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Abstract

This paperinvestigatestheadaptive �nite elementsolutionof a generalclassof vari-
ationalproblemsin threedimensions usinga combinationof nodemovement,edge
swapping, faceswappingandnodeinsertion.Theadaptivestrategy proposedis agen-
eralizationof previouswork in two dimensions andis basedupontheconstructionof
a hierarchyof locally optimalmeshes.Resultspresented,both for a singleequation
andasystemof coupledequations,suggestthatthisapproachis ableto producebetter
meshesof tetrahedrathanthoseobtainedby moreconventionaladaptivestrategiesand
in a relatively ef�cient manner.

Keywords: �nite elements,variationalproblems,meshoptimization, tetrahedralele-
ments,nodemovement,edgeswapping,nodeinsertion.

1 Intr oduction

In thispaperwepresentanextension of ourpreviouswork onmeshoptimization,pre-
sentedin [7], from two spacedimensionsto three.Theapproachthatwe follow is to
considertheadaptive�nite elementsolution of ageneralclassof variational problems
usinga combinationof nodemovement,edgeswapping,faceswappingandnodein-
sertion.Theparticularadaptiveschemethatis usedis basedupontheconstructionof
ahierarchyof locally optimal tetrahedralmeshesstartingwith acoarsegrid for which
the locationandconnectivity of thenodesis optimized. This grid is thenlocally re-
�ned andthenew meshis optimizedin thesamemanner.

Theclassof problemthatwe considerin this work maybeposedin thefollowing
form (or similar, accordingto theprecisenatureof theboundaryconditions):
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for someenergy densityfunction
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. Here � is thedimen-
sionof theproblemand � is thedimension of thedependentvariable

�

. Physically this
variational form maybeusedto modelproblemsin linearandnonlinearelasticity, heat
andelectricalconduction,motionby meancurvatureandmany more.Throughoutthis
paperwe restrictourattentionto thethree-dimensional casewhere ����� .

For variationalproblemsof theform (1), thefactthattheexactsolutionminimizes
theenergy functionalprovidesanaturaloptimality criterionfor thedesignof computa-
tionalgridsusing � -re�nement(de�nedhereto includebothnoderelocationandmesh
reconnection).Indeed,the ideaof locally minimising theenergy with respectto the
locationof theverticesof a meshof �x edtopologyhasbeenconsideredby a number
of authors(e.g.[2],[14]), ashasthe approachof locally minimising the energy with
respectto theconnectivity of a meshwith �x edvertices(e.g.[12]). All of this work
hasbeenundertaken in only two spacedimensions however and,to our knowledge,
this is the �rst work in which meshoptimizationwith respectto thesolutionenergy
hasbeenattemptedfor unstructuredtetrahedralmeshesin threespacedimensions.

Thealgorithmthatweuseconsistsof anumberof sweepsthrougheachof thenodes
in turn until convergenceis achieved. At the beginning of eachsweepthe gradient,
with respectto theposition of eachnode,of theenergy functional
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is found(where
�

�

is the latestpiecewise linear �nite elementsolution). Wheneach
nodeis visited the directionof steepestdecentis usedin order to determinealong
which line the nodeshouldbe moved. The distancethat the nodeis moved along
this line is computedusinga one-dimensional constrainedminimizationof (2), and
oncethis new position for the nodehasbeenfound the valueof the solution at that
nodeis updatedby solving a local problem. Oncethis updateis completethe same
processis undertakenfor thenext nodeandwheneachnodehasbeenvisitedthesweep
is complete.Provided convergencehasnot beenachieved the next sweepmay then
begin.

Onceconvergencewith respectto the position of eachnodehasbeenachieved a
further reductionin the energy of thesolution is soughtby the useof edgeandface
swapping. In threedimensionstherearea large numberof differentwaysin which
the local connectivity of the nodesmay be altered,seefor example[3, 5, 8, 9]. In
this work we usethe sameedgeand faceswappingstencilsas [3, 4], whosework
is restrictedto improving the geometricquality of the meshratherthanminimizing
energy aswedohere.

Of coursethe positions of the nodesarelikely to be no longerlocally optimal at
this point dueto theedge/faceswapping. Henceit is necessaryto alternatebetween
the nodemovement and the swappingalgorithms until the whole processhascon-
verged(at leastapproximately).At this stagewe allow theapplicationof local mesh
re�nementto obtainanew meshat thenext level whichmustitself now beoptimized.
Theprocessis completewheneithera desiredaccuracy hasbeenobtainedor a max-
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Stop= false
repeat

repeat
undertakenodeoptimization
undertakeconnectivity optimization

until converged
if (accuracy satisfactory)or (maximummeshsizereached)then

Stop= true
else

re�ne mesh
solvediscreteproblemonnew mesh

endif
until Stop

Figure1: Overview of proposedmeshoptimization algorithmfor the �nite element
solution of (1).

imum numberof nodesor elementshasbeenreached.Figure1 illustratestheoverall
algorithm proposed.

2 NodeMovement

A necessaryconditionfor theposition of eachnodeof thetetrahedralmeshto beop-
timal is thatthederivativeof theenergy functionalwith respectto eachnodalposition
is zero.Like theapproachesof [7, 14] ouralgorithmseeksto reducetheenergy func-
tional monotonically by moving eachnodein turn until the derivative with respect
to the position of eachnodeis zero. Whilst this doesnot guaranteewith absolute
certaintythat a local minimum (asopposedto a saddlepoint or a local maximum)
is reached,thepresenceof roundingerrorscombinedwith thedownhill natureof the
techniqueensuresthatin practiceany otheroutcomeis almostimpossible.

As indicatedabovethenodeoptimizationphaseof theoverallalgorithmin Figure1
consists of anumberof sweepsthrougheachof thenodesin turnuntil convergenceis
achieved.At thebeginningof eachsweepthegradient,with respectto thepositionof
eachnode,of theenergy functional(2) is found.This is doneusingthesameapproach
asdescribedin [7], basedupon[6]. In [6] it is provedthat if � � is theposition vector
of node
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where
�

� is the usuallocal piecewise linear basisfunction at node
�

, �

��� is the
$

th

componentof � � (
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representsthederivativeof
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with respectto its !
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argument,othersuf�ces representcomponentsof tensors,
	

��� is the Kronecker delta
andrepeatedsuf�ces imply summation (�	� � to � and ��� � to � ). Notethatusing
(3) thegradientswith respectto all of theverticesin themeshmaybeassembledin
a singlepassof theelements.Thesegradientsarethensortedby magnitudeandthe
nodesvisitedoneata time,startingwith thelargestgradient.

Wheneachnodeis visitedthedirectionof steepestdescent,
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(4)

is usedin orderto determinealongwhichline thenodeshouldbemoved. Thedistance
thatthenodeis movedalongthis line is computedusingaone-dimensionalminimiza-
tion of theenergy subjectto theconstraintthat thenodeshould not move morethan
a proportion � ( ������� � ) of the distancefrom its initial position to its nearest
neighbour. Onceanew position for thenodehasbeenfoundthevalueof thesolution,

�

� say, at thatnodemustbeupdatedby solving thelocalproblem
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(5)

Here �

� is the union of all elementswhich have node
�

as a vertex and Dirichlet
conditionsareimposedon

�

�

� usingthelatestvaluesfor
�

�

. All nodesin thesorted
list (baseduponthemagnitudeof thegradientin (4)) areupdatedin thisway in turn in
orderto completea singlesweepof thenodeoptimizationstep.A numberof sweeps
aregenerallytakenin orderto converge,at leastapproximately, to anoptimal solution.

Using the above approachthe interior nodesmay move in any directionhowever
a slight modi�cation is requiredfor nodeson the boundaryof � . Thesenodesmay
only be moved tangentiallyalongthe boundaryandeven thenthis is subjectto the
constraintthatthedomainremainsunaltered.Wherethisconstraintis notviolatedthe
downhill directionof motion alongthe boundaryis easilycomputedby projecting �

from (4) onto the local tangentof theboundary. The one-dimensional minimization
in this directionis thencompletedasfor any othernode.On Dirichlet boundariesthe
updatedvalueof

�

is of courseprescribedhowever on any othertypeof boundaryit
mustbecomputedby solvinga localproblemof thesameform as(5).

3 Optimizing Connectivity

In threedimensions tetrahedralmeshconnectivities may be alteredeitherby under-
taking so-callededge swapsor face swaps. In this work we make useof both of
thesetechniquesby exploiting their implementationwithin the GRUMMP software
package,describedin [3, 4]. Thissoftwareseeksto optimizethree-dimensionalmesh
connectivity basedupongeometriccriteriasuchasangleconditionsandsimilar quali-
tativemeshqualitymeasures.Sincethesourcecodeis publicly availableit is possible
to modify this in orderto undertakeoptimizationof themeshconnectivity basedupon
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ourown criteria: speci�cally minimizationof theenergy functional(2) onthepatches
of elementssurrounding anedgeor a facerespectively. Thetwo algorithms usedfor
edgeandfaceswappingarenow brie�y described.

3.1 EdgeSwapping

Edgeswappingin threedimensions is not really a swap but a removal of an edge
followed by its replacementby one,two or many edgesdependinguponhow many
elementssurroundthatedge(seeFigure2 for example). Edgeswappingrecon�gures
the

�

tetrahedraincidenton anedgeof themeshby removing thatedgeandreplac-
ing these

�

tetrahedraby �

�


�� new tetrahedra.As anexample, consideran initial
con�gurationwith � ve tetrahedraincidentto anedge.Theleft sideof Figure2 shows
� ve tetrahedraincidentto an edgeOP andthe right sideshows onepossible recon-
�guration of this sub-meshinto six tetrahedra.This new con�guration is speci�edby
de�ning three“equatorialtriangles”,i.e. which arenot incidenton eitherof vertices

�

and � . In Figure2 thesetrianglesare � ���

� , �����

� and � �

�	� . Therearefour other
possible con�gurationsfor this case(eachcorrespondingto a differentsetof equato-
rial triangles),which canbeobtainedby rotatingtheinterior trianglein Figure2. As
edgeswappingreplaces

�

original tetrahedrainto �

�



� tetrahedra,when
���

�

moreelementsarecreatedthanareremoved.For all of the�gures in thissectionsolid
linesareusedto show thefront view of thediagram,lineswith dashesshow theback
of thediagramanddottedlinesareusedin theinteriorof theconvex hull of thepoints.
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Figure2: Edgeswappingfor 5 tetrahedrato 6, whereedge
�

� is surroundedby 5
tetrahedra.

In addition, the numberof possiblewaysthat elementscanbe reconnectedafter
deletinganedgeincreaseswith

�

andis givenby
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(see[5]). When
�

�

� thisgivesthe� vepossibilities notedin thepreviousparagraph.
However, as

�

grows the numberof possible con�gurationsgrows very rapidly and
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so, following [3, 4], only edgeswith
�

��� areconsideredascandidatesfor edge
swapping. Thepossiblecon�gurationsfor ���

�

��� areshown diagrammaticallyin
Figure3, whereequatorialtrianglesareshown alongwith thenumberof uniquerota-
tionsfor eachcon�guration. An optimizationmethodthereforehasto searchthrough
a largenumberof connectivity permutationsfor large

�

in orderto determinewhich
recon�gurationof theoriginal

�

tetrahedrahasthe lowestenergy. For this it is nec-
essaryto computetheenergy for eachtetrahedronin eachcon�guration. Fortunately,
when

�

is large,thenumberof uniquetetrahedrais muchsmallerthanthenumber of
con�gurationstimesthenumberof tetrahedrasincemany tetrahedraappearin more
thanonecon�guration. This is shown in Table1 (taken from [3]) andmeansthat
the costof performinga local meshoptimization is not quiteashigh as(6) initially
suggests.
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Figure 3: Equatorialtrianglesafter swappingedgeOP, surroundedby 4,5,6 and 7
tetrahedra,including thenumberof uniquerotationsfor eachcon�gurationshown.

3.2 FaceSwapping

Faceswappingis cheaperto execute,althoughpossibly morecomplicatedto imple-
ment,thanedgeswappingin threedimensions. It is baseduponthepossiblecon�gu-
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Tetsbefore Tetsafter Con�gurations Tets
�

con�gs Uniquetets
4 4 2 8 8
5 6 5 30 20
6 8 14 112 40
7 10 42 420 70

Table1: Numberof uniquetetrahedraandpossible con�gurationsfor edgeswapping
(takenfrom [3]).

rationsof setsof � vedistinct non-coplanarpoints[8, 10] (sinceeachinterior facein a
tetrahedralmeshseparatestwo tetrahedra,whichcontainatotalof � vepointsbetween
them). These� ve verticesmaybeconnectedto form two, threeor four tetrahedraas
shown in Figures4 and5. Themostcommoncon�guration to ariseis con�guration

� in Figure4, but the otherscanall occurdependingon the geometryof the points
��� 
�� �

.
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T3 = AOCD

T1 = ABCO
T2 = ABCD
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Figure4: Possiblecon�gurationsof � ve pointswhereno four of the � ve points are
coplanar.

In thetwo con�gurationsshown in Figure4, nofour of the� vepointsarecoplanar.
In con�guration � thepoint

�

is in theinteriorof theconvex hull formedby thepoints
�

,



,
�

and
�

. Faceswappingis possible only if the� ve pointsarein con�guration
� wherethe triangulation may changefrom the

�

to
�

or vice versa. In the three
con�gurationsshown in Figure5, thepoints

�

,
�

,



and
�

arecoplanar, andin con-
�guration � points

�

,
�

and



arecolinear. Faceswappingis possibleonly if the� ve
points arein con�guration � , wherecon�gurations �

�

and �

�

areinterchangeable.

Unlike with edgeswapping,wheremany possiblerecon�gurationsare possible,
if a faceswap is possible(con�gurations � and � in Figures4 and 5 respectively)
thenonly two possiblechoicesneedto becompared.This allows a simple andquick
comparisonto �nd the onewith the lower energy. Detailsof the way in which the
faceswappingcanbeimplementedin practicecanbefoundin [9, 10]. In [3, 4] face
swappingis the primary algorithmfor reconnectingthe meshandedgeswappingis
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Figure5: Possiblecon�gurationsof � vepointswherefour of the� vepointsarecopla-
nar.

usedasa supplement to it. The edgeswappingroutinesarealsousedaspart of a
separateprocedurespeci�cally designedto removepoorquality tetrahedrabut we do
not make useof this procedurein this work sincewe aremotivatedonly by energy
reduction.

4 NodeInsertion

Themaindif�culty with thenodemovementandedge/faceswappingstrategiesabove
is thatit is impossibleto know a priori how many nodesor elementswill berequired
in orderto geta suf�ciently accurate�nite elementsolution to any givenvariational
problem.Evenanoptimalmeshwith a givennumberof nodesmaynot beadequate
for obtaining a solution of a desiredaccuracy. For this reasonsomeform of mesh
re�nementis essential.

In this work we usethe regular re�nementalgorithmimplementedin [13]. This
divideseachtetrahedralelementthatis to bere�ned into eightchildrenby introducing
nodesat themid-points of eachedge.Eachnew nodeis thenconnectedto theother
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two new nodeslying on eachfaceas illustratedin Figure6. The threenew edges
on eachfacemay be seento cut off four child elementsat the cornersof the parent
tetrahedron,leaving anoctahedronat thecentre.This maybedividedinto four more
child tetrahedraby addinga further edge(LJ in Figure6) connectingtwo opposite
vertices.The choiceof which internaldiagonalto insert is important: the approach
usedin [13] is to choosethe longestonebut otherapproachesarepossible (see,for
example, [11]).
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A B A
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1 : 8
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T3 =  JBKM

T5 =  JMKL
T6 =  LIJN
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��� �

���

���

	�	
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��

Figure6: Regularre�nementof a tetrahedroninto 8 child tetrahedra,by bisectingall
of theedges.

For theresultsthatarepresentedin thefollowing sectionbothglobalandlocal re-
�nement examplesareincluded.In theformercasetheregular re�nementalgorithm
aloneis suf�cient however, whenlocal meshre�nementis used,anadditional re�ne-
mentschemeis requiredto dealwith thehanging nodesthatareleft on anunre�ned
elementwhich hasoneor moreneighbour thathasbeenre�ned. In [13] thesecases
aredealtwith throughtheuseof anumberof so-calledgreenre�nementstencilswhich
dealwith elementsthathaveoneor morehangingnode.

5 Numerical Results

In thissectionweconsidertwoexampleproblemsof theform(1). The�rst of theseisa
singleequation(i.e. � ��� ), andthesecondof theseis asystemfor which � ����� � .

5.1 ProblemOne

For aninitial testproblemweconsiderthefollowingequation:
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(7)

subjectto theDirichlet boundaryconditions
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���������

���

(8)
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throughout
�

� . This is chosenso that (8) is the exact solution of (7) throughout� .
Hence,for any given valueof � the analyticsolution, andthereforethe true energy
minimum,arebothknown (in this case�

� �




� � is chosenandtheoptimalvaluefor
theenergy is

�

�

�

�




� � � � ).

Following theapproachusedin [7] for testingthetwo-dimensionalalgorithm,we
begin by assessingthe performanceof three-dimensionalmultilevel meshoptimiza-
tion whencombinedwith global � -re�nement. Initially thetestproblemis solved on
a regularcoarsegrid of � �

� tetrahedralelements.Thismeshis thenoptimizedlocally
usingnodemovementandedge/faceswappingand the total energy of the solution
reducesfrom �

�

�




�

�

�

�

� to
�

�




� � � �

�

� . However the numberof elementsincreases
from � �

� to �

�

� dueto the applicationof edge/faceswapping. Threelevels of uni-
form re�nement, eachfollowed by optimization, thenyield solutions with energies
of �

�
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� , �
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� � �
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� and �
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�

�

� � � � on meshesof � � � � , �

�

�

�

�

and � � �

�

���

ele-
mentsrespectively. For eachof thesethreelevels the numberof elementsincreased
by slightly morethana factorof eightdueto theedge/faceswapping.

To seethatthis �nal meshis superiorto oneobtainedwithoutmultilevel optimiza-
tion theproblemis thensolvedonathreelevel uniformre�nementof theinitial mesh,
(with �

�����

� � elementstherefore),to yield a solutionwith energy
�

�




�

�

�

�

� � . When
this meshis optimized however the energy only decreasesto a valueof �

�
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�

�

� ,
with anincreasein thenumberof elementsto �

�

�

�

�

� dueto edge/faceswapping.

We now demonstratethe potentialadvantagesof usinglocal re�nement with the
multilevel optimization. Startingwith the locally optimal � �

� elementgrid, a se-
quenceof threefurther meshesis obtainedthroughlocal � -re�nement (by re�ning
thoseelementswhoselocal energy exceeded

�

��� of the maximumlocal energy on
any element)followed by local optimization. Thesemeshescontain �

�

� � , � �

� �

�

and � � � �

�

� tetrahedralelementsand the correspondingsolutions have energies of
�
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� and �
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�

�

� �
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�

respectively.

Finally, we demonstratethesuperiorityof this �nal meshover oneobtainedusing
only local � -re�nementfollowedby local optimizationat theend. This comesfrom
theobservationthatagrid of � � � �

�

� elementsobtainedusingonly local � -re�nement
yields a solution energy of � �




� � � � �

� and,whenthis is optimized, the solutionen-
ergy only reducesto �

�




� �

�

�

�

� . A summaryof all of thesecomputational resultsis
providedin Table2 andan illustration of themeshesobtainedusingmultilevel opti-
mization with local � -re�nementis givenin Figure7.

5.2 ProblemTwo

Thesecondproblemthatweconsiderinvolvesthecalculationof thedisplacement�eld
for a threedimensional linearelasticmodelof an overhangingcantilever beamwith
domain
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Elements Energy Description
384 378.62763 Initial mesh.
407 62.113265
3330 51.223148 Multi level optimizationand
27346 50.200687 global � -re�nement.
220769 50.048211
196608 67.278957 Global � -re�nementfollowed
197070 52.338504 by optimization.

407 62.113263
2931 51.226773 Multi level optimizationand
18741 50.200292 local � -re�nement.
110170 50.043149
232140 54.813215 Local � -re�nementfollowed
233506 51.443760 by optimization.

Table2: Summaryof theresultsobtainedfor the�rst testproblem(theglobalenergy
minimumis �

�




� � � � ).

The bottomhalf of the beamis �x ed asillustratedby the shadedregion in Figure8
andtheenergy functionalis givenby,
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(9)

Here,all repeatedsuf�ces aresummedfrom � to � , C is theusualfourthorderelastic-
ity tensor, chosento correspondto an isotropic materialwith a non-dimensionalized
Young's modulus

�

� � � � anda Poissonratio � � �




� � � , ��� providesthe external
bodyforcesdueto gravity. Thesmallvalueof Poisson's ratio is chosento ensurethat
thebeamdeformssigni�cantly underits own weight.Thismakestheproblemsuitable
for meshadaptivity.

As beforewe begin by solving the problemon a uniform coarsemesh,this time
containing �

�

� elements. This meshis then optimized using the nodemovement
and edge/faceswappingalgorithmsto reducethe total energy from 
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� to
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� �

�

. For this particularmeshthe edge/faceswappingkeepsthe numberof
elementssame.Threelevelsof uniformre�nement,eachfollowedby meshoptimiza-
tion,areundertaken.Thisproducesmesheswith �

� �

� , ���

�

�

� and
���

�

�

�

elementsand
solutionswith energiesof 
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� respectively.

Weconsidertwo furthermeshesof
�

� � �

� and
�

� �

�

� elements.The�rst of theseis
obtainedby globalre�nementof theinitial uniformmeshandthesecondby optimiz-
ing this meshdirectly. Theenergiesof thesolutionson thesemeshesare 


�




�

�

� �

���

and 


�




� � � � �

� respectivelyandsoweagainobservethesuperiorityof thehierarchical
approachwhen � -re�nementis combinedwith global � -re�nement.

As with thepreviousexample,ourgoalis to assessthehybridalgorithmthatcom-
bines � -re�nement with local � -re�nement hencewe now considera sequenceof
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meshesobtainedin this manner. The �rst meshis the sameoptimized mesh,con-
taining �

�

� elements,usedasthebasisfor theglobal re�nementresults.Theenergy
of the solutionon this meshis 


�




� � �

� �

�

. Four further locally optimal meshesare
thenobtained,eachtime via theuseof local re�nement(of thoseelementswhoselo-
cal energy exceeds

�

��� of the maximum local energy on any element)followedby
meshoptimization. Thesemeshescontain

�

�

� , �	�

�

�

, �

�

� �

� and �

�

�

� � elementsand
yield solutionswith energiesof 


�




�

�

� �

�

�

, 


�




�

�

�

���
�

, 


�




� � � �

�

� and 


�




� �

�

� � �

respectively.

Weagainconcludeourexampleby illustratingtheadvantageof applyingthehybrid
approachhierarchicallyby contrastingit with the useof local � -re�nement alone,
possibly followedby asingleapplicationof � -re�nement.Were�ne locally theinitial
meshof �

�

� elementsin � ve levels to achieve a meshof � � �

�
�

� elements(again
usinga thresholdof

�

��� for the local re�nement). The total energy of the solution
on this meshis 


�




�

�

� � �

� . The meshis thenoptimized to reducethe total stored
energy to 


�




� �

�

� � � , with anincreasednumberof elements,� � �

�

�

� , dueto edge/face
swapping. As beforeit is clearthatthequalityof thelocally optimalmeshesobtained
in this manneris inferior to thatof meshesobtainedusingthehierarchicalapproach.
A summaryof all of thecomputationsmadefor this testproblemis providedin Table
3 andan illustrationof themeshesobtainedusingmultilevel optimizationwith local

� -re�nementis givenin Figure9.

Elements Energy Description
192 -0.168295 Initial mesh
192 -0.208546
1548 -0.26773 Multilevel optimizationand
12415 -0.280849 global � -re�nement.
99349 -0.285704
98304 -0.272196 Global � -re�nementfollowed
98370 -0.283207 by optimization.
192 -0.208546
958 -0.252279 Multilevel optimizationand
4529 -0.267699 local � -re�nement.
15315 -0.281052
48403 -0.286102
132698 -0.278015 Local � -re� nementfollowed
132958 -0.284321 by optimization.

Table3: Summaryof theresultsobtainedfor ProblemTwo (theglobalenergy mini-
mumis unknown).
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6 Discussion

Thetwo examplesof theprevioussectionhaveclearlyillustratedthatthequalityof the
�nal meshproducedwhenusingtheproposedalgorithmis better, in thesensethatthe
�nite elementsolutionhasa lower energy, thanthatobtainedby either � -re�nement
or � -re�nementalone.Furthermoreit is demonstratedthatcombining themeshopti-
mization with local � -re�nementis superiorto combining it with global � -re�nement.
Finally, theadvantageof usingthehierarchicalapproach,wherebyintermediatelevel
meshareoptimized, is alsoapparent:an excellentcombination of smallmeshsizes
andlow energiesfor thecorresponding�nite elementsolutionsbeingachieved.

It shouldbenotedthat,althoughquitecomplex to implementin � -d, theedge/face
swappingcomponentof the hybrid algorithm is crucial. This maybe demonstrated,
for example,by contrastingtheresultsof Table2 with thoseobtainedfor thesametest
problembut without the connectivity optimization stepincludedin Figure1. Such
modi�ed resultsarepresentedin Table4 andclearly demonstratethe limitationsof
theadaptivealgorithmwhenedge/faceswappingis neglected.

Elements Energy Description
384 378.62763 Initial mesh.
384 104.85725
3072 59.907732 Multi level optimizationand
24576 52.398871 global � -re�nement.
196608 50.755212
196608 67.279033 Global � -re�nementfollowed
196608 52.434265 by optimization.

384 104.85704
2655 59.902412 Multi level optimizationand
16933 52.381223 local � -re�nement.
100866 50.746025
573834 54.885230 Local � -re�nementfollowed
573834 51.332477 by optimization.

Table4: Summaryof theresultsobtainedfor the�rst testproblemwithoutedge/face
swapping(theglobalenergy minimum is �

�




� � � � ).

To concludethis paperwe observe that only two numericalexampleshave been
includedhereandthatfurtherwork is likely to berequiredto ensuretherobustnessof
theproposedalgorithmfor a wide varietyof application problems.In particular, it is
likely thatthemeshre�nementtechniqueusedherewill besub-optimal for problems
with highly anisotropic solutions,whichmaywell bene�t from amoreanisotropic� -d
re�nementalgorithm, suchas[1] for example. It is alsopossible thatdifferentcriteria
couldbeusedfor decidingwhichelementsshouldbelocally re�ned (e.g.basedupon
energy gradientsratherthanenergy values)in orderto enhancethetechniquefurther.
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Nevertheless,theprovisional implementationandresultspresentedheresuggestthat
this approachhassigni�cant potentialandthat furtherresearchis indeedlikely to be
fruitful.
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Figure 7: An initial locally optimised mesh(top left) followed by a sequenceof
meshesobtainedby combinationsof local � -re�nementwith � -re�nementfor the�rst
testproblem.
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Figure8: An illustrationof theoverhanging cantileverbeam
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Figure9: A sequenceof meshesobtainedby combinationsof local � -re�nementwith
� -re�nementfor thesecondtestproblem.
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