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Abstract

We present an overview of a recently-developed nite elensaftware tool for the
simulation of non-Newtonian uid ows arising in viscoelas polymer melts. The
software is based upon the use of quantitative macroscopstitutive laws, de ning
the evolution of polymer stress, which contributes to thaltaid stress in the ow.
A wide range of melt rheologies may be considered in this regrand three speci c
examples are considered in this paper. In addition to pimogid detailed overview of
the software, a number of sample numerical simulations srgemted to illustrate the
capabilities of the code.

Keywords: polymer melts, viscoelastic ow, nite element methodshdrary Lagrangian-
Eulerian meshes.

1 Introduction

Understanding and controlling the ow of polymer melts is great importance in
polymer processing industries. Both the qualitative areddbantitative features of
such ows are determined by the rheology of the melt, whictium depends upon
the underlying molecular structures. Consequently, tlaeeea number of different
length scales at which simulations may be undertaken inr@odebtain macro-scale
ow descriptions. In this research we work only at the contim scale by making use
of quantitative macroscopic constitutive laws which arsdghupon theory involving
the physics of molecular alignment and entanglement (seexample, [12, 13, 16]).

In the remainder of this section some further backgroundoesided to the prob-
lems of interest. Speci cally, this includes a descriptmfrthe underlying mathemati-
cal models that are used and a brief discussion of relevanerioal methods, applied
elsewhere in the literature. Section 2 then describes tari#thmic approach that is



used in this work: this includes a discussion of EuleriarsusrLagrangian meshes
and an overview of the discretisation which follows. SettBgoes into more detail
of the software implementation, ranging from the probleracsgation, through the
the numerical methods, onto the presentation of resulte paper concludes with
sections that illustrate the execution of the software ve&laction of computational
results, and a nal section that draws brief conclusions sunggests areas for further
research.

1.1 Governing Equations

For completeness, this section provides a full mathemadiescription of the vis-

coelastic models considered by our software. Although tingagons are provided
in full we do not attempt to justify them here: instead we pdevsample references
which go more deeply into the model derivations.

1.1.1 Stokes' equations

The ows considered in this work comprise of solutions of timolecular weight
polymers at relatively low velocities. This leads to a mooea high viscosity uid
with relatively small transient and inertial effects. Hertbe ow can be mathemati-
cally modelled by Stokes' equations:
r +b = 0 (1)
r-u = 0; (2)
whereu = (u; v;w) represents the velocity eldy represents the body forces present

and is the viscoelastic stress tensor. This stress tensor malebemposed into
Newtonian and non-Newtonian parts, andT respectively, with y de ned as

N o= pl+ ru+(ru)’ (3)

wherepis the pressure eld and is the Newtonian viscosity.

The additional polymer streSs is determined by the constitutive equation for the
polymer and is considered in this work as an additional badgd term in the mo-
mentum equation (1), which therefore re-arranges as:

r N = b+r T: (4)

The three viscoelastic constitutive models considereliswork are described in the
following sub-sections.

1.1.2 An Oldroyd-B uid

The Oldroyd-B model is a standard, single-mode, viscoelasid model [2] for
which the polymeric stress tensbris given by

T=GA 1), (5)



whereG is the elastic modulus of the uid and the polymer deformatiensorA is
assumed to obey the equation

%ﬁu rA ATu (ruw A= A ) (6)

with the relaxation time for the polymer. For a given problem taegpeters$ and
must be speci ed to completely de ne the polymeric behaviou

1.1.3 ARolie-Poly uid

The Rolie-Poly model [12] is a multi-mode constitutive laov finear (non-branched)
polymers derived from a simpli cation of the tube theory famtangled polymers [13].
The stress tensdr for ann-mode model is given by

T = G (Ai 1); (7)

whereG; is the elastic modulus for mode The polymer deformation tensor for each
mode A, satis es

i 1 1
@i, rAi Ajru (ru)’ Aj = —Aj+ It (8)

This model includes two relaxation times for each mode, Wwisiatisfy the following
equations:
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The reptation time 4;, Rouse time g;, constraint release parametgr tube defor-
mation parameter; and modulu€s; must be speci ed for each mode to completely
de ne the behaviour of the uid for a given problem.

1.1.4 A pom-pom uid

The pom-pom model is a multi-mode constitutive law for bizaat polymers derived
from the tube theory applied to star and H-shaped polyméis [Ihe stress tensdr
for ann-mode model is given by

X G 2

T = ~ mmi 1); (12)



with elastic moduluss; and stretch parameter, given for each mode. The poly-
mer deformation tensor for each mode, evolves according to a similar equation to
Oldroyd-B,
i 1

@, rAi A ru (uw A= —(A; I); (13)

@t bi
but the stretch parameters in the stress tensor (12) are governed by additional dif-
ferential equations:

@i i i 1 ot

=L+ = —— (A T 14

@t v trAi( iy sii ¢ , (14)
whereg represents the maximum stretch, withsatisfying0< ; ¢, and ,; and

i are, respectively, the alignment and stretch relaxatioes. For a given problem
the parameter§;, i, s;andg mustbe specied for each mode to completely de ne
the polymeric behaviour.

1.2 Numerical Methods

There is a very substantial body of previous work that haglbged numerical meth-
ods for the simulation of viscoelastic, especially Oldrdyd uids. Indeed, the lit-

erature is far too vast for us to attempt any sort of revienehdnstead, we refer to
a selection of such work, based upon nite volume methodsmva dlimensions [1]

or three dimensions [20], spectral methods [17], stallisée element methods [6]
or mixed nite element methods [9]. These papers, and theymeaferences cited
therein, provide an illustration of the richness of thisdel

The Rolie-Poly and pom-pom uids, introduced above, haverdess widely stud-
ied numerically. Consequently, we con ne this discussiohe such implementa-
tion, [4], and refer the interested reader to reference=ddiherein for a broader se-
lection of numerical approaches. TRewSolvecode described in [4] is based upon
a two-dimensional Lagrangian formulation of the problemsing mixed nite ele-
ments on an adapting mesh of triangular elements. The medufation for the
Stokes ow is inherently stable [5], and the fact that the mesolves with the ow
ensures that the polymer transport equations are alsalttviintegrate in time in a
stable manner. The primary drawbacks of this approach aexd¢led to frequently
re-connect the mesh to avoid tangling (this is relativelgaghand easy in two dimen-
sions but would be much more problematic in three), and tieel e ensure that the
initial mesh has suf cient nodes “upstream” to ensure as$attory mesh resolution
throughout the simulation (or else a mechanism is requedttoduce new nodes at
the in ow boundary and remove nodes from the out ow boundawomatically).

As described in the next section, in this work we have chosdbuderian approach
ahead of the Lagrangian technique. This is primarily duééa¢chnical mesh-quality
issues that arise with the latter in three dimensions. lreotd allow domains that
evolve with time, this is then extended to an arbitrary Lagian-Eulerian (ALE)
formulation.



2 Software Overview

This section provides a very brief description of the sofenihat is the subject of this
paper. More details concerning the implementation are tiremided in Section 3.
Note that since the discretisation used in this work is bagexh nite elements, the
use of nite element meshes and spaces will be assumed thootg

2.1 Eulerian and Lagrangian Meshes

As described in the previous section, there are two basgsekof approach that may
be taken. In the Lagrangian approach the points of the nigenent mesh move at
a velocity that is equal to the instantaneous local uid w#p This has signi cant
advantages when simulating the transport of the polymesstras in equations (6),
(8) or (13) for example. By selecting an Eulerian approahnehs a need to consider
carefully the stability of any discretisation of these etuas, and this matter is dis-
cussed further in Section 3.3 below. Clearly, a signi cadvantage of the Eulerian
approach is that, once an initial high-quality mesh has lmdxtained for the domain
of interest, this may be re-used for all time. This leads ®ghbssibility of signi cant
savings if it can be exploited in the solution procedure. &mtigular, in Section 3
we describe a penalty formulation that allows the pressuimeteliminated from the
Stokes equations and the resulting discrete system to bwitsed using a sparse or a
banded LU factorisation [11]. This permits subsequent &aolves (required at each
time step) to be completed at the cost of just a forward andckvizard substitution,
which is extremely ef cient.

In the case where the uid domain is time-dependent, due ¢opilesence of a
moving boundary or a free surface for example, the Eulergor@ach requires some
form of modi cation. In this work we have opted to exploit arLE formulation.
The principle behind this approach is that the mesh at theadiemy of the domain
should move with the correct normal velocity, and the veipof the mesh elsewhere
is selected primarily in order to maintain the local quality order to achieve this
we make use of a simple Laplacian smoothing procedure witemats to keep the
interior nodes from coming together or the mesh itself froeedming tangled [18].
Having de ned an appropriate velocity eld for the mesh,say, it is then necessary
to modify the second terms appearing in the equations ({13 and (14): replacing
the advective velocity by (u V).

2.2 Structure of the Software

The structure of each time step within the code may be dexstws follows. Given
an initial stress eldT, solve equations (4) and (2) for the resulting velocity eld
Then use this instantaneous velocity eld in equations (®),or (13) in order to take
a time step. The value of the stress tensor at the end of tleestiep may then be used
to update the right-hand side of (4) at the start of the nex¢ step.



Note that in three dimensions (4) and (2) represent 4 scaléiapdifferential equa-
tions (PDESs) whilst (8), for example, represents a furrePDESs (since each tensor
A is symmetric). Fortunately, each of thesets of6 PDEs given by (8) is indepen-
dent of the others in the models that are considered herepagdherefore be solved
independently.

As well as the time-stepping routines that lie at the coréhefdoftware, a number
of pre- and post-processing routines are also provided. f@imeer are described in
Section 3.1 and include the ability to generate geometmeshes and boundary con-
ditions, as well as specifying uid properties. The lattee @escribed in Section 3.4,
which provides an overview of the visualisation capala@ti The software itself is
embedded in a user-friendly run-time environment thatvedloeal-time visualisation
of results and parameters to be modi ed during a computatkigure 1 provides a
sample snapshot of this environment.

3 Implementation Details

Having provided an overview of the software in the previoest®n, we now go on

to describe a number of the key features in a little more tebpace does not permit
complete description of all aspects of the implementatimhso the primary aim here
is to present a discussion of selected features.

3.1 Problem Speci cation

The particular problem that is to be solved in any given ruispisci ed by a number of
components, such as its geometry, boundary conditions artdmodel parameters.
In order to undertake a computation, additional numericapprties must also be
speci ed, for example: the nite element mesh, the types leh&nt to be used and
the time-step size to take. Each of these attributes, ang mane optional ones that
will not be discussed here, must be de ned through a singie dawhich is read by
the program upon execution. Rather than describe the prémisiat of the data les
here we focus on their key components.

The geometry is speci ed by the use of one on more quadrdaiar octahedral
“super-elements” in 2-d or 3-d respectively (see Fig. laelkample). These super-
elements may have curved as well as planar edges and faceg.afiéalso used as
an integral part of the built-in mesh generator, which isdoligpon a block-structured
mesh (as illustrated in Fig. 2a). By specifying the mesh disiens within each block
the user is able to build a mesh covering the entire geomiétsyalso possible to grade
these structured meshes towards, or away from, selected @idaces: tools are pro-
vided to assist with ensuring that the mesh remains confggméetween neighbouring
blocks.

Having speci ed the geometry and the mesh for a given ow peob it is also
necessary to prescribe the boundary conditions that shmuldsed to solve the ow.



Different regions of the boundary may be identi ed in a vé&yi®f possible ways
however the simplest is to use the faces of the super-elemEat a given portion of
the boundary one of a number of conditions may be selected.ndst widely used
of these are brie y summarised in the following list.

No slip boundary at a solid wall. This simply involves pralorg the tangential
(no slip) and normal (solid wall) components of the velo¢dye zero.

In ow boundary. Rather similar to the above, this permitspea ¢ uid ve-
locity pro le to be prescribed. In this case however the nalnow is non-zero
and into the domain.

Developed in ow boundary. Frequently, especially for ndewtonian uids,
the precise velocity pro le of a fully developed ow is not kmvna priori how-
ever it is desirable for such a ow to be the input to the regadrinterest. This
condition is imposed by requiring the user to de ne an estarta the velocity
pro le and a plane that is parallel to the in ow boundary buitde way down-
stream of it. Then, at each time step the in ow velocities osed are those that
were recorded at the parallel plane for the previous timp.skdter a number
of such time steps a fully developed ow is usually obtained.

Out ow boundary. Here we allow use of the “no boundary coiwatit out ow
boundary as described in [8]. This is designed to reduceurtiahces in the
solution at the out ow boundary and is very successful andao.

Symmetry boundary condition. This is extremely importa&sipecially in three
dimensions, for reducing the size of a computational problehose solution
contains known symmetries. This condition applies to athef unknowns and
may be applied around a line in two dimensions or a plane getdimensions.

Free-surface condition. In the case where there is a frdacgithen it is nec-
essary that the geometry is updated in a manner that is ¢ensigith the uid
velocity at the free surface. This may be undertaken in a &agjan manner
(i.e. the nodes on the free surface move with their uid vélge based upon
the normal velocity only (i.e. the nodes on the free surfacserperpendicular
to the free surface with a consistent velocity), or basedhupe velocity in a
prescribed direction (e.g. through the use of predeterdhtspines”, [10]). In
addition, there is a stress boundary condition which masltiee surfaces forces
according to the local curvature and the surface tensian {eeexample, [22]).

Other properties of a given problem that must be speci eduide the size and
number of the time steps to be taken, the frequency at whitgrutgiof the simulation
should be written to le, and the properties of the uid thatto be considered. For the
latter, the user is able to select between each of the modstsided in Subsection 1.1,
as well as a Newtonian uid, and then to specify the number ofles to be used (for
the Rolie-Poly and the pom-pom uids) and the parametersrthest be prescribed to
uniquely de ne each of the governing equations.



3.2 Finite Element Solution

As described in Subsection 2.2, the equations for the deolalf the polymer defor-
mation tensor (equations (6), (8) or (13)), as well as equafi4) in the pom-pom
case, are solved using implicit time-stepping but with te&gity eld frozen at the
value from the beginning of the time step. This requires the of a stabilised -
nite element method (see the following subsection) andlgisparse non-symmetric
systems of linear algebraic equations that must be solveddt time step. In all of
the calculations included in this paper piecewise bilingatrilinear nite elements
have been used for the trial spaces in two or three dimensespgctively. The result-
ing algebraic equations have been solved using the SPARBKEFY, [19], typically
selecting the BiCGStab solver with an incomplete ILU(O)qomditioner.

Once the update to the polymer deformation eld has been ctegover the time
step, a modi ed forcing term on the right-hand side of (4) nteeycomputed and the
Stokes' equations resolved. Two different approachesliorgpthese equations have
been implemented in this work: one based upon a direct salvérone based upon
an iterative method. The direct approach has signi cantaatikges when a problem
on a xed domain, and therefore a xed mesh, is solved singg #ble to exploit the
fact that only the right-hand side of (4) changes at each sit@p. The relative merits
of the two approaches in the case of an evolving ALE mesh aedkear however,
depending primarily on the quality of the preconditioneattban be obtained for the
iterative solver. Both approaches are brie y outlinedhaligh only the former is used
for the results shown here (in fact the results obtained bywo methods are identical
to a number of signi cant digits: the precise number of dgiepending primarily on
the choice of the penalty and convergence parameters thatsad in the respective
methods).

In order to develop a direct solver for the nite element dedcsation of (4) it is
desirable that the system be as small as possible, prefesébl a small band-width.
In order to reduce the size of the discrete problem we rstiappenalty approach in
order to eliminate the pressure from the Stokes' systems iBrachieved by replacing
the incompressibility condition (2) with a new relation betform

ru = 1p; (15)
where the penalty parameteris suitably large (in particular ). Substituting
(15) into (4) then yields

r ru+ (ru' = b+r T; (16)

which is the form used for the nite element discretisatioNote that the discrete
system, obtained using a standard Galerkin approachvesanly the velocity un-
knowns. Due to the large penalty parameter it is not suitbdslé@erative solution (it

is poorly conditioned) but, so long as the choice of penadtlp® is not too large for
the precision of oating point arithmetic that is used, itvi®ll suited to a banded or



a sparse direct solution method. In this work we use a banoledrsfrom the IMSL
library but any other such solver is suitable (e.g. [11])e'Key requirement is that the
LU factorisation of the Stokes' matrix should be storedheitin primary memory or
on disk (depending upon the size of the problem), so thategjuent Stokes' solvers
require only forward and backward substitutions.

An iterative solver based upon a mixed nite element forntiola of the Stokes
problem has also been implemented. This follows the stahajgproach that is de-
veloped in detail in [5], for example. In its simplest formtalde pair of nite ele-
ment spaces must be selected for the velocities and pressrectively: we use bi-
quadratic/bilinear and triquadratic/trilinear in two atidee dimensions respectively.
This leads to a coupled discrete system for the velocity &edpressure unknowns
that is symmetric but inde nite. Suitable choices of itératsolver are described in
[5] however the effectiveness of this solver depends atlifcupon the ef ciency of
the preconditioner that is used. Highly ef cient precoialiters are possible however
implementation of an optimal iterative solver is not a tdskttwe have so far under-
taken.

3.3 Stabilisation

A number of stability issues need to be addressed in this vemke of which have
already been introduced in the sections above. These mthelstability of the nite
element discretisation, both for hyperbolic equationsasrrhixed systems (such as
the Stokes' equations), and the requirement to ensure #rtdic quantities remain
within predetermined bounds. Each of these issues is disdus turn.

The Galerkin method is not appropriate for the discretmsatf purely hyperbolic
equations such as (6), (8), (13) or (14). In this work we made=af a Petrov-Galerkin
approach based upon streamline upwinding [14]. This hashalising effect through
the introduction of a minimal amount of diffusion along thteeamlines. We also
permit the mixed nite element solution of the Stokes' eqaas to be undertaken
using unstable pairings of nite element spaces for the e#iles and the pressures,
typically piecewise bilinear (or trilinear in three dimenss) spaces for all unknowns.
Here the stabilisation may be introduced at the solutiogestas described in [5] for
example.

Certain components of the solutions that are computed hae@ s physical con-
straints whose violation can lead to further instabiliiieshe simulations. Examples
include the requirement that all components of the defaonaensors remain pos-
itive, or the upper and lower bounds on the stretch parametein the pom-pom
model. There are a number of possible ways of ensuring tlesetivounds are re-
spected by the numerical solution, two of which are usediwitar code. The rst of
these is to put a large penalty term on the right-hand sidecii evolution equation,
which only becomes active when a constraint for the degréeetiom in question is
violated: this acts as a crude barrier and is effective whiweorder time integra-
tion scheme is being used, as is typically the case here. @twnd approach is to



prevent the constraint from being violated in the rst plderamping up the penalty
term gradually as the constraint is being approach fromiwitie set of allowed val-
ues. This is more appropriate when it is essential that thetcaint is never violated,
even for a single time step, or when a higher degree timeriatem scheme is being
used. It does tend to over-penalise however, meaning tedirtiiting value is never
reached.

3.4 User Interface

We conclude this section with a brief description of the ustarface that is provided
with our software. This is an optional Windows interface ne solver may also be
run without it, under Linux for example. In the latter casenaice of output formats
are available for compatibility with the visualisation te&MV [7] and Tecplot [21].
Indeed, some of the results presented in the following eestexploit this option.

The user interface that is provided comes with substawntmadire functionality than
can be described here. We provide a brief avour of this hosven the following
paragraphs on the pre-processing and the solution phas@sctevely.

The preprocessing phase allows the user to undertake a mwhtssks that are
designed to assist with the setting up of the problem. Thedede options to: plot
the super elements and their associated numberings, stsalied in Fig. 1(a), plot the
mesh and its dimensions, plot boundary faces of differguegyplot and display node
numbers, show different types of boundary condition, eltofthese facilities allow
the user to check that the problem has been properly de ned,adl objects may
be viewed from different positions and with varying levefsnoagni cation. Once
the user is satis ed that the problem is correctly de nedythmay then begin the
execution.

As a run is executing the graphical output is updated afteln ¢éiane step, regard-
less of the frequency with which data is being saved to leislpossible to pause
the execution after any time step and then to resume, pgssbing changed certain
parameters (e.g. the time step size). There is a large clodiselution elds that
may be displayed: any of the velocity components, illusttah Fig. 1(b), any of the
deformation components (either for individual modes or swed over all modes), the
parameters;, pressure, etc. The default is to use colouring for contbargever dis-
crete contour lines may be selected instead. In additiosastlines, velocity vectors
and birefringence patters may be displayed. As with the ggngnand the mesh, each
of the above displays may be rotated or magni ed as required.

4 Computational Results

The following sections describe numerical experimentsithstrate the functionality
of the software. Three rheologies, given in Tables 1-3, aeduas examples of the
Oldroyd-B, Rolie-Poly and pom-pom uid models.

10



G
1.36667‘ 0.3

Table 1. Oldroyd-B uid model: =0:59

| G dii Rii i i

1| 1286.0e-6| 2.3780| 0.05263| 0.0 | -0.5
2| 4407.0e-6| 0.7519| 0.03008| 0.0| -0.5
31| 11639.0e-6 0.2378| 0.01530| 0.0 -0.5
4| 21043.0e-6 0.0752| 0.00752| 0.0 -0.5

Table 2: Rolie-Poly uid model: =1123:0e 6,n=4

4.1 Two-Dimensional Flow Around a Cylinder

Flow past a solid cylinder is computed in 2d for the RolieyPald with a unit radius
cylinder and a solid wallay = 2. A symmetric half of the domain is solved and
the in ow and out ow boundaries are placed at= 16 andx = 10 respectively.
Fig. 2 shows the super-elements employed and the bilineadrdateral mesh that
is produced from the super-element description. The coetpsteady-state solution
shows the expected acceleration due to the contractiomdrthe cylinder and also
the increase in polymer stress on the cylinder surface artdeaxterior wall.

4.2 Two-Dimensional Contraction Flow

The contraction geometry, shown in Fig. 3, is modelled wiih Rolie-Poly uid. A
symmetric half of the domain is solved. The re-entrant cormeounded to prevent
the formation of a stress-singularity at, or just aftersghoint. The streamlines clearly
show the presence of a recirculation region prior to thereation. The size and shape
of this region is strongly determined by the uid rheologyhd stress birefringence
pattern represents visually regions where the stresseymadihigh. It can be seen here
that there is stress build up on the centreline before thé&ractiion and a subsequent
release farther downstream. At the wall there is a high stgeadient at the corner as
expected.

Gi bii bi= si | O
8314.05e-6 0.393901, 5.0 3.0
4590.42e-6 1.18237 50 4.0
1907.74e-6 3.73898 50 4.0
612.395e-6 11.8237 4.0 7.0
159.889e-6 37.3898 3.0 8.0
26.2254e-6 118.237 2.0 9.0

OO WN

Table 3: Pom-pom uid model: =5122:915% 6,n=6
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4.3 Three-Dimensional Contraction-Expansion Flow

The contraction-expansion ow shown in Fig. 4 is modelledhithe Oldroyd-B uid.
The mesh for a symmetric quarter of the domain is visualisgtd @MV [7] in
Fig. 4(a). Contours of velocity magnitude are shown in Figp)4vith velocity vec-
tors superimposed. A small recirculation region is visilslehe corners above the
contraction region.

4.4 Three-Dimensional Y-shaped Channel Flow

This Rolie-Poly ow comprises of a three-dimensional domuiith two converging
channels meeting at an angled junction. The re-entranecasmounded to prevent a
stress singularity at that point. A symmetric half of the domis visualised through
GMV [7] in Fig. 5(a) coloured with contours of velocity maguie. The acceleration
caused by the convergence into one channel is clearly segprb(b) shows a compo-
nent of the total uid stress, in Eq. (1), illustrating the peak in stress that is produced
at the re-entrant corner.

4.5 Three-Dimensional Flow Past a Cylinder

The ow of a typical pom-pom uid through a thin channel withcglindrical obstruc-
tion is depicted in Fig. 6 (in fact this calculation is ung@dwn using just a single pom-
pom mode, rather than the 6-mode model given in Table 3). i@tiaé differences
in the stress pattern for this uid are obvious in comparisath the two-dimensional
simulation shown in Fig. 2. It is also possible to visualire aaidditional eld for
each mode, satisfying the equations (14).

5 Further Enhancements

The previous sections presents some representativegésulows in relatively sim-
ple, xed, geometries in two and three dimensions. We nowusiilate some of the
enhancements of the software, to allow more complex geaesetthich may be time-
dependent.

5.1 Flow With Rigid Particles

The direct simulation of particle suspensions represemsyaimportant class of prob-
lem in the area of polymer processing [15]. We consider a-calitfrom an in nite

domain with the particle size varied to produce differeriumoe-fractions. The parti-
cle undergoes shear and a rotation is induced, which camrhéatied without moving
the mesh. Two-dimensional results for the Rolie-Poly uré ahown in Fig 7(a) and
the extension of these ideas to the Oldroyd-B uid in thréeehsions in Fig. 7(b).
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In each case the rotation rates obtained converge to theetied results as volume-
fraction is reduced.

5.2 Arbitrary Lagrangian Eulerian Implementation

Shear ow around a solid elliptical particle is used to illcege the ALE remeshing
possible within the software. The shear ow drives a peroditation of the particle
that requires mesh movement due to the variation in the sadResults in Fig. 8
illustrate the mesh at two different times in the simulatidh can be seen clearly
how the ALE adaptivity copes with the particle rotation. Tinesh is continuously
deformed through a Laplacian smoothing approach in orderdimtain the quality of
the quadrilateral elements. Contours of the vertical igjJatomponent illustrate the
variation in the ow.

5.3 Free-Surface Flows

Die-swell represents an important industrial process aitipugh the current soft-
ware implementation is designed only for problems with atreély small boundary
deformation, it is possible to model such cases. A RoligrRodl is used and initially
the uid surface is horizontal. A symmetric half of the domas used and the mesh
is re ned near the outlet. The spine method is used, as destin Section 3.1, [10],
where the mesh motion is limited to vertical displacemethisen by the free surface
motion. Results in Fig. 9 show contours of u-velocity at éhtenes in the simula-
tion. Initially the free surface bulges at the outlet but thagnitude of this expansion
decreases slightly as a steady state is reached.

6 Conclusions

We have presented an introduction to a new software tooltthatbeen developed
to allow the numerical solution of two- and three-dimensiloriscoelastic ow prob-
lems. The tool allows a variety of constitutive laws to besidered for uids within

a wide range of geometries, including those with moving eefboundaries. A selec-
tion of numerical results has been presented in order toegotiwe versatility of the
software.

Current work is ongoing to benchmark the results producethis/code against
those obtained using other computational tools and fronerxpental observation
and measurement. Preliminary results suggest that thestiodsgs of the software is
matched by its accuracy and computational ef ciency.

The nest stage of the work will involve applying the code toe simulation of a
variety of real polymers in ow regimes of practical inteteshd importance. This is
likely to involve further development, for example to allomore substantial evolution
of free surfaces in both two and three dimensions. For the AdrBulation in three
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dimensions it is also likely to be bene cial to improve thecadncy of the iterative
Stokes' solver that has been implemented, through the usptmhal preconditioning
for example [5].
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(b) Computed velocity pro le

Figure 1: The Windows program interface
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(a) Super-element mesh

(b) U velocity

(c) Total A, stress component

Figure 2: Flow around a cylinder
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(a) Mesh

(b) Velocity streamlines

(c) Stress birefringence pattern

Figure 3: Contraction ow
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(a) Mesh

(b) Velocity vectors

Figure 4: Contraction-expansion ow
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(a) Contours of velocity magnitude

(b) Contours of total stress

Figure 5: Y-shaped channel
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(a) Contours of u-velocity

(b) Total A,y stress component

Figure 6: Channel ow past a cylinder

(a) 2d circular particle (b) 3d spherical particle

Figure 7: Shear ow around a rigid particle
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(a) Time step 40 (b) Time step 400

Figure 8: ALE grid for shear ow around an elliptical partel

(a) Time step 20, max u =0.6

(b) Time step 600, maxu=1.16

(c) Time step 1500, maxu =1.12

Figure 9: 2d die swell problem, u-velocity contours
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