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Abstract

Modern trends in Computational Science and Engineering anang towards the
use of computer systems with ever increasing numbers of agtatipnal cores. A
consequence of this is that over the next decade it will bessary to develop and
apply new numerical algorithms that are far more scalalde tras historically been
required. ldeally, such algorithms will be able to explo&my thousands of cores in
an efficient manner in order to be able to tackle the most céatipnally demand-
ing problems. This chapter explores these challenges iodhtxt of the solution of
large systems of algebraic equations arising from the eligation of partial differen-
tial equations. Particular emphasis is placed on the nedeMelop asynchronous and
fault tolerant software that is built upon the most efficiantlerlying methods, such
as multigrid and other multilevel algorithms.

Keywords: computational engineering, parallel processing, scalphtallel solution,
asynchronous algorithms, multilevel methods.

1 Introduction

This chapter considers the parallel solution of lineareyst of equations that arise
from the discretization of one or more partial differengguations (PDEs). The mo-
tivation for this exposition is our desire to consider (iywaighly scalable parallelism

that will be capable of exploiting future trends in multiedvardware, and (ii) the use
of the most efficient numerical algorithms. The latter paswbased upon the ob-
servation that the easiest algorithms to implement in fErate not always the best
algorithms in terms of their accuracy or their speed of caysece.

In the remainder of this introductory section we provide i@fosummary of cur-
rent hardware trends and also an overview of some of the keyerigal algorithms



for the solution of linear systems, especially those agisrom the discretization of
PDEs. This overview considers some popular existing parafplementations and
discusses some of the main strengths and weaknesses of lRactitular attention
is drawn to the use of multilevel algorithms, such as mulligor example, due to
their ability to deliver optimal time complexity for certaclasses of problem. Sec-
tion 2 then considers a typical parallel implementation afi@tigrid solver in more
detail. The parallel performance of such a solver is asdemse the need for signif-
icant improvements and developments is discussed. Ircphatj it is noted that the
order in which operations are completed is of great impagand so the issues of
synchronization and fault tolerance arise.

In Section 3 the fundamentals of asynchronous algorithegéoduced. There is
a long and rich history of the development and analysis ofiesywnous techniques
and so this section is necessarily quite high level in itsa@agh. Nevertheless, the aim
is to convey some of the main classes of asynchronous metmatithe theory that
lies behind them. Section 4 then focuses more specificalth@nse of asynchronous
methods in the solution of linear systems of equationsragifiom the discretization
of PDEs, with particular emphasis on multilevel methodsialy, Section 5 presents
a short summary and outlook for further research.

1.1 Recent hardwaretrends

As we approach the end of the first decade of the Twenty-Firstu®g we may ob-
serve some significant changes in the ways in which compateware, and process-
ing units in particular, are developing. For the previous tiecades we have benefited
from a year-on-year increase in processor speeds that hewed our software to run
ever-faster without the need for algorithmic developme@s course such develop-
ments have taken place but these have always served to pamditional speed and
efficiency. For example the use of parallel computer archites has typically al-
lowed problems to be solved 100-200 times faster (say) timaa single processor,
however an alternative to such algorithms and softwareldpreent has always been
to wait about a decade for this same speed-up to be delivgrectteased CPU per-
formance alone.

Today this is no longer the case. The speed of individual ggsiag units has
stopped increasing, and the need to operate in a more ea#figgnt manner has
even tended to cause processor speeds to decrease a ldtiee,Hhe current trend
is to seek to increase performance by increasing the nunflberes per processor.
These may be standard multicore architectures or more agqrocessing units
such as GPUs. In either case (or even with mixed architegturés clear that to
maintain increases in performance over the coming decad# iie necessary, rather
than optional, to fully exploit concurrency. Furthermote,undertake state-of-the-
art computations will require the effective use of large bens of multicore units,
potentially utilizing millions of cores on a single task.

To illustrate that this last claim is realistic it is infortha to consider the World'’s



fastest supercomputers over the past decalifteNovember 2010 there afgd com-
puters on théfop500list that have more thah0® cores, with the number one on the
list (based at the National Supercomputing Center in Tiaigimna) achievin@566
PFlops acros$86368 GPU cores. Second on the list u224162 conventional cores
(based around 6-core 2.6GHz processors) to achieve a penfice ofl 759 TFlops.
Just five years previously (November 2005) ohlgystem had more thar® cores,
whilst a decade before (November 2000) no system ever (fadores (and only 8
systems had over0?® cores). In this ten year period the processor speeds have in-
creased by a factor of less tham, whilst the maximum performance has increased by
over500 times (from less thah TFlops t02566 TFlops) as a result of the growth in
the number of cores. Given that the fastest system in Noveg@0 would not get
close to the bottom of the November 20I6p500Iist (which is over6 times faster

in terms of maximum performance) it seems reasonable tovesthat scalability to
10° cores or more will be a necessity for high performance comgut the coming
decades.

Of course the benchmarks used to assess performance fofB60list are based
upon dense matrix operations. It is clear that many apjphieatare not so naturally
applicable to very large scale parallelism, and this paldity includes the compu-
tational solution of PDEs using techniques such as finiteidihce or finite element
methods. In the next subsection we consider algebraicragstieat arise from such
discretizations.

1.2 Solution of linear systems

Discretization of a PDE ultimately leads to the need to solve or more linear sys-
tems of algebraic equations. If problems are time depentientthe use of implicit
time stepping leads to algebraic systems at each time stepeas only a single sys-
tem needs to be solved for a steady-state problem. If the BD&nlinear then the re-
sulting algebraic equations will be nonlinear too, howes@ne linearization of these
systems is typically undertaken, yielding a sequence eflirsystems to be solved.

Depending upon the discretization method that is used thdtmeg system(s) of
linear algebraic equations may have one of a number of difteproperties. For
example, using a finite element method on an unstructured/grids a general sparse
matrix system, where the sparsity pattern depends uporethraetry of the grid and
the order of the finite elements used. Alternatively, agian of finite differences on
a regular lattice leads to a banded system of equationsgwherbandwidth depends
on the ordering of the unknowns and, most importantly, onstetial dimension of
the problem. Other techniques, such as boundary elemehbdeefor example, result
in dense systems of algebraic equations. The focus of tlaptehis on algorithms
that are applicable to sparse or banded systems arisingfintie element or finite
difference discretizations of PDEs. For such systems thexe number of possible
solution techniques. These include the use of banded osespianect solvers [1, 40],

1Source: www.top500.0rg



the use of preconditioned iterative solvers [46, 25], antlie use of more advanced
technigues such as domain decomposition [34, 8] and mudtileethods [13, 47].

Banded solvers are often attractive for two-dimensionabl@ms where, on an
Nz x Nz spatial grid, the half bandwidth of the linear system is agjmately Nz.
In three dimensions however, on afF x N3 x N3 spatial grid, the half bandwidth
is N'3. This makes banded methods less attractive, especiatlg se vast majority
of entries within the band are zero, and so could be ignorea tmpre sophisticated
solver.

A sparse direct solver is, as the name suggests, a direcothstith as LU factor-
ization, but implemented in such a way as to attempt to mirenfiil-in and to use a
data structure which only stores the non-zero entries tisg.aln the case of a sym-
metric positive-definite system (which typically arisefidaring the discretization of
a self-adjoint elliptic operator) it is known that pivotignot required to ensure nu-
merical stability. Hence an ordering of the unknowns mayddected with the sole
aim of minimizing the fill-in (or, for a parallel implementah, minimizing the inter-
processor dependencies). For all other systems howeeeortlering must be based
upon a trade-off between that required for computatiorfadiehcy and that required
to maintain numerical stability. A number of sparse direftwsare libraries have been
developed in recent years, including those targeted aliplesgstems [1, 40].

It seems unlikely that sparse direct solvers will be ablectdesto tens or hundreds
of thousands of cores in the foreseeable future. This idypdie to the complexity
of these algorithms and partly due to the strict order in Whuperations must occur,
as well as the exact (as opposed to iterative) nature of gigsethms (making them
intolerant of faults such as dropped packets of data betwemessors). Perhaps more
likely candidates for the basis of highly scalable softwaeesiteration-based methods.

Simple fixed point iterations, such as Jacobi or Gauss-5ietation for exam-
ple, are typically relatively straightforward to implemeafficiently in parallel. Fur-
thermore, they offer great potential for extreme scalgbdue to their ability to be
modified into asynchronous methods, as outlined in Sectioel@v. From a compu-
tational efficiency perspective however they are unactdpsow to converge (and
only converge at all for restricted classes of problem). déeany practical, highly
scalable, iterative algorithm must be based upon more addatechniques such as
Krylov subspace methods [46]. Even then, to make such tqabsitruly competi-
tive as the level of mesh refinement (for finite difference pité element schemes)
increases, it is essential to include an effective predmmar [25].

A number of possible preconditioning strategies are abvkElaThese may be di-
vided into at least two classes: algebraic approaches ahditpies based upon knowl-
edge of the underlying differential operator that led todiserete system. Examples
of the former include incomplete factorization, [36, 42jdasparse approximate in-
verse (SPAI) methods, [30, 35]. The incomplete factoramatipproach is similar to a
sparse direct method however not all of the fill-in that sdadcur is actually permit-
ted, and so the factorization is not exact. Often howeves,ticomplete factorization
makes an effective, and relatively cheap, preconditiofiote that allowing all of



the necessary fill-in leads to a perfect preconditioner bgfreat expense, whereas
not allowing any fill-in to occur yields a preconditioner the cheap to apply but is
not necessarily that effective: the optimal choice typgichés between these two ex-
tremes.) Similarly, SPAI methods are based upon the assomibiat the inverse of
a sparse matrix, although not sparse itself, may have aespgrroximation which
acts as a good and cost-effective preconditioner. Agaeathis in the construction
of the SPAI matrix and, as with direct methods, it is not easgdhieve high parallel
efficiencies for these approaches.

For these reasons, in this work we are primarily concerndéatie use of precondi-
tioners which exploit knowledge of the underlying PDE(syaBples include domain
decomposition and multigrid methods. In both cases thenigales seek to reduce the
low frequency components of the error very rapidly by wogkon a much coarser
discretization of the PDE than is required for the true apipnation [55]. Algebraic
versions of multigrid methods also exist, based upon theesanitilevel principal but
without the need to explicitly construct a hierarchy of detizations of the PDE being
solved, [23, 12, 49]. Note that although we may introducedttechniques here in the
context of preconditioners for Krylov subspace solversytban often be applied as
iterative methods in their own right.

Whilst the coarse grid approximation is a core ingredientashdin decomposition
and multigrid approaches, it is this same coarse level $tapi$ one of the major
constraints in terms of parallel implementation. In parte, if we attempt to im-
plement this in parallel then we are almost certain to haverg goor computation
to communication ratio for this step. Furthermore, for aifpons such as multigrid
the order in which this coarse grid solve occurs is highlynsigant, and so there are
numerous synchronization points that cannot be crossexpamdlently by different
execution threads. These issues are discussed in morEnlétainext section, whilst
in Section 4 some techniques for overcoming such restristave discussed.

2 A Parallel Multigrid Algorithm

In this section we describe a typical parallel implemeptatf an optimal multigrid
algorithm. The algorithm is described in a reasonable lei/gétail so that subsequent
observations regarding its parallel performance and Bité§aare can be made. In
particular, we consider issues associated with synchatiniz and fault tolerance.

2.1 Algorithm overview

The scalar multigrid algorithm was founded on analysis aipse iterative meth-
ods, such as Jacobi, showing that their convergence prepeuld be related to
the Fourier components of the error [14, 33, 51, 53]. In palér a single grid it-
erative method cannot efficiently reduce the full spectrdraroor components. The
multigrid approach defines a recursive sequence of iteratethods on successively



coarser grids. Through approximating the problem at meltjales a broader spec-
trum of error components can be efficiently reduced.

The first stage of the algorithm is to define a sequence of gvel$, the simplest
such sequence being a uniform hierarchy of nested gridsweth size:, 2h, 4h, etc.
On any grid in this sequence the standard components of Hiernaltigrid algorithm
are as follows.

1. Right-hand side of system received from next finer levafy{oal right-hand
side used on the finest level).

2. Solution update: usually undertaken via a small numbenaieps of an itera-
tion such as Jacobi or Gauss-Seidel.

3. Residual computation: using the latest solution estimate

4. Information transfer to the next coarser grid level: #mgdual is restricted either
by injection or a weighted scheme and passed as the riglatdida to the next
level.

5. Correction to the solution is received from the coarseellethis is computed
by this same algorithm applied recursively, with an exabtteson the coarsest
grid level.

6. Information transfer from the next coarser grid levek torrection is interpo-
lated to the current level and used to update the solution.

7. Solution update: again undertaken via a small number eépw of an interac-
tion such as Jacobi or Gauss-Seidel.

Each of the above operations can be implemented as a swexgs dlge entire set of
grid points on that level. Hence the simplest way in whichdoalelize the procedure
is to only implement the parallelismvithin each of the steps above - whilst keeping
the sequence of steps and grid levels unchanged.

Intuitively, such a parallel implementation is most easibhieved through a par-
tition of the physical space across the set of availablega®ars. In this case each
processor is responsible for the set of nodes that correspmneach of the nodes
within its own physical region, on each grid in the sequesee (for example, [28]).
This leads to a simple implementation but, as is shown in &xésection, sub-optimal
scalability. This drawback has been well-documented, seeXample the review of
Jones and McCormick [37], but is also difficult to circumveriti maintaining the
optimal multigrid performance.

There are two straightforward choices for the space pamiiig: strip-based, in
which space is evenly divided in only one coordinate digettiand block-based, in
which space is evenly divided in every coordinate diredio@nly strip-based parti-
tioning is implemented here, but the relative merits of kegiproaches are discussed
in [45] and, more briefly, in the following subsections.



2.2 Parallel performance

The algorithm implemented here solves the two-dimensi®oéson Equation on a
rectangular domain using a nested sequence of regular diifieence approxima-

tions. Dirichlet boundary conditions are assumed. Sineefticus here is on the
parallel implementation it is not necessary at this poiriosider more general math-
ematical forms or numerical methods. The problem to be sdlveefined by several

parameters:

e The number of processops

e The grid dimensionV, where we assum¥ is a power of 2
(the resulting discrete problem is based uporivar N grid of points with/N2
unknowns);

The finest gridf whereN; = 2/;

The total number of grids in the multigrid procesag;rid,;

The number of V-cycles used('ycle;

The number of pre- and post-smoothing iterations used
(nPre andnPost respectively).

We measure both weak and strong scalability of our parailementation of
the algorithm. For weak scalability we fix the problem size pecessor and scale
up the number of processors and the problem size togethergas for strong scal-
ability we fix the overall problem size whilst the number obpessors is increased.
The corresponding parallel efficiencies for weak and strecading may be defined,
respectively, as follows:

T(p=1) T(p=1)
T(p) pT(p) ’

whereT'(p) is the computation times on the given number of procegsors

Two sets of computational experiments are described. Thedirthese is based
upon a network of desktop workstations whilst the secondasetd upon a tightly
coupled parallel cluster with a dedicated Infiniband inb@rgect. For the strong scal-
ability experiment

ew(p) = and es(p) =

(1)

f =12, nGrid =7, nCycle = 40, nPre,nPost = 3, 2.

For the weak scalability experiment we fix the effective roder processor (work) at
210 and use the same multigrid control parameters.

Results for the network cluster are shown in Table 1. Note #ittough the com-

puters used for these experiments within the are quad-ooig,1 process was as-
signed to each machine in order to produce a genuinelyloisédl computation. It is



clear from these results that parallel efficiency is lostetapidly agp increases. The
major reason for this is that the communication cost is laejgtive to the computa-
tion cost. Each processor perforr@$N72) computation but als®(N) communica-

tion, and the relatively high latency of the Ethernet netwigra serious bottleneck.

p [N |T |ew —p [N |T Je
1 21912911 1 |22 15065 |1
4 |21 4.90.59 4 | 22117.19 | 0.74
16 | 2'2 | 6.0 | 0.48 16 | 212 | 553 | 0.57
(a) Weak scalability (b) Strong scalability

Table 1: Efficiencies on networked workstations

The computational experiments are repeated on the UniyerkLeeds high per-
formance computing (HPC) cluster, Arc-1, which uses infindb&ardware for low
latency and high speed communication. The timing data thatosllected is shown in
Table 2. The faster communication offered by dedicated H®@ware admits much
improved scalability, compared to the non-dedicated elugor the same problem
sizes. Nevertheless, the performance still falls away @asitimber of cores increases,
and the parallel efficiency will clearly decrease unacdagtior very large numbers of
cores. The degradation of the scalability as the problemisimcreased can be traced
to the communication overhead of the implementation but, atsore fundamentally,
to the nature of the algorithm itself. Two separate issueghleddentified: the loss of
efficiency of the algorithm due to communication and synofration cost; and, the
loss of convergence of the algorithm due to the coarsesagptoximate solve.

p | N | T Cw
1 293371 p [N |T e
4 1 |22(609 |1
4 |21 | 348097 b
b 4 | 921214971
16 |22 [ 3.95 | 0.85 b
64| 213 | 461|073 W01 27[395 [096

(a) Weak scalability (b) Strong scalability

Table 2: Efficiencies for ARC-1 computation

The two-dimensional grid, on which the PDE discretizatisrbased imposes a
certain relationship between communication and compartatiwork. If one assumes
a fine grid dimension ofV = 2/ in each coordinate direction and that= 2* MPI
processes are used then the strip-partitioned algorithsaritbed above employs an
N x 2/=% grid on each processor. An immediate observation is thatlithits the
number of coarser grids to at mgst k, with f — k& — 2 required in practice. Even
for large problem sizes this will severely limit the numbégad levels possible in a
multigrid cycle and consequently reduce the overall cagmece rate of the multigrid
algorithm. This also directly affects the strong scal&pitif the parallel algorithm.



Block-based partitioning alleviates this problem, in thassethat there are now
only 25 processors in each direction and hence the restrictionenumber of grid
levels is reduced tg — g Nevertheless, a limit is still implied and this will result
in poor scalability at large numbers of cores. Furthermasenoted in [45] the total
number of communications is increased with the block-bapgdoach to partitioning,

which can be problematic when latency or synchronizatienssues.

The theoretical multigrid algorithm requires an exact 8oluat the coarsest grid
level to achieve the expected, grid-independent, conneryeate. Parallel direct so-
lution algorithms do not scale optimally, even for the spaisscrete PDE systems
considered here and hence this can be considered a boktlemeptimal parallel
scalability. One possible approach for the coarsest levil use an alternative iter-
ative method, for example Preconditioned GMRES [46], thalc¢dde implemented
optimally in parallel, to provide a high-quality, efficieapproximation on the coars-
est level. This requires a parallel preconditioning stateSo far simple block pre-
conditioning has been investigated but this does not peogitbugh convergence ac-
celeration. Alternative preconditioners based upon agddomain decomposition
approaches are appropriate for parallel implementati@ghgAd are discussed in Sec-
tion 4.

2.3 Synchronization

The fully synchronous algorithm requires that a process® ¢dompleted commu-
nications with its neighbours at every smoothing stage amahd intergrid transfer
operations. (For the algorithm implemented here the fineotyse grid transfer has
no communication but for more general transfer operatibrssnust also be consid-
ered.) Some of this overhead can be reduced through the ud@Ilofon-blocking
communication. In this case each grid level can be pargtioimto an interior part,
that is not dependent on communicated data, and an extayier that is dependent.
Each processor first initiates the sending and receivingatd dt the exterior, before
computing on the interior. Only after the interior is contplenust the receiving of
data be completed and that part of the grid data computeslattthis final stage that
synchronization is enforced. The effect is to overlap Hp&cessor communication
work with on-processor computational work. Synchronmatmnust still be enforced
by the end of the particular multigrid operation but a cer@mount of idle time is
saved.

Unfortunately, even with overlap of communication with qmutation, the fact that
parallelism is only implementedlithin each of the seven steps outlined in the previous
subsection, and that these steps must be carried out in argejumanner, means
that there are still numerous synchronization points imtlodtigrid algorithm. When
the work is not perfectly distributed, or when the number migessors means that
data transfers may be delayed (or lost altogether), thesehsynization points will
ultimately ruin the parallel scalability of the approach.

A second important issue is convergence control of the gndtialgorithm. Typ-



ically a global norm of the residual is monitored, implyingyather operation after
the residual computation on each processor and synchtmmzt this point. When

multigrid is used as a preconditioning tool for an outeratem [25] this synchroniza-

tion issue may be avoided, since typically a fixed number ofes/is employed, but
in general it will also lead to processor idle time. This ssd convergence detection
is discussed as part of the following section.

3 Fundamentals of asynchronousalgorithms

The previous section clearly demonstrates some of the ncalalslity issues associ-
ated with the development of a parallel implementation dbgesof-the-art multigrid
algorithm. The need to synchronize at the end of each swethe dFacobi or Gauss-
Seidel smoother, and at the end of each inter-grid trangieration, makes scalability
to very large numbers of cores virtually impossible. Thisng of the key motivations
for taking a closer look at asynchronous algorithms in tleistisn, and is primarily
covered in Subsection 3.1. An additional motivation foragyonous methods comes
through the need for fault tolerance once the number of céatipnal cores becomes
very high. Such fault tolerance is required in order to be ablsurvive minor faults,
such as delayed or lost packets of inter-processor datagkhssvmore major faults
such as loss of nodes or connectivity. Hence Subsectioro8usés more specifically
on research into fault tolerant algorithms and asynchrsradgorithms for computa-
tional Grids. Finally, we note that there are additionafidifities that are specific to
multilevel solvers, such as multigrid, when implementegamallel. As seen above,
the order in which operations (e.g. coarse grid correcjiarsscomputed at each level
can prove to be a significant parallel bottleneck. Theseesand the development of
asynchronous multilevel algorithms are considered in thé section, Section 4.

3.1 Introduction to asynchronous algorithms

In keeping with the overall focus of this chapter the diseus# this section is pri-
marily based around the solution of sparse systems of liegaations arising from
the discretization of an elliptic PDE. We note however thattheory of asynchronous
iterative algorithms is substantially broader than thid paint the reader to the excel-
lent text [10], which provides a comprehensive introduttio

As described in [10] the defining characteristic of an asymebus algorithm is that
it is made up from a set of local algorithms that do not needdi ‘&t predetermined
points for predetermined messages to become availabldgé iBatill transferred be-
tween the local execution threads however few assumptiensiade on the order in
which messages arrive or the relative execution speedg dliffierent tasks. Two sub-
classes of algorithm may be defingdtally asynchronouandpartially asynchronous
The former are also referred to elsaotic relaxationalgorithms and are designed to
tolerate arbitrarily large communications delays (preddhat no processor quits for-
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ever). The latter are based upon the stronger assumptiom wb@er bound on such
delays, although this bound may be arbitrarily large in meamses. For each of these
sub-classesiitis possible to prove convergence resuliefaeral fixed point iterations.
For example, a fully asynchronous version of

r = Ax+b (2)
may be shown to converge provided that
p(JA]) <1, (3)

where|A| is the matrix whose entries are the absolute values of thesmonding
entries ofA andp(-) denotes the spectral radius. Note that the usual, synaeoni
versions of this iteration (e.g. Jacobi or Gauss-Seidely oaquire p(A) < 1 for
convergence. Furthermore, cases may be constructed wiamevery small delays
can lead to divergence of the asynchronous process p(fieh > 1 evenifp(A4) < 1.

As another example, also from [10], consider the iteration
z = z—v(Az ) 4)

in the case wherd is weakly diagonally dominant. That is, for each rowe have

1 —au| + Y lay| < 1. (5)
i
Noting that (5) implies
1= 7Alloe (LT =)+ = Al <(1=7)+1=1, (6)

if this last inequality were strict then the totally asyn@hous version of the iteration
would converge. However, even when the inequality is nattstrmay be shown that
the partially asynchronous assumption is sufficient to @roanvergence (assuming,
of course, that a solution exists).

Analysis may also be undertaken as to the relative speedsnwergence of the
synchronized and asynchronous versions of these fixed perations. Perhaps not
surprisingly, if no assumptions are made on the maximumydal@ommunications
then convergence could be arbitrarily slow. With apprderi@ssumptions on these
delays however geometric rates of convergence may be pfovéke asynchronous
algorithm.

Interest in asynchronous iterative algorithms may be ttduack to the 1960s,
where it was realized that such an approach to the paralleti@o of linear sys-
tems of equations could significantly reduce “programming processor time of a
bookkeeping nature” [18]. This particular work considepaatially asynchronous ap-
proach, despite the title of the paper being “Chaotic Relaratiwith this assumption
of a bounded maximum delay [18] proves convergence resttteedorm described
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above for symmetric strictly diagonally dominant and foeducibly diagonally dom-
inant systems. Although slightly weaker than the optimaules, these proofs appear
to be the earliest of this type.

In [9] the proofs of [18] are extended to cover the fully adyramous case, based
upon three very mild conditions: (a) only components froravpus iterations are
used to evaluate a component of the new iteration; (b) ea#intall components of an
iteration will no longer be used for any subsequent iteretj@nd; (c) no component
is abandoned forever. This paper also presents a seledti@suts on the conver-
gence rates and the efficiency of asynchronous iteratidth®ugh the assumption of
a bounded maximum delay is now used: capturing the fact ligaspeed of conver-
gence deteriorates as this bound grows. Implementatioessare also discussed in
this work, with a “Purely Asynchronous Method” being preést over asynchronous
Jacobi and Gauss-Seidel methods, both from an implementatid a performance
view point.

An alternative approach to the direct solution of an eligtroblem is to solve
an appropriate parabolic problem to steady state (oftesrnesd to as time-marching
or pseudo-time-stepping schemes). In [4] the use of asgnols finite difference
methods for parabolic PDEs is considered. The most stfaigbdrd asynchronous
scheme is only suitable for steady-state problems, howare&nts of this scheme are
also proposed where time accuracy is required (althoughfost order). The better
of these variants, referred to as the “time stabilizing"esol, selects a local time step
on each processor in a manner that guarantees that it “k@épgth its neighbours.

Finally in this subsection we consider a set of papers bydsay&l [26, 11, 27]. In
[26] two asynchronous versions of the two-stage block Jiealgiorithm are consid-
ered. This two stage approach modifies the usual block Jatgunithm by only using
an approximation to the inverse of the block diagonal systerthe use of an inner it-
eration (as opposed to an exact block diagonal solve). Imalpamplementation this
inner iteration is distributed amongst the processors, it asynchronous parallel
implementation results from inner solves on other proassa@ not waited for before
each processor moves on to the next outer iteration. The sywachronous variants
either assume that both the inner and the outer iteratiangsynchronous (“totally
asynchronous”) or just that the outer iteration is asyncbus. In each case conver-
gence results are proved, based upon similar assumptighsde already described
above. Note however that the extension of the above resultis¢ straightforward
for standard block iterative versions of Jacobi, etc.) dumsollow immediately for
these two-stage methods due to the inexact inner solvers.

In [11] some more practical aspects of the implementatiah @erformance of
asynchronous iterative algorithms are considered. A mpdsblem that is similar
to the finite difference approximation of the PDE in Sectioalidve is considered.
It is noted that a partition into stripes requires fewer camioation instances than
a partition into tiles and it is suggested that this could bedvantage even though
the total communication data volume is greater. Perhaps$ sigrsficantly [11] notes
the requirement for a message passing library to providesaesl communication
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routines such aRead PutandGet At the time that this article was published (1999)
MPI did not provide such routines, although they are now @efin MPI2. Clearly the
efficiency of their implementation will be of great importanas the size of parallel
systems, and their reliance on asynchronous algorithnm$inces to grow.

We conclude this subsection by remarking on the survey daggrThis provides
an excellent overview of the state-of-the-art on asynobugniterations by the end
of the last Century (including many significant referenced #re omitted from this
chapter due to lack of space). As already noted in the intibolu to this chapter, by
the year 2000 there were very few computers on which it wasiplesto make use
of more than a few hundred cores and so research up to thigeimled to be more
theoretical in nature. By this point however the key conveecgaesults for fixed point
iterations, for linear and nonlinear systems, had beewektriFor the next decade or
so, with the advent of Grid Computing, interest in asynchusnalgorithms tended to
more towards the issue of fault tolerance. This is thereloegiopic of the following
subsection.

3.2 Grid Computing, Fault Tolerance and Asynchronous Itera-
tions

The term “metacomputing” has been used to describe thecapipin of two or more

distant parallel computers, linked by a relatively slowmwak, for the solution of a

single computational problem, e.g. [29]. As noted in [29 tommon parallel pro-

gramming tool of overlapping communication by computatieran essential com-
ponent of metacomputing algorithms. Furthermore, it issobsd that asynchronous
communication is the key to a “more flexible and efficient waysing the network

between two [or more] machines”. Indeed, relatively goodhjpal efficiencies are

demonstrated across a selection of test problems, ingubdesolution of a system of
time-dependent PDEs.

More recent work by Bahet al [5] focuses directly on the issues of applying asyn-
chronous iterative algorithms in a Grid Computing contextisTexperimental study
contrasts the use of synchronous and asynchronous algsntiien run across hetero-
geneous distant machines. The results demonstrate thattéreapproach is superior
in all cases that were considered, including both linearraordinear iterations. It is
also noted that, in addition to being more naturally suite@tid Computing environ-
ments, asynchronous algorithms are generally simpler pbeiment in software: the
only significant challenge coming in convergence detectiubsequent research by
the same group, [6], developed a multisplitting Newton rodtfor the asynchronous
parallel solution of a three-dimensional advection-diitun-reaction system. The im-
plementation is based upon the development of a Java Asymatis Computing Envi-
ronment (JACE) which is run on a set of multiple machines aceasumber of distant
sites. Asynchronization is used to support the efficientlapeof communication and
computation and, as before, this allows the asynchronassoveto be more efficient
than proves to be possible in the synchronous case.
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Other groups have also developed software for computdt®nd environments
based upon the use of asynchronous iterations. For exahp@REMLINS (GRid
Efficient Method for LINear Systems) solver is introduceda8]. As with JACE, this
solver may be executed either in a synchronous or an asymahsanode. The par-
allelism is achieved using a multilevel splitting algonith that may be applied to an
arbitrary sparse matrix system: with each processor be&isgansible for a block of
rows of the system. The overall iteration is again closelgtesl to block Jacobi itera-
tion, with either exact inner solves based upon sparsetdioders, or inexact iterative
inner solvers. In each case these are simply standard dejsmtvers. Communi-
cation is between each processor and its two neighboursh-tiétexception of the
convergence detection phase which is based upon two diffeassible methods (a
centralized and a decentralized version). Tests undertakehe French GRID’5000
architecture show that the asynchronous version is oftenndit always, faster than
the synchronous case.

A slightly different approach to the multisplitting teclyunie is based upon the
Schwarz alternating method. This is applied to the solutiba nonlinear diffusion
PDE in [48], where the link with multisplitting is also disssed (Schwarz alternating
being shown to be a special case of the latter under certattitcans on the discretiza-
tion). Monotone convergence is demonstrated for the mr@dlynchronous iteration
and a sample implementation is presented and analysed.appi®ach is also ap-
plied to a challenging three-dimensional flow problem, goed by Navier-Stokes
equations coupled with transport and potential equationgl7]. Convergence of
the asynchronous iteration is again proved, under ap@igpconditions, however the
computational demonstrations are only performed on a ntoassber of processors.

Subsequent work by the same authors, [43], returns to therest issue of conver-
gence detection for asynchronous iterations. Their agprdafines the concept of a
macro-iteration by looking back at the sequence of eventdéh to local updates: by
ensuring that all convergence tests are made within the szango-iteration it is pos-
sible to provide guarantees on a global convergence anitdr@ing satisfied, albeit at
the expense of additional data exchanges. More recent)yistiresearch described in
[15] also addresses the question of convergence detecti@synchronous iterations.
The authors present a decentralized algorithm that aimstectglobal convergence
as part of a fault tolerant solution procedure. Their papeuses on fault tolerance
as well as global convergence detection and presents aernmepkation using their
JaceP2P platform, which is designed for asynchronousitigos (and is described in
more detail in [16]). The convergence test incorporateslland global phases, which
are described in detail.

Interest in asynchronous algorithms, in terms of both fumelatal theory and prac-
tical application, continues to be an active area of resed@dther recent contributions
include the analysis of another asynchronous parallelisplitting iteration, [19], that
is derived from the weighted multisplitting schemes firstaduced in [54]. This anal-
ysis proves convergence of the proposed method, which is@rgkzation of earlier
work on the same topic in [52, 7]. Other approaches includeuie of asynchronous
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preconditioners as part of a preconditioned conjugateigmagolver, [21], which it-
self still has a synchronization step at each iteration. Jte is to devote “the bulk
of the computational effort to the preconditioner [so thhf computation to commu-
nication ratio can be improved significantly, while consat#y reducing the number
of expensive (outer) synchronisations”. This is achiewedding a flexible subspace
iteration as the asynchronous preconditioner, so as tdeaate convergence — but
without the need to introduce any additional synchronarapoints. By choosing this
asynchronous preconditioner so as to focus on coarse stéspaections it is pos-
sible to accelerate convergence when solving problemimgriiom the discretization
of elliptic PDEs, [20]. This approach may be viewed as a cimdéilevel method, in
which there is a single coarse space correction at each Ksybspace iteration. The
following section considers asynchronous multilevel rodghin more detail.

4 Asynchronous multilevel methods

As discussed in Sections 1 and 2 the fastest sequentiarsalkebased upon the use
of multilevel techniques such as multigrid. Parallel impéntations of multigrid are
possible however, as we have seen, these require frequastireyizations and this
has an adverse impact on their parallel performance. Othéienel algorithms do
exist: either possessing the optimal (i&n)) complexity or very close to this (e.g.
O(nlogn)), [24, 56]. In [24] a multilevel version of the additive Schre approach is
developed, which is well-suited to parallel implementatiehilst in [56] a different
multilevel splitting is proposed, based upon hierarchiizedes.

Perhaps the best known parallel multilevel solvers are tbeqmditioners devel-
oped in [13], and references therein. Note that this approasually referred to as
BPX, is only applicable as a preconditioner and does not géigeronverge as a
stand-alone iteration. It is based upon the use of an additacomposition which
allows different subspace problems to be solved simultasigorather than sequen-
tially. Unlike the parallel multigrid described in Secti@rabove, which is based upon
parallelism within levels, the BPX technique is thereforeeawgnely concurrent mul-
tilevel algorithm. The paper [13] describes and analysissaigorithm in an abstract
setting which allows a quite general theory to be developésizertheless, the basic
preconditioning step is remarkably straightforward:

J
_ 4 A
Bu = zgjmfﬂwkdx, @)

k=

where{¢t} denotes the usual nodal basis for the piecewise linear éféteent space
obtained fromk — 1 refinements of a coarse triangulatibnandwv is a function in the
finest space. It may be shown that when this preconditiongsesl in the solution of
a finite element discretization of a suitable linear eld®DE, the resulting condition
number is at worsD(J?), whereJ is the maximum number of refinement levels in the
triangulation. The simplicity of the parallel implemendtat is immediately evident
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from (7), for which the terms in the summation may be accutedlan any order,
and the combination with local mesh refinement requires rtbhdu extensions to the
theory (and only minor extensions to the algorithmic reslan).

Later results are able to improve further on the work of [1Bar example, [57]
is able to analyse a closely related additive Schwarz fraomlewm which the precon-
ditioned system condition number is bounded independeritiige number of levels
of refinement. More recently, [50] presents a generalimatibthe BPX approach
which specifically allows for asynchronous updates, withvesgence results that are
again independent of the mesh parameters under suitabtitioos. Furthermore,
this approach is applicable to convex minimization proldeand is therefore more
general than just for linear systems arising from ellipti2E3 (which correspond to
minimizations of quadratic forms).

A different approach, that may also be thought of as anoteeeilization of the
BPX technique, is the asynchronous fast adaptive compdsitaq) method of [39,
38]. As the name suggests, this is specifically aimed at prosifor which local mesh
refinement is appropriate, and it is an asynchronous geratiah of the fast adaptive
composite (FAC) methods from the same group (e.g. [32]). lUistiiate the approach,
consider the finite element solution of a linear elliptic PDE domainS2 which is
covered by a coarse gri) say, and which has a locally refined region whose grid
is denoted by)". Note that boti2” and" cover the refined region and so the BPX
preconditioner will involve two simultaneous correctigashe solution on this region.
The AFAC method adds an additional grid, which has the coguiseresolution but
is only present in the refined region: this “is used to resalwd eliminate the error
components that are duplicated in the original pair of §r[@8%]. Hence the AFAC
approach involves additional subspace solves, comparB&®X¥q but this extra cost
is small. Further details and performance tests may alsobedfin [31, 41]. It
is interesting to note however that none of these multilegghchronous techniques
have yet been applied to extreme computing environmenitg usany thousands of
processors.

Indeed, the generalizations that have been developed o=ttty tend to have
focused on broadening the class of problem that may be solved the production
of general software frameworks. Examples of the formeruidel[44], who apply a
multilevel additive Schwarz preconditioner to the solotaf a model of bioelectrical
activity of heart tissue. Examples of the latter includeBlo provide a package of
multilevel domain decomposition parallel preconditianéncluding additive Schwarz
preconditioners as described in [2]. In none of these caagshere been an explicit
attempt to exploit the asynchronous potential of theserdlgos however.

5 Outlook

As computational hardware continues to evolve in the ydaeaathere will be a need
to develop new parallel numerical algorithms that are ckgaftexploiting many thou-
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sands of cores concurrently. Historically, good paralfétiency has only been pos-
sible with very large numbers of cores for certain classesgidrithm, such as those
based upon dense matrices. These algorithms have a largsnaof@omputational
work per unit of data and a large amount of computation redath communication.

Many important problems in computational engineering &kiéferent form how-
ever, ultimately reducing to the solution of sparse systefri;iear equations. For
the solution of partial differential equations for examplee finite element or finite
difference discretization schemes lead to precisely spahmss systems. The current
state-of-the-art provides a choice between paralleliaifgst and accurate sequential
algorithm, but with only limited parallel scalability, otse implementing a highly
scalable asynchronous iteration but with only a slow rateooivergence. Neither ap-
proach is likely to prove satisfactory in the future, whdrere will be a need to solve
complex PDE models using large numbers of degrees of fregftwrhigh accuracy,
and large numbers of computational cores, for high speed.

An important topic for current research therefore is theettgyment of algorithms
that possess both excellent convergence properties (alglenel solvers) and excel-
lent parallel scalability (e.g. fault tolerant and asymetous). In this paper we have
discussed some of the options that are available for malilsolvers and for asyn-
chronous iterations. The next step therefore must be to fapg\wn which to develop
these ideas further for the practical realization of higédglable but near-optimal it-
erative techniques.
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