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Abstract

This paperinvestigatesthe adaptive �nite elementsolutionof a generalclassof variational

problemsin threedimensionsusinga combinationof nodemovement,edgeswapping,face

swappingandnodeinsertion.Theadaptive strategy proposedis a generalizationof previous

work in two dimensionsandis basedupontheconstructionof a hierarchyof locally optimal

meshes.Resultspresented,bothfor asingleequationandasystemof coupledequations,sug-

gestthat this approachis ableto producebettermeshesof tetrahedrathanthoseobtainedby

moreconventionaladaptive strategiesandin a relatively ef�cient manner.

Keywords: �nite elements,variationalproblems,meshoptimization,tetrahedralelements,

nodemovement,edgeswapping,nodeinsertion.

1 Intr oduction

In this paperwe presentanextensionof our previouswork on meshoptimization,presented

in [7, 8], from two spacedimensionsto three.Theapproachthatwe follow is to considerthe

adaptive �nite elementsolutionof ageneralclassof variationalproblemsusingacombination

of nodemovement,edgeswapping,faceswappingandnodeinsertion.Theparticularadaptive

schemethatis usedis basedupontheconstructionof ahierarchyof locally optimaltetrahedral
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meshesstartingwith a coarsegrid for which the location and connectivity of the nodesis

optimized.Thisgrid is thenlocally re�ned andthenew meshis optimizedin thesamemanner.

Theclassof problemthatweconsiderin thiswork maybeposedin thefollowing form (or

similar, accordingto theprecisenatureof theboundaryconditions):
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for someenergy densityfunction
�('*),+.-/)�01-/)�+�230/4 )

. Here 5 is thedimension

of theproblemand 6 is thedimensionof thedependentvariable
�

. Physicallythis variational

form may be usedto modelproblemsin linear and nonlinearelasticity, heatandelectrical

conduction,motionby meancurvatureandmany more.Throughoutthis paperwerestrictour

attentionto thethree-dimensionalcasewhere587:9 .

For variationalproblemsof theform (1), thefactthattheexactsolutionminimizestheen-

ergy functionalprovidesa naturaloptimality criterion for the designof computationalgrids

using ; -re�nement(de�ned hereto includebothnoderelocationandmeshreconnection).In-

deed,the ideaof locally minimisingtheenergy with respectto the locationof theverticesof

a meshof �x ed topologyhasbeenconsideredby a numberof authors(e.g.[2],[16]), ashas

theapproachof locally minimisingtheenergy with respectto theconnectivity of a meshwith

�x edvertices(e.g.[14]). All of this work hasbeenundertaken in only two spacedimensions

howeverand,to ourknowledge,this is the�rst work in whichmeshoptimizationwith respect

to thesolutionenergy hasbeenattemptedfor unstructuredtetrahedralmeshesin threespace

dimensions.

The algorithmthat we useconsistsof a numberof sweepsthrougheachof the nodesin

turn until convergenceis achieved. At thebeginningof eachsweepthegradient,with respect

to thepositionof eachnode,of theenergy functional
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is found(where
�

=

is the latestpiecewise linear �nite elementsolution). Wheneachnodeis

visitedthedirectionof steepestdecentis usedin orderto determinealongwhich line thenode
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shouldbe moved. The distancethat the nodeis moved alongthis line is computedusinga

one-dimensionalconstrainedminimizationof (2), andoncethisnew positionfor thenodehas

beenfoundthevalueof thesolutionat thatnodeis updatedby solvinga localproblem.Once

this updateis completethesameprocessis undertaken for thenext nodeandwheneachnode

hasbeenvisitedthesweepis complete.Providedconvergencehasnot beenachievedthenext

sweepmaythenbegin.

Onceconvergencewith respectto the positionof eachnodehasbeenachieved a further

reductionin theenergy of thesolutionis soughtby theuseof edgeandfaceswapping.In three

dimensionstherearea large numberof differentwaysin which the local connectivity of the

nodesmaybe altered,seefor example[3, 5, 9, 10]. In this work we usethesameedgeand

faceswappingstencilsas[3, 4], whosework is restrictedto improving thegeometricquality

of themeshratherthanminimizingenergy aswedo here.

Of coursethepositionsof thenodesarelikely to beno longerlocally optimalat this point

dueto theedge/faceswapping.Henceit is necessaryto alternatebetweenthenodemovement

andtheswappingalgorithmsuntil thewholeprocesshasconverged(at leastapproximately).

At this stagewe allow the applicationof local meshre�nementto obtaina new meshat the

next level whichmustitself now beoptimized.Theprocessis completewheneithera desired

accuracy hasbeenobtainedor a maximumnumberof nodesor elementshasbeenreached.

Figure1 illustratestheoverall algorithmproposed.

2 NodeMovement

A necessaryconditionfor thepositionof eachnodeof the tetrahedralmeshto be optimal is

that the derivative of the energy functionalwith respectto eachnodalpositionis zero. Like

theapproachesof [7, 16] our algorithmseeksto reducetheenergy functionalmonotonically

by moving eachnodein turn until thederivative with respectto thepositionof eachnodeis

zero.Whilst thisdoesnotguaranteewith absolutecertaintythata localminimum(asopposed

to a saddlepoint or a local maximum)is reached,thepresenceof roundingerrorscombined
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Stop= false

repeat

repeat

undertake nodeoptimization

undertake connectivity optimization

until converged

if (accuracy satisfactory)or (maximummeshsizereached)then

Stop= true

else

re�ne mesh

solve discreteproblemon new mesh

endif

until Stop

Figure1: Overview of proposedmeshoptimizationalgorithmfor the �nite elementsolution

of (1).

4



with thedownhill natureof thetechniqueensuresthatin practiseany otheroutcomeis almost

impossible.

As indicatedabovethenodeoptimizationphaseof theoverallalgorithmin Figure1consists

of anumberof sweepsthrougheachof thenodesin turnuntil convergenceis achieved.At the

beginningof eachsweepthegradient,with respectto thepositionof eachnode,of theenergy

functional(2) is found. This is doneusingthesameapproachasdescribedin [7], basedupon

[6]. In [6] it is provedthatif � � is thepositionvectorof node
�

then
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(3)

where
�

� is theusuallocal piecewiselinearbasisfunctionat node
�

, �

��� is the
$

th component

of �
� (

$

7�� to 5 ),
�

�  

representsthederivative of
�

with respectto its !

th argument,other

suf�ces representcomponentsof tensors,
	

��� is theKroneckerdeltaandrepeatedsuf�ces imply

summation(" 7#� to 5 and $�7%� to 6 ). Notethatusing(3) thegradientswith respectto all of

theverticesin themeshmaybeassembledin asinglepassof theelements.Thesegradientsare

thensortedby magnitudeandthenodesvisitedoneatatime,startingwith thelargestgradient.

Wheneachnodeis visitedthedirectionof steepestdescent,
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is usedin orderto determinealongwhich line thenodeshouldbemoved.Thedistancethatthe

nodeis movedalongthisline is computedusingaone-dimensionalminimizationof theenergy

subjectto theconstraintthatthenodeshouldnotmovemorethanaproportion& ( ')(*&%(+� )

of thedistancefrom its initial positionto its nearestneighbour. Oncea new positionfor the

nodehasbeenfoundthevalueof thesolution,
�

� say, at thatnodemustbeupdatedby solving

thelocal problem
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(5)

Here 2

� is the union of all elementswhich have node
�

asa vertex andDirichlet conditions

areimposedon
�

2

� usingthe latestvaluesfor
�

=

. All nodesin the sortedlist (basedupon

the magnitudeof the gradientin (4)) areupdatedin this way in turn in orderto completea
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singlesweepof thenodeoptimizationstep.A numberof sweepsaregenerallytakenin order

to converge,at leastapproximately, to anoptimalsolution. It shouldbenotedthat in general

this simplesteepestdecentapproachwill not yield thebestpossiblespeedof convergencefor

thenodemovementphase,howeverourpurposehereis to demonstratetheeffectivenessof the

overall algorithmratherthanfocuson obtainingthe mostef�cient possibleimplementation.

Modi�cations for more sophisticatedgradient-basedoptimizationschemescould easily be

madewithoutalteringtheunderlyingtechnique.

Using theabove approachthe interior nodesmaymove in any directionhowever a slight

modi�cation is requiredfor nodeson the boundaryof 2 . Thesenodesmay only be moved

tangentiallyalongtheboundaryandeventhenthis is subjectto theconstraintthatthedomain

remainsunaltered. Wherethis constraintis not violated the downhill direction of motion

alongtheboundaryis easilycomputedby projecting � from (4) onto the local tangentof the

boundary. The one-dimensionalminimizationin this directionis thencompletedasfor any

othernode.OnDirichlet boundariestheupdatedvalueof
�

is of courseprescribedhoweveron

any othertypeof boundaryit mustbecomputedby solvinga local problemof thesameform

as(5). In the implementationdescribedhereonly planarboundarieshave beenconsidered.

Theextensionto curvedboundariescouldmosteasilybeachievedby treatingtheboundaryas

beinglocally �at (usingthetangentplanefor theboundarynodebeingoptimizedfor example)

andthenprojectingtheupdatedpositionin theplaneontothetrueboundary.

3 Optimizing Connectivity

In threedimensionstetrahedralmeshconnectivities maybealteredeitherby undertakingso-

callededge swapsor faceswaps. In this work we make useof both of thesetechniquesby

exploiting their implementationwithin theGRUMMP softwarepackage,describedin [3, 4].

This softwareseeksto optimizethree-dimensionalmeshconnectivity basedupongeometric

criteria suchas angleconditionsand similar qualitative meshquality measures.Sincethe

sourcecodeis publicly availableit is possibleto modify thisin orderto undertakeoptimization
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of themeshconnectivity baseduponourown criteria: speci�cally minimizationof theenergy

functional(2) on thepatchesof elementssurroundinganedgeor a facerespectively. Thetwo

algorithmsusedfor edgeandfaceswappingarenow brie�y described.

3.1 EdgeSwapping

Edgeswappingin threedimensionsis not really a swap but a removal of an edgefollowed

by its replacementby one,two or many edgesdependinguponhow many elementssurround

thatedge(seeFigure2 for example). Edgeswappingrecon�guresthe
<

tetrahedraincident

on an edgeof the meshby removing that edgeandreplacingthese
<

tetrahedraby �

<


��

new tetrahedra.As anexample,consideraninitial con�gurationwith � ve tetrahedraincident

to an edge. The left sideof Figure2 shows � ve tetrahedraincident to an edgeOP andthe

right sideshows onepossiblerecon�gurationof this sub-meshinto six tetrahedra.This new

con�guration is speci�edby de�ning three“equatorialtriangles”,i.e. which arenot incident

on eitherof vertices� and � . In Figure2 thesetrianglesare � ���

� , ����9

� and � �

�	� . There

arefour otherpossiblecon�gurationsfor this case(eachcorrespondingto a differentsetof

equatorialtriangles),which canbe obtainedby rotatingthe interior trianglein Figure2. As

edgeswappingreplaces
<

original tetrahedrainto �

<



� tetrahedra,when
<��

� more

elementsarecreatedthanareremoved.For all of the�gures in thissectionsolid linesareused

to show the front view of the diagram,lines with dashesshow the backof the diagramand

dottedlinesareusedin theinteriorof theconvex hull of thepoints.

In addition,thenumberof possiblewaysthatelementscanbe reconnectedafterdeleting

anedgeincreaseswith
<

andis givenby
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#

�

�
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�

#

�

�

<




�

#

� (6)

(see[5]). When
<

7

� this givesthe� ve possibilitiesnotedin thepreviousparagraph.How-

ever, as
<

grows thenumberof possiblecon�gurationsgrows very rapidly andso,following

[3, 4], only edgeswith
<

(�� areconsideredascandidatesfor edgeswapping. The possi-

ble con�gurationsfor ���

<

��� areshown diagrammaticallyin Figure3, whereequatorial
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      5 : 6
1

2
3

4
5

3

T6 = P234

T1 = O12P
T2 = O1P5
T3 = O2P3
T4 = OP34
T5 = OP45 T5 = P124

4
5

T1 = O145
T2 = O124
T3 = O234
T4 = P145

Figure2: Edgeswappingfor 5 tetrahedrato 6, whereedge� � is surroundedby 5 tetrahedra.

trianglesareshown alongwith thenumberof uniquerotationsfor eachcon�guration.An opti-

mizationmethodthereforehasto searchthrougha largenumberof connectivity permutations

for large
<

in orderto determinewhich recon�gurationof the original
<

tetrahedrahasthe

lowestenergy. For this it is necessaryto computetheenergy for eachtetrahedronin eachcon-

�guration. Fortunately, when
<

is large,thenumberof uniquetetrahedrais muchsmallerthan

thenumberof con�gurationstimesthenumberof tetrahedrasincemany tetrahedraappearin

morethanonecon�guration.This is shown in Table1 (takenfrom [3]) andmeansthatthecost

of performinga localmeshoptimizationis notquiteashighas(6) initially suggests.

Tetsbefore Tetsafter Con�gurations Tets
-

con�gs Uniquetets

4 4 2 8 8

5 6 5 30 20

6 8 14 112 40

7 10 42 420 70

Table1: Numberof uniquetetrahedraandpossiblecon�gurationsfor edgeswapping(taken

from [3]).
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Figure3: EquatorialtrianglesafterswappingedgeOP, surroundedby 4,5,6and7 tetrahedra,

includingthenumberof uniquerotationsfor eachcon�gurationshown.

3.2 FaceSwapping

Faceswappingis cheaperto execute,althoughpossiblymorecomplicatedto implement,than

edgeswappingin threedimensions.It is baseduponthepossiblecon�gurationsof setsof � ve

distinct non-coplanarpoints[9, 11] (sinceeachinterior facein a tetrahedralmeshseparates

two tetrahedra,which containa total of � ve pointsbetweenthem). Five suchcon�gurations

mayarise,asdescribedbelow andillustratedin Figures4 and5.

1. No four of the � ve pointsarecoplanarandnoneof the pointsis in the interior of the

convex hull of theotherfour. In thiscasethe� vepointsmaybeconnectedaseithertwo

tetrahedra(denotedascon�guration 1A) or threetetrahedra(denotedascon�guration

1B). This is themostcommoncon�guration to ariseandbothtypesof connectivity are
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illustratedin Figure4.

2. No four of the � ve pointsarecoplanarhowever oneof thepointslies in the interior of

theconvex hull of theotherfour. In thiscasethe� vepointsmaybeconnecteduniquely

into four tetrahedra,whicheachhave theinteriorpointasa vertex. This is illustratedin

Figure4 wherepointB in con�guration2 is theinterior vertex.

3. Fourof the� vepointsarecoplanarandnoneof thesefour pointslies insidetheconvex

hull of theotherthree.In thiscasethe� vepointsmaybeconnectedastwo tetrahedrain

two differentways(denotedhereascon�gurations3A and3B respectively). Thesetwo

possibleconnectivities areshown in Figure5.

4. Threeof the � ve points are colinear. In this casethe � ve points may be connected

uniquelyastwo tetrahedra,asshown in Figure5 (con�guration4).

5. Four of the � ve pointsarecoplanarandoneof thesefour pointslies insidetheconvex

hull of theotherthree. In this casethe� ve pointsmaybeconnecteduniquelyasthree

tetrahedra.This is illustratedin Figure5 wherepointB in con�guration5 is in theplane

formedby ACD andin theinteriorof their convex hull.

It shouldbenotedthatfaceswappingis only possiblefor thosesetsof � vepointswhicharein

con�gurations1 or 3.

B

C B

C

D

D

             

           

T1 = ABCD

A

B

C A

T1 = ABDO
T2 = BCDO T2 = ABCO

T3 = ABOD
T4 = BDCO

T3 = AOCD

T1 = ABCO
T2 = ABCD

Configuration 2 

     2 : 3

O O

O

        

Configuration  1A Configuration 1B 

A

D

     

Figure4: Possiblecon�gurationsof � vepointswhereno four of the� vepointsarecoplanar.
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A

D

C

B

B

C

D

A

B

           
B

A

C

C

D

A

D

Configuration  4

T1 = ADBO
T2 = ABCO
T3 = BDCO

T1 = ADBO

       2 : 2

T2 = ADCO
T1 = ACBO

T2 = BDCO

T2 = BDCO

Configuration  5

Configuration  3BConfiguration  3A

O

T1 = ADBO

OO

O             

        

     

Figure5: Possiblecon�gurationsof � vepointswherefour of the� vepointsarecoplanar.

Unlike with edgeswapping,wheremany possiblerecon�gurationsarepossible,if a face

swapis possible(con�gurations � and 9 in Figures4 and5 respectively) thenonly two possible

choicesneedto becompared.Thisallows asimpleandquickcomparisonto �nd theonewith

thelowerenergy. Detailsof thewayin whichthefaceswappingcanbeimplementedin practise

canbefoundin [10, 11]. In [3, 4] faceswappingis theprimaryalgorithmfor reconnectingthe

meshandedgeswappingis usedasa supplementto it. Theedgeswappingroutinesarealso

usedaspart of a separateprocedurespeci�cally designedto remove poor quality tetrahedra

but we do not make useof this procedurein this work sincewe aremotivatedonly by energy

reduction.
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4 NodeInsertion

Themaindif�culty with thenodemovementandedge/faceswappingstrategiesabove is thatit

is impossibleto know a priori how many nodesor elementswill berequiredin orderto geta

suf�ciently accurate�nite elementsolutionto any givenvariationalproblem.Evenanoptimal

meshwith a givennumberof nodesmaynot beadequatefor obtaininga solutionof a desired

accuracy. For this reasonsomeform of meshre�nementis essential.

In this work we usethe regular re�nementalgorithmimplementedin [15]. This divides

eachtetrahedralelementthat is to be re�ned into eight childrenby introducingnodesat the

mid-pointsof eachedge.Eachnew nodeis thenconnectedto theothertwo new nodeslying

on eachfaceasillustratedin Figure6. Thethreenew edgeson eachfacemaybeseento cut

off four child elementsat thecornersof theparenttetrahedron,leaving anoctahedronat the

centre.This may be divided into four morechild tetrahedraby addinga furtheredge(LJ in

Figure6) connectingtwo oppositevertices. The choiceof which internaldiagonalto insert

is important:theapproachusedin [15] is to choosethe longestonebut otherapproachesare

possible(see,for example,[13]). It shouldbenotedthat this re�nementtechniqueproduces

child tetrahedrathat areof differentshapesto their parent,which may be an issuefor some

meshgenerators.This is not an issuefor this algorithmhowever sincewe arenot concerned

with geometricmeshquality andsincebothnodemovementandedge/faceswappingarealso

usedanyway.

M

N

T1 =  OIJN

A B A

L

I J

K

O

C

T4 =  NMLC

T7 =  LIJK
T8 =  LMJN

1 : 8

O

B

T2 =  IKAL
T3 =  JBKM

T5 =  JMKL
T6 =  LIJN

C

��

��

��� �

���

���

	�	


�


��

Figure6: Regular re�nementof a tetrahedroninto 8 child tetrahedra,by bisectingall of the

edges.
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For theresultsthatarepresentedin thefollowing sectionbothglobalandlocal re�nement

examplesareincluded.In theformercasetheregularre�nementalgorithmaloneis suf�cient

however, when local meshre�nement is used,an additionalre�nement schemeis required

to dealwith thehangingnodesthat areleft on an unre�ned elementwhich hasoneor more

neighbourthathasbeenre�ned. In [15] thesecasesaredealtwith throughtheuseof anumber

of so-calledgreenre�nementstencilswhichdealwith elementsthathaveoneor morehanging

node.

5 Numerical Results

In thissectionweconsidertwo exampleproblemsof theform (1). The�rst of theseis asingle

equation(i.e. 617#� ), andthesecondof theseis asystemfor which 617 587:9 .

5.1 ProblemOne

For aninitial testproblemwe considerthefollowing equation:




�

� �

�

���

�

7 '
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�

2 7

�

'

�

�

# - �

'

�

�

# - �
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�
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(7)

subjectto theDirichlet boundaryconditions

�

7����
	��

��


(8)

throughout
�

2 . This is chosenso that (8) is theexact solutionof (7) throughout2 . Hence,

for any givenvalueof � theanalyticsolution,andthereforethetrueenergy minimum,areboth

known (in thiscase�

7 '

1

' � is chosenandtheoptimalvaluefor theenergy is
<

7

�

'

1

' ' ' ' ).

Following theapproachusedin [7] for testingthetwo-dimensionalalgorithm,webegin by

assessingtheperformanceof three-dimensionalmultilevel meshoptimizationwhencombined

with global � -re�nement. Initially the testproblemis solved on a regularcoarsegrid of 9 �

�

tetrahedralelements.Thismeshis thenoptimizedlocally usingnodemovementandedge/face

swappingandthetotalenergy of thesolutionreducesfrom 9

�

�

1

�

�

�

�

9 to
�

�

1

� � 9 �

�

� . However
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thenumberof elementsincreasesfrom 9 �

� to �

'

� dueto theapplicationof edge/faceswap-

ping. Threelevelsof uniformre�nement,eachfollowedby optimization,thenyield solutions

with energiesof �

�

1

� ��9 �

�

� , �

'

1

� ' '

�

�

� and �

'

1

'

�

� � � � onmeshesof 9�9�9 ' , �

�

9

�

�

and � � '

�

���

elementsrespectively. For eachof thesethreelevels the numberof elementsincreasedby

slightly morethana factorof eightdueto theedge/faceswapping.

To seethat this �nal meshis superiorto oneobtainedwithout multilevel optimizationthe

problemis thensolved on a threelevel uniform re�nementof the initial mesh,(with �

� � �

' �

elementstherefore),to yield a solutionwith energy
�

�

1

�

�

�

�

� � . Whenthis meshis optimized

however theenergy only decreasesto avalueof �

�

1

9�9 �

�

'

� , with anincreasein thenumberof

elementsto �

�

�

'

�

' dueto edge/faceswapping.

Wenow demonstratethepotentialadvantagesof usinglocal re�nementwith themultilevel

optimization.Startingwith the locally optimal 9 �

� elementgrid, a sequenceof threefurther

meshesis obtainedthroughlocal � -re�nement(by re�ning thoseelementswhoselocalenergy

exceeded
�

'�� of themaximumlocalenergy on any element)followedby local optimization.

Thesemeshescontain �

�

9 � , ���

� �

� and � � ' �

�

' tetrahedralelementsandthe corresponding

solutionshave energiesof �

�

1

� �

�

� �

9 , �

'

1

� ' ' �

�

� and �

'

1

'

�

9 �

�

�

respectively.

Finally, we demonstratethe superiorityof this �nal meshover oneobtainedusingonly

local � -re�nementfollowedby localoptimizationat theend.Thiscomesfrom theobservation

thatagrid of ��9 � �

�

' elementsobtainedusingonly local � -re�nementyieldsasolutionenergy

of � �

1

� � 9 � �

� and,whenthis is optimized,thesolutionenergy only reducesto �

�

1

� �

9

�

�

' . A

summaryof all of thesecomputationalresultsis providedin Table2 andanillustrationof the

meshesobtainedusingmultilevel optimizationwith local � -re�nementis givenin Figure7.

5.2 ProblemTwo

Thesecondproblemthatwe considerinvolvesthecalculationof thedisplacement�eld for a

threedimensionallinearelasticmodelof anoverhangingcantilever beamwith domain

2 7��

��� ���>�	�3# '

')(

�

(

�

�

' (

�

(+�

�

')(

�

(+��


1
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Elements Energy Description

384 378.62763 Initial mesh.

407 62.113265

3330 51.223148 Multilevel optimizationand

27346 50.200687 global � -re�nement.

220769 50.048211

196608 67.278957 Global � -re�nementfollowed

197070 52.338504 by optimization.

407 62.113263

2931 51.226773 Multilevel optimizationand

18741 50.200292 local � -re�nement.

110170 50.043149

232140 54.813215 Local � -re�nementfollowed

233506 51.443760 by optimization.

Table2: Summaryof theresultsobtainedfor the�rst testproblem(theglobalenergy minimum

is �

'

1

' ' ' ' ).

The bottomhalf of the beamis �x ed asillustratedby the shadedregion in Figure8 andthe

energy functionalis givenby,

<
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(9)

Here,all repeatedsuf�ces aresummedfrom � to 9 , C is theusualfourthorderelasticitytensor,

chosento correspondto an isotropicmaterialwith a non-dimensionalizedYoung's modulus

<

7 � ' ' anda Poissonratio � 7 '

1

' ' � , ��� providestheexternalbodyforcesdueto gravity.

The small value of Poisson's ratio is chosento ensurethat the beamdeformssigni�cantly

underits own weight.This makestheproblemsuitablefor meshadaptivity.

As beforewebegin by solvingtheproblemonauniformcoarsemesh,this timecontaining

�

�

� elements.This meshis thenoptimizedusingthe nodemovementandedge/faceswap-
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ping algorithmsto reducethetotal energy from 


'

1

�

�

� �

�

� to 


'

1

� ' �

� �

�

. For this particular

meshthe edge/faceswappingkeepsthe numberof elementssame.Threelevels of uniform

re�nement,eachfollowedby meshoptimization,areundertaken. This producesmesheswith

�

� �

� , ���

�

�

� and
���

9

�

�

elementsandsolutionswith energiesof 


'

1

�

�

�

� �

9 , 


'

1

� � ' �

�

�

and




'

1

� �

� �

'

� respectively.

We considertwo further meshesof
�

��9 '

� and
�

��9

�

' elements.The �rst of theseis ob-

tainedby globalre�nementof theinitial uniformmeshandthesecondby optimizingthismesh

directly. Theenergiesof thesolutionsonthesemeshesare 


'

1

�

�

� �

� �

and 


'

1

� ��9 � '

� respec-

tively andsoweagainobserve thesuperiorityof thehierarchicalapproachwhen ; -re�nement

is combinedwith global � -re�nement.

As with thepreviousexample,our goal is to assessthehybrid algorithmthatcombines; -

re�nementwith local � -re�nementhencewe now considera sequenceof meshesobtainedin

thismanner. The�rst meshis thesameoptimizedmesh,containing�

�

� elements,usedasthe

basisfor theglobalre�nementresults.Theenergy of thesolutionon thismeshis 


'

1

� ' �

� �

�

.

Four further locally optimalmeshesarethenobtained,eachtime via theuseof local re�ne-

ment(of thoseelementswhoselocal energy exceeds
�

'�� of the maximumlocal energy on

any element)followed by meshoptimization. Thesemeshescontain
�

�

� , �	�

�

�

, �

�

9 �

� and

�

�

�

'@9 elementsandyield solutionswith energiesof 


'

1

�

�

� �

�

�

, 


'

1

�

�

�

�����

, 


'

1

� � � '

�

� and




'

1

� �

�

� ' � respectively.

We againconcludeour exampleby illustrating the advantageof applyingthe hybrid ap-

proachhierarchicallyby contrastingit with theuseof local � -re�nementalone,possiblyfol-

lowedby a singleapplicationof ; -re�nement. We re�ne locally the initial meshof �

�

� ele-

mentsin � ve levelsto achieve ameshof � 9 �

���

� elements(againusinga thresholdof
�

'�� for

thelocal re�nement). Thetotal energy of thesolutionon this meshis 


'

1

�

�

� ' �

� . Themesh

is thenoptimizedto reducethe total storedenergy to 


'

1

� �

�

9 � � , with an increasednumber

of elements,� 9 �

�

�

� , dueto edge/faceswapping. As beforeit is clearthat thequality of the

locally optimal meshesobtainedin this manneris inferior to that of meshesobtainedusing
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thehierarchicalapproach.A summaryof all of thecomputationsmadefor this testproblem

is providedin Table3 andanillustrationof themeshesobtainedusingmultilevel optimization

with local � -re�nementis givenin Figure9.

Elements Energy Description

192 -0.168295 Initial mesh

192 -0.208546

1548 -0.26773 Multilevel optimizationand

12415 -0.280849 global � -re�nement.

99349 -0.285704

98304 -0.272196 Global � -re�nementfollowed

98370 -0.283207 by optimization.

192 -0.208546

958 -0.252279 Multilevel optimizationand

4529 -0.267699 local � -re�nement.

15315 -0.281052

48403 -0.286102

132698 -0.278015 Local � -re�nementfollowed

132958 -0.284321 by optimization.

Table3: Summaryof the resultsobtainedfor ProblemTwo (the global energy minimum is

unknown).

It is interestingto notethatfor theoptimalmeshesshown in boththis example(Figure9)

andtheprevious(Figure7) therearea largenumberof elementsthatwould berejectedif the

usualgeometricquality criteria (e.g.[3, 10]) hadbeenemployed. Using theenergy criterion

however theseelementsareperfectlyacceptable.
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6 Discussion

Thetwo examplesof theprevioussectionhave clearly illustratedthat thequality of the �nal

meshproducedwhenusingtheproposedalgorithmis better, in thesensethatthe�nite element

solutionhasa lower energy, thanthatobtainedby either � -re�nementor ; -re�nementalone.

Furthermoreit is demonstratedthatcombiningthemeshoptimizationwith local � -re�nement

is superiorto combiningit with global � -re�nement.Finally, theadvantageof usingthehierar-

chicalapproach,wherebyintermediatelevel meshareoptimized,is alsoapparent:anexcellent

combinationof smallmeshsizesandlow energiesfor thecorresponding�nite elementsolu-

tionsbeingachieved.

It shouldbenotedthat,althoughquitecomplex to implementin 9 -d, theedge/faceswap-

pingcomponentof thehybridalgorithmis crucial.Thismaybedemonstrated,for example,by

contrastingtheresultsof Table2 with thoseobtainedfor thesametestproblembut without the

connectivity optimizationstepincludedin Figure1 (see[8] for furtherdetails).Suchmodi�ed

resultsarepresentedin Table4 andclearlydemonstratethe limitationsof theadaptive algo-

rithm whenedge/faceswappingis neglected.Thedifferencein thesolutionquality between

anenergy of �

'

1

� � and �

'

1

'

� (wherethetrueoptimalvalueis �

'

1

' ' ) is really quitesubstan-

tial. In factmuchgreateraccuracy (energy = �

'

1

� ' ) is obtainedon a coarsermeshwhenedge

andfaceswappingareused.The differencein accuracy betweenthe �

'

1

'

� solutionandthe

�

'

1

� ' solutionis lesspronouncedbut this additionallevel of local re�nementdoesprovide a

signi�cant improvementnevertheless.

It shouldalsobenotedthatcputimeshavenotbeenincludedin thispapersinceourgoalhas

beento investigatemeshoptimality ratherthanto studythefastestwayof obtainingasolution

of a give accuracy. However somesamplesolutiontimesareprovidedin [12, chapter4] for a

varietyof differentparametersthatoccurin thealgorithmof Figure1. It is clearthatin general

it will not pay to spendan excessive amountof time obtainingthe very bestpossiblemesh

comparedto obtaininga good,but slightly sub-optimal,mesh(i.e. requiringmoreelements

to achieve thesameaccuracy) at a signi�cantly reducedcost. Furthermore,on thoseoptimal
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Elements Energy Description

384 378.62763 Initial mesh.

384 104.85725

3072 59.907732 Multilevel optimizationand

24576 52.398871 global � -re�nement.

196608 50.755212

196608 67.279033 Global � -re�nementfollowed

196608 52.434265 by optimization.

384 104.85704

2655 59.902412 Multilevel optimizationand

16933 52.381223 local � -re�nement.

100866 50.746025

573834 54.885230 Local � -re�nementfollowed

573834 51.332477 by optimization.

Table4: Summaryof theresultsobtainedfor the�rst testproblemwithoutedge/faceswapping

(theglobalenergy minimumis �

'

1

' ' ' ' ).

meshesthathavehighly distortedelementstheconditionnumberof thecorrespondingdiscrete

equationscanbevery largeandsoit will generallyrequiremorecomputationalwork to solve

theseequationsthan thoseobtainedfrom an inferior, but lessdistorted,mesh. Thesetwin

considerationsof timespentobtainingthediscreteequationsandtimespentsolvingthemmean

that the problemof obtainingthe fastestpossiblesolutionof a given accuracy is a lot more

complex thantheoptimalmeshproblemconsideredhere.This highly challengingproblemis

clearlydeservingof signi�cant continuedresearch.

To concludethis paperwe observe thatonly two numericalexampleshave beenincluded

hereandthat further work is likely to be requiredto ensurethe robustnessof the proposed

algorithmfor a wide varietyof applicationproblems.In particular, it is likely that themesh
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re�nementtechniqueusedherewill besub-optimalfor problemswith highly anisotropicso-

lutions, which may well bene�t from a moreanisotropic9 -d re�nement algorithm,suchas

[1] for example. It is alsopossiblethat differentcriteria could be usedfor decidingwhich

elementsshouldbe locally re�ned (e.g.baseduponenergy gradientsratherthanenergy val-

ues)in orderto enhancethe techniquefurther. Nevertheless,theprovisional implementation

andresultspresentedheresuggestthatthis approachhassigni�cant potentialandthatfurther

researchis indeedlikely to befruitful.
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Figure7: An initial locally optimisedmesh(top left) followed by a sequenceof meshesob-

tainedby combinationsof local � -re�nementwith ; -re�nementfor the�rst testproblem.
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Figure8: An illustrationof theoverhangingcantilever beam
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Figure 9: A sequenceof meshesobtainedby combinationsof local � -re�nement with ; -

re�nementfor thesecondtestproblem.
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