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Abstract

An adaptive finite element algorithm is described for the stable solution of three-dimensional

free-surface-flow problems based primarily on the use of node movement. The algorithm also

includes a discrete remeshing procedure which enhances its accuracy and robustness. The

spatial discretisation allows an isoparametric piecewise-quadratic approximation of the do-

main geometry for accurate resolution of the curved free surface. The technique is illustrated

through an implementation for surface-tension-dominated viscous flows modelled in terms of

the Stokes equations with suitable boundary conditions on the deforming free surface. Two

three-dimensional test problems are used to demonstrate the performance of the method: the

extension of a liquid bridge and the evolution of a fluid droplet.

Keywords: Finite element method; Free-surface flow; Moving grids



1 INTRODUCTION

Free-surface flow problems occur in a wide variety of scientific and engineering applications.

Examples include phase-change problems [13, 27], coating flows [8, 25], the spreading of

viscous fluids [14, 17] and the motion of drops or bubbles [3, 32]. The primary interest of

this paper is the development of a numerical technique for the solution of time-dependent

free-surface flows in three dimensions, which represents one of the most important practical

computational challenges for this class of problem. The requirement for time-dependence

is apparent in almost all applications since understanding the evolution and stability of free

surfaces provides one of the major incentives for their mathematical and computational study.

Furthermore, fully three-dimensional simulations are required in order to capture all of the

physically important features of most free-surface flows. For example, in [21] a robust two-

dimensional scheme is used to model the gravity-driven shedding of a curtain of fluid from

a long rotating cylinder, however this work necessarily ignores both end effects and time-

dependent perturbations in the flow parallel with the axis of the cylinder.

In recent years there has been a significant amount of work relating to the computational

study of time-dependent free-surface flows. Simplifying assumptions can often be made, such

as restriction to two dimensions (e.g. [15, 20, 35]), or the use of a lubrication approximation

based upon assumptions of a relatively thin liquid film with negligible flow variation across

the film (e.g. [6, 7, 23, 29]). Fully three-dimensional studies have also been undertaken based

upon a variety of computational techniques. These include the use of finite-difference-based

marker-and-cell methods [16, 34], volume-of-fluid methods [5, 10], level-set methods [19,

30], and techniques based upon the finite element method using moving grids [1, 4, 27, 31, 38].

The last approach is the one pursued in this paper.

Each of the popular classes of method that may be used to tackle three-dimensional mov-

ing boundary problems has its relative strengths and weaknesses; we do not begin to attempt

to analyse these fully here but instead refer the reader to, for example, [26]. Typically, how-

ever, moving-grid finite-element approaches are not well suited to problems for which the

topology of the free surface changes discontinuously with time, as occurs in, for example, the

break-up of a single droplet into two, or the coalescence of two droplets into one. In these sit-

uations special intervention is needed, requiring both detection and effective resolution when

topology changes occur. The level-set and the volume-of-fluid methods deal with these situa-
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tions in a far more robust manner. The level-set method does so at the expense of introducing

an additional dependent variable throughout the entire problem domain. The volume-of-fluid

approach, whilst also being robust, tends to suffer from low accuracy due to the piecewise

constant representation of the interface.

When the topological index of the moving surface does not change during flow evolution,

moving-grid finite element approaches have the twofold advantage of (a) requiring computa-

tion within only the region occupied by the fluid of interest, and (b) the ability to represent

the free surface to a high degree of accuracy. Typically, as in this research, work using mov-

ing grids has tended to be based upon the arbitrary Lagrangian-Eulerian (ALE) approach,

[4, 20, 38], whereby the free surface may evolve with the fluid but the interior grid evolves ac-

cording to geometric constraints, rather than following the physical flow (as in the Lagrangian

approach of [18, 24]).

The numerical technique described in this paper is a generalisation of both the two-

dimensional algorithm introduced in [20] and the three-dimensional technique of [4]. The

principal extensions that are presently introduced are: to provide a three-dimensional in-

compressible free-surface flow solver based upon the use of implicitly stable elements (the

so-called Taylor-Hood element [9]); to represent the three-dimensional free surface using

piecewise-quadratic patches for optimal accuracy with the chosen elements (this is of particu-

lar significance when surface tension effects are dominant); to implement the three-dimensional

moving-mesh algorithm in conjunction with a discrete-mesh regeneration procedure (to allow

for larger geometry changes to occur than is otherwise possible), and; to apply the scheme to

a wide range of surface-tension-dominated viscous-flow problems.

In Section 2 the mathematical formulation of the underlying problem is briefly outlined,

along with a short description of the most significant assumptions that are made. Section 3

then provides details of the numerical scheme that is proposed. A number of important issues

are described including the underlying discretisation, the mesh-movement algorithm (both on

the free surface and throughout the rest of the domain), the use of a curved boundary repre-

sentation (and the evaluation of surface tangents and normals), the solution of the algebraic

systems of equations that follow the discretisation, the issues associated with contact lines,

and the implementation of the boundary conditions at the moving surface. Section 4 illus-

trates the performance of the method by testing it on a range of examples. This motivates the
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requirement for a discrete remeshing step within the algorithm, the implementation of which

is also discussed. The improved robustness obtained through a combination of continuous

mesh movement and discrete mesh regeneration is then demonstrated. The paper concludes

with a brief discussion of the strengths and current limitations of the work, as well as some

suggestions for further study.

2 MATHEMATICAL MODEL

The focus is three-dimensional incompressible flows governed by a non-dimensionalised form

of the Navier-Stokes equations. Starting with the standard dimensional form for momentum

conservation (with velocity u, pressure p, density ρ , dynamic viscosity µ and gravity g acting

in direction of unit vector f),

ρ
�
∂u
∂ t

��u �∇�u
�
��∇p�µ∇ �

�
∇u��∇u�T

�
�ρgf � (1)

it is possible to non-dimensionalise with respect to length and velocity scales L and U and

time and pressure scales L�U and µU�L respectively. This leads to the system

ρUL
µ

�
∂u
∂ t

��u �∇�u
�
��∇p�∇ �

�
∇u��∇u�T

�
�

ρgL2

µU
f � (2)

which may be expressed as

Re

�
∂u
∂ t

��u �∇�u
�
� ∇ ���Stf � (3)

where the non-dimensional Reynolds number Re and Stokes number St are given by

Re �
ρUL
µ

� St �
ρgL2

µU
� (4)

and � (the stress tensor) is

� � �pI�∇u�∇uT � (5)

One further non-dimensional parameter of relevance to this problem (see the stress boundary

condition at the free surface, (9) below) is the capillary number,

Ca �
µU
τ

� (6)

Here τ is the surface tension, which is assumed to be constant over the entire free surface.

3



For the purposes of this work we concentrate on viscous flows that are driven mainly by

surface-tension effects at the free surface and external body forces such as gravity. Hence

throughout the paper we consider the slow-flow case Re � 1, for which the left-hand side

term in (3) may be neglected. When combined with mass conservation for an incompressible

fluid the governing system simplifies to

0 � ∇ ���Stf� (7)

0 � ∇ �u� (8)

in a fluid domain Ω with boundary Γ. A no-slip boundary condition is applied at solid bound-

aries, and at the free surface the normal stress condition

�� �n � pextn�
1

Ca
�∇s �n�n� (9)

is applied, where n is the outward unit normal and ∇s represents the surface gradient operator

given by ∇s � �I�nn� �∇. For the purposes of this work it is assumed (without loss of

generality) that the external pressure pext is zero. In addition, at the free surface, a kinematic

boundary condition

n � �u� ẋ� � 0� (10)

also applies, where a dot superscript refers to differentiation with respect to non-dimensionalised

time t. This time dependent boundary condition describes the evolution of the free-surface ge-

ometry, driven by the velocity field.

3 NUMERICAL SCHEME

An ALE solution algorithm is employed to solve this problem. The geometry and flow field

evolve in time due to the motion of the free surface and hence in general the problem is both

time-dependent and nonlinear. However, since the only time-dependent and nonlinear terms

are contained in the kinematic boundary condition (10), the interior flow and surface evolution

may be decoupled in the following way. For each single timestep:

1. solve the (steady, linear) Stokes equations (7)-(8) on the current geometry to find u and

p;
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2. update the free-surface position with the (time-dependent, nonlinear) kinematic bound-

ary condition (10);

3. update the interior mesh.

3.1 Solution of the Stokes Equations

The Stokes equations (7)-(8) are discretised in space with an isoparametric tetrahedral Taylor-

Hood finite element method [9]. This choice is a priori LBB stable and has the additional

advantage of including an isoparametric, quadratic representation of the free surface. This

allows more accurate modelling of the surface curvature, and hence the free-surface stress

boundary condition (9), than has been previously used [4, 38] in three-dimensional models

for this class of problem.

Defining φ i and ψ j as the respective quadratic and linear basis functions from the Taylor-

Hood space, the finite element approximation is developed by multiplying each of the com-

ponents, α say, of the momentum equation (7) with φi and multiplying (8) with ψj and inte-

grating over the spatial domain Ω. This yields

0 �

�
Ω
φi �∇ ���Stf�α dΩ α � 1�2�3; i � 1� ����Nv� (11)

0 �

�
Ω
ψ j �∇ �u� dΩ j � 1� ���Np� (12)

where Nv and Np are the number of non-Dirichlet velocity and pressure nodes respectively.

The momentum equations (11) is integrated by parts to give

�
Ω
��∇φi ���St φi f�α dΩ � �

�
Γ
�φi� �n�α dΓ�

� �
�
Γ f

φi
1

Ca
�∇s �n�nα dΓ� (13)

where the stress boundary condition (9) has been used on the free-surface boundary Γf , and

it is assumed that the velocity satisfies a Dirichlet condition on the remaining portion of the

boundary. Application of the surface divergence theorem (see appendix A) results in

�
Ω
��∇φi ���St φi f�α dΩ � �

�
Γ f

1
Ca

�∇sφi�α dΓ�
�
γ

1
Ca

φimα dγ � (14)

where γ is the contour bounding the free surface, termed the contact line, and m is the outward

unit binormal to γ , ie. m is normal to γ and n �m� 0 on γ . For problems in which the contact
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line is kept fixed, such as those considered in the following section, this contour integral can

be neglected since γ lies on the Dirichlet boundary. However, this integral must be included

when considering a dynamic contact line.

The discretised system (14) and (12) may be written in matrix form as

�
� K B

BT 0

�
�
�
� u

p

�
� �

�
� g

0

�
� � (15)

where K represents the discrete Laplacian, B the discrete pressure gradient operator, and g the

discrete force vector including the free-surface stress boundary condition. We choose to solve

this system iteratively using a preconditioned GMRES method. The preconditioning matrix

P is formed from an incomplete-LU factorisation of a modified form of (15) obtained by

replacing the off-diagonal blocks by zero and the lower-diagonal block by a lumped pressure

mass matrix ML:

P � ILU

�
� K 0

0 ML

�
� � (16)

This preconditioner is certainly not optimal (see, for example, [11] for a discussion of optimal

preconditioners for Navier-Stokes and Stokes problems); however it is easy to implement

and it provides significant acceleration of convergence in practice provided acceptable mesh

quality if maintained. Since the Stokes problem that is solved at each time step is stationary,

initial data is not required. However, in practice, the solution from the previous time step is

used as an initial guess in order to minimise the number of iterations required for convergence.

3.2 Free-Surface Updates

Movement of the computational mesh is separated into two distinct phases: the normal motion

of the fluid free surface, as prescribed by the computed velocity field, and; the movement of

the interior mesh which is driven by mesh-quality considerations.

The kinematic boundary condition (10) is used to update the fluid free surface once the

velocity field has been computed. This requires the definition of a unit normal vector at each

node on the free surface. Since the finite element representation is only C0 continuous there

is no unique normal at a vertex. In fact, a separate normal can be defined at the vertex on

each quadratic surface that meets at that point. It has been found, during this work, that the
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commonly used mass-consistent normal [9], essentially a weighted average of the normals

on the surrounding triangular surface elements, is not applicable to the three-dimensional

tetrahedral Taylor-Hood finite element discretisation employed [36]. Instead an arithmetic

average of the surrounding normals is used, similar in principle to that described by Cairncross

et al. [4]. The free surface is updated with a forward Euler discretisation of (10) which

removes the nonlinearity associated with the free-surface geometry. This is therefore subject

to a CFL-type stability constraint on the time step that can be used.

3.3 Interior Mesh Updates

To update the interior mesh the domain is treated as a linear elastic solid subject to a prescribed

displacement from the equilibrium position due to the motion of the free surface over each

time step. The linear elastic problem

∂
∂x j

�
Ci jkl

∂ sk

∂xl

�
� 0 (17)

is solved for the unknown displacements sk using a linear tetrahedral finite element method

on a mesh consisting of the vertices of the underlying quadratic mesh. The interior vertices

that lie on mesh edges are updated such that they remain at the midpoint of the vertices of that

edge. The general linear elasticity tensor

Ci jkl � λδi jδkl �µ�δikδ jl �δilδ jk� (18)

is used here, where the coefficients λ and µ are computed from

λ �
Eν

2�1�ν��1�2ν�
� µ �

E
2�1�ν�

� (19)

The response of the interior mesh to the boundary motion can be altered by choosing different

values for the Young’s modulus E and Poisson’s ratio ν . In the examples presented here, E

and ν are, however, simply given the values 100 and 0�001 respectively; this choice is fairly

arbitrary and appears to have little effect on the overall qualitative behaviour of the algorithm.

It is not necessary to solve the linear elasticity problem (17) exactly as the aim is simply

to maintain mesh quality near the moving free surface. Hence, rather than solving directly, a

Gauss-Seidel iterative approach is used. Several sweeps of the mesh vertices are performed

and a local linear elasticity problem is solved at each vertex to update the node position. To
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accelerate convergence of this process the interior vertices are sorted so that nodes nearest

the free surface are updated first. This can be achieved by recursively ordering the vertex

neighbours beginning at the fluid free surface. It is found that only two Gauss-Seidel sweeps

of the mesh are required to update the interior mesh sufficiently for the examples considered

below.

3.4 Discrete Remeshing

Free-surface problems involving significant change in the fluid volume (such as the droplet

formation problem considered in Section 4.2 for example) cannot be effectively modelled

using the mesh-movement algorithm alone. As the domain expands, the element size increases

and, while the geometric quality of the elements can be maintained, the overall accuracy of the

finite element method will diminish. Indeed, even in cases where the fluid volume does not

change (such as the liquid-bridge problem considered in Section 4.1) the distortion of the fluid

domain may be such that the mesh-movement algorithm described above cannot maintain the

required mesh quality. In these cases, complete remeshing of the fluid domain is also required

periodically.

There are numerous possible strategies for triggering a full remesh. In this work, a mea-

sure based upon the edge curvature κ (as in [33]) is used,

Iκ �

�
s
�κ � ds� (20)

which can be computed directly on the edges of the isoparametric quadratic finite element

mesh. In addition, upper and lower limits are placed on the edge lengths in the mesh and

a maximum number of time steps between remeshes is specified. In the examples presented

here the maximum and minimum edge lengths allowed are twice and half of the initial uniform

edge length respectively, and a maximum of 5000 time steps is set between adaptivity stages.

The mesh generation package NETGEN [28] is used to generate a new mesh. The existing

triangular surface mesh is used to define the geometry of the fluid domain, but the new mesh

is not guaranteed to conform exactly to the original piecewise isoparametric quadratic surface,

resulting in the possibility of a small volume change. A binary tree data structure, based upon

[2], is then used to interpolate efficiently solution data from the original mesh to the nodes

in the adapted mesh. For Stokes flow, the interpolated solution is used as an initial guess for
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the iterative solution at the next time step, whilst for Navier-Stokes flows it is required for the

initial state at the next time step. The computational cost of the discrete remeshing process

is small compared to the flow solution, since typically many hundreds of time steps are taken

between remeshing stages.

4 COMPUTATIONAL EXAMPLES

In this section two representative test problems are solved using the algorithm described

above. In the first of these the total fluid volume remains constant, whilst in the second the

volume grows with time due to an inflow boundary.

4.1 Liquid Bridge

The liquid-bridge problems considered here comprise an initially cylindrical fluid domain

pinned at static circular contact lines to two parallel vertical walls. The walls move with

an equal and opposite velocity, stretching the free surface, which must adjust such that the

fluid volume is conserved. The initial domain, a fluid cylinder of radius 1 and length 1,

is discretised with 3406 nodes and 2054 isoparametric quadratic tetrahedral elements. The

initial mesh is generated with a target uniform edge length of 0�1 and a constant time step of

0�001 is used. In the absence of gravity (St � 0) the fluid domain evolves in an axisymmetric

manner. Figure 1 illustrates the free-surface shape at four instants during the simulation.

In the second example a gravitational force is introduced (St � 1) acting perpendicular to

the initial axis of symmetry of the fluid. The capillary number Ca � 1 in both examples.

Figure 2 illustrates the free-surface shape at the same four instants during this simulation.

Due to the motion of the solid boundaries, the edge length on the free surface neighbouring

the walls is increased relatively quickly, which necessitates regular discrete remeshing of the

domain. This is because the kinematic boundary condition (10) constrains the nodes on the

free surface to move in only the direction normal to it and hence the mesh becomes distorted

near the solid walls, which are moving almost tangentially to the free surface in the early

stages of the simulation. The examples shown have been remeshed twelve times during the

simulation. Since the volume remains theoretically constant during the simulation the number

of degrees of freedom remains approximately constant despite the remeshing steps. In practice
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there is a small volume change, due to both the discrete nature of the computational algorithm

employed and the occasional remeshing of the entire domain. In the two examples considered,

the volume change is approximately 0�5% of the initial volume over the entire simulation.

However, almost all of the observed error is introduced at the discrete remeshing stages, which

introduces a volume change which is an order of magnitude greater than that due to the explicit

update of the free surface.

4.2 Droplet Formation

The droplet-formation problem comprises a vertically aligned cylindrical tube of radius 1 with

fluid fed into the top through a uniform parabolic velocity field. At the bottom the initially

hemispherical free surface of the fluid grows to accommodate the increase in fluid volume.

Hence, physically, the problem is a model of a slowly-forming drip on a leaking tap. The

contact line, where the fluid free-surface meets the opening of the tube, is fixed and treated as

static. For this example, the zero-gravity case is not particularly interesting since the droplet

will just develop, under the equilibriating action of surface tension, as an expanding sphere

attached to the cylindrical tube. Hence we only provide results where gravity is present, act-

ing in the axial direction of the tube. The initial mesh is generated with a target uniform edge

length of 0�1 and a constant time step of 0�001 is used. Figure 3 illustrates the free surface

shape at three instants during a simulation in which the Stokes number St � 2 and Capillary

number Ca� 1. As the domain expands the mesh movement algorithm redistributes the inter-

nal nodes to allow for the boundary motion. Thus the mesh size necessarily grows, requiring

remeshing of the fluid domain, giving a corresponding increase in the discrete problem size

as time evolves. In the case shown in Figure 3(a) there are initially 2514 nodes and 1430 ele-

ments while after six remeshing stages (Figure 3(c)) there are 4938 nodes and 2639 elements.

This has implications for the cost of the iterative solution at each time step. If an optimal pre-

conditioner were used the number of iterations would remain fixed but the cost per iteration

would grow. However, since our simpler preconditioner is not optimal the number of itera-

tions, as well as the cost per iteration, grows with the problem size. This issue of deteriorating

convergence rate still needs to be addressed in order to simulate the formation of the droplet

right up to the point immediately prior to break-off.
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5 DISCUSSION AND FURTHER WORK

In this paper we have introduced an adaptive algorithm for the solution of three-dimensional

moving-boundary problems based primarily upon the use of mesh movement but also exploit-

ing discrete remeshing when necessary. Previous work in this area has been typically based

upon linear tetrahedral or hexahedral finite element approximations, however here the gov-

erning equations are discretised with an a priori stable tetrahedral Taylor-Hood finite element

method. This method requires no additional artificial stabilisation and includes an isopara-

metric quadratic approximation of the problem geometry allowing a more accurate model of

the evolving free surface and of the surface tension forces acting on it. Application of this

algorithm to two fully three-dimensional problems has been described in order to demonstrate

the significant potential of the approach. At this stage, however, further development is still

required in order to ensure that this potentially powerful approach can be made sufficiently

robust to be applied to the widest possible range of free-surface flow problems.

At present the free surface is updated by allowing normal motion in order to satisfy the

kinematic boundary condition (10). It would be advantageous to allow free-surface nodes

to move in tangential directions as well since this is likely to reduce the frequency of the

discrete remeshing stages that is required. In the early stages of the liquid-bridge problem

considered in Section 4.1, the end planes are moving almost tangentially to the free surface

and so stretching occurs in the elements near to these planes: this could be avoided if suitable

tangential motion of the free-surface nodes was allowed.

Discrete remeshing is vital if long-time simulations of evolving fluid surfaces are to be

achieved. The simple rules described in Section 3.4 for driving the remeshing process can be

enhanced in a number of ways, to include for example other measures of surface mesh quality,

and further investigation is required to produce a precise strategy. In addition to the computa-

tional cost associated with the discrete remeshing stage, our current implementation (based up

on the use of the NETGEN software tool [28]) also causes a small, but not negligible, change

in the volume of the fluid. It is necessary therefore to investigate the most effective way of

eliminating this volume change from the remeshing procedure. Numerous approaches are

possible, however it is important to ensure that local accuracy in the geometry representation

is maintained as well as global volume conservation.

As mentioned in Section 4, the computational cost of solving the problem iteratively in-
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creases with the problem size. Optimal preconditioners for Stokes and Navier-Stokes prob-

lems have been presented by [11], which bound the number of iterations required indepen-

dently of the mesh size, based on an optimal inner solve of the discrete Laplace equation

using a multigrid method. For the unstructured tetrahedral grids employed here, this approach

is not directly applicable, since the required hierarchy of grids is not available. However, re-

cent work [22] has suggested the use of algebraic multigrid techniques for this component of

the method.

The examples provided in this paper show the performance of the algorithm on problems

for which the contact line is fixed. In addition to problems of this type, those in which the

contact line moves, containing a so-called dynamic contact line, are of significant practical

interest. Examples include the spreading of a droplet across a surface or the capillary rise of a

fluid in a narrow tube. This is an extension of the work we are currently undertaking, initially

through the approach presented in [1].
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A THE SURFACE DIVERGENCE THEOREM

In the notation of Subsection 3.1 the surface divergence theorem, [37], states that

�
Γ f

∇s �v dΓ�
�
γ
v �m dγ�

�
Γ f

2H �v �n� dΓ � (21)

where H ��1
2∇s �n is the surface mean curvature. Hence, application of (21) with v� 1

Caφieα

(where eα is the unit vector in coordinate direction α) gives:

�
Γ f

∇s �

�
1

Ca
φieα

�
dΓ�

�
γ

�
1

Ca
φieα

�
�m dγ�

�
Γ f

�∇s �n�
�

1
Ca

φieα

�
�n dΓ � (22)

Hence

�

�
Γ f

φi
1

Ca
�∇s �n�n � eα dΓ � �

�
Γ f

1
Ca

∇s � �φieα� dΓ�
�
γ

1
Ca

φim � eα dγ (23)

� �

�
Γ f

1
Ca

∇sφi � eα dΓ�
�
γ

1
Ca

φim � eα dγ � (24)

This last expression demonstrates the equivalence of (13) and (14) as claimed.
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(a) Time 0�0 (b) Time 0�8

(c) Time 1�6 (d) Time 2�4

Figure 1: Liquid-bridge problem: St � 0, Ca � 1
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(a) Time 0�0 (b) Time 0�8

(c) Time 1�6 (d) Time 2�4

Figure 2: Liquid-bridge problem: St � 1, Ca � 1
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(a) Time 0�0 (b) Time 2�8 (c) Time 5�6

Figure 3: Droplet-formation problem: St � 2, Ca � 1
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