Locally Optimal Unstructured Finite Element
Meshesin ThreeDimensions

Rashid Mahmood and Peter K. Jimack
Schoolof Computing
University of Leeds,LS2 9JT, UK.

Abstract

This paperinvestpatesthe adaptve nite elementsolutionof a generalclassof vari-
ationalproblemsin threedimensons usinga combinationof nodemovement,edge
swapping faceswappingandnodeinsertion. Theadaptve stratgy proposeds agen-
eralizationof previouswork in two dimensios andis baseduponthe constructiorof
a hierarchyof locally optimal meshes.Resultspresentedboth for a singleequation
anda systenof coupledequationssuggesthatthisapproachs ableto producebetter
meshe®f tetrahedrdahanthoseobtainedoy morecornventionaladaptve stratgiesand
in arelatively ef cient manner

Keywords: nite elementsyariationalproblemsmeshoptimizaton, tetrahedrakle-
ments,nodemovement,edgeswapping,nodeinsertion

1 Intr oduction

In this papemwe presentinextensia of our previouswork on meshoptimization,pre-
sentedn [7], from two spacedimensonsto three. The approachthatwe follow is to

consideitheadaptve nite elementsoluion of ageneraklassof variatioral problems
usinga combinationof nodemovement,edgeswapping,faceswappingandnodein-

sertion.The particularadaptve schemehatis usedis baseduponthe constructiorof

ahierarchyof locally optimal tetrahedrameshestartingwith a coarsegrid for which

thelocationandconnectity of the nodesis optimized. This grid is thenlocally re-

ned andthe nenv meshis optimizedin the samemanner

The classof problemthatwe considetrin this work may be posedn the following
form (or similar, accordingto the precisenatureof the boundaryconditiong:

- (1)



for someenegy densityfunction . Here isthedimen-
sionof theproblemand isthedimenson of thedependentariable . Physicaly this
variationalform maybeusedio modelproblemsn linearandnonlinearelasticity heat
andelectricalconductim, motionby meancurvatureandmary more. Throughouthis
paperwe restrictour attentionto the three-dimensioal casewhere

For variational problemsof theform (1), thefactthatthe exactsolution minimizes
theenepy functionalprovidesa naturaloptimality criterionfor thedesignof computa-
tionalgridsusing -re nement(de ned hereto includebothnoderelocationandmesh
reconnection).Indeed,the ideaof locally minimising the enegy with respecto the
locationof the verticesof ameshof x edtopologyhasbeenconsideredy a number
of authors(e.g.[2],[14]), ashasthe approachof locally minimising the enegy with
respecto the connecwity of a meshwith x edvertices(e.g.[12]). All of this work
hasbeenundertalenin only two spacedimensiols however and, to our knowledge,
thisis the rst work in which meshoptimization with respecto the solutionenegy
hasbeenattemptedor unstructuredetrahedraineshesn threespacadimensons.

Thealgorithmthatwe useconsist®of anumberof sweepshrougheachof thenodes
in turn until corvergenceis achieved. At the beginning of eachsweepthe gradient,
with respecto the posiion of eachnode,of theenegy functional

- (@)

is found (where s thelatestpiecaviselinear nite elementsoluion). Wheneach
nodeis visited the direction of steepestiecentis usedin orderto determinealong
which line the nodeshouldbe moved. The distancethat the nodeis moved along
this line is computedusing a one-dimensinal constrainedninimization of (2), and
oncethis new positin for the nodehasbeenfound the value of the solution at that
nodeis updatedby solving a local problem. Oncethis updateis completethe same
processs undertalenfor thenext nodeandwheneachnodehasbeernvisitedthesweep
is complete. Provided cornvergencehasnot beenachiered the next sweepmay then
begin.

Oncecorvergencewith respecto the position of eachnodehasbeenachiered a
further reductionin the enegy of the solutian is soughtby the useof edgeandface
swapping In threedimensionghereare a large numberof differentwaysin which
the local connectity of the nodesmay be altered,seefor example[3, 5, 8, 9]. In
this work we usethe sameedgeand face swappingstencilsas[3, 4], whosework
is restrictedto improving the geometricquality of the meshratherthanminimizing
enegy aswe do here.

Of coursethe positiors of the nodesarelikely to be no longerlocally optimal at
this point dueto the edge/ficeswapping Henceit is necessaryo alternatebetween
the node movement and the swappingalgorithns until the whole processhascon-
verged(at leastapproximately).At this stagewe allow the applicationof local mesh
re nementto obtainanev meshatthenext level which mustitself now beoptimized.
The processs completewheneithera desiredaccurag hasbeenobtainedor a max-



Stop=false
repeat
repeat
undertale nodeoptimization
undertale connectvity optimizaton
until corverged
if (accuray satishctory)or (maximummeshsizereached}hen
Stop=true
else
re ne mesh
solve discreteproblemon nev mesh
endif
until Stop

Figurel: Overview of proposedneshoptimization algorithmfor the nite element
solufion of (1).

imum numberof nodesor elementdasbeenreached Figurel illustratesthe overall
algorithm proposed.

2 NodeMovemeant

A necessargonditionfor the position of eachnodeof thetetrahedrameshto be op-

timal is thatthe derivative of theenegy functionalwith respecto eachnodalposition

is zero.Like theapproachesf [7, 14] our algorithmseekgo reducetheenepgy func-

tional monotorncally by moving eachnodein turn until the derivative with respect
to the position of eachnodeis zero. Whilst this doesnot guaranteavith absolute
certaintythat a local minimum (as opposedo a saddlepoint or a local maximum)

is reachedthe presencef roundingerrorscombinedwith the downhill natureof the

techniquesnsureshatin practiceany otheroutcomeis almostimpossble.

As indicatedabove thenodeoptimizationphaseof theoverallalgorithmin Figurel
consiss of anumberof sweepghrougheachof the nodesn turn until corvergences
achieved. At the begginning of eachsweepthe gradient,with respecto the position of
eachnode,of theenepgy functional(2) is found. Thisis doneusingthesameapproach
asdescribedn [7], basedupon([6]. In [6] it is provedthatif _ is the posiion vector
of node then

— — — 3)
where is the usuallocal piecavise linear basisfunction at node is the th
componenbf  ( to ), representthedervativeof withrespectoits th



argument,othersufces representomponent®f tensors, is the Kronecler delta
andrepeatedufces imply summaibn ( to and to ). Notethatusing
(3) the gradientswith respecto all of the verticesin the meshmay be assembledn
a single passof the elements.Thesegradientsarethensortedby magnitudeandthe
nodesvisitedoneatatime, startingwith thelargestgradient.

Wheneachnodeis visitedthe directionof steepestlescent,

- — (4)
is usedin orderto determinealongwhichline thenodeshouldbe moved. Thedistance
thatthenodeis movedalongthisline is computedusinga one-dimensinalminimiza-
tion of the enegy subjectto the constrainthatthe nodeshoutl not move morethan
a proportion  ( ) of the distancefrom its initial position to its nearest
neighbouw. Onceanew positionfor thenodehasbeenfoundthevalueof the solution,

say atthathodemustbe updatedoy solving thelocal problem

- (5)

Here is the union of all elementswhich have node asa vertex and Dirichlet
conditonsareimposedon usingthelatestvaluesfor . All nodesin the sorted
list (baseduponthemagnituet of thegradientin (4)) areupdatedn thisway in turnin
orderto completea singlesweepof the nodeoptimizationstep.A numberof sweeps
aregenerallytakenin orderto corverge,atleastapproximatelyto anoptimal solutian.

Using the above approachthe interior nodesmay move in ary directionhowever
a slight modi cation is requiredfor nodeson the boundaryof . Thesenodesmay
only be moved tangentiallyalongthe boundaryand even thenthis is subjectto the
constrainthatthedomainremainsunaltered Wherethis constrainis notviolatedthe
downhill directionof motion alongthe boundaryis easilycomputedby projecting _
from (4) ontothe local tangentof the boundary The one-dimenginal minimization
in this directionis thencompleedasfor arny othernode.On Dirichlet boundarieshe
updatedvalueof is of courseprescribechowever on ary othertype of boundaryit
mustbe computedy solving alocal problemof the sameform as(5).

3 Optimizing Connedivity

In threedimensons tetrahedralmeshconnectvities may be alteredeitherby under
taking so-callededge swapsor face swaps In this work we make use of both of
thesetechniquesby exploiting their implementatiorwithin the GRUMMP software
packagedescribedn [3, 4]. This softwareseekgo optimize three-dimensionahesh
connecwity basedupongeometriccriteriasuchasangleconditionsandsimilar quali-
tative meshquality measuresSincethe sourcecodeis publicly availableit is possble
to modify thisin orderto undertale optimizationof the meshconnecwity basedupon



ourown criteria: speci cally minimizationof theenegy functional(2) onthepatches
of elementssurroundiiy anedgeor afacerespectrely. Thetwo algorithrs usedfor
edgeandfaceswappingarenow brie y described.

3.1 EdgeSwapping

Edge swappingin threedimensims is not really a swap but a removal of an edge
followed by its replacemenby one,two or mary edgesdependinguponhow mary
elementsurroundthatedge(seeFigure2 for exampk). Edgeswappingrecon gures
the tetrahedrancidenton anedgeof the meshby removing thatedgeandreplac-
ing these tetrahedray new tetrahedraAs anexampk, consideraninitial
con gurationwith vetetrahedrancidentto anedge.Theleft sideof Figure2 shavs
ve tetrahedrancidentto an edgeOP andthe right side shovs one possibé recon-
guration of this sub-mestinto six tetrahedraThis new con gurationis speci ed by
de ning three“equatorialtriangles”,i.e. which arenot incidenton eitherof vertices
and . In Figure2 thesetrianglesare : and . Therearefour other
possble con gurationsfor this case(eachcorrespondingo a differentsetof equato-
rial triangles) which canbe obtainedby rotatingthe interior trianglein Figure2. As
edgeswappingreplaces original tetrahedranto tetrahedraywhen
moreelementsarecreatedhanareremoved. For all of the gures in this sectionsolid
linesareusedto shawv thefront view of thediagram lineswith dasheshaow the back
of thediagramanddottedlinesareusedin theinterior of thecorvex hull of thepoints.
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Figure2: Edgeswappingfor 5 tetrahedrao 6, whereedge is surroundedby 5
tetrahedra.

In additian, the numberof possiblewaysthat elementscan be reconnectedfter
deletinganedgeincreasesvith  andis givenby

(6)

(se€[5]). When thisgivesthe ve possibiities notedin thepreviousparagraph.
However, as  grows the numberof possble con gurationsgrows very rapidly and



so, following [3, 4], only edgeswith are consideredas candidatedor edge
swapping Thepossble con gurationsfor areshavn diagrammaticallyn
Figure3, whereequatoriakrianglesareshavn alongwith the numberof uniquerota-
tionsfor eachcon guration. An optimizationmethodthereforehasto searchthrough
alarge numberof connectity permutationgor large in orderto determinewhich
recon gurationof the original tetrahedrahasthe lowestenegy. For thisit is nec-
essaryto computethe enegy for eachtetrahedronn eachcon guration. Fortunately
when s large,the numberof uniquetetrahedras muchsmallerthanthe numter of
con gurationstimesthe numberof tetrahedrasincemary tetrahedraappealin more
thanone con guration. This is shavn in Table 1 (taken from [3]) and meansthat
the costof performinga local meshoptimizaton is not quite ashigh as(6) initially
sugged.
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Figure 3: Equatorialtrianglesafter swappingedgeOP, surroundedby 4,5,6 and 7
tetrahedraincluding the numberof uniquerotationsfor eachcon gurationshawn.

p

3.2 FaceSwappng

Faceswappingis cheapelto execute,althoughpossiby more complicatedto imple-
ment,thanedgeswappingin threedimensons. It is baseduponthe possiblecon gu-



Tetsbefore | Tetsafter | Con gurations| Tets con gs | Uniquetets
4 4 2 8 8
5 6 5 30 20
6 8 14 112 40
7 10 42 420 70

Table1: Numberof uniquetetrahedraandpossilbe con gurationsfor edgeswapping
(takenfrom [3]).

rationsof setsof ve distinct non-coplanapoints[8, 10] (sinceeachinteriorfacein a
tetrahedrameshseparatetwo tetrahedrawhich containatotalof ve pointsbetween
them). These ve verticesmay be connectedo form two, threeor four tetrahedraas
shawvn in Figures4 and5. The mostcommoncon guration to ariseis con guration
in Figure4, but the otherscanall occurdependingon the geometryof the points
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T3 =A0CD T3 =ABOD
T4 =BDCO

D D
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Figure4: Possiblecon gurationsof ve pointswhereno four of the ve points are
coplanar

In thetwo con gurationsshavn in Figure4, nofour of the ve pointsarecoplanar
In con guration thepoint isin theinteriorof thecorvex hull formedby the points
, , and . Faceswappingis possibé only if the vepointsarein con guration
wherethe triangulaion may changefrom the to  or vice versa. In the three
con gurationsshown in Figure5, thepoints , , and arecoplanarandin con-
guration points , and arecolinear Faceswappingis possibé only if the ve
pointsarein con guration , wherecon gurations and  areinterchangeable.

Unlike with edgeswapping,wheremary possiblerecon gurationsare possble,
if afaceswap is possible(con gurations and in Figures4 and5 respectrely)
thenonly two possiblechoicesneedto be compared.This allows a simge andquick
comparisorto nd the onewith the lower enegy. Detailsof the way in which the
faceswappingcanbeimplementedn practicecanbefoundin [9, 10]. In [3, 4] face
swappingis the primary algorithmfor reconnectinghe meshand edgeswappingis
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Figureb: Possiblecon gurationsof ve pointswherefour of the ve pointsarecopla-
nar.

usedasa supplenentto it. The edgeswappingroutinesare alsousedas part of a
separatgrocedurespeci cally designedo remove poor quality tetrahedraut we do
not make useof this proceduren this work sincewe are motivatedonly by enegy
reduction.

4 Nodelnsertion

Themaindif culty with thenodemovementandedge/aceswappingstrategiesabore
is thatit is impossibleto know a priori how mary nodesor elementswill berequired
in orderto geta sufciently accuratenite elementsolution to any givenvariational
problem. Even an optimal meshwith a givennumberof nodesmay not be adequate
for obtaining a solution of a desiredaccurag. For this reasonsomeform of mesh
re nementis essential.

In this work we usethe regular re nementalgorithmimplementedn [13]. This
divideseachtetrahedraklementhatis to bere ned into eightchildrenby introducihng
nodesat the mid-poirts of eachedge. Eachnew nodeis thenconnectedo the other



two new nodeslying on eachfaceasillustratedin Figure6. The threenew edges
on eachfacemay be seento cut off four child elementsat the cornersof the parent
tetrahedronleaving an octahedrorat the centre. This may be dividedinto four more
child tetrahedraby addinga further edge(LJ in Figure 6) connectingtwo opposite
vertices. The choiceof which internaldiagonalto insertis important the approach
usedin [13] is to choosethe longestone but otherapproachesre possble (see,for
exampk, [11]).

T1= OUN

T2 = IKAL
T3 = JBKM
T4 = NMLC
T5 = JMKL
T6 = LIUN
T7 = LUK
T8 = LMJIN

Figure6: Regularre nementof atetrahedronnto 8 child tetrahedraby bisectingall
of theedges.

For theresultsthatarepresentedn the following sectionbothglobalandlocal re-
nement exampksareincluded. In the former casethe regularre nementalgorithm
aloneis sufcient however, whenlocal meshre nementis used,anadditioral re ne-
mentschemads requiredto dealwith the hangirg nodesthatareleft on anunre ned
elementwhich hasoneor moreneighbou thathasbeenre ned. In [13] thesecases
aredealtwith throughtheuseof anumberof so-calledyreenre nementstencilswhich
dealwith elementghathave oneor morehangingnode.

5 Numerical Results

In thissectionwe considetwo exampleproblemsof theform (1). The rst of thesesa
single equatior(i.e. ), andthesecondf theses asystentor which

5.1 ProblemOne
For aninitial testproblemwe considerthefollowing equation:

— _ (7)
subjectto the Dirichlet boundaryconditiors

(8)



througtout . Thisis chosensothat(8) is the exact solution of (7) throughout .
Hence,for ary given valueof the analyticsoluion, andthereforethe true enegy
minimum, areboth known (in this case is chosenandthe optimalvaluefor
theenegy is ).

Following the approachusedin [7] for testingthe two-dimensonal algorithm,we
begin by assessinghe performanceof three-dimensionanultilevel meshoptimiza-
tion whencombinedwith global -re nement. Initially the testproblemis solved on
aregularcoarsayrid of tetrahedraklementsThis meshis thenoptimizedlocally
using node movement and edge/ace swappingand the total enegy of the solution
reducesfrom to . However the numberof elementancreases
from to dueto the applicationof edge/aceswapping. Threelevels of uni-
form re nement, eachfollowed by optimizaton, thenyield soluions with enepies
of : and on mesheof , and ele-
mentsrespectiely. For eachof thesethreelevelsthe numberof elementsncreased
by slightly morethanafactorof eightdueto theedge/aceswapping.

To seethatthis nal meshis superiorto oneobtainedwithout multilevel optimiza-
tion the problemis thensolvedon athreelevel uniformre nementof theinitial mesh,
(with elementgherefore)to yield a solutionwith enegy . When
this meshis optimized however the enegy only decrease$o a value of
with anincreasen the numberof elementdo dueto edge/aceswapping.

We now demonstratehe potentialadvantagesof usinglocal re nementwith the
multilevel optimization. Startingwith the locally optimal elementgrid, a se-
guenceof threefurther mesheds obtainedthroughlocal -re nement (by re ning
thoseelementavhoselocal enegy exceeded of the maximumlocal enegy on
ary element)followed by local optimization. Thesemeshescontain ,
and tetrahedralelementsand the correspondingsolutions have enegies of

, and respectrely.

Finally, we demonstratéhe superiorityof this nal meshover oneobtainedusing
only local -re nementfollowed by local optimization at the end. This comesfrom

theobsenrationthatagrid of elementobtainedusingonly local -re nement
yields a solution enegy of and,whenthis is optimized, the solutionen-
ergy only reducedo . A summaryof all of thesecomputatioal resultsis

providedin Table2 andanillustration of the mesheobtainedusing multilevel opti-
mization with local -re nementis givenin Figure?.

5.2 ProblemTwo

Thesecondroblemthatwe consideiinvolvesthecalculationof thedisplacementld
for a threedimensonal linear elasticmodelof an overhangingcantilever beamwith
domain
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Elements| Enegy | Description
384 378.62763| Initial mesh.
407 62.113265
3330 | 51.223148| Multilevel optimizationand
27346 | 50.200687| global -re nement.

220769 | 50.048211

196608 | 67.278957| Global -re nementfollowed

197070 | 52.338504| by optimization.

407 62.113263
2931 | 51.226773| Multilevel optimizationand
18741 | 50.200292| local -re nement.

110170 | 50.043149

232140 | 54.813215| Local -re nementfollowed

233506 | 51.443760| by optimization.

Table2: Summaryof theresultsobtainedfor the rst testproblem(theglobalenegy
minimumis ).

The bottomhalf of the beamis x ed asillustratedby the shadedegion in Figure8
andtheenepy functionalis givenhby,

- — — _ _ (9)

Here,all repeatedufces aresummedrom to , C istheusualfourth orderelastic-
ity tensor chosento correspondo anisotropc materialwith a non-dimensioalized
Young's modulus anda Poissorratio , _ providesthe external
bodyforcesdueto gravity. Thesmallvalueof Poissonsratio is choserto ensurehat
thebeamdeformssigni cantly underits own weight. This makesthe problemsuitable
for meshadaptvity.

As beforewe begin by solving the problemon a uniform coarsemesh,this time
containirg elements. This meshis then optimized using the node movement
and edge/ace swappingalgorithmsto reducethe total enegy from to

. For this particularmeshthe edge/ace swappingkeepsthe numberof
elementsame.Threelevelsof uniformre nement,eachfollowedby meshoptimiza-

tion, areundertalen. This producesneshesvith , and elementsand
soluionswith enegiesof , and respectely.
We considertwo furthermesheof and elementsThe rst of theses

obtainedby globalre nementof theinitial uniform meshandthe secondy optimiz-
ing this meshdirectly. The enegiesof the solutionson thesemeshesare

and respectrely andsowe againobsenethesuperiorityof thehierarchical
approactwhen -re nementis combinedwith global -re nement.

As with the previousexample,our goalis to assesshe hybrid algorithmthatcom-
bines -re nement with local -re nement hencewe now considera sequenceof

11



meshesbtainedin this manner The rst meshis the sameoptimized mesh,con-
taining elementspusedasthe basisfor the globalre nementresults. The enegy
of the solutionon this meshis . Four further locally optimal meshesare
thenobtained gachtime via the useof local re nement(of thoseelementsvhoselo-
cal enegy exceeds of the maximum local enegy on ary element)followed by

meshoptimization. Thesemeshesontain , and elementsaand
yield solutionswith enepgiesof , , and
respectiely.

We againconcludeour exampleby illustratingtheadvantageof applyingthehybrid
approachhierarchicallyby contrastingit with the useof local -re nementalone,
possbly followedby asingleapplicationof -re nement.Were ne locally theinitial
meshof elementsin ve levels to achieve a meshof elements(again
usinga thresholdof for the local re nement). Thetotal enepgy of the solution
on this meshis . The meshis thenoptimized to reducethe total stored
enegyto , With anincreasechumberof elements, , dueto edge/aice
swapping As beforeit is clearthatthe quality of thelocally optimalmeshe®btained
in this manneris inferior to that of meshe®btainedusingthe hierarchicalapproach.
A summaryof all of thecomputatonsmadefor thistestproblemis providedin Table
3 andanillustration of the meshebtainedusingmultilevel optimizationwith local

-re nementis givenin Figure9.

Elements| Enegy | Description
192 -0.168295| Initial mesh
192 -0.208546
1548 -0.26773 | Multilevel optimizationand
12415 | -0.280849| global -re nement.
99349 | -0.285704
98304 | -0.272196| Global -re nementfollowed
98370 | -0.283207| by optimization.

192 -0.208546
958 -0.252279| Multilevel optimizationand
4529 | -0.267699| local -re nement.

15315 | -0.281052

48403 | -0.286102

132698 | -0.278015| Local -re nemenftollowed

132958 | -0.284321| by optimization.

Table3: Summaryof the resultsobtainedfor ProblemTwo (the global enegy mini-
mumis unknawn).
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6 Discussion

Thetwo examplesof the previous sectionhave clearlyillustratedthatthequality of the
nal meshproducedvhenusingthe proposedilgorithmis better in the sensahatthe
nite elementsolutionhasa lower enegy, thanthat obtainedby either -re nement

or -re nementalone.Furthermoret is demongiatedthatcombinng the meshopti-
mization with local -re nementis superiorto combinngit with global -re nement.

Finally, the advantageof usingthe hierarchicalapproachwherebyintermediatdevel
meshare optimized, is alsoapparent:an excellentcombination of small meshsizes

andlow enegiesfor thecorrespondingnite elementsolutionsbeingachieved.

It shouldbe notedthat, althoughquite complex to implementin  -d, theedge/ace
swappingcomponenbf the hybrid algorithm is crucial. This may be demonstrated,
for example by contrastingheresultsof Table2 with thoseobtainedor the sametest
problembut without the connectvity optimizaton stepincludedin Figurel. Such
modied resultsare presentedn Table 4 and clearly demonstrateéhe limitationsof
theadaptve algorithmwhenedge/aceswappingis neglected.

Elements| Enegy | Description
384 378.62763| Initial mesh.
384 104.85725
3072 | 59.907732| Multilevel optimizationand
24576 | 52.398871| global -re nement.

196608 | 50.755212

196608 | 67.279033| Global -re nementfollowed

196608 | 52.434265| by optimization.

384 104.85704
2655 | 59.902412| Multilevel optimizationand
16933 | 52.381223| local -re nement.

100866 | 50.746025

573834 | 54.885230| Local -re nementfollowed

573834 | 51.332477| by optimization.

Table4: Summaryof the resultsobtainedfor the rst testproblemwithoutedge/ace
swapping(the globalenegy minimum is ).

To concludethis paperwe obsene that only two numericalexampleshave been
includedhereandthatfurtherwork is likely to berequiredto ensureherobustnesof
the proposedalgorithmfor a wide variety of application problems.In particular it is
likely thatthe meshre nementtechniqueusedherewill be sub-optmal for problems
with highly anisotropt solutions,whichmaywell bene t from amoreanisotropic -d
re nementalgorithm, suchas[1] for exampk. It is alsopossilte thatdifferentcriteria
couldbe usedfor decidingwhich elementshouldbe locally re ned (e.g.basedupon
enegy gradientgatherthanenegy values)in orderto enhancehetechniquefurther.
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Nevertheless the provisional implemenation andresultspresentederesuggesthat
this approachhassigni cant potentialandthatfurtherresearchs indeedlikely to be
fruitful.
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Figure 7: An initial locally optimised mesh (top left) followed by a sequenceof
meshe®btainedoy combinaionsof local -re nementwith -re nementfor the rst
testproblem.

Figure8: An illustrationof the overhangiig cantilever beam
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Figure9: A sequencef meshe®btainedby combinationf local -re nementwith
-re nementfor the secondestproblem.
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