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Abstract

This paper describes a mathematical model and adaptive numerical simulation of the time-
dependent multiphase, multicomponent flow which occurs when a gas venting process is used to
remove a volatile contaminant from a porous medium. The numerical simulation is adaptive in both
space and time and involves the use of a finite element spatial discretization and the SPRINT2D
software ([6]) for time integration. Results are presented which demonstrate the high quality of the
simulation, both in terms of the length scales of the features that are resolved and the efficiency
of the solutions relative to those obtained on fixed grids.

1 Introduction

An important environmental problem faced in a number of industrial sectors today is that of how to
deal with the contamination of soil and groundwater due to spills or seepage of unwanted substances,
such as chemical waste or hydrocarbons. Frequently these contaminants are volatile and will evaporate
freely given a sufficient supply of unsaturated air. In such situations a popular clean-up technique
is to employ a venting process which extracts the contaminant-rich gas phase by means of vacuum
aspiration of the ground in the vicinity of the spill. A number of authors have considered such a
technique both experimentally and numerically, e.g. [3, 8, 14, 16, 20, 21, 25, 28].

A critical factor in the successful numerical simulation of venting processes is the accuracy and
efficiency with which the numerical methods approximate the solutions of the underlying differential
equations. For time-dependent problems in two and three dimensions the computational overheads
associated with using uniform grids in space and time are enormous and so, in this paper, we propose
an adaptive numerical scheme for such simulations.

The idea of mesh adaptivity is not a new one, with research into adaptive algorithms going back
a number of years (see [1, 22] for example). Indeed, such algorithms have already been applied to
certain groundwater transport problems with significant success (e.g. [18]). It is the purpose of this
paper to demonstrate the significant advantages of using adaptivity in both space and time for the
numerical simulation of gas venting in two space dimensions and to present some of the details behind
our particular choice of adaptive algorithm.

It is not difficult to see why the use of mesh adaptivity is likely to be highly appropriate for
this class of problem. The basic mechanism behind the venting process is to remove air from the
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contaminated ground by sucking it out at one or more wells. This air is replaced by fresh air entering
the contaminated region either through its upper surface or from neighbouring, uncontaminated,
regions. This in turn causes a flow of clean air through the contaminated ground which enhances
the evaporation of the volatile contaminant. Once evaporated this contaminant is then removed at
one of the wells where dirty air is extracted. Initially, a uniform spatial mesh will give a perfectly
adequate representation of the concentration of the contaminant throughout the domain since it will
be assumed that this concentration is uniform. Once venting is underway however, and clean air starts
to be drawn in, a sharp transition layer will develop between this clean air and the contaminated
region. Mesh refinement is ideal for accurately and efficiently capturing sharp fronts such as this since
the mesh need only be fine in these transitional layers. Moreover, as the simulation proceeds and
the layers evolve, the mesh can evolve too so that it always allows an accurate representation of the
solution at the minimum computational cost.

As well as adaptivity of the spatial mesh, further significant efficiency and reliability gains may
be achieved through the use of adaptivity in time. For example, as the rate of extraction at the vent
is altered the dominant time-scale for the problem will also vary. In the extreme case where the vent
is switched off completely then only diffusion and gravity will be left to drive the flow and so it is
essential that very large time steps are permitted.

In the following section a quantitative model is presented for a quite general axisymmetric venting
process. This model contains all of the features present in the qualitative description presented above
but in common with most work in this area it makes use of a number of simplifying assumptions
so as to prevent the complexity becoming excessive. Section 3 then presents a description of the
adaptive finite element solution scheme that has been employed, including a detailed explanation
of the spatial and temporal adaptivity algorithms used. Some typical computational results are
presented in Section 4, where the advantages of mesh adaptivity are clearly demonstrated. The paper
then finishes with some concluding remarks.

2 The model problem

The model problem considered here involves a multiphase porous media flow model, described in
detail below. Corapcioglu and Panday [9] present a comprehensive overview of this type of model,
along with numerical solution methods. Key publications relevant to this work include [10, 2, 13, 14,
15, 20, 21, 25].

2.1 Governing equations

In the model problem considered here it is assumed that a hydrocarbon liquid has been spilt on “dry”
(not water saturated) ground, resulting in a volume distribution of this oleic liquid at or marginally
above residual saturation throughout the vadose zone beneath the spill. At this stage we ignore
variations in the saturation due to inhomogeneities or anisotropies in the porous media, as well as
any accumulation of oil at the water table below the vadose zone. The residual saturation of oil is
assumed to be immobile, and will be subject only to evaporative loss to other phases. Liquid water is
present at or below residual saturation in the vadose zone and is therefore also immobile. In addition
the water is assumed to be non-volatile.

Whilst in reality the spilt liquid will probably contain a number of different hydrocarbons, we
will consider here a simplified model in which the liquid is a mixture of one light (volatile) and one
heavy (non-volatile) component. This simplification will address most of the simulation issues whilst
maintaining a manageable size for the resulting numerical system. Thus there are four components
in this problem — light oil ({), heavy oil (h), water (w) and atmospheric air (@) — which can partition
between the four phases present: a gaseous phase (g) comprising air and light oil vapour; an oleic



phase (o) comprising both light and heavy oils; an aqueous phase (w) which contains dissolved light
oil (the heavy oil being insoluble); and a sorbed phase (s) consisting of both light and heavy oils
sorbed to the soil surface. The sorbed phase is by definition immobile.

The remaining physical/chemical assumptions are that (i) the air and light oil vapour are ideal
gases of fixed and constant molecular weight, (ii) the system is isothermal, (iii) the vadose zone is
incompressible, (iv) Darcy’s law governs the flow of air and light oil vapour, and (v) initially we have
conditions of thermodynamic equilibrium between the phases and hydrostatic equilibrium in the gas
phase. It is clear that some of these assumptions are more easily justified than others and we note
that the final assumption, of equilibrium between the different phases, has begun to be questioned in
a number of situations (see [21] for example).

A standard control volume analysis results in the following equations of motion for the light oil,
air, water and heavy oil components respectively:

0 . .
_(5agnggl; + wwprfu + 5040100)(2 + Csxi) +V- (ngéﬂ) =

’ V- (eaypyDy VX, + caup, Dy, VX, + caop,DVX), (1)
%(E%PQXJHZ-(/@,X;Q) = V- (ca,p,DIVXY), 2)

a%(g%prfvu) = V- (eawp,DyVXY),  (3)

g—t(éaopon—l—chf) = V-(ca,p,DEVXH). (4)

The full notation for these and later equations is listed in Table 2 in appendix A. Briefly however, o,
represents the pore-space volume fraction of phase y; p, the density of phase y; X represents the
mass fraction of component z in phase y; and ¢, the total mass of light and heavy oil per unit volume
of the porous medium that is sorbed to the soil. The Darcy velocity vector ¢ is given by

kK
1= -—=(YP - pyg), (5)
where the relative permeability K, has a van Genuchten form
Ky(ag) = ay/*[1 = (1= ap) /7P (6)

(with m = 1 — 1/n for given n), u is the dynamic viscosity of the air and light oil vapour mixture
(taken to be constant and equal to that of air), g is the acceleration due to gravity and the gas phase
pressure, P, is given by

X, Xz
P = pgRT T + e . (7)
In addition, note that the following consistency relations apply:

Qg+ ay +o, = 1, (8)

X+ xg =1, (9)

XL XY = 1, (10)

X 4 xh = 1, (11)

X4+ xt = 1 (12)

The dispersivity tensors Dé, D!, and D! in equation (1) are given by:

U5
(D;)” = DéTg(SZ’]‘ + aTuéij + (aL — aT) " ], (13)
(DL)ij = DuTubsj, (14)
(D5)i; = DiTubij, (15)



where u is the magnitude of the vector u = ¢/(cay), and the tortuosities are given by 1), = 54/30@0/3,
T, = 54/30&00/3 and T, = 54/3043)0/3. The molecular diffusivities Dé, D! and D! arein reality functions
of pressure and the phase compositions, but as a first approximation we assume they are constants.

The remaining phase dispersivities in the equations of motion are derived via symmetry relations as
follows:

a _ {
D! = D!, (16)
Dy = D, (17)
D" = D!. (18)

In order to obtain a numerical solution using the finite element discretization described in Section
3 it is convenient to consider concentrations, rather than mass fractions, as the dependent variables
in our governing equations. Hence we define the concentrations 7 of component z in phase y by:

Cé :ng‘é7 C; :ng;7 (19)
Ci} = Pinm Cy = puXy), (20)
Cé = po)(év Céb = po)(oh (21)
and
Cl =, X!, Ch = ¢, X" (22)

Thus, equations (1) to (4) may be written as

g—t(mgc; +eay,Cl +ea,CL+ CH+ Y- (Clg) =
V(ea;,DIVC} + 20, DL, VCL +ca,DLVCY)
C! ol !
AV (5ag_gDéng + 5ao_oDlozpo T ey —wDiUpr), (23)
Pg Po Pw
C(l
E(&agC';) +V-(Cjq) = V-(eayDNCF) -V - (sagp—jD;Zpg), (24)
8 w
Lo Cl) = Vo (cauDUYCY) - V- (20, DYV p,), (25)
0 h h h h Céb h
Gl 4 Cl) = Yo(caDIVC) - V- (ca,SEDITp,).  (26)
Observing that
by = ChHC (27)
Pw = Ci} + Cﬁ;}v (28)
Po = Ci + C(? (29)
and ¢, = Clyoh (30)

we see that equations (23) to (26) involve 11 unknowns:
ag, aw, ag, Gy, g, €1, O, €, CF, O, C (31)

We therefore require 7 additional equations in order to close the system. These are derived from three
consistency constraints and four equilibrium relations as follows.



e The volume fractions of the phases sum to 1:
ag + oy + 0, = 1. (32)

e The densities of the aqueous and oleic phases are assumed to be constant (p,, and p, respec-
tively):

CZUU‘FCL = Pw (33)
CéL‘l‘C(l) = Po- (34)

e The partitioning of the light oil between the oleic and gas phases is given by:
Cl RT Cl Cl Ch
g l
Al _Psat(Al)/(Al—l_Ah (35)

where P!, is the saturation vapour pressure of a pure liquid phase containing only light oil.

e The partitioning of the light oil between the gas and aqueous phases is given by:

gicl  CIRT

AN (36)
where H! is Henry’s Law constant for light oil in water.
e The partitioning of the light oil between the aqueous and sorbed phases is given by
Cl
C:_ gt (37
Pb

where py, is the soil bulk density and Kb is the soil sorption coeflicient for light oil.

¢ Finally, the partitioning of the heavy oil between the oleic and sorbed phases is given by

h h { h
- (’D@w(i;)/(§f+fh) (39)

Pb

Note that the heavy oil is assumed insoluble in water, and hence S should be zero. However,
to simplify this model, we allow the product (Kf) 5" to be non-zero.

Equations (32) to (38) give us the additional relations required in order to solve the PDE system (23)

0 (26). It is not difficult to see that these relations allow all of the dependent variables present in the
equations to be expressed in terms of the four variables C'é, Cy, ay and a,, which we will now refer to
as the primary variables for our numerical simulation. Note that since we have assumed immobility
of the liquid phases, we do not need to be concerned about phase appearance/disappearance, which
can be an additional source of complexity (see e.g. [14] and Subsection 4.3 below). Furthermore, our
specific choice for the four primary variables is certainly not unique and other formulations, such as
ones which include pressure as a primary variable for example, have been considered. The precise
choice appears to have little effect on the computational efficiency for the simulations that we have
performed.



2.2 Spatial domain and boundary and initial conditions

The spatial domain, €2, that we consider in this paper is defined, in cylindrical polar coordinates, by
Ry < r < Rp and 0 < z < H, as illustrated in Figure 1. This is based upon the assumption of
cylindrical symmetry about a vent of radius Ry centred on the line » = 0. This vent is modeled by
an impermeable vertical pipe with a gap, through which gas is extracted, over the interval Z; < z <
Zy. The whole of the lower and outer boundaries are assumed to be impermeable, as is the region
Ry < r < Rc on the top boundary z = H. The rest of the top boundary is the ground surface which
is open to the atmosphere.

z

H_ no flow open surface
COVER
ZU: VENT no flow
Zy
r
0 0 | no flow
Ry Re Rp

Figure 1: Spatial domain and boundary conditions.

For the initial conditions we assume that there has been a spillage of a heavy and light oil
mixture (n-Dodecane and Toluene respectively in the simulations considered here), resulting in a
residual saturation (10% by volume) of the liquid oil mixture, along with the already present 10%
volume saturation of liquid water. It is assumed that the phases are in thermodynamic equilibrium,
with (approximately) hydrostatic equilibrium in the gas phase. The gas phase pressure is assumed
to be constant and equal to one atmosphere, P.,. (For strict hydrostatic equilibrium we require
OP/0y = —pyg.) The one exception to all of this is that towards the open surface part of the top
boundary we force X;, to tend to zero, the value in the atmosphere, in order to be consistent with
the boundary conditions (see below). The gas extraction rate is zero initially (i.e. the pressure at the
vent is P.,) — it is increased (i.e. the pressure decreased) linearly to a steady value over an initial
period of 1 second.

In order to obtain the bulk initial conditions it is assumed that the proportion (by weight) of each
oil component in the unspilt oil is equal to that when partitioned in the porous medium. This implies
that for the heavy oil say

ca,Ch 4 Ch

X, =
"7 e(ayCl + a,CL + a,Ch) + CL + ca,CE 4 CF

(39)

where X}, is the known mass fraction of heavy oil in the unspilt oil. Equation (39) is then solved along
with the earlier algebraic relations and the assumed values for the volume fractions using a numerical
nonlinear equation solver (routine CO5NDF from the NAG Fortran Library [23]).

The boundary conditions are also summarized in Figure 1. The impermeability of the lower
boundary gives zero normal flux conditions for all components:

n-[Clg+ @)+ 0, + 0] = o0 (40)



n-[Cig+ 2] = 0, (41)
E[‘I’ﬁ] = 0, (42)
n- [0k = o, (43)
where n is the outward unit normal, and
c!
¢, = —ca,p,DLVX] = —eangzC;ergp—jDﬁ,Zpg, (44)
e
¥ = —capDIVN] = —ca,DIVC;+ca,SLD[Vp, (45)
@% = —8Oéwwa$zAX$ = —anD$ZC5, (46)
" = —ca,p,D'VXF = —ca,DEVCE (47)

At the outer boundary, r = Rp, it is assumed there is a “caisson” surface, again impermeable to
all components, and hence the boundary conditions are exactly as given above for the lower boundary.
These conditions also apply for those regions (0 < z < Zp, and Zyy < z < H) of the inner boundary,
r = Ry, where no extraction takes place. On the rest of this boundary, zy, < z < Zp7, whilst there is
zero flux of water or heavy oil (conditions (46) and (47) respectively), there is a flow of light oil and
air components in the gas phase. This is driven by a pressure difference and so we model this with a
pressure boundary condition of the form

P=P,;, (48)
i.e., from (7) and (19),
G G _ &
AL e RT

In addition to this we add a fourth and final boundary condition at the vent which requires

(49)

n-VX!=0. (50)

This condition corresponds to an assumption of zero diffusive flux at the vent.

Finally we consider the open surface part of the upper boundary (Rc < r < Rp and z = H).
Again, there can be no flow of water or heavy oil so conditions (46) and (47) are still appropriate. As
with the vent we also impose a pressure boundary condition, but this time it takes the form P = P,
i.e. l

Y%, G _ P (51)
AL Xe  RT

For the fourth condition we impose a value for Xé at the boundary:
-l
X,=0. (52)

This is based on the assumption that the mass fraction of light oil in the atmosphere is zero and
that Xé is continuous at the boundary. Although this assumption is slightly questionable (and has
the effect of creating a transition layer just under the surface rather than just above it, as in [15] for
example) this simple condition appears to work well — and certainly permits the flow of gas in either
direction through the boundary as is appropriate.

Details of the implementation of these boundary conditions are provided in the following section
once details of the finite element discretization scheme and the time integration software have been
covered. Some typical values of the constants that have been introduced in this section may be found
in appendix B.



3 Adaptive numerical solution

For the numerical solution of the problem we employ the SPRINT2D adaptive partial differential
equation (PDE) solver (see [6, 7]). This code uses the Method of Lines (MOL) whereby each of the
PDEs are first discretized in space, resulting in a system of ordinary differential equations (ODEs),
and the general purpose initial value ODE software is used to solve this system as efliciently as
possible. Some details of SPRINT2D are presented in Subsection 3.1, including a description of how
the user may provide their own spatial discretization via a residual routine and how adaptivity is
allowed in both space and time. Subsection 3.2 then concentrates on the finite element algorithm
that we use for the spatial discretization of this particular problem, and also presents a discussion of
stability and the generation of appropriate error indicators.

3.1 Method of Lines software

The SPRINT2D code is designed to provide a straightforward interface to a number of different
algorithms for the adaptive solution of initial value ODEs when the MOL is used to solve initial value
partial differential equations in two space dimensions. This is achieved by providing a triangulation of
the spatial domain and then allowing the user to define their own discretization of the PDE problem
that they are solving on this triangulation. This discretization will typically be based upon finite
element or finite volume techniques and will yield a system of ODEs of the general form:

E(g(t)vy(t)vt) =0; y(to) =Yg (53)

where the vector y(t) contains each of the spatial degrees of freedom, the dot above the y denotes
differentiation with respect to time, ¢, and y, comes {rom the initial conditions at time ¢ = {o.

As already indicated, the SPRINT2D software provides a number of different schemes for solving
the ODE system (53): for example, a variable order BDF (backward differentiation formula) algorithm
or an adaptive #-method code (i.e. in which the value of # may vary at each time-step) may be used.
In either case the size of the time-step is allowed to vary automatically based upon a local error control
strategy (this strategy is also used to select the order in the BDF algorithm). No matter which of
the time integration algorithms is actually being used at any time, the user is only ever required to
provide a single residual routine which is able to evaluate the function F for given estimates of g, y
and ¢. To illustrate this we consider the simplest of the BDF formulae (the first order scheme) by %a&
of an example. (This also corresponds to the #-method with # = 1, usually known as the backward
Euler method.)

The backward Euler method for solving (53) is based upon repeated application of the following
formula:

E(—nki—n—lﬁwtn) =0, (54)

n

where y ~ y(1,) and ¢, = lo+3_;=; ki. In practice this is achieved by maintaining estimates of both
y(tn) and 9(tn) (as y_and g respectively) as follows.

1. Given y, and ¢ solve F(y tp) = 0 for Yy

yo?_o?
2. For n =1,2,3,... until complete:
(a) set predictors gf =y, _, and gf =y, tkad, .
(b) solve F(3” + a,y” + kna,t,) = 0 for o,
. . _ .P _ P
(c) set solutions gy =y ta and y =y + ko



The significant computational cost at each step of this algorithm is in the solution of the nonlinear
system
F(i" + o,y + kna,t,) =0 (55)

for a. This is achieved using a quasi-Newton algorithm which therefore requires an estimate of the
Jacobian matrix aF aF

93 + k, 9y (56)
If the user does not which to provide a function for the evaluation of this Jacobian matrix it may
be estimated from within the code using finite difference approximations. If the latter option is
selected then a sparsity pattern for the Jacobian may be provided to increase the efficiency of both
the approximation and the factorization stages.

When other time integration schemes are used similar solution algorithms may be derived (see
[4, 5] for example) in which residual and optional Jacobian routines need to be provided. The results
presented in Section 4 of this paper were all computed using the adaptive #-method of [5].

At the end of each time-step the SPRINT2D software also allows the user to adapt the spatial
triangulation if desired. This is achieved by calling a monitor routine which has all of the latest
solution details passed to it. Local error estimates or indicators may then be applied on each element
and those elements for which the error is too large can be marked for refinement, whilst those for which
the error is unnecessarily small can be marked for coarsening. The mesh adaptivity algorithm that
is then called is based upon the hierarchical h-refinement approach first used by Loéhner in [22] and
illustrated in Figure 2. As may be observed, each triangle that is refined is divided into four children
of a similar shape. In order to maintain the consistency of the mesh neighbouring triangles are not
allowed to differ in refinement level by more than one, and some triangles are temporarily bisected in
order to prevent nodes from lying on the midpoints of triangle edges. These bisected triangles must
always be restored to their original state before they may be refined so as to prevent the mesh quality
from deteriorating. It should be noted however that a potentially damaging side-effect of using this
adaptive strategy is that the total mass of light oil is not guaranteed to be conserved when the mesh is
either coarsened or refined. In order to monitor any errors that might arise from this non-conservation
therefore, we suggest that it is worth incurring the small additional overhead of calculating the total
mass in the domain both before and after each call to the mesh adaptivity routine. If the cumulitive
difference remains small then we can be confident that our results are not significantly affected by
this side-effect.

Figure 2: Illustration of the h-refinement algorithm used by SPRINT2D.

From this brief description it may be seen that SPRINT2D offers a flexible MOL solution envi-
ronment which allows adaptivity in both space and time, and which is relatively straightforward to
use. We are now in a position to present details of the adaptive finite element solution of the venting
problem described in the previous section.



3.2 Spatial discretization and adaptivity

The spatial discretization that we use for the problem outlined in Section 2 is based upon an upwind
modification of the Galerkin finite element method. Recall from Subsection 3.1 that the spatial
discretization is defined by providing a residual routine which returns the value of

£(g.y.1) (57)

for given values of g, y and ¢. In this particular work we choose to use a piecewise linear representation
of each of the primary variables (C’é, Cy, oy and a,) on the underlying triangulation of Q. This means
that the vector y corresponds to a set of values of each of these four variables at each vertex of the
mesh, and gy holds estimates of the temporal derivatives of these variables at the mesh points. Hence
each of these vectors is of length 4N where N is the total number of vertices in the mesh. F is also
a vector of length 4N which is made up of four entries for each vertex.

To see how the residual vector F is calculated we first derive a weak form of equations (23) to
(26) on the region Q (with boundary I'):

0 = /5(agC'é—|—dgCé)WdQ—l—/ e(anCl, + @y, Cy, )W dQ
Q

c(ayCl + a,CHWan + /Q ClWdo —/chg-zwcm —}—]gCég-QWdF

c! c!
coy(DLYC} — D[ p,)- TWdf - }gmg(ngzﬁg - 22D\ Vp,) - miVdr
g g

ca,(DL,VCL) . YWdQ - f cay,(DL,VC!)) . nWdl
r

_'_
S~ 5~ 53

ca,(DLVC!) - YIWdQ — 74 ca,(D'VCY) - nWdl | (58)
r

0 = [ eayCs+a,CoWde - | Ciq-IWdR+ § Cog-nwar

4 /ang(D;zc; - %D;ng) L YWdQ - }gsag(D;ZC; - %Dgng) aWdl,  (59)
0 = /Qg(awc’;umwﬁgg)wm

+ /Q cay(DUVCY) - VWO — ﬁ cay(DUVCY) - aWdl | (60)

<
I
S~

e(a,Cl 4 6,CMWdQ + / Ctwan
Q
+ /mo(Dgzcj}) -szQ—}{gao(Dgzcj}) Wl | (61)
Q I

where use has been made of (33) and (34) and the dot above a variable again denotes differentiation
with respect to ¢. The vector n is the unit outward normal, the test functions W(r,z) € H'(Q) and
the second order terms have been integrated by parts using Green’s theorem.

In the Galerkin finite element approximation we replace each of the primary variables by a linear
combination of the usual linear “hat” basis functions L; on the current mesh. (Here L; is linear on
each triangular element and L;(z;) = 6;; for i,j € {1,..., N}, where é;; is the Kronecker delta and z;
is the position vector of node j.) Hence we obtain the following approximations:

¢ ~ =Yl @
=1
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C; ~ Cg=> Cili, (63)
=1

Qy = dw = Zdw,il/i 9 (64)
=1

ap R Gy = ol (65)
=1

Note that the coeflicients, C’;i, CT';’Z-, Gy, and @, ;, in these four expansions form the vector y in the
residual (57). Also observe that conditions (32) to (38) allow for all of the variables in (58) to (61)
to be expressed in terms of these coefficients. Finally, the test functions W in (58) and (59) are
replaced by L; for those j which correspond to vertices not on the open surface or at the vent, and
the test functions W in (60) to (61) are replaced by L; for j = 1,..., N. This yields 4N — 2M residual
equations (where M is the number of mesh vertices on the open surface or at the vent), with the

remaining 2M residual equations being determined by Dirichlet boundary conditions of the form

P = prescribed value (66)
and X’é = prescribed value (67)

at these M nodes (see Subsection 2.2 for details of the prescribed values). From (7), (19) and (27)
these last two conditions easily reduce to simple constraints on éé and C’;

It should be noted that all of the boundary integral terms in the residual equations are zero due
either to the zero flux boundary conditions (again refer to Subsection 2.2 for details) or the fact
that in (58) and (59) W = L; is always zero on the parts of the boundary where there are non-zero
fluxes of light oil or air (i.e. at the open surface or the vent). Hence the four residual equations
which correspond to each vertex, j, not on the open surface or at the vent, have the following form
(where, as in (66) and (67), the tilde above each of the secondary variables indicates that these are
derived from the given piecewise linear approximations to the primary variables and their temporal
derivatives (i.e. from y and g respectively)) using (32) to (38):

E . .
(i) = > [/ e(a,Cl 4+ 6,CYL;dQY + [ e(awCl + auCl,)L;dS)
e=1

e QG
+ Aa(doég+aoég)Lde+A éngdQ—/Q Clg-VIL;dQ
~l
+ /dig(Déz é_ﬁ_jDézﬁg)'zLde
+ / ca, (DLVEL) VL]dQ—|—/ ca,(DLVC!) VL]dQ] : (68)
Qe Qe

+ /Q 5dg(f)gz~g—~—jf);2ﬁ )-ZLde] : (69)
ro(j) = Z[/ g(dwég+&wég)Lde+/ gdw(ﬁgzég)-z@dg], (70)
e=1 /S Q2.
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In the above equations it has been assumed that there are a total of £ triangular elements, 4 to Qg,
and, in practice, the integrals on each of these elements are approximated using a quadrature rule
(e.g. see [12] for some examples of Gaussian quadrature rules on triangles).

Numerical stabilization

As mentioned previously, the strong convective element in this venting problem is known to give rise to
numerical instabilities when using standard discretization methods such as the Galerkin finite element
method described above (see e.g. [14, 19]). As such we require some form of stabilization scheme.
Various methods exist for improving stability in finite element methods, such as Petrov-Galerkin
methods, e.g. SUPG (Streamline Upwinded Petrov-Galerkin) [17], or Galerkin Least Squares [24]. A
method which has been successfully used for this type of problem (see e.g. [14, 19]) is an upstream
(or upwind) weighting technique, in which greater emphasis is placed on information coming from the
upstream direction. We use a similar upwind scheme to that used by Forsyth and Shao [14] in their
“control volume finite element” method. In this scheme the direction of upwinding is determined by
looking at the pressure gradient along each edge of the element.

In the standard Galerkin scheme described above the integrals in the residual equations (68) to
(71) are calculated using a standard quadrature rule on each triangle (see [12] for example). This
is achieved by first calculating the four primary variables at each quadrature point, using the given
nodal values and the fact that the trial functions are linear on each element, and then using (32) to
(38) in order to calculate the values of all of the secondary variables at these points.

In the upstream formulation we no longer use a linear interpolant for calculating the quadrature
point values that are used for the integrals of the convective terms (i.e. fq_ C’ég -VL;d in (68) and

Ja. CSQ-ZLde in (69)), but instead we weight the interpolant in the upstream direction (see Figure
3 for example). Following Forsyth and Shao [14] we apply this upstream shift only in the evaluation
of C é and C'7 appearing explicitly in these two convective terms. The Darcy velocity components are

calculated from (5) using the unweighted linearly interpolated values of é’é and C’g at the quadrature
points. The required modifications to the residual calculations in the code are therefore minor, and it
is found in practice that this scheme has a significant stabilizing effect. Furthermore, our use of mesh
refinement ensures that elements are always small in regions where solution gradients are large and so
the smearing that is often associated with simple stabilization schemes such as this does not appear
to degrade the quality of our results (but see, for example, [29] for a scheme designed to reduce the
smearing effects of the stabilization still further).

flow direction »
e "
e
| 4
_— V.

‘e
‘e
0
‘e
g
.
.

X - standard quadrature pts.

Figure 3: Illustration of the weighting of the quadrature point values used in the upstream method.
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Spatial mesh adaptivity

As outlined in Subsection 3.1 the form of adaptivity used by SPRINT2D is one of static rezoning
in which the mesh is adapted at discrete times, and the solution is interpolated onto the new mesh
before the next time step is taken. The decision about when and where to refine or derefine (coarsen)
the mesh is made on the basis of spatial error estimates. Further details can be found in [7].

For the scheme described here the spatial error estimate is based on a simple weighted average of
the spatial derivatives of the primary variables, i.e.

ach| |ac} ace| |acyg
err(e) = area(f.) [wl ( e + s + wy o + 52 +
da, dd,, da, da,
oo (e [F2]) + o (T L+ 1520)- (72)

for each element Q.. The value err(e) is then compared against an error ‘target’ supplied by the
user, and the element is flagged for refinement or derefinement accordingly. An appropriate value for
the target error is in practice found by trial and error, although we have found that once a suitable
value has been obtained it is generally robust enough to be applied for a wide range of problems. In
the example results presented in the next section a value of 0.025 has been used for the target, with
weight vector w = (2.5,2.5,0.0,0.0). Hence the error estimate is biased towards the derivatives of
é’é and é’; More sophisticated error estimation schemes could be implemented, however, we believe
that this simple scheme is perfectly adequate for this problem over a wide range of parameter values.

The user must specify an initial coarse mesh and a maximum level of refinement. SPRINT2D will
adapt the initial mesh as appropriate before proceeding with the integration. Other options related
to the adaptivity include the parameters for the so-called “safety layer”, being the extra layers of
refinement placed around elements when they are refined. This safety layer ensures that the refined
area is large enough to accommodate the possible movement of the high error part of the solution
before the next remesh. This is particularly important for problems with steep moving fronts, as in
this problem. A “safety skip” parameter determines how often to update this safety layer, it being
inefficient to update at every remesh.

4 Results and Discussion

In this final section of the paper we present some typical computational results obtained using the
models and numerical methods described above. The use of adaptivity in both space and time is
shown to be highly beneficial in terms of delivering results of the same accuracy as on fixed meshes
but at significantly less computational cost.

4.1 Adaptive simulations

For the numerical simulations considered here the parameters for the model problem are chosen as
in appendix B. Two different situations are considered. In the first there is an impermeable cover of
radius 4.0m present on the upper boundary (R. = 4.0m), whereas this cover is not present in the
second case (so R, = R, = 0.3m). Both runs are undertaken with the initial conditions described in
Subsection 2.2 and so begin with a transition layer near the open part of the upper boundary where
the mass fraction of light oil in the gas phase increases from zero to its bulk value in the interior of
the domain. The runs continue for a simulated time of 350000 seconds (almost 100 hours) by which
time the mass of the light oil contaminant left in the region is beginning to level out.

Figure 4 shows a series of contour plots of the calculated value of the mass fraction of light oil in
the gas phase (i.e. X)) for the first case (i.e. with a cover present) at increasing times (from top to
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bottom). The initial plot clearly shows the starting condition described above. As time progresses
we then see clean air (i.e. Xé = 0.0) being pulled in through the open surface towards the vent at
the inner boundary. Throughout the simulation there is a sharp front which represents the change in
concentration from zero to the bulk value of 0.015. This transition region is represented well using
our adaptive meshing algorithm as shown in Figure 5. This shows the meshes which correspond to
each of the solutions in Figure 4. The initial mesh is coarse throughout (25 by 5 elements), other than
in the regions of the boundary layer and the vent (where we have imposed some initial refinement).
The final mesh clearly shows the benefit of allowing coarsening of the mesh as well as refinement since
this has reduced the number of elements required in the region behind the front, where Xé =0.0. It
is apparent in Figure 4 (and reflected in the meshes in Figure 5) that there is an isolated peak in the
solution at the top left hand corner. This is due to a stagnation point (zero velocity) at the centre
of the cover. There is also a transient peak in solution at the singular point at the top corner of the
vent. Neither of these features cause any long term degradation of the solution.

A similar transition front for Xé is present when the simulation is repeated without the presence
of a cover on the upper boundary and so the same advantages of adaptivity may be observed. Indeed
in the case of no cover the mesh coarsens in a more extensive region behind the contamination front
since there is no stagnation point at the top left hand corner in this case.

The reason that a cover is likely to be present in practice however may be seen from Figure 6
which shows plots of the total mass of light oil in the domain versus time for each of these simulations.
The use of a cover can clearly be seen to increase the total amount of contaminant extracted, at least
in the case where a single vent is used. The small difference in the initial mass of light oil in each
simulation is a result of the different initial conditions used in each case — the light oil concentration
falls to zero in the open surface region only. Gamliel and Abdul [16] consider optimal surface sealing
and related factors in detail. This figure also shows that despite the fact that the gas being extracted
has quite a low fraction of light oil present after almost 100 hours of venting (as indicated by the
gradient of each curve), the contaminated region is far from clean. This suggests that a single vent
will not generally be adequate (see Subsection 4.3 below).

4.2 Performance

In order to assess the performance of our adaptive algorithm we compared the solutions obtained
above against similar solutions obtained on a fixed spatial mesh with the same resolution as the finest
mesh used in the adaptive simulations. In order to keep the run-times reasonable the maximum level
of refinement permitted was set to just two (see Figure 5 for example) and so the fixed mesh used
in these comparisons consisted of 4000 elements and 2121 nodes (this compares with the 619 to 920
nodes that were present at different times in the adaptive simulation). Even for the fixed spatial mesh
it was decided to use adaptive time-stepping since undertaking simulations such as these with fixed
time steps would be likely to lead to unnecessary temporal errors or excessively small step sizes (or
both).

In terms of accuracy, Figure 7 suggests that, as one would expect, there is little to choose either
qualitatively or quantitatively between the adaptive and the fixed mesh solutions. This figure shows
the total mass of light oil present in the domain against time (for the run with the cover present) for
both of these simulations. The same similarities are present when contour plots of adaptive and fixed-
mesh solutions are contrasted. The use of spatial refinement has ensured that when the resolution of
a fine grid is required to maintain accuracy it is provided. Furthermore, as explained in subsection
3.1, throughout the adaptive run we have monitored the effects of non-conservation of mass when the
mesh is refined and/or coarsened. For this (typical) simulation the sum of the mass differences before
and after each adaptation is just 0.0056% of the total mass of light oil initially present, and the sum
of the absolute values of these differences is only 0.0090% of the total mass. These figures provide
further evidence of the high accuracy of the adaptive simulation.
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Figure 4: Contour plots showing the calculated X; solution to the problem with the cover present at
various times.
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Figure 5: Meshes corresponding to the contour solutions illustrated in Figure 4.
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Figure 6: A comparison of the total mass of light oil in the domain against time for the adaptive
simulations with and without the cover on the top boundary.

We now consider the efficiency of the adaptive solution. Table 4.2 shows some run statistics for the
adaptive and fixed mesh simulations (again for the problem with the cover present). Recall that the
same adaptive time-stepping strategy has been used in each case with identical error tolerances and
an identical upper limit on the step size. The cpu times quoted are for an SGI 02 workstation with
a 180MHz IP32 processor and 256Mb of RAM. It is clear that the number of time steps taken is not
particularly affected by the use of adaptivity. For reasons of efficiency we seek to apply the adaptivity
algorithm only when a Jacobian evaluation is due to take place anyway (since altering the mesh will
clearly force a Jacobian evaluation) and this strategy can be seen to be quite effective. Hence the only
statistic that is significantly different between the two runs is the cpu time; the substantial saving
offered by the adaptive scheme coming as a result of the smaller linear systems that are present due
to there being fewer vertices in the mesh at each time. Of course there is an overhead associated
with implementing the adaptive mesh algorithm but this cost is clearly covered by the savings in the
time-stepping stages. The smaller linear system associated with the adaptive mesh algorithm also
leads to a reduction in memory requirements.

No. vertices | No. time steps | No. Jac. evals. | Time (cpu secs.)
Adaptive 619-920 1431 86 11414
Fixed 2121 1436 83 23750

Table 1: Run statistics for a typical adaptive and fixed mesh simulation.

4.3 Conclusions and future work

The adaptive numerical solution of a particular porous media gas venting problem has been described
and the significant computational advantages of using an automatic mesh adaptivity algorithm have
been demonstrated. Typical simulations, such as those outlined above, suggest that for the problem
sizes encountered here, the total cpu time required by the adaptive solver is approximately propor-
tional to the average number of vertices present in the meshes throughout the simulation. This may
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Figure 7: A comparison of the total mass of light oil in the domain against time for the adaptive and
the fixed mesh simulations (with the cover on the top boundary).

be explained by noting that although the iterative linear algebra routines used by SPRINT ([5]) have
a complexity that is slightly worse than linear, the relative overhead associated with the spatial mesh
adaptivity actually decreases as the level of refinement (and therefore the mesh sizes) increases.

There is no reason to believe that similar savings due to the use of mesh adaptivity will not also be
achieved when the particular model described in Section 2 is modified. For example, there are clearly
situations in which one would also wish to allow mobility of the liquid and/or oleic phases, or the
volatility of the liquid water. These possibilities have been excluded from the current model purely
to simplify the discretization by ensuring that phase appearance and disappearance is not possible.
Nevertheless, the potential advantages of mesh adaptivity are clear in these situations too. A further
generalization in 2-d would be to allow more components in both the gas and oleic phases and to
include reaction terms in the equations of motion so as to introduce of biodegradation into the model
(see for example [10, 2, 11, 30, 3]). Such reaction terms will frequently introduce different time-scales
to the problem so the significance of temporal adaptivity is likely to increase even further. In the
present model the adaptivity in time is still extremely important however, as illustrated when the
vent is switched off for a period of time for example. In this situation the flow becomes diffusion and
gravity driven and the size of the time steps can increase by many orders of magnitude.

The final generalization of this work that we mention here is the implementation of a general (i.e.
non-axisymmetric) model in three space dimensions. This will allow multiple vents to be considered
as well as simple attempts to incorporate physical features of the vadose zone. In three dimensions
it is anticipated that mesh adaptivity, based upon the refinement and derefinement of tetrahedra (as
in [26, 27] for example), will be of even more benefit than for the cylindrically symmetric problems
considered in here.
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A Summary of notation
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Pore-space volume fraction of gas phase

Pore-space volume fraction of water phase

Pore-space volume fraction of oil phase

Density of the gas phase

Density of the water phase

Density of the oil phase

Total mass per unit volume sorbed to soil

Mass fraction (mass concentration) of light oil in gas phase

Mass fraction (mass concentration) of light oil in oleic phase

Mass fraction (mass concentration) of light oil in aqueous phase

Mass fraction (mass concentration) of light oil in sorbed phase

Mass fraction (mass concentration) of air in gas phase
(mass concentration) of heavy oil in oleic phase
(mass concentration) of water in aqueous phase
(mass concentration) of heavy oil in sorbed phase

Mass fraction
Mass fraction
Mass fraction
Darcy velocity (gas phase)

Gas phase pressure

Sail porosity

Universal gas constant

Temperature

Molecular weight of air

Molecular weight of light oil

Molecular weight of heavy oil

Absolute permeability

Relative permeability

Dynamic viscosity of gas phase

Saturated vapour pressure of light oil

Atmospheric pressure

Solubility of heavy oil in water

Henry’s Law constant for light oil in water

Soil sorption coeff. for light oil

Sail sorption coeff. for heavy oil

Dispersivity tensor for light oil in gas phase

Dispersivity tensor for light oil in oil phase

Dispersivity tensor for light oil in water phase
Dispersivity tensor for air in gas phase

Dispersivity tensor for water in water phase

Dispersivity tensor for heavy oil in oil phase

Tortuosity of gas phase

Tortuosity of water phase

Tortuosity of oil phase

Longitudinal dispersion length

Transverse dispersion length

Pressure at vent as a proportion of atmospheric pressure
Soil bulk density

Table 2: Brief explanation of notation used.
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B Example parameters

The oleic components used in the example results are Toluene for the light oil and n-Dodecane for
the heavy oil. The parameter values (in SI units) are:
e=0.2

T =293.0K

A% = 28.9 x 1073 kg/mol
AM'=92.2 x 1072 kg/mol
M =170.34 x 1072 kg/mol
k=3.0x1071% m?
p=18.1x107° Pas

P!, =2920.0 Pa

Py, =101.0 x 10° Pa

D} =8.7x107% m?/s

D! =8.0x1071°m?/s

D! =8.0x 10719 m?/s

Sh = 3.7 x 1075 kg/m3
H! = 522.76m* Pa/mol
Kl =0.234 m3/kg

K& =1.26 x 103 m?3/kg

po = 749.0 kg/m3

pw = 998.0 kg/m?>

pp = 2.08 kg/m?

R =18.32J/mol/C

arp =0.5x107° m

ar =0.25x 107* m

n =285

X, =109

P, =99.0 x 10° Pa

The parameters for the spatial domain are:

Z;, =0.75m
Zy=1.5m
H=3m
RV:O.Bm
Rce=4.0m
Rp=15.0m
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