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Abstract

In this paper we consider the adaptive finite element solution of
a general class of variational problems using a combination of
node insertion, node movement and edge swapping. The adap-
tive strategy that is proposed is based upon the construction of a
hierarchy of locally optimal meshes starting with a coarse grid
for which the location and connectivity of the nodes is opti-
mized. This grid is then locally refined and the new mesh is
optimized in the same manner. Results presented indicate that
this approach is able to produce better meshes than those possi-
ble by more conventional adaptive strategies and in a relatively
efficient manner.

1 Introduction

Automatic mesh generation is an important computational tool
for the finite element analysis of a wide variety of engineering
problems ranging from structural analysis through to compu-
tational fluid dynamics for example. For many of these prob-
lems the use of unstructured grids offers many advantages over
structured grids, such as permitting the straightforward triangu-
lation of geometrically complex domains or allowing the mesh
density to be adapted according to the behaviour of the solution.
In this paper we are concerned mainly with the latter of these
properties of unstructured grids: the natural manner in which
numerous forms of mesh adaptivity are permitted.

Broadly speaking mesh adaptivity algorithms may cate-
gorised as belonging to one of two classes. The first of these,
generally referred to as

�
-refinement, involves adding vertices

and elements to the mesh in some manner. This may be through
local refinement (e.g. [10]) or through more global remesh-
ing (e.g. [14]) but has the general aim of increasing the num-
ber of vertices and elements in those regions of the domain
where some measure of the error is unacceptably high. The
second class of approach, often referred to as � -refinement,
adapts the mesh in such a way that the number of vertices
and elements remains essentially unchanged. This is typically
achieved through the use of node movement (e.g. [7, 8]), where
the mesh is continuously deformed so as to increase the den-
sity of vertices in those regions of the domain with the highest
errors, or through the use of edge swapping (e.g. [11]), where
the number and position of the vertices is held fixed but the
way in which they are connected together is allowed to change.
(There is also a third class of adaptive algorithm, known as � -

refinement, which involves increasing the degree of the finite
element approximation space on a fixed mesh, however we do
not consider this approach here. See, for example, [1] or [15]
for further details.)

In this paper we present a new hybrid algorithm that com-
bines the local insertion and movement of vertices with the lo-
cal swapping of edges in order to attempt to obtain optimal fi-
nite element meshes for a general class of problem. These are
variational problems which may be posed in the followingform
(or similar, according to the precise nature of the boundary con-
ditions):
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for some energy density function �)(+*-,/.0*21�.0*2,�3
1245* .
Physically this variational form may be used to model problems
in linear and nonlinear elasticity, heat and electrical conduction,
motion by mean curvature and many more (see, for example,
[2],[7],[8]). Throughout this paper we restrict our attention to
the two-dimensional case where 687:9 .

For variational problems of the form (1), the fact that the ex-
act solution minimises the energy functional provides a natural
optimality criterion for the design of computational grids us-
ing � -refinement. Indeed, the idea of locally minimising the
energy with respect to the location of the vertices of a mesh
of fixed topology has been considered by a number of authors
(e.g. [5],[13]), as has the approach of locally minimising the en-
ergy with respect to the connectivity of a mesh with fixed ver-
tices (e.g. [11]). Accordingly, the specific algorithms that we
use for node movement are generalizations of those used in [6]
and [13], and the edge swapping is based upon [11]. Full de-
tails of these algorithms and how they are combined with local�

-refinement are presented in the following section.
In section 3 it is then demonstrated that combining the above

� -refinement and
�

-refinement approaches in an appropriate
manner allows locally optimal grids to be obtained which are
better (in terms of energy minimisation) than using either strat-
egy alone. The approach taken is to start with a very coarse
mesh which is optimised using � -refinement. This is then re-
fined locally to create a new mesh with a greater number of el-
ements and vertices which can itself be optimised. By repeat-
ing this process a number of times a hierarchy of locally op-
timal meshes is obtained. Since the initial mesh at each level
of the hierarchy is produced by local refinement of an optimal
mesh at the previous level it follows that this typically provides
a reliable starting point when optimising the new mesh. The re-
sults presented demonstrate that the proposed hybrid algorithm
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is able to provide a mesh which allows the solution of (1) to be
approximated to an arbitrary error tolerance using substantially
fewer vertices and elements than through

�
-refinement alone.

Furthermore, it is also demonstrated that, for a fixed size of
mesh, this multilevel approach invariably finds a better locally
optimal solution than is obtained by applying � -refinement di-
rectly to a regular starting mesh of the same fixed size.

The paper concludes with a discussion of the strengths and
weaknesses of the the proposed hybrid algorithm for obtaining
locally optimal meshes and a short discussion of necessary fur-
ther work.

2 Multilevel adaptivity

In this section we consider the adaptive finite element solution
of problems of the form (1), first using � -refinement and then
adding

�
-refinement to obtain a sequence of optimal meshes.

The � -refinement approach is described first and consists of a
combination of node movement and edge swapping in order to
minimize the energy functional for a given size of mesh. In
this work the mesh may be any triangulation of the domain � ,
which is assumed to be a subset of *

�
(i.e. 6 7 9 in equation

(1)), and we only consider picewise linear finite element trial
functions.

2.1 Locally optimal meshes

We define a locally optimal mesh for the finite element solution
of (1) to be a mesh with the following properties.

1. There exists some number ����� such that if any node
is displaced by any distance �	�
� in any direction (sub-
ject to the constraint that a boundary node remains on the
boundary and the domain is not altered) the finite element
solution on the new mesh has an energy which is no less
than the energy of the finite element solutionon the locally
optimal mesh.

2. By noting that each internal edge of a triangulation is
shared by exactly two triangles then, if the union of these
two triangles is a convex quadrilateral, we may obtain a
modified triangulation by swapping the diagonal of this
quadrilateral, as shown in Figure 1. The finite element so-
lution on any such modified triangulation has an energy
which is no less than the energy of the finite element solu-
tion on the locally optimal mesh.

In order to obtain such a mesh from a given starting mesh we
use an approach which is based heavily on that of [13]. This ap-
proach combines node movement and edge swapping in a man-
ner which only requires the solution of local problems in order
to converge to a global solution of the full problem, (1), on a lo-
cally optimal grid. For clarity we describe the node movement
and the edge swapping algorithms separately and then discuss
how they may be combined.

A necessary condition for the position of each node of the
triangulation to be optimal is that the derivative of the energy
functional with respect to each nodal position is zero. Like
the approach of [13] our algorithm seeks to reduce the energy
functional monotonically by moving each node in turn until
the derivative with respect to the position of each node is zero.

Figure 1: An illustration of the modification of a mesh by the
swapping of a single edge.

Whilst this does not guarantee with absolute certainty that we
reach a local minimum (as opposed to a saddle point or even
a local maximum), the presence of rounding errors combined
with the downhill nature of the technique ensures that in prac-
tice any other outcome is almost impossible.

The algorithm proposed consists of a number of sweeps
through each of the nodes in turn until convergence is achieved.
At the beginning of each sweep the gradient, with respect to the
position of each node, of the energy functional� 7

�
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is found (where !
�

is the latest piecewise linear finite element
solution). This is done using a slightly different approach to
that described in [13], based upon [8] instead. In [8] it is proved
that if 
 � is the position vector of node � then� �� 
 ��� 7

�
�
���
� � ����� � !

���
� � ��� � � ���

�! ��
� �#" ���%$ �  �'& &
�  (3)

where
 � is the usual local piecewise linear basis function at

node � , 
 �(� is the & th component of 
 � ( ��7*)  9 ), � � + repre-

sents the derivative of � with respect to its � th argument, other
suffices represent components of tensors, � ��� is the Kronecker
delta and repeated suffices imply summation ( , 7-) to 9 and. 7/) to 0 ). Note that using (3) the gradients with respect to
all of the vertices in the mesh may be assembled in a single pass
of the elements. These gradients are then sorted by magnitude
and the nodes visited one at a time, starting with the largest gra-
dient.

When each node is visited the direction of steepest decent,


 7 � � �� 
 �  (4)

is used in order to determine along which line the node should
be moved. The distance that the node is moved along this line is
computed using a one-dimensional minimization of the energy
subject to the constraint that the node should not move more
than a proportion 1 ( �324152
) ) of the distance from its initial
position to its opposite edge (see Figure 2). Once a new posi-
tion for the node has been found the value of the solution, ! �
say, at that node must be updated by solving the local problem

������7698 � � � � 6 ��� �  $! �  "# ! � %'& � : (5)

Here � � is the union of all elements which have node � as a ver-
tex and Dirichlet conditions are imposed on

� � � using the latest
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values for !
�
. Once this update is complete the same process

is undertaken for the next node in the sorted list and when each
node has been visited the sweep is complete. Provided conver-
gence has not been achieved the next sweep may then begin.

s

w

Figure 2: An illustration of local node movement: 
 is the di-
rection of steepest decent for the node motion and 1 represents
the maximum distance that the node may move in this direction.

Using the above approach the interior nodes could move
in any direction however a slight modification is required for
nodes on the boundary of � . These nodes may only be moved
tangentially along the boundary and even then this is subject to
the constraint that the domain remains unaltered. Where this
constraint is not violated the downhilldirection of motionalong
the boundary is easily computed by projecting 
 from (4) onto
the local tangent of the boundary. The one-dimensional min-
imization in this direction is then completed as for any other
node. On Dirichlet boundaries the updated value of ! � is of
course prescribed however on any other type of boundary it
must be computed by solving a local problem of the same form
as (5).

Once convergence with respect to the position of each node
has been achieved a further reduction in the energy of the so-
lution is sought by the use of edge swapping. Following [11]
a loop through each of the internal edges of the mesh is com-
pleted and, for each edge, the local energy on the two triangles
on either side is computed. The edge is then swapped in the
manner illustrated in Figure 1 and the new local energy over the
two triangles on either side is computed. If this energy is less
than the original local energy on the quadrilateral then the edge
swap is kept; otherwise it is rejected. Once the loop through
each of the edges has been completed it is repeated until there
is an entire pass for which no edges are swapped.

Of course the grid is unlikely to be locally optimal at this
point since the edge swapping will generally cause the node lo-
cations to become sub-optimal. Hence it is necessary to alter-
nate between the node movement and the edge swapping algo-
rithms until the whole process has converged. The downhillna-
ture of each step in the process guarantees that this will eventu-
ally occur. Despite this guarantee however, for pragmatic rea-
sons it is useful to be able to impose a small number of addi-
tional constraints on the allowable meshes. For example, in our
implementation of the edge swapping algorithm parameters are
provided for the maximum number of edges that may be con-
nected to a single node and for the smallest angle allowed in any
triangle. Similarly, for the node movement algorithm a param-

eter is provided to specify the smallest area allowed for any ele-
ment (and any triangle which shrinks to a size below this thresh-
old is removed from the mesh by a simple element/node dele-
tion algorithm). Numerous other such parameters could also be
included.

2.2 Local mesh refinement

The main difficultywith the � -refinement strategy introduced in
the previous subsection is that it is impossible to know a priori
how many nodes or elements will be required in order to get a
sufficiently accurate finite element solution to any given vari-
ational problem. Even an optimal mesh with a given number
of nodes may not be adequate for obtaining a solution of a de-
sired accuracy. For this reason some form of mesh refinement
is essential.

In [13] global mesh refinement is combined with � -
refinement and it is demonstrated that this provides better
solutions than the use of global

�
-refinement alone. In this

work we extend these results in a number of ways. Firstly,
by generalizing to systems of equations (i.e. 0 � ) in (1))
and secondly, by using local (rather than global)

�
-refinement

in conjunction with � -refinement. This, we demonstrate,
leads to further efficiency gains above and beyond those
observed in [13]. In addition, we also demonstrate that the
hierarchical approach of starting with a coarse grid and then
optimizing, refining, optimizing, refining, etc., provides a far
more robust adaptive algorithm than simply refining first and
then optimizing the node positions and the mesh topology at
the end.

For the purposes of this work two different local refinement
algorithms have been considered. The first of these divides all
triangles which are to be refined into four children (as used in
[10] for example and illustrated in the top half of Figure 3)
whilst the other divides all triangles which are to be refined into
just two children (as used in [4] for example and shown in the
bottom half of Figure 3). In each case any “hanging nodes” left
at the end (again see Figure 3) are removed by bisecting the
neighbouring elements and then performing local edge swap-
ping.

There are many possible ways in which the
�

-refinement
might be combined with the � -refinement to produce a hybrid
algorithm. Our experience suggests that a robust approach is
to always refine an optimized mesh and then to interpolate the
coarser solution onto the refined mesh as a starting point for the
next level of optimization. It also appears to be advantageous
to approximately optimize the nodal solutionvalues first before
attempting to optimize the positions. The local refinement it-
self attempts to subdivide all elements for which the local en-
ergy is greater than

���
of the largest energy value calculated

on any single element. Typically
�

is chosen to be somewhere
between � � and � � .

In the following section the performance of this hybrid algo-
rithm is assessed using a number of test problems. In each case
comparisons are made with the approach of [13], in which � -
refinement is combined with global

�
-refinement, and with the

more conventional approach of using local
�

-refinement on its
own.
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Figure 3: An illustration of the refinement of certain (shaded)
elements of a mesh using one-to-four subdivision (top) and
one-to-two subdivision (bottom).

3 Numerical results

In this section we study two representative test problems in or-
der to assess the quality of the adaptive technique that has been
described. The first of these problems is taken from [8] and [12]
whilst the second appears in [3], [9] and [13].

3.1 Problem one

We begin by considering the displacement field for a two-
dimensional linear elastic model of an overhanging cantilever
beam supporting a vertical point load at the end of the can-
tilever, as illustrated in Figure 4. For this problem 6 7�0 7 9
and the energy functional is given by

� 7 )
9
�
�
�
! ��
� � � �%� ���

�
! ��
� � & �

� � � ��� � ! � &
� � � ��� 	 � ! � & 
 :
(6)

Here, all repeated suffices are summed from ) to 9 , C is the
usual fourth order elasticity tensor (in this case corresponding
to a Young’s modulus

� 7 ) � � and a Poisson ratio 
�7 � : � � ) ),��� provides the external body forces due to gravity and
	

repre-
sents the traction boundary condition (in this case a point load
as illustrated in Figure 4). The left half of the lower boundary
is fixed whilst the rest of the boundary,

���
say, is free.

Initially the problem is solved on a uniform coarse grid con-
taining just 
 � elements. This grid is then optimized using the
� -refinement approach of Subsection 2.1 and the total energy
reduces from � � : 9 � )���� 9 to � � : 9���� 9 ) � . Following [13] this
optimal grid may now be uniformly refined to produce 9���
 el-
ements which may themselves be optimized. This leads to a so-
lutionwith a total stored energy of � � : � � 9������ . A further global
refinement and optimization then leads to a solution with a total
stored energy of � � : ��� ����
 � on a mesh of ) � 9 � elements: this
sequence of locally optimal meshes is shown in Figure 5.

Figure 4: An illustration of the overhanging cantilever beam
with a vertical point load at the end of the cantilever.

Figure 5: An initial mesh followed by a sequence of meshes
obtained by � -refinement and then combinations of global

�
-

refinement with � -refinement.

Figure 6 illustrates two further meshes of ) � 9 � elements: the
first obtained by global refinement of the initial uniform mesh
and the second by optimizing this grid directly. The energies of
the solutions on these meshes are � � : � ��
���� ) and � � : � 9�� 9 ���
respectively thus illustrating, for this example at least, the supe-
riority of the hierarchical approach when � -refinement is com-
bined with global

�
-refinement.

The purpose of this paper however is to propose that the
hybrid algorithm should combine � -refinement with local

�
-

refinement and Figure 7 shows a sequence of meshes obtained
in this manner. The first mesh is the same one, containing

 � elements, that appears in Figure 5, whilst the second and
third meshes contain 9 9 � and ����� elements respectively and
were obtained by refining into 2 children only those elements
whose local energy exceeded 
 � � of the maximum local en-
ergy on any element. The total energies of the solutions on
these three meshes are � � : 9���� 9 ) � , � � : � � ����� ) and � � : ��
���� )��
respectively: clearly illustrating the superiorityof the use of lo-
cal rather than global

�
-refinement within the hybrid algorithm.
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Figure 6: A globally refined mesh of ) � 9 � elements and the cor-
responding locally optimized mesh.

Figure 7: A sequence of meshes obtained by � -refinement of an
initial coarse grid and then combinations of local

�
-refinement

followed by � -refinement.

To conclude our discussion of this example we illustrate the
advantage of applying the hybrid approach hierarchically by
contrasting it with the use of local

�
-refinement alone, possi-

bly followed by a single application of � -refinement. Figure 8
shows two grids of 
�� � elements and two grids of ��
 9 elements
that were obtained in this manner (again using a threshold of� 7 
 � for the local refinement). The total energies of the so-
lutions on the 
�� � element meshes (obtained by local one-to-
four refinement alone and then a single application of the mesh
optimization at the end) are � � : � 9���
���� and � � : � �
9�� 9�� respec-
tively, whilst the total energies of the solutions on the ��
 9 ele-
ment meshes (obtained by local one-to-tworefinement plus a fi-
nal optimization) are � � : � 9�� ����� and � � : � �
9������ respectively.
We see that in both cases, despite the fact that the second of
each pair of meshes is locally optimal, the quality of these local
optima are not as good as that obtained using the hierarchical
approach.

3.2 Problem two

The second problem that we consider involves just a single
variable (i.e. 0-7 ) in (1)) but has a solution which is singular
at the origin. The energy functional corresponds to the Lapla-

Figure 8: A pair of meshes of 
�� � elements obtained using local
one-to-four

�
-refinement (top) followed by optimization (sec-

ond) and a pair of meshes of ��
 9 elements obtained using local
one-to-two

�
-refinement (third) followed by optimization (bot-

tom).

cian operator and is given by

� 7 )
9
�
�
�
!�
� �
�
!�
� � &
�  (7)

where the presence of repeated suffices again implies summa-
tion from ) to 9 . The domain, � , is the unit disc with a ��� � sec-
tor removed, as illustrated in Figure 9, and Dirichlet boundary
conditions consistent with the exact solution ! 7 � ������� ��� � ��
are applied throughout

� � . Since the exact solution is known
in this case, so is the true value of the global minimum of

�
in

(7): � : ��� 9�
���� .

O
45O

Figure 9: An illustration of the domain for the singular prob-
lem.

As with the previous example the problem is first solved on a
coarse initial mesh, in this case with just 9 � elements, which is
then optimized. This locally optimal mesh is then refined glob-
ally and optimized to three further levels, giving meshes of ) ) 9 ,
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� � � and )���� 9 elements respectively. These meshes are shown
in Figure 10 and their corresponding solutions have energies of� : � ��� 9 �
9 , � : ��� � � 9 � , � : � � ����� 9 and � : ����
 9 ) � .

Figure 10: A sequence of meshes obtained by � -refinement of
an initial coarse grid (top left) and then combinations of global�

-refinement followed by � -refinement.

Once again, it may be observed that the approach of optimiz-
ing the mesh at each level after global refinement is superior
to applying global

�
-refinement alone and then optimizing the

resulting mesh. Figure 11 shows two meshes, each containing)���� 9 elements, that were obtained by this method. The ener-
gies of the solutions on these meshes are � : ��� � )�
 � (uniform

�
-

refinement only) and � : � ����� ��� (after optimization), which are
significantly worse than for the final mesh of Figure 10.

Figure 11: A globally refined mesh of )���� 9 elements and the
corresponding locally optimized mesh.

To conclude this example, we now consider the application
of local

�
-refinement in our hybrid algorithm. Figure 12 shows

a sequence of four meshes of 9 � , ) ��� , 9���� and ) 9���� elements
respectively. In order to contrast the solutions on these meshes
with those obtained on the meshes shown in Figure 10 we have
forced refinement of each of the edges on the circular boundary
so that the domains correspond to the four domains in Figure
10. Further refinement (one element to two children) has then
been permitted locally for any elements whose energy is greater
than 
 � � of the maximum energy on any single element. This

local refinement is executed repeatedly on each domain until it
is necessary to refine the boundary elements again. The total
energies of the solutions on the four meshes shown in Figure
12 are � : � ��� 9 � 9 (the same mesh as in Figure 10), � : ��� )������ ,� : � � 9 � ) � and � : ����� ) ��� respectively.

Figure 12: A sequence of meshes obtained by � -refinement of
an initial coarse grid (top left) and then combinations of local�

-refinement followed by � -refinement.

Again we have seen the advantage of using the hierarchical
mesh optimization approach with local, rather than global, re-
finement. Furthermore, when local

�
-refinement is used on its

own, even if this is followed by mesh optimization, the result-
ing grids are not as good. Two pairs of such grids, contain-
ing ) ����� (one-to-four refinement) and ) �!)�� (one-to-two refine-
ment) elements respectively, are illustrated in Figure 13. For
these examples the corresponding finite element solutions have
total energies of � : � ����
 ) � and � : ��� ��� 9�� ( ) ����� elements before
and after optimization) and � : �7� 9 )���� and � : ��� � ) 9�� ( ) �!)�� ele-
ments before and after optimization) respectively. (For the pur-
poses of comparison, we have artificially refined those edges on
the circular boundary so as to ensure that the domains are iden-
tical to the final domains in Figures 10 to 12.)

4 Discussion

The two examples of the previous section have clearly illus-
trated that the quality of the final mesh produced when using
the proposed hybrid algorithm is better, in the sense that the fi-
nite element solution has a lower energy, than that obtained by
using either

�
-refinement or � -refinement alone. Furthermore it

is demonstrated that combining the mesh optimization with lo-
cal

�
-refinement is superior to the global refinement approach

used in [13]. Finally, the advantage of using the hierarchical ap-
proach, whereby the intermediate level meshes are optimized,
is also apparent: an excellent combination of small mesh sizes
and low energies for the corresponding finite element solutions
being achieved.
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Figure 13: A pair of meshes of ) ����� elements obtained using
local one-to-four

�
-refinement (top left) followed by optimiza-

tion and a pair of meshes of ) � )�� elements obtained using local
one-to-two

�
-refinement (bottom left) followed by optimiza-

tion.

When discussing the merits of our proposed algorithm it is
important to note that there are some problems for which the
benefits may not be quite so substantial as those observed in the
two examples above. A common feature to both of these ex-
amples is the desirability of clustering the majority of the mesh
elements in a relatively small subset of the domain. When a
problem is such that the optimal mesh is more uniformly dis-
tributed across the domain the local refinement algorithm will
show little or no advantage over the global approach of [13]
since almost all elements of the mesh will need to be refined
when moving from one level to the next. This is a phenomenon
that we have observed in at least one example that we have con-
sidered (the nonlinear problem used as the second test problem
in [13]). Nevertheless, even in this case, our variant of the al-
gorithm performed no worse than that used in [13].

Further enhancements that need to be investigated relate
mainly to the efficiency of the hybrid process that we propose.
It is still an open question as to how accurately the mesh needs
to be optimized at each level of the hierarchy before local re-
finement takes place for example. Also, it is unclear how accu-
rately it is necessary to solve each of the one-dimensional min-
imization problems that are encountered at each node within
each sweep of the node movement algorithm (see Figure 2).
Other issues that should be considered further concern the im-
portance of the order in which nodes and edges are visited dur-
ing local optimization sweeps and the possibility of making
more aggressive use of the element/node deletion algorithm
that is currently only employed when elements shrink to zero.
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