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We investigate thermally-driv en convection in a rotating spherical shell subject to in-
homogeneousheating on the outer boundary, extending previous results to more rapid
rotation rates and larger amplitudes of the boundary heating. The analysis exploresthe
conditions under which steady o ws can be obtained, and the stability of thesesolutions,
for two boundary heating modes: rst, when the scale of the boundary heating corre-
spondsto the most unstable mode of the homogeneougproblem; second,when the scale
is larger. In the former casestable steady solutions exhibit a two-layer ow pattern at
moderate rotation rates, but at very rapid rotation rates no steady solutions exist. In
the latter case,stable steady solutions are always possible,and unstable solutions show
convectionrolls that cluster into neststhat are out of phasewith the boundary anomalies

and remain trapp ed for many thermal di usion times.
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1. Intro duction

The problem of thermally-driv en corvection in a rapidly rotating spherical shell with
homogeneoushoundary conditions (Chandrasekhar 1961) has been extensively studied
owing to its application to planetary cores. The governing nondimensional parameters
are de ned in full in equation 2.4 below; they are the Rayleigh number, R, measuring
the strength of the applied temperature di erence acrossthe shell, the Ekman number,
E, measuring the rate of rotation, and the Prandtl number, Pr, the ratio of viscous
and thermal di usivities. Initial work on this problem, herein called the homayen®us
problem focusedon the onset of convective instability (e.g. Roberts 1968; Busse 1970;
Zhang 199%; Joneset al. 2000; Dormy et al. 2004; Zhang & Liao 2004; Zhang et al.
2007), which involves determining the most unstable azimuthal wavenumber, m, at
which convective instabilit y occurs, and the corresponding critical value of the Rayleigh
number, R = R, asafunction of E and Pr. Subsequebhwork hasconsideredthe sequence
of bifurcations that occur as R is increased(e.g. Zhang 1991, 1992a; Sun et al. 1993;
Tilgner & Busse1997;Grote & Busse2001).

An important modi cation to the homogeneousproblem in the geoplysical context
is the e ect of inhomogeneitiesat the outer boundary (OB) of the spherical shell. This
problem, called the inhomogeneus problem here, may also be applicable to other bodies
sudh as extrasolar planets. As well as E, R and Pr, the inhomogeneousproblem is
governed by a new nondimensional parameter, , which describes the ratio of peak-to-
peak thermal amplitude variations on the OB to the temperature di erence betweenthe
boundaries. The azimuthal scaleof the boundary variations, denoted by the wavenumber
my, is also signi cant.

Zhang & Gubbins (1993), herein referred to as ZG93, investigated the inhomogeneous

problem for low and high E. In the Earth E is very small. Estimating for the Earth
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is problematic due to di culties in estimating the superadiabatic heat ux; it is unlikely
to be small, with mantle corvection studies predicting anything from = O(1)to =1
(Nakagawa & Tadkley 2007). Furthermore, seismictomography shows large scaleanoma-
lies at the baseof the mantle (Masters et al. 1996) making mp < m in the Earth. In
this paper we extend the results of ZG93 by investigating the inhomogeneousproblem
at lower E and higher for various scalesof the boundary anomalies.

The inhomogeneougproblem givesrise to two basic o ws. One is cornvective, setting in
as an instabilit y of the basic state that is driven by a di erence in temperature between
the boundaries (Chandrasekhar1961). This ow will be termed buoyancy-drivenin this
work. The other ow is a thermal wind maintained by the boundary variations, which
will be called boundary-driven. While a stable equilibrium is possiblefor the convective
ow alone (when R < R¢), there is no sud state for a nite value of as the lateral
variations drive a thermal wind (Zhang & Gubbins 1992). Thus no critical value of R
exists for the inhomogeneousproblem, where thesetwo o ws occur together.

The inhomogeneousproblem was rst studied in the innite Pr limit by Zhang &
Gubbins (1992), who simulated o ws driven by the lateral variations. They obsened
a phase shift betweenthe ow pattern and boundary anomalies due to a dominant
thermal wind balance.ZG93 studied the e ect of an inhomogeneousxed temperature
outer boundary condition on convectiveinstability at in nite Pr, high E andlow . Using
a boundary condition with my, = m¢, which, following ZG93 we call primary convection
to emphasisethe wavenumber matching, they found stable (in the linear sense),steady
solutions, where the homogeneouso w pattern attached, or “locked’, to the boundary
anomalies.In this paper the term “steady' describesa time-independert solution, while
the term “locked' is usedto describe o wsthat attach to the boundary anomalies:locked

solutions may be unsteady. In the neighbourhood of R, ZG93 obsened a resonancewith
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kinetic energy reaching a peak at a value of R, R,, just above critical. Stable steady
solutions bifurcated to time-dependert solutions at a value of R just above R,, with
the type of bifurcation dictated by the value of . For low the bifurcation is of Hopf
type, leading to an oscillatory solution. For larger valuesof the bifurcation is of saddle-
node type, and setsin as a wave of in nite period. With my, < mc, called secondary
convection here to emphasisethe wavenumber mismatch, ZG93 obtained stable, steady
solutions, albeit at higher valuesof . The ow patterns were dominated by the scaleof
the boundary forcing but modulated by the scaleof the most unstable mode. Unstable
solutions exhibited wavenumber vacillations betweenthe competing my and m¢ modes.

In this work a large value of Pr is usedthat makesinertial forcesnegligible, an im-
portant ingrediert for obtaining locked solutions (Zhang & Gubbins 1996). It has been
found by experiment that Pr = 100 givesa good approximation to the limit Pr ! 1
consideredby ZG93 and this value is usedthroughout this paper. We demonstrate our
ndings using four valuesof the Ekman number, E =8 10 ;6 10 %3 10 4 and
1:2 10 * Supplemenary calculations have beenundertakenwith E aslow as2 10 °,
however theselarger valuesof E demonstrate new featuresmore clearly. The free param-
etersare thus and R. We keepR R small to clearly demonstrate the e ects of the
inhomogeneousboundary condition.

Like ZG93 we employ xed temperature boundary conditions in the problem formu-
lation. The alternativ e prescription is xed heat ux at the OB, the relevant boundary
condition for the geoptysical application. With homogeneousheat ux boundary con-
ditions Gibbons et al. (2007) showved that m. is not a simple function of E (seealso
Takehiro et al. (2002)), while xed temperature boundary conditions yield a smooth
monotonic dependenceof m. on E. In the moderately low E regime, which is the fo-

cus of this paper, the two boundary conditions yield very similar results (Gibbons et al.
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2007). We therefore use xed temperature boundary conditions to facilitate comparison
with previous studies. We shall only consider equatorially symmetric boundary anoma-
lies, whereboundary temperature variations are mirrored in the equatorial plane, because
the most unstable mode is always equatorially symmetric (Busse 1970) and both ZG93
and Gibbons & Gubbins (2000) found that equatorially antisymmetric boundary condi-
tions have little e ect on the solutions comparedto the corresponding symmetric case.
The inhomogeneousboundary condition usedwill be time-independert throughout.

The mathematical and numerical formulation are given in Section 2. The analysis
is conducted in four stages:1) Linear onset of corvective instability is studied in Sec-
tion 3 to determine R¢(E) and m¢(E), which guide choicesfor the scaleof the boundary
inhomogeneities;2) Steady, nonlinear, inhomogeneoussolutions for various in the neigh-
bourhood of R using di erent scalesof the boundary variations are found in Section 4;
3) Linear stability analysisof the steady solutions found in stage2 is preserted in Section
5; 4) Time-integration of the full nonlinear equations for solutions found to be linearly

unstable are preseried in Section 6. Conclusionsare preseried in Section 7.

2. Mathematical form ulation

Consider a Boussinesq uid of constart thermal diusivit y, , constart coe cient of
thermal expansion, , and constart viscosity, , con ned to a rapidly rotating spherical
shell of radial extent d = r, ri. Herer; correspondsto the inner boundary (IB) andr, to
the OB. Spherical polar coordinates, (r; ; ), will be usedthroughout. The uid rotates
about the vertical z-axis with angular velocity, . With no ow the basic temperature
gradient, r Tp = r, is produced by a uniform distribution of internal heat sources,
whereT) is the basicstate temperature and is the temperature gradient of the internally

heated basic state. Scalinglength by the shell thickness,d, time by the thermal di usion
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time, d?>= , and d? asthe unit of temperature, the nondimensional equations are

; %+(u ryu +z u=r P+ RaTr+Er 2u; (2.1)
%+(u ()T =r2T+3; (2.2)
r u=o: (2.3)

Hereu isthe uid velocity, P isthe pressure,and T is the temperature. The aspect ratio,
ro=ri, of the shell is setto 0:4 for comparisonwith ZG93. The Ekman number, Prandtl

number, and modi ed Rayleigh number are

3
E = . Pr=_; Ra=3 ¢

5 5— = RE; (2.4)

where g is the gravitational accelerationat the outer boundary. Gravity varies linearly
with radius.

The velocity eld is decomposedinto toroidal and poloidal componerts
u=r (Try+r r (Pr): (2.5)

Substituting (2.5) into (2.1) and applyingr r andr r r gives

1 @ E
2 1 d - = .
E r Pra LT Prr r [(ur)ul rr (z u) (2.6)
1 @ E
2 - = 2 = —
E r Pra@ Lor P + RaL,T Prr rr [(u r)u]
rr r (z u) (2.7)
where the operator L, is de ned as
1 @ . @ 1 @
L, = —_— — — 2.8
? shn @ '@ s @2 @9

To comparewith ZG93, impenetrable and stress-freeboundary conditions are applied to
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u at r; and r,, which become

_ @GP _

1
= g7 -

@ _ N
P o T=0 (2.9)

upon using (2.5). We consider xed temperature at the IB and OB, corresponding to
T(ri)=0; T(ro)= f(ro; ; ) (2.10)

wheref (ro; ; ) de nes the pattern of temperature variations on the OB, r = r,. The
spherical harmonic expansionof f (ro; ; ) is normalised as
zZ, Z

f2(ro; ; )sin dd =1 (2.11)
0 0

In this paper f is expressedy a single sphericalharmonic, written Y,™. Only equatorially
symmetric boundary variations are consideredand sol = m in all the casesthat follow.
The parameter in (2.10), the inhomogeneily parameter, is a measureof the amplitude

of boundary variations and is de ned as

_ Ts .

= & (2.12)

where Tg is a measureof the peak-to-peak temperature variations on the boundary.
Equations (2.2), (2.6), and (2.7), together with the boundary conditions (2.9) and
(2.10), form the inhomogeneousproblem. The manifold of solutions is explored in four

stagesby the following sets of calculations.

2.1. Onset of convection with homayeneus boundary conditions

For the linear onset of convective instability with homogeneoushoundaries( = 0) all
nonlinear and inhomogeneousterms in (2.6) and (2.7) are neglected. An exponertial

time-dependence,@@= , is assumedwhere = , + i j isthe complexgrowth rate.
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The equationsthus becomelinear and form an eigervalue problem for , which is solved
by the implicitly restarted Arnoldi method (IRAM, Lehoucqet al. 1998). The largest
real part of represerts the rate of growth (decay) of the disturbanceif , > 0 (< 0).
The imaginary part of determineswhether the solution is steady( ;i = 0) or oscillatory
(i1860).

For eadh azimuthal wavenumber m and an initial guessfor Ra, the eigensystemis
solved for . An iterative method is usedto determine the value of Ra that gives ; = 0.
The most unstable mode, m. is the mode having the lowest such Ra, which is the critical

Rayleigh number Ra..

2.2. Locked, inhomogeneus solutions

To accourt for the inhomogeneousouter boundary, the temperature is decomposedas

T(s o5 )= (55 t)+ f (e ); (2.13)

making the boundary conditions on the unknown temperature, , homogeneous.The

nonlinear equations (2.6) and (2.7) becomeinhomogeneous,

Er 2L,T = ér ro [uryu rr (z u) (2.14)
2 ., 2 _ E
Er Lor “P+ RaL, = Ral,f ﬁr rr [(u r)u]
rr r (z u) (2.15)
r2 (ur) +3= (ur r?f: (2.16)

It is anticipated that the wavenumber my, will dominate the o w pattern in the neigh-
bourhood of Ra; (ZG93). We therefore neglect azimuthal wavenumbers that are not
multiples of my in some numerical computations. This allows thousands of nonlinear

calculations to be performed and enablesthe use of Floquet theory (Verhulst 1993) in
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the instabilit y analysis (section 2.3). Many computations have beenperformed with full
resolution in azimuth to test the lower resolution calculations and results from these
computations will be preserted in the following sections.The assumption will be shown
to be adequatefor stable solutions.

The code usedto compute locked, inhomogeneoussolutions is documerted in Gibbons
et al. (2007) and reproducesthe results of ZG93, who useda dierent code. The code

doesnot timestep the equations; steady solutions are obtained by an iterativ e method.

2.3. Instability analysis

A perturbation analysisis usedto explorethe stabilit y of the locked solutions computedin
section2.2. Let the locked solutions be denotedby (To; Po; o), and generalperturbations
by A, where A2 fT;P; ~g. Substituting T = To+ T, P =Po+ P, = ,+ 7 into
equations(2.1) and (2.2) and neglecting products of the perturbations givesthe following

set of linear equations

E r? BT L, T = ér r [(up r)e+ (& r)ug] ér r (z u); (2.17)
E r? Br Lor 2P+ Ral,~™= rr r [(ug r)a+ (2.18)

(& r)ug] T (z w);
(r2 )~ (& r) o (up r) +3= (a r)f: (2.19)

The systemis linear and ug, Ty are periodic in , so Floquet theory may be applied to

the -dependenceof the perturbations. We therefore de ne the perturbations, A, as

X X
A= AM()Y,"(; )expfiM + tg (2.20)
I=1 m=0

where expfiM g is the Floquet factor, and the Floquet exponert, M, is an integer.

A speci ed value of M de nes the subclassesof perturbations that are retained in the
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solutions. When M = 0 the azimuthal wavenumbers of the perturbation include

m = 0; m¢; 2me; 3mg; ::3;

and for generalM ,

m=0m. M;mc+ M;2m. M:;2m¢+ M;::;

and soon for M = 0;1;::;;m. 1. Often the complete set of M 's doesnot needto be

computed as certain valuesof m. can make di erent subclassesequivalent: for example,

with m¢ = 7 subclassesde ned by M = 1 and M 6 are identical, asare M = 2 and

M=5andM = 3and M = 4.

The system (2.17){(2.19) is an eigensystemfor r +i i, which is solved by IRAM.
The most unstable mode is the mode with largest |, which is found by testing all values
of M. The code used for stability analysisis documerted in Gibbons et al. (2007) and

reproducesthe results of ZG93.

2.4. Time integration

To determine the properties of unstable solutions predicted by the linear analysisit is
necessaryto integrate the full set of nonlinear equations, (2.1){(2.3), by timestepping.
The details of the numerical method usedhere can be found in Willis et al. (2007); the
code diers from that of Gibbons et al. (2007) and has been used as an independert
veri cation of our results.

Initial conditions for the inhomogeneoussolutions are taken from the corresponding
homogeneoussolutions. This allows us to track the initial responseof the systemto the

imposedinhomogeneoushoundary condition aswell asits long-term evolution.
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E | mc | Rac | i |
316 10° 6 171 10:7
8 10 ¢ 7 21:7 45.0
6 10 ¢ 8 22:6 536
3 10° 10 26:6 90:8
12 10 * 14 347 1735

Table 1. Results of linear stability analysis for the onset of convection with homogeneous
boundary conditions. For ead value of E the most unstable mode, m¢, the corresponding critical

modi ed Rayleigh number, Rac, and the drift rate, i, are given. Negative valuesof ; indicate

prograde drift. Data for the lowest value of E consideredby ZG93, E = 3:16 10 2, areincluded
for comparison.

3. Onset of convection with homogeneous boundary conditions

Resultsof linear stabilit y analysisfor the onsetof convection with homogeneou$ound-
aries are preserted in table 1 for eact value of E considered.The most unstable mode
is always symmetric with respect to the equator and the value of m increasesas E de-
creases.The radial length scaleof the motions also decreasesvith E, however the axial
length scaleis large for all E: the ow is organisedinto rolls (see gure 3 below). The
frequency is negative for every E, indicating prograde drift of the rolls. The travelling
wave is steady in a frame of referenceco-rotating with the rolls.

Table 2 shavsthe sameinformation astable 1 but for Pr = 1 . Valuesof m; and ; are
identical to the casewith Pr = 100. Valuesof Ra. di er at the fourth signicant gure
betweenthe two caseslt therefore appearsthat Pr = 100is a good approximation to the
limit Pr! 1 nearthe onsetof convection. Calculations in the marginally supercritical

regime undertaken with both Pr = 100and Pr = 1 further verify this.

4. Locked, inhomogeneous solutions
4.1. Primary convection

Figure 1 shavskinetic energyasa function of RaforE = 8 10 46 10 4 and3 10 “.

When E = 1:2 10 4, the lowest value of E reported here, there is no value of that
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E | mc | Rac | i |
316 10° 6 171 10:7
8 10 ¢ 7 21:7 45.0
6 10 ¢ 8 227 536
3 10° 10 267 90:8
12 10 * 14 34:8 1737

Table 2. Sameastable 1 but with Pr =1 .

forcesa steady solution for Ra  Rac. This interesting result will be discussedseparately
in section 6.

It is clear that no spatial resonanceis obsenedin gure 1. The presenceor otherwise
of a resonanceis a complicated issuethat dependson both and my. Figure 2 shows
kinetic energy as a function of Ra for various E at three values of . Solutions with
E =316 10 %and = 0:18correspond to solutions obtained by ZG93. As E decreases
with = 0:18, the primary resonanceobsened by ZG93 disappearsat E = 2.3 10 8.
Increasing to 0:3 results in an obsened resonancewhen E = 2:5 10 3, howewver
no other value of E consideredshows resonance.When is further increasedto 0:5
resonanceis not obsened for any E considered.Hencelarge and large my appear to
destroy resonancewith no resonanceobsenedfor E < 2 10 3. At low E, resonanceis
prohibited becausethe boundary e ects and the buoyancy-driven ow do not reinforce
ead other, as described below.

A stable solution is shovn in gure 3 with its homogeneouscourterpart. The ho-
mogeneoussolution exhibits rolls aligned with the rotation axis and certred about the
mid-radius of the shell [ gures 3(d) and 3(f)]. The inhomogeneoussolution, while also
being nearly two-dimensional (gure 3(e)), corntains two layers of rolls, one located near
the IB and the other near the OB (gure 3(c)).

The two-layer ow pattern forms becauseat low E, the radial length scaleof the con-

vection rolls is small, resulting in weak motion near the boundaries ( gure 3(d)). Fluid
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Figure 1. Kinetic energy as a function of Ra for selectedvaluesof . CasesareE = 8 10 *
with a Y7 boundary condition (top), E = 6 10 % with a Y£ boundary condition (middle), and
E =3 10 “with aY{ boundary condition (bottom). Stable solutions are shown asthick lines,
unstable solutions as broken lines. Lines are contin ued until the stabilit y boundary is found. All
stable solutions are steady. Solutions are obtained at intervals of Ra = 0:1.

nearthe IB is locked by the boundary anomaliesacting near the polesof the outer spher-

ical shell, forming the inner layerin gure 3(c). Near the OB boundary e ects dominate,
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Figure 2. Kinetic energyasa function of Ra for various E with = 0:18 (top), = 0:3 (middle),
and = 0:5(bottom) with m, = mc. Stable solutions are shown asthick lines, unstable solutions
as broken lines. Lines are contin ued until the stability boundary is found. All stable solutions
are steady. Solutions are obtained at intervals of Ra = 0:1. The solution with E = 3:16 10 3
and = 0:18 corresponds to a solution in gure 1 a) of ZG93; it is included for comparison with
the earlier work.
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(© (d)

(e) (f)

Figure 3. Properties of homogeneous(right) and inhomogeneous(left) solutions for Ra = 21.7,
E =8 104 = 0:3 with an imposed Y7 boundary condition: radial velocity (u;) in the
equatorial plane (top row); temperature eld in the equatorial plane (middle row); u; in the
meridional plane (bottom row), takenat = . = Ois at the rightmost edgeof the equatorial

section. The homogeneoussolution drifts in the prograde sensewhile the inhomogeneoussolution
is steady.
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creating a secondlayer of rolls that are out of phasewith the boundary temperature
anomalies (gure 3(c)), as would result if convection was absert (Zhang & Gubbins
1992). Convection is suppressedhear the mid-radius of the shell whereit is preferredin
the homogeneousase(compare gures 3(c) and 3(d)).

Figure 4 shows that the two-layer pattern persists at lower values of E, with both
layers becoming more closely con ned near the boundaries. As E decreaseghe interior
ow is lessa ected by the boundary anomaliesand hencelarger valuesof are required
for locking (gure 1). Howewer, doesnot causethe two-layer pattern asit doesnot alter
the imposedscaleof the boundary anomalies.

This pattern doesnot arise at larger E becausethe radial length scaleof the convec-
tion rolls is greater. The e ects of the boundary anomaliespenetrate deeper into the shell
(compare gures 4(d), 4(c) and 3(a)) aslarge E giveslow mc(= my). Hencethere is no
region of the shell in which convection or boundary e ects dominate and the resulting
interaction leadsto steady solutions that retain the single-layer pattern seenin homoge-
neouscorvection, as found by ZG93. Calculations in gure 2 indicate that a transition
from the single- to two-layer pattern occursat E ~ 1:5 10 3, closeto the value of E

where m¢ changesfrom m¢; = 6to m¢, = 7.

4.2. Secondary convection

Figure 5 shaws kinetic energy as a function of Ra for E = 6 10 4,3 10 4, and
1:2 10 4, when my, = m¢=2. Larger valuesof are required to obtain locked solutions
than for the casemp, = m. as found by ZG93. The spatial resonancephenomenondoes
not occur for any of the casesconsidered.We show that this may be explained by the
dominance of the boundary-driven o ws.

Locked solutions exist for E = 1:2 10 # when a Y,/ boundary condition is imposed,

indicating that boundary conditions with mp < m. are the most e ectiv e in obtaining
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(a) (b)

(© (d)

Figure 4. u; in the equatorial plane (top) and T in the equatorial plane (bottom) for the
inhomogeneous solutions with E = 6 10 4, Ra = 226 and = 0:3 with an imposed Y&
boundary condition (left), andE = 3 10 %, Ra= 26:6and = 0:5(right) with animposedYy
boundary condition. Meridional sections have been omitted as they are qualitativ ely identical
to the caseE = 8 10 * above. Both solutions are steady.

locked solutions as E decreasesAt larger E, boundary conditions with my, = m. were
found to be most e ective (ZG93). The pattern of convection is shovn in gure 6 for
E = 1.2 10 4. The boundary mode dominates the corvection pattern; it is modulated
by the m. = 14 mode. High amplitude regionsof u, are out of phasewith the boundary
temperature anomaliesbecauseof the dominance of the inhomogeneousoundary condi-
tion. Figure 7 shows that the boundary mode dominates at higher E. With my, = m¢=2

the penetration depth of boundary anomaliesis greater than for m, = m. and this can
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Figure 5. Kinetic energy as a function of Ra for selectedvaluesof . CasesareE = 6 10 *
(me = 8) with an imposed Y, boundary condition (top), E = 3 10 % (m¢ = 10) with an
imposedYs boundary condition (middle), and E = 1:2 10 * (m¢ = 14) with an imposed Y,
boundary condition (bottom). Filled lines denote stable solutions; dashedlines denote unstable
solutions. Curves are continued until the stability boundary has been determined. All stable
solutions are steady. Solutions are obtained at intervals of Ra = 0:1.
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Figure 6. u, (left) and T (right) in the equatorial plane for E = 1.2 10 4, Ra = 347 and
= 0:9 with animposedY; boundary condition. The solution is steady, equatorially symmetric,
and dominated by the boundary mode, my = 7.

Figure 7. u, (left) and T (right) in the equatorial plane for E = 6 10 * Ra= 226, = 0:9
with an imposed Y, boundary condition (top) and E = 3 10 4, Ra= 26:6, = 0:9 with an
imposedYs boundary condition (bottom). Both solutions are steady and equatorially symmetric.

promote locking. Decreasingmy, further requiresa larger for locking becausethe ampli-

tude of boundary e ects weakens. cannot be increasedinde nitely asthe steady state
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becomesunstable to boundary-driven instabilities. Hencelocked solutions are unlikely to

exist for all valuesof my, especially when the di erence betweenm. and my, is large.

5. Instabilit y analysis
5.1. Stability of primary convection

Figure 8 displays instability curves for ead value of E when mp = m¢. Curves for
E = 1:2 10 *# are not shovn as no steady solution exists from which to perturb.
Solutions at higher valuesof cannot be calculated as too much lateral heating induces
an instabilit y: no steady state existsto perturb. The drift rate, i, is nonzeroat all points
on all curves, suggestingthat the bifurcations are of Hopf-type, although the precise
nature of any bifurcation cannot be determined with certainly without integrating the
full nonlinear equations.

Solutions in gure 8 becomeunstable to perturbations from the M = 1and M = 2
subclasses,in cortrast to ZG93 who found most unstable modes with M = 0. The
explanation is likely to lie with the resonanceobsenedby ZG93 near Ra¢; no resonances
obsened here and instabilit y setsin by a di erent mode breaking the constraint imposed

by the boundary condition.

5.2. Stability of secondary convection

Figure 9 shows instability diagramsfor E = 6 10 4,3 10 4, and 1:2 10 # when
m, = m¢=2. The stability boundaries for all E and are characterisedby ; 6 O.
Unstable solutions bifurcate from steady solutions with M = 0 for all casesconsidered.
This contrasts with the results of section5.1whereM 6 0 is preferred. The changeis due
to the introduction of a new, competing scale.With my, 6 m. the interaction between

the two dominant modesresults in the lossof stability of locked solutions.
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Figure 8. . asafunction of Ra for (top to bottom) E =8 10 %,6 10 *,and3 10 * with
mp, = m¢. Di eren t curvesrepresert di eren t valuesof . Numbersnext to the curvesdenote the
frequency, i, of the most unstable disturbance at that point on the curve. Full lines show that
the most unstable disturbance is from the M = 0 subclass;long dashedlines shov the M = 1
subclass; short dashedlines show the M = 2 subclass (see section 2.3 for details).

6. Time integration
6.1. Unstable primary solutions

Figure 10 shows a comparison between two nonlinear solutions at, and just above, the

stability boundary where the linear analysis predicts M = 2 as the most unstable per-
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Figure 9. Stability curvesfor (top to bottom) E = 6 10 %, 3 10 4 and 1.2 10 * with
m, = m:=2. Dieren t curvesrepresert di erent valuesof . Numbers next to the curvesdenote
the frequency, i, of the most unstable mode at that point on the curve. Filled lines show that
the most unstable disturbance is from the M = 0 subclass.

turbation subclass. Both solutions are periodic in time with prograde drift near the
mid-radius of the shell, but they dier markedly in planform. At the stability boundary

modesfrom the M = 2 subclassare barely visible; the equatorial pattern is dominated by
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Figure 10. Kinetic energy time-series (left) and snapshotsof u, in the equatorial plane (right)
forE=8 10% = 0:3and mp, = me = 7, with Ra = 23 (top) and Ra = 25 (bottom).
The former caseis at the stability boundary, while the latter is above the stability boundary.
Both solutions are periodic, drifting in the prograde sense,and symmetric with respect to the
equatorial plane.

7 pairs of convection cells, unevenly organisedin azimuth. Above the stability boundary
the pattern is dominated by the m = 9 mode (a menber of the M = 2 subclass) and
modulated by a large m = 7 mode. Stationary o ws near the boundaries are obsened
asin previous sections.Steady solutions that becomeunstable to perturbations from the
M = 1subclass(e.g.for E =3 10 “in gure 8) display similar properties. Clearly the
e ect of the imposedboundary condition diminishes quickly once Ra is increasedpast

the stability boundary for locked solutions.

6.2. Unstable secondary solutions

Figure 11 shows a periodic solution of secondaryconvection at the stability boundary
where linear analysis predicts M = 0 as the most unstable perturbation subclass.The

equatorial ow pattern contains four persistert cetresat = =4,3 =4, 5 =4, and
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Figure 11. Kinetic energy time series (top) and snapshots of u, in the equatorial plane for
Ra= 241, E=6 10 * = 0:7with mp = 4. Snapshotsare evenly spacedin time, spanning
one period of the oscillation, and should beleft-right and top-b ottom. The solution is equatorially
symmetric, so meridional sections have beenomitted.

7 =4 where convection rolls becometrapp ed, forming a nest. Rolls drift between the
nests. Rolls con ned within the nests are time-dependert but do not break out of the
nests. Nests are out of phasewith the boundary anomalies,illustrating the dominance
of the boundary e ects. Another example of this type of o w pattern is shovn in gure
12, which is above the stability boundary, showing that this behaviour persiststo higher

valuesof Ra.
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Figure 12. Kinetic energytime series(left) and a snapshotof u; in the equatorial plane (right)
for E=3 10 4 Ra= 285, = 0:7with my = 5. Linear analysis predicts M = 0 asthe most
unstable perturbation subclass. The solution is periodic, equatorially symmetric, and contains
v e persistert nests of convection rolls.
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Figure 13. Kinetic energy time seriesfor selectedvaluesof at E = 1.2 10 * and Ra= 347
with m, = m¢ = 14. All solutions are periodic.

6.3. Solutionsfor E 1.2 10 4
6.3.1. Primary convection

No valuesof in the range 0:1 10 force a steady solution for E < 1.5 10 4
when Ra  Rac. Kinetic energytime seriesfor selectedvaluesof are shown in gure
13. Low solutions are dominated by the buoyancy-driven ow and slightly modulated
by boundary e ects. Solutions with 5 are unstable becauseof large temperature
variations on the boundary.

A periodic solution for = 0:7is shown in gure 14 at evenly-spacedtime points span-

ning one period of oscillation in gure 13. The pattern maintains a striking three-layer



26 C.J.Davies, et al

(a) (b)

© (d)

Figure 14. Snapshots of u; in the equatorial plane, at equally-spaced time points spanning
one period, for E = 1:2 10 4, Ra= 347, = 0:7 with an imposed Y} boundary condition,
showing the oscillation in the interior of the domain. Snapshotsshould be viewed in alphabetical
order.

structure with stationary layersnearthe boundariesand drift con ned to arelatively thin
region betweenthese layers. The middle layer is where convection rolls establish in the
homogeneougproblem. Becauseof the small radial length scalesof the buoyancy-driven
and boundary-driven o ws, the boundary anomaliesare unable to overcomethe corvec-
tive driving, even at the stability boundary of homogeneousonvection, and therefore no
stable equilibrium exists. Figure 15 shows that such a ow occursat E = 2 10 °.
Increasing increasesthe amplitude of the boundary-driven o w, but the radial scale

of this ow is determined by my,. Hencea larger haslittle e ect on the middle layer and
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Figure 15. Snapshot of u, in the equatorial plane for E = 2 10 °, Ra= 62, = 1, with
an imposed Y2 boundary condition. The most unstable mode m; = 27, and Ra. = 61:1. The
solution is equatorially symmetric.

an 5 producesvigorous maotions due to the large boundary temperature variations.
Locking can only be achieved with my, < m¢ (section 4.2).

ZG93 consideredan analogousLandau equation as a framework for understanding
locked solutions. The framework equation implies that there always existsan that will
yield a steady solution for any amplitude of the driving force. The result in this section
shows the shortcomings of this analogue.The framework equation doesnot accourt for
the Coriolis force, yet it is the rotation that dictates the selectionof the mode at the onset
of convective instability. The dominant scalesof the convective ow and the boundary

anomalies,together with , determine whether a locked solution is obtained.

6.3.2. Secondary convection

No locked solutions have beenfound at E = 1:2 10 4 for my < 7. Figure 16 shows
a comparison of unstable nonlinear solutions with di erent applied boundary inhomo-
geneities. The kinetic energytime seriesfor mp = 2 is highly time-dependert, while for
my, = 4 the solution is periodic. This demonstratesthe weakening of boundary e ects as
mc mp grows. Both solutions display the nesting of cornvection rolls shown in section

6.2, with the number of nestsdictated by the imposedscaleof the boundary condition.
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Figure 16. Kinetic energytime series(left) and snapshotsof u, in the equatorial plane (right)
for E= 1.2 10 4 Ra= 347, = 0:9 with my, = 2 (top) and mp = 4 (bottom). The solutions
are equatorially symmetric so meridional sections have been omitted.

Figure 17. Snapshotof u, in the equatorial plane for E = 2 10 3, = 1, and Ra = 62 using
a boundary condition with m, = 2. The most unstable mode is m¢ = 27 and Ra; = 61:1. The

solution is equatorially symmetric.

Nesting becomeamore prominent whenthe wavenumbersm. and my, di er substartially:
the e ect is much wealer for the solutions of section6.2. Further calculations have shown
that sud solutions persistto E = 2 10 ®, showvn in gure 17, and up to a value of Ra

that is twice supercritical.
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Figure 18. Schematic diagram of the boundaries between steady and unsteady solutions in the
(E; ) plane for inhomogeneousconvection at Ra = Rac with mp = m¢. The solid line describes
the minimum value of for a given E that producesa steady, locked solution. Above the dashed
line large lateral temperature variations on the OB prevent locking.

7. Conclusion

Our principal conclusionis that boundary conditions having spatial variations larger
than the preferred mode of homogeneouscorvection (mp < m¢) are most e ective in
obtaining steady solutionsasE decreasesWhen my = m¢, steady solutions occur, showvn
schematically in gure 18 for Ra = Ra.. The minimum value of neededto obtain
a locked solution increasesrapidly as E becomessmall (solid line). Large values of
destabilisethe systemdue to lateral heating (dashedline) and the two curvestherefore
intersect. Such a region was not found for boundary conditions with my, < m¢. This may
be due to the larger radial lengthscaleof boundary conditions with my, < m. than those
with mp = m¢: in the former case uid motions are suppresseddeeper into the shell, with
boundary e ects dominating if is high enough.

The spatial resonancephenomenonobsened by ZG93 disappearswhen E is decreased
or isincreased.This potentially important result doesnot have a simple explanation,

partly becauseresonanceis a nonlinear phenomenon:it is related to the amplitude of
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convection, which for a givenE is dictated primarily by in the neighbourhood of Ra.. We
suggestthat lossof resonanceat low E occursbecauseof the small characteristic scalesof
the buoyancy-driven o w and the boundary anomalies:the boundary anomaliesno longer
reinforce the buoyancy-driven o w and atwo-layer o w pattern emergesChanging does
not a ect the characteristic scalesof the o w and boundary anomalies;we may expect an
absenceof resonanceat low E for any > 0, however for large E a di erent medcanism
must occur to producethe behaviour in gure 2. It is the nonlinear interactions between
the boundary anomaliesand the buoyancy-driven o w that ultimately determine whether
a resonanceexists at high and it is this complexity that prevents a more detailed
understanding of the resonancephenomenon.

Solutions of secondary convection (m, < mg) are summarisedin gure 19 for two
cases:l) when mp = m¢=2, the casestudied in detail in this paper; 2) whenmp = 2, the
geoplysically relevant case.When my = m¢=2 steady solutions are always possiblefor the
range of E studied. For E 6 10 #, solutions in the neighbourhood of Ra. show that
convection rolls cluster into neststhat are out of phasewith the boundary anomaliesand
remain trapp ed for many thermal di usion times. Our calculations indicate that nested
solutions appear abruptly asE is decreasedand are insensitive to the value of (shown
by a dashedline in gure 19). When my = 2 solutions are always unstable for the range
of E considered.Our calculations indicate that nesting is weakly dependert on for this
case:if istoo small nestingis not obsened; however nesting appearsto occur for a wide
range of .

Nestedsolutions may berelevant to the Earth wherethe magnetic eld in the historical
record shows four concerrations of intense ux (Jackson et al. 2000), which could be
maintained by persistert large-scale uid downwellings (Willis et al. 2007). At low E this

is unlikely to occur due to the small scales,which are dynamically preferred, but may be
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Figure 19. Schematic diagram of the boundaries between steady and unsteady solutions in the
(E; ) plane for inhomogeneousconvection for Ra in the neighbourhood of Rac with mp = m¢=2
(top) and my = 2 (bottom).

produced by the nestsof convection cells found in this paper. Nesting can produce large
scalefeaturesand it is possiblethat the Earth contains two such nestsdue to a dominant
mantle anomaly with my, = 2.

It is interesting to considerthe e ect of an imposedinhomogeneouseat ux at the OB
rather than the imposed xed temperature consideredin this paper. Heat ux boundary

conditions tend to favour longerlength scalesthan temperature boundary conditions near
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the onsetof convection (Glatzmaier & Gilman 1981; Takehiro et al. 1999, e.g.); however
the discrepancydisappearsat high rotation rates (Gibbons et al. 2007). It can therefore
be anticipated that nested solutions exist with xed heat ux at the outer boundary as
long asmy, is su cien tly lower than the m., aswe argue for the caseof xed temperature

boundaries.
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