1(¢). From the definition ofI there
is somes € R such thats satisfiesS(x), (s, t) satisfiesCOIl(z, y) andr(s) = p. FromAl, A2, D17 and
D20 one can prove:

T1) V°sVr[COI(s,r) «» 3°s'[P(s',7) A COI(s, s")]],

Thus, (s, t) must also satisfyp(z, y), whereg(z,y) = 3°s'[P(s',y) A COI(z, s)]]. Applying Lemmas
13, 14 and 15 shows that this formula is satisfied just in daseeéntre point ofI(s) (i.e. p) lies within
some opem-ball which is a subset dfl (¢).

Suppose (with the aim of deriving a contradiction) thdies outsideO. Then there must be some
openn-ball that is a subset dfi(¢) but not of O. SinceO is regular, this can only be the case if
there is some open-ball b such thath C II(¢) andb is disjoint fromO. But, because of the bijection
between sphere structures antdalls, for every for open-ball b there is some region regiat, such that
II(ry) = b. And, becausél(r,) C II(t), the pair(ry, t) must satisfyP(z, y). On the other hand, since itis
disjoint from O, b must be disjoint from all the-ballsb; € B. Hence by Lemma 16, for eache T the
pair (ry, t;) satisfiesDR(z,y). However, if (T, t) satisfiesSUM(X, z) then according to definitio®2
of SUM it must also satisfy(X, y) whereg(X,y) = -3z[P(z, z) A Vy[X (y) — DR(y, z)]]. But from
the facts we have established abeyitt is clear that(7, ¢, r,) satisfiesy(X, z, z) wherey(X, z, z) =
(P(z,z) A Vy[X(y) = DR(y, z)]), thus contradicting the assumption tk@t ¢) satisfieSSUM(X, z).

The argument of the preceding paragraph provesliligt C O, so we must in fact havE(t) = O,
which proves the lemma. O

Lemma 18. For everyr € R, II(r) is a non-empty regular open subsefR¥f.

Proof: Because ofA20 for anyr € R there is somes € R such that(s,r) satisfies¢(z,y) =
S(z) A P(z,y). Lemmas 13 and 14 then ensure tHat') must be non-empty.

LetII(r) = S, and letS] be the smallest regular open subset such $haC S]. By Lemma 17
there must be some € R such thaflI(»') = S/. And by Lemma 14r, ') must satisfyP(z,y). The
nature of regularity and the topology &f mean that there can be no opeiball which is a subset of;.
and is also disjoint front,. So by appealing to Lemmas 14, 13 and 16 we see(that) must satisfy



156 B. Bennett/A Categorical Axiomatisation of Region-Basedr@etry

é(z,y), wherep(z,y) = -3°s[DI(s,z) A P(s,y)]. However, a well-known theorem of Mereology is
Vsr[PP(s,r) — 3z[DJ(z, s) A P(z,r)]] (theweak supplementation principle- see [20]) and from this,
usingA20, one can immediately derive:

T2) Vsr[PP(s,r) — 3°z[DI(z, s) A P(z,r)]]

Hence,(r,r') cannot satisfyfPP(z,y) so must satisfy-PP(z,y), which is equivalent by definition to
=(P(z,y) A =(z = y)) and thus toP(z,y) =z = y. Since the tuple satisfig3(z,y) it must then
satisfy the logical identity: = y. Consequently; = ' and sor is regular open. O

Lemma 19. IT is a bijection fromR onto the non-empty regular open subset®of

Proof: Lemmas 17 and 18 ensure that any CROSI-funclias surjective onto the non-empty regular
open subsets @". SincelD is derivable fromRBG", IT must also be one-one. O

The main theorem of this paper can now be stated:

Theorem 1. Axioms RBG" provide a categorical axiom system ferdimensional region-based geom-
etry, such that everRBG™- model is isomorphic to the structut®” = (Rg~, P, S), where: Rg~ is the
set of non-empty regular open subset®Rbf (r, o) satisfie (z,y) in R™ iff r; C ry; r satisfiesS(x)

in K" iff r is an opem-ball of R™.

Proof. This follows immediately from Lemmas 13, 14 and 19. O

5. Undecidability of RBG

Examination of the proof theory ®BG is beyond the scope of the current paper. However, the follpw
theorem from [5] is worth mentioning:

Theorem 2. Forn > 2, RBG" is undecidablé.

Proof Sketch: This follows from the observations of [13], who showed howeasentially undecidable
set of arithmetical axioms could be encoded in a topoloditabry whose primitives are easily definable
within RBG. Undecidability can also be showia the result of [11].

From the result of [13] it also follows that the elementarp-¢eory ofRBG obtained by replacing
the 2nd-order axioms by 1st-order axiom schemas is undgeidand hence also incomplete). Conse-
guently, the proof of some elementary theoremBBf5 must depend essentially upon 2nd-order reason-
ing. This situation contrasts with the case of the purelyngetoical axioms, whose 1st-order sub-theory
is complete and decidable [22].

“WhetherRBG! is decidable is not currently known to the author; howewsis may well be a corollary of some established
result concerning reasoning about subsefR.of
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6. Conclusion

Towards the end of [21] Tarski suggests that: “The postidgtem given above [i.e. for his Geometry
of Solids] is far from being simple and elegant; it seems \isly that this postulate system can be
essentially simplified.” | claim that the theory of Regiondgd Geometry provides such a simplification.

Aside from its theoretical interesRBG provides a securely founded and very general ontological
framework for representing qualitative spatial inforroati Its expressive capabilities have already been
demonstrated in [3] and [4], where the theory is used to déiigie-level kinematic concepts for describ-
ing possible motions of rigid bodies. It also seems to be-auglied to the classification of qualitative
shape [7].

The 2nd-order nature d®BG poses severe problems for automated reasoning. For maciycpta
applications one would much prefer a tractable or at leastidble formalism. Nevertheless, the theory
may be useful as an interlingua within which more compuretily effective representations, such as
those of [2, 19, 9, 23] can be embedded.

Although RBG is extremely general, it does have the limitation that it oaly deal with a domain
of entities having a given fixed dimension. For many applicet it would be useful to have an even
more comprehensive theory enabling one to refer to entfieferent dimensionality (as in e.g. [12]).
Another possible modification of the theory would be to take of the dimensions as corresponding to
the flow of time, in order to formulate a spatio-temporal dody [16, 24].
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