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Abstract

This paperinvestigateghe adaptve nite elementsolutionof a generalclassof variational
problemsin threedimensionausinga combinationof nodemovement,edgeswapping,face
swappingandnodeinsertion. The adaptve stratgy proposeds a generalizatiorof previous
work in two dimensionsandis baseduponthe constructionof a hierarchyof locally optimal
meshesResultspresentedhothfor a singleequationanda systemof coupledequationssug-
gestthatthis approachs ableto producebettermesheof tetrahedrahanthoseobtainedby

morecorventionaladaptve stratgiesandin arelatively ef cient manner

Keywords: nite elementsyariational problems,meshoptimization,tetrahedrakelements,

nodemavement.edgeswapping,nodeinsertion.

1 Intr oduction

In this paperwe presentan extensionof our previous work on meshoptimization,presented
in [7, 8], from two spacedimensiongo three. The approactthatwe follow is to considerthe
adaptve nite elementsolutionof ageneraklassof variationalproblemsusingacombination
of nodemovement edgeswapping,faceswappingandnodeinsertion.The particularadaptve

schemehatis usedis basedupontheconstructiorof a hierarchyof locally optimaltetrahedral



meshesstartingwith a coarsegrid for which the location and connectiity of the nodesis

optimized.Thisgrid isthenlocally re ned andthenenv meshis optimizedin thesamemanner

Theclassof problemthatwe considerin this work maybe posedn thefollowing form (or

similar, accordingo the precisenatureof the boundaryconditions):

- 1)

for someenegy densityfunction . Here s thedimension
of theproblemand is thedimensionof thedependentariable . Physicallythis variational
form may be usedto modelproblemsin linear and nonlinearelasticity heatand electrical
conductionmotion by meancunatureandmary more. Throughouthis paperwe restrictour

attentionto thethree-dimensionalasewvhere

For variationalproblemsof the form (1), thefactthatthe exactsolutionminimizestheen-
ey functional provides a naturaloptimality criterion for the designof computationagrids
using -re nement(de ned hereto includebothnoderelocationandmeshreconnection)In-
deed theideaof locally minimising the enegy with respecto thelocationof the verticesof
ameshof x edtopologyhasbeenconsideredy a numberof authors(e.g.[2],[16]), ashas
theapproachof locally minimisingthe enegy with respecto the connectiity of ameshwith

x edvertices(e.g.[14]). All of this work hasbeenundertaknin only two spacedimensions
however and,to our knowledge,thisis the rst work in which meshoptimizationwith respect
to the solutionenegy hasbeenattemptedor unstructuredetrahedrameshesn threespace

dimensions.

The algorithmthat we useconsistsof a numberof sweepshrougheachof the nodesin
turn until corvergenceis achieved. At the beginning of eachsweepthe gradientwith respect

to the positionof eachnode,of theenegy functional
_ 2

is found (where s thelatestpiecavise linear nite elementsolution). Wheneachnodeis

visitedthedirectionof steepestlecenis usedin orderto determinealongwhichline thenode



shouldbe moved. The distancethat the nodeis moved alongthis line is computedusing a
one-dimensionatonstrainedninimizationof (2), andoncethis new positionfor thenodehas
beenfoundthevalueof thesolutionatthatnodeis updatedy solvingalocal problem.Once
this updateis completethe sameprocesss undertakn for the next nodeandwheneachnode
hasbeenvisitedthe sweeps complete.Provided convergencehasnot beenachiered the next

sweepmaythenbegin.

Oncecornvergencewith respectto the positionof eachnodehasbeenachieed a further
reductionin theenegy of thesolutionis soughtby theuseof edgeandfaceswapping.in three
dimensiongherearea large numberof differentwaysin which the local connectrity of the
nodesmay be altered,seefor example[3, 5, 9, 10]. In this work we usethe sameedgeand
faceswappingstencilsas[3, 4], whosework is restrictedto improving the geometricquality

of themeshratherthanminimizing enegy aswe do here.

Of coursethe positionsof the nodesarelikely to be nolongerlocally optimalat this point
dueto the edgefaceswapping.Henceit is necessaryo alternatebetweerthe nodemovement
andthe swappingalgorithmsuntil the whole processhascorverged (at leastapproximately).
At this stagewe allow the applicationof local meshre nementto obtaina nev meshat the
next level which mustitself now be optimized.The processs completewheneithera desired
accurag hasbeenobtainedor a maximumnumberof nodesor elementshasbeenreached.

Figurel illustratesthe overall algorithmproposed.

2 NodeMovement

A necessargonditionfor the positionof eachnodeof the tetrahedrameshto be optimalis
thatthe derivative of the enegy functionalwith respecto eachnodalpositionis zero. Like
the approachesf [7, 16] our algorithmseekdo reducethe enegy functionalmonotonically
by moving eachnodein turn until the dervative with respecto the positionof eachnodeis
zero.Whilst this doesnot guaranteavith absolutecertaintythatalocal minimum (asopposed

to a saddlepoint or a local maximum)is reachedthe presencef roundingerrorscombined



Stop= false
repeat
repeat
undertake nodeoptimization
undertalke connectyity optimization
until corverged
if (accurag satishctory)or (maximummeshsizereached}hen
Stop=true
else
re ne mesh
solve discreteproblemon nev mesh
endif

until Stop

Figurel: Overview of proposedmeshoptimizationalgorithmfor the nite elementsolution

of (1).



with thedownhill natureof thetechniquesnsureshatin practiseary otheroutcomes almost

impossible.

Asindicatedabove thenodeoptimizationphaseof theoverallalgorithmin Figurel consists
of anumberof sweepghrougheachof thenodesn turnuntil convergenceis achieved. At the
beaginning of eachsweepthe gradientwith respecto the positionof eachnode,of theenegy
functional(2) is found. Thisis doneusingthe sameapproachasdescribedn [7], basedupon

[6]. In[6] it is provedthatif _ isthepositionvectorof node then

— —  — ©)
where istheusuallocal piecavise linearbasisfunctionatnode , isthe th component
of _ ( to ), representshe dervative of  with respecto its th argument,other

sufces representomponentsftensors, istheKroneclerdeltaandrepeatedufces imply
summation( to and to ). Notethatusing(3) thegradientswith respecto all of
theverticesin themeshmaybeassembleth asinglepassof theelementsThesegradientsare

thensortedby magnitudeandthenodesvisitedoneatatime, startingwith thelargestgradient.

Wheneachnodeis visitedthe directionof steepestlescent,

- (4)

is usedin orderto determinealongwhichline thenodeshouldbemoved. Thedistancehatthe
nodeis movedalongthisline is computedisinga one-dimensionahinimizationof theenegy
subjectto the constrainthatthe nodeshouldnot move morethana proportion  ( )
of the distancefrom its initial positionto its nearesneighbour Oncea new positionfor the
nodehasbeenfoundthevalueof thesolution, say atthatnodemustbe updatedy solving

thelocal problem
- ()

Here is theunionof all elementavhich have node asa vertex andDirichlet conditions
areimposedon usingthe latestvaluesfor . All nodesin the sortedlist (basedupon

the magnitudeof the gradientin (4)) are updatedin this way in turnin orderto completea



singlesweepof the nodeoptimizationstep. A numberof sweepsaregenerallytakenin order
to corverge, at leastapproximatelyto an optimal solution. It shouldbe notedthatin general
this simplesteepestiecentapproactwill notyield the bestpossiblespeedf corvergencefor
thenodemovementphasehowever our purposehereis to demonstratéhe effectivenesof the
overall algorithmratherthanfocuson obtainingthe mostef cient possibleimplementation.
Modi cations for more sophisticatedgradient-base@ptimization schemesould easily be

madewithout alteringthe underlyingtechnique.

Using the above approactthe interior nodesmay move in ary directionhowever a slight
modi cation is requiredfor nodeson the boundaryof . Thesenodesmay only be moved
tangentiallyalongthe boundaryandeventhenthis is subjectto the constrainthatthe domain
remainsunaltered. Wherethis constraintis not violated the downhill direction of motion
alongthe boundaryis easilycomputedoy projecting_ from (4) ontothe local tangentof the
boundary The one-dimensionaminimizationin this directionis thencompletedasfor ary
othernode.On Dirichlet boundarieshe updatedralueof is of courseprescribechowveveron
ary othertype of boundaryit mustbe computedoy solvingalocal problemof the sameform
as(5). In theimplementationdescribechereonly planarboundarieshave beenconsidered.
Theextensionto curvedboundariesouldmosteasilybe achiezed by treatingtheboundaryas
beinglocally at (usingthetangenplanefor theboundarynodebeingoptimizedfor example)

andthenprojectingthe updatedositionin the planeontothetrueboundary

3 Optimizing Connectvity

In threedimensiondetrahedrameshconnectiities may be alteredeitherby undertakingso-
callededge swapsor faceswaps In this work we make useof both of thesetechniquedy
exploiting their implementatiorwithin the GRUMMP software packagedescribedn [3, 4].
This software seeksto optimize three-dimensionamneshconnectrity basedupongeometric
criteria suchas angle conditionsand similar qualitatve meshquality measures.Sincethe

sourcecodeis publicly availableit is possibleo modify thisin orderto undertalk optimization



of themeshconnectiity baseduponour own criteria: speci cally minimizationof theenegy
functional(2) on the patcheof elementsurroundinganedgeor afacerespectiely. Thetwo

algorithmsusedfor edgeandfaceswappingarenow brie y described.

3.1 EdgeSwapping

Edgeswappingin threedimensionss not really a swap but a removal of an edgefollowed
by its replacemenby one,two or mary edgesdependingiponhow mary elementssurround
thatedge(seeFigure 2 for example). Edgeswappingrecon guresthe tetrahedrancident
on an edgeof the meshby removing that edgeandreplacingthese tetrahedray

new tetrahedraAs anexample,consideraninitial con gurationwith ve tetrahedrancident
to an edge. The left side of Figure 2 shavs ve tetrahedrancidentto an edgeOP andthe
right sideshawvs onepossiblerecon gurationof this sub-meshnto six tetrahedra.This new

con gurationis speci ed by de ning three“equatorialtriangles”,i.e. which arenotincident
oneitherof vertices and . In Figure2 thesetrianglesare , and . There
arefour otherpossiblecon gurationsfor this case(eachcorrespondingdo a differentsetof

equatorialtriangles),which canbe obtainedby rotatingthe interior trianglein Figure2. As

edgeswappingreplaces original tetrahedranto tetrahedrawhen more
elementsarecreatedhanareremoved. For all of the gures in this sectionsolid linesareused
to shav the front view of the diagram,lines with dasheshaw the backof the diagramand

dottedlinesareusedin theinterior of the corvex hull of the points.

In addition,the numberof possiblewaysthat elementsanbe reconnectedfter deleting

anedgeincreasesvith  andis givenby

(6)

(se€[5]). When this givesthe ve possibilitiesnotedin the previous paragraphHow-
ever,as grows the numberof possiblecon gurationsgrows very rapidly andso, following
[3, 4], only edgeswith areconsideredas candidategor edgeswapping. The possi-

ble con gurationsfor areshavn diagrammaticallyin Figure 3, whereequatorial
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Figure2: Edgeswappingfor 5 tetrahedrdo 6, whereedge  is surroundedby 5 tetrahedra.

trianglesareshavn alongwith thenumberof uniquerotationsfor eachcon guration. An opti-

mizationmethodthereforehasto searchthroughalarge numberof connectiity permutations
for large in orderto determinewhich recon gurationof the original  tetrahedrahasthe
lowestenegy. For thisit is necessaryo computethe enegy for eachtetrahedrorin eachcon-
guration. Fortunatelywhen islarge,thenumberof uniquetetrahedras muchsmallerthan
the numberof con gurationstimesthe numberof tetrahedraincemary tetrahedraappeatin
morethanonecon guration. Thisis shavn in Tablel (takenfrom [3]) andmeanghatthecost

of performingalocal meshoptimizationis not quiteashigh as(6) initially suggests.

Tetsbefore | Tetsafter | Con gurations | Tets con gs | Uniquetets
4 4 2 8 8
5 6 5 30 20
6 8 14 112 40
7 10 42 420 70

Table1: Numberof uniquetetrahedraand possiblecon gurationsfor edgeswapping(taken
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Figure3: Equatorialtrianglesafter swappingedgeOP, surroundedy 4,5,6and7 tetrahedra,

includingthe numberof uniquerotationsfor eachcon gurationshawn.
3.2 FaceSwapping

Faceswappingis cheapeto execute althoughpossiblymorecomplicatedo implementthan
edgeswappingin threedimensionslt is baseduponthe possiblecon gurationsof setsof ve
distinct non-coplanapoints[9, 11] (sinceeachinterior facein atetrahedrameshseparates
two tetrahedrawhich containa total of ve pointsbetweenthem). Five suchcon gurations

mayarise,asdescribedelov andillustratedin Figures4 and>5.

1. No four of the ve pointsare coplanarandnoneof the pointsis in the interior of the
corvex hull of theotherfour. In thiscasethe ve pointsmaybeconnecteaseithertwo
tetrahedrgdenotedascon guration 1A) or threetetrahedrgdenotedas con guration

1B). Thisis the mostcommoncon gurationto ariseandbothtypesof connectrity are



illustratedin Figure4.

2. No four of the ve pointsarecoplanarhowvever oneof the pointslies in theinterior of
the corvex hull of theotherfour. In this casethe ve pointsmaybeconnectediniquely
into four tetrahedrawhich eachhave theinterior pointasa vertex. Thisis illustratedin

Figure4 wherepointB in con guration 2 is theinterior vertex.

3. Fourof the ve pointsarecoplanarandnoneof thesefour pointslies insidethe convex
hull of theotherthree.In thiscasethe ve pointsmaybe connectedstwo tetrahedran
two differentways(denotechereascon gurations3A and3B respectiely). Thesetwo

possibleconnectiities areshavn in Figure5.

4. Threeof the ve pointsare colinear In this casethe ve points may be connected

uniquelyastwo tetrahedraasshavn in Figure5 (con guration4).

5. Four of the ve pointsarecoplanarandoneof thesefour pointslies insidethe convex
hull of the otherthree. In this casethe ve pointsmay be connectediniquelyasthree
tetrahedraThisis illustratedin Figure5 wherepointB in con guration5isin theplane

formedby ACD andin theinterior of their corvex hull.

It shouldbe notedthatfaceswappingis only possiblefor thosesetsof ve pointswhich arein

con gurationsl or 3.
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Figure4: Possiblecon gurationsof ve pointswhereno four of the ve pointsarecoplanar
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Figure5: Possiblecon gurationsof ve pointswherefour of the ve pointsarecoplanar

Unlike with edgeswapping,wheremary possiblerecon gurationsare possible,if aface
swapis possiblgicon gurations and in Figures4 and5 respeciiely) thenonly two possible
choicesneedto be comparedThis allows a simpleandquick comparisorio nd the onewith
thelowerenegy. Detailsof thewayin whichthefaceswappingcanbeimplementedn practise
canbefoundin [10, 11]. In [3, 4] faceswappingis theprimaryalgorithmfor reconnectinghe
meshandedgeswappingis usedasa supplemento it. The edgeswappingroutinesarealso
usedaspart of a separatgrocedurespeci cally designedo remove poor quality tetrahedra
but we do not make useof this proceduran this work sincewe aremotivatedonly by enegy

reduction.
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4 Nodelnsertion

Themaindif culty with thenodemovementandedge/aceswappingstratgiesabove is thatit

is impossibleto know a priori how mary nodesor elementswill berequiredin orderto geta
sufciently accuratenite elementsolutionto ary givenvariationalproblem.Evenanoptimal
meshwith a givennumberof nodesmay not be adequatdor obtaininga solutionof a desired

accuray. For thisreasorsomeform of meshre nementis essential.

In this work we usethe regular re nementalgorithmimplementedn [15]. This divides
eachtetrahedraklementthatis to be re ned into eightchildrenby introducingnodesat the
mid-pointsof eachedge.Eachnewn nodeis thenconnectedo the othertwo nenv nodeslying
on eachfaceasillustratedin Figure6. Thethreenen edgeson eachfacemaybe seento cut
off four child elementsat the cornersof the parenttetrahedronleaving an octahedrorat the
centre. This may be divided into four morechild tetrahedraby addinga furtheredge(LJ in
Figure6) connectingiwo oppositevertices. The choiceof which internaldiagonalto insert
is important: the approactusedin [15] is to choosethe longestonebut otherapproacheare
possible(see for example,[13]). It shouldbe notedthatthis re nementtechniqueproduces
child tetrahedrahat are of differentshapego their parent,which may be anissuefor some
meshgeneratorsThis is not anissuefor this algorithmhowever sincewe arenot concerned
with geometricmeshquality andsincebothnodemovementandedge/aceswappingarealso

usedaryway.

T1= OUN

T2 = IKAL
T3 = JBKM
T4 = NMLC
T5 = JMKL
T6 = LIUN
T7= LUK
T8 = LMJIN

Figure6: Regularre nementof a tetrahedronnto 8 child tetrahedraby bisectingall of the

edges.
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For theresultsthatarepresentedn the following sectionboth globalandlocal re nement
examplesareincluded.In theformercasetheregularre nementalgorithmaloneis sufcient
however, whenlocal meshre nementis used,an additionalre nement schemeis required
to dealwith the hangingnodesthatareleft on anunre ned elementwhich hasone or more
neighbouthathasbeenre ned. In [15] thesecasesaredealtwith throughtheuseof anumber
of so-calledyreenre nementstencilswhich dealwith elementghathave oneor morehanging

node.

5 Numerical Results

In this sectionwe consideitwo exampleproblemsof theform (1). The rst of thesds asingle

equation(i.e. ), andthe secondf theseis a systemfor which

5.1 ProblemOne

For aninitial testproblemwe considerthefollowing equation:

— _ (")

subjectto the Dirichlet boundaryconditions

(8)

throughout . Thisis chosensothat(8) is the exactsolutionof (7) throughout . Hence,
for ary givenvalueof theanalyticsolution,andthereforehetrueenegy minimum,areboth

known (in thiscase is choserandthe optimalvaluefor theenegy is ).

Following theapproachusedin [7] for testingthetwo-dimensionaalgorithm,we begin by
assessintheperformancef three-dimensionahultilevel meshoptimizationwhencombined
with global -re nement. Initially thetestproblemis solved on a regular coarsegrid of
tetrahedraklementsThis meshis thenoptimizediocally usingnodemovementandedge/ace

swappingandthetotal enegy of thesolutionreducegrom to . However
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the numberof elementdncreasedrom to dueto the applicationof edge/éceswap-
ping. Threelevelsof uniformre nement,eachfollowed by optimization thenyield solutions
with enegiesof , and onmeshe®f , and

elementsrespectiely. For eachof thesethreelevels the numberof elementsincreasedy

slightly morethana factorof eightdueto the edge/éceswapping.

To seethatthis nal meshis superiorto oneobtainedwithout multilevel optimizationthe

problemis thensolved on a threelevel uniform re nementof theinitial mesh,(with

elementgherefore)to yield a solutionwith enegy . Whenthis meshis optimized
howevertheenegy only decrease® avalueof , With anincreasean the numberof
elementgo dueto edge/aceswapping.

We nowv demonstratéhe potentialadvantage®f usinglocal re nementwith themultilevel
optimization. Startingwith the locally optimal elementgrid, a sequencef threefurther
meshess obtainedhroughlocal -re nement(by re ning thoseelementsvhoselocal enegy
exceeded of themaximumlocal enegy on ary element)followed by local optimization.
Thesemeshescontain , and tetrahedraklementsandthe corresponding

solutionshave enegiesof , and respectrely.

Finally, we demonstratehe superiorityof this nal meshover one obtainedusing only
local -re nementfollowedby local optimizationattheend. Thiscomesrom theobseration
thatagrid of elementobtainedusingonly local -re nementyieldsasolutionenegy
of and,whenthis is optimized,the solutionenegy only reducego . A
summaryof all of thesecomputationatesultsis providedin Table2 andanillustration of the

meshe®btainedusingmultilevel optimizationwith local -re nementis givenin Figure?.

5.2 ProblemTwo

The secondoroblemthatwe considerinvolvesthe calculationof the displacementeld for a

threedimensionalinearelasticmodelof anoverhangingcantilezer beamwith domain
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Elements| Enegy | Description

384 378.62763| Initial mesh.

407 62.113265
3330 | 51.223148| Multilevel optimizationand
27346 | 50.200687| global -re nement.

220769 | 50.048211

196608 | 67.278957| Global -re nementfollowed

197070 | 52.338504| by optimization.

407 62.113263
2931 | 51.226773| Multilevel optimizationand
18741 | 50.200292| local -re nement.

110170 | 50.043149

232140 | 54.813215| Local -re nementfollowed

233506 | 51.443760| by optimization.

Table2: Summaryof theresultsobtainedor the rst testproblem(theglobalenegy minimum

is ).

The bottom half of the beamis x ed asillustratedby the shadedegion in Figure8 andthe

enegy functionalis givenby;,
- = — €)

Here all repeatedufces aresummedrom to , Cistheusualfourthorderelasticitytensoy

chosento correspondo anisotropic materialwith a non-dimensionalize®Youngs modulus
anda Poissorratio , _ providesthe externalbodyforcesdueto gravity.

The small value of Poissors ratio is chosento ensurethat the beamdeformssigni cantly

underits own weight. This makesthe problemsuitablefor meshadaptvity.

As beforewe begin by solvingthe problemon a uniform coarsanesh thistime containing

elements. This meshis then optimizedusing the nodemovementand edge/éce swap-
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ping algorithmsto reducethe total enegy from to . For this particular
meshthe edge/ace swappingkeepsthe numberof elementssame. Threelevels of uniform

re nement,eachfollowed by meshoptimization,areundertakn. This producesneshewith

, and elementsandsolutionswith enegies of , and
respecirely.
We considertwo further meshesof and elements.The rst of theseis ob-

tainedby globalre nementof theinitial uniformmeshandthesecondy optimizingthismesh
directly Theenegiesof thesolutionsonthesemesheare and respec-
tively andsowe againobsene the superiorityof the hierarchicabpproaclwhen -re nement

is combinedwith global -re nement.

As with the previous example,our goalis to assesshe hybrid algorithmthatcombines -
re nementwith local -re nementhencewe now considera sequencef meshegobtainedn
thismanner The rst meshis thesameoptimizedmesh,containing  elementsusedasthe
basisfor the globalre nementresults.Theenegy of the solutionon this meshis
Four furtherlocally optimal meshesarethenobtained,eachtime via the useof local re ne-
ment(of thoseelementsvhoselocal enegy exceeds of the maximumlocal enegy on
ary element)followed by meshoptimization. Thesemeshesontain , and

elementsaindyield solutionswith enegiesof , , and
respecirely.

We againconcludeour exampleby illustrating the adwvantageof applyingthe hybrid ap-
proachhierarchicallyby contrastingt with the useof local -re nementalone,possiblyfol-
lowed by a singleapplicationof -re nement. We re ne locally theinitial meshof ele-
mentsin ve levelsto achiere ameshof elementgagainusingathresholdof for
thelocal re nement). Thetotal enegy of the solutionon this meshis . Themesh
is thenoptimizedto reducethe total storedenegy to , with anincreasechumber
of elements, , dueto edge/dceswapping. As beforeit is clearthatthe quality of the

locally optimal meshesbtainedin this manneris inferior to that of mesheobtainedusing

16



the hierarchicalapproach.A summaryof all of the computationsnadefor this testproblem
is providedin Table3 andanillustrationof the meshe®btainedusingmultilevel optimization

with local -re nementis givenin Figure9.

Elements| Enegy | Description

192 -0.168295| Initial mesh

192 -0.208546
1548 -0.26773 | Multilevel optimizationand
12415 | -0.280849| global -re nement.

99349 | -0.285704

98304 | -0.272196| Global -re nementfollowed

98370 | -0.283207| by optimization.

192 -0.208546
958 -0.252279| Multilevel optimizationand
4529 | -0.267699| local -re nement.

15315 | -0.281052

48403 | -0.286102

132698 | -0.278015| Local -re nementfollowed

132958 | -0.284321| by optimization.

Table 3. Summaryof the resultsobtainedfor ProblemTwo (the global enegy minimumis

unknavn).

It is interestingto notethatfor the optimalmesheshavn in boththis example(Figure9)
andthe previous (Figure7) therearealarge numberof elementghatwould berejectedf the
usualgeometricquality criteria(e.g.[3, 10]) hadbeenemplored. Using the enegy criterion

howevertheseelementsareperfectlyacceptable.
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6 Discussion

Thetwo examplesof the previous sectionhave clearly illustratedthatthe quality of the nal

meshproducedvhenusingthe proposealgorithmis better in thesensehatthe nite element
solutionhasa lower enegy, thanthat obtainedby either -re nementor -re nementalone.
Furthermoraet is demonstratethatcombiningthe meshoptimizationwith local -re nement
is superiorto combiningit with global -re nement.Finally, theadwantageof usingthehierar

chicalapproachwherebyintermediatdevel meshareoptimized,is alsoapparentanexcellent
combinationof smallmeshsizesandlow enegiesfor the correspondingnite elementsolu-

tionsbeingachieved.

It shouldbe notedthat, althoughquite comple to implementin  -d, the edge/aceswap-
pingcomponenbf thehybrid algorithmis crucial. Thismaybedemonstratedpr example by
contrastingheresultsof Table2 with thoseobtainedor thesametestproblembut withoutthe
connectiity optimizationstepincludedin Figurel (se€f8] for furtherdetails).Suchmodi ed
resultsare presentedn Table4 andclearly demonstratéhe limitations of the adaptve algo-
rithm whenedge/éce swappingis neglected. The differencein the solutionquality between
anenegy of and (wherethetrue optimalvalueis ) is really quite substan-
tial. In factmuchgreateraccurag (enegy = ) is obtainedon a coarsemeshwhenedge
andfaceswappingareused. The differencein accurag betweenthe solutionandthe

solutionis lesspronouncedut this additionallevel of local re nementdoesprovide a

signi cant improvementnevertheless.

It shouldalsobenotedthatcputimeshave notbeenincludedin this papersinceourgoalhas
beento investigatemeshoptimality ratherthanto studythefastesway of obtaininga solution
of agive accurag. However somesamplesolutiontimesareprovidedin [12, chapter4] for a
varietyof differentparameterghatoccurin thealgorithmof Figurel. It is clearthatin general
it will not pay to spendan excessie amountof time obtainingthe very bestpossiblemesh
comparedo obtaininga good, but slightly sub-optimal,mesh(i.e. requiringmore elements

to achieve the sameaccurag) at a signi cantly reducedcost. Furthermorepn thoseoptimal
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Elements| Enegy | Description

384 378.62763| Initial mesh.

384 104.85725
3072 | 59.907732| Multilevel optimizationand
24576 | 52.398871| global -re nement.

196608 | 50.755212

196608 | 67.279033| Global -re nementfollowed

196608 | 52.434265| by optimization.

384 104.85704
2655 | 59.902412| Multilevel optimizationand
16933 | 52.381223| local -re nement.

100866 | 50.746025

573834 | 54.885230| Local -re nementfollowed

573834 | 51.332477| by optimization.

Table4: Summaryof theresultsobtainedor the rst testproblemwithoutedge/aceswapping

(theglobalenegy minimumis ).

mesheshathave highly distortedelementsheconditionnumberof thecorrespondingliscrete
equationganbevery largeandsoit will generallyrequiremorecomputationawork to solve
theseequationghan thoseobtainedfrom an inferior, but lessdistorted,mesh. Thesetwin
considerationsf time spentbtainingthediscreteequationsndtime spentsolvingthemmean
that the problemof obtainingthe fastestpossiblesolutionof a given accurayg is a lot more
comple thanthe optimalmeshproblemconsiderechere. This highly challengingproblemis

clearlydeservingof signi cant continuedresearch.

To concludethis paperwe obsenre thatonly two numericalexampleshave beenincluded
hereandthat further work is likely to be requiredto ensurethe robustnesf the proposed

algorithmfor a wide variety of applicationproblems.In particular it is likely thatthe mesh
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re nementtechniqueusedherewill be sub-optimalfor problemswith highly anisotropicso-
lutions, which may well bene t from a more anisotropic -d re nementalgorithm,suchas
[1] for example. It is alsopossiblethat different criteria could be usedfor decidingwhich
elementsshouldbe locally re ned (e.g.baseduponenegy gradientsratherthanenegy val-
ues)in orderto enhancedhe techniquefurther Neverthelessthe provisional implementation
andresultspresentedheresuggesthatthis approactassigni cant potentialandthatfurther

researchs indeedlikely to befruitful.
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Figure7: An initial locally optimisedmesh(top left) followed by a sequenc®f meshewb-

tainedby combinationf local -re nementwith -re nementfor the rst testproblem.

Figure8: An illustrationof the overhangingcantilezer beam
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Figure 9: A sequenceof meshesobtainedby combinationsof local -re nementwith -

re nementfor the secondestproblem.
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