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Abstract

This paper describes on-going research into the developaferew computational
algorithms and software which combine parallelism, spaxktane adaptivity, im-
plicit stiff solvers, and multigrid methods. Such softwé@aecessary in order to be
able to attempt three-dimensional simulations of fundaalesolidi cation phenom-
ena at physically relevant parameter values. The reseaildshupon our prior work
which successfully combined implicit stiff solvers withaativity and multigrid in
order to simulate a class of two-dimensional solidi catijmoblems at physically re-
alistic parameter values for the rsttime. The extensiothtee-dimensions will allow
a much larger range of problems to be studied, however itiregja massive increase
in computational resources which can only be delivered leysticcessful inclusion
of ef cient parallel algorithms, whilst also maintaininge use of both adaptivity and
optimal multilevel solvers.

Keywords: phase-change problems, solidi cation, phase- eld modetslinear par-
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1 Introduction

One of the fundamental open challenges that computatioraheering practition-
ers continue to face is that of combining modern numerigd@hms, such as mesh
adaptivity and ef cient multilevel solvers, with a pardliemplementation that permits
scalable performance on large numbers of cores. The fundahproblems that must
be overcome include the need to maintain an effective lo&hba, that responds dy-
namically to local mesh re nement and/or coarsening, amrddificulty of obtaining
good parallel ef ciencies for those operations that takecplat the coarsest levels of
a multilevel solver.



In this paper we report on our ongoing research which seeksate@ progress to-
wards resolving some of these challenges through the apiplrcof a parallel, adap-
tive, multilevel approach to the solution of a highly chaligng class of phase-change
problems involving a very wide range of length and time ssal&@he mathemati-
cal models that we seek to solve take the form of systems dilyhigpnlinear, stiff,
parabolic partial differential equations (PDES) in threace dimensions. The solu-
tions of these PDEs require extremely high spatial resmiutiear to a moving inter-
face and so mesh re nement is essential. Furthermore, iffieesss of the systems
implies that implicit time-stepping must be used and theailteg) nonlinear alge-
braic systems are solved using a nonlinear multigrid agpram these locally re-
ned meshes. Further details of this challenging compatal engineering problem
are provided in the remainder of this section, and a briebdhiction to our previous
work is given in Section 2 below.

1.1 Solidi cation and Dendritic Growth

The modelling of solidi cation microstructures has becoamearea of intense interest
in recent years. The properties of large-scale cast preduetstrongly in uenced by
the physics of processes occurring on the microscopic asdsgepic lengths scales.
One of the most fundamental and all pervasive microstrestproduced during so-
lidi cation is the dendrite. Remnants of these dendriticrostructures often survive
subsequent processing operations such as rolling anchipegid the length scales es-
tablished by the dendrite can in uence not only the nal graize but also the micro-
and hence the macro-segregation patterns.

Theoretical and experimental studies of the developmewnieofirites have been
numerous in recent years (e.g. [4, 5, 8, 10, 22, 25, 42]), axedad the most pow-
erful techniques to emerge for modelling dendritic micnostures is the phase- eld
method. The novelty of the phase- eld method is that the madtically sharp inter-
face between the solid and liquid phases is assumed ditillegjng the de nition of
a continuous (differentiable) order parametenvhich represents the phase of the ma-
terial. The evolution of is governed by a free energy functional which can be solved
using standard techniques for PDEs without explicitly krag the solid-liquid inter-
face, thus allowing the simulation of arbitrarily complexrhologies. However, in
order obtain realistic solidi cation structures the widifthe diffuse interface must be
much smaller than the smallest structural feature to bdwedoConsequently, phase-
eld simulations usually require very ne meshing, but edjyare ideally suited to
adaptive mesh re nement.

Notable examples of the successful use of the phase- eldoagp in the simula-
tion of the formation of dendritic structures include [18,, 23, 24, 30, 41, 43] and,
more recently, [11, 14, 17, 18], in three dimensions. Thdiexaof this work was
typically restricted to the use of uniform grids however tise of adapting grids has
now been shown to be both feasible and advantageous (e,$Q.184, 35]). In this
research we build upon our successful work in two space diroes which led to the



rst fully implicit, fully adaptive (in space and time) numieal tool for the solution
to the coupled set of equations governing both the evolutidhe phase- eld and the
transport of heat and mass [34].

Historically, phase- eld models have been used to consid&ither pure thermal
solidi cation (appropriate only to pure metals or alloyssatidi cation velocities such
that solute trapping is complete) or isothermal alloy saation where the growth
rate is so low that the transport of heat is considered itest@ous. However, there
is a range of solidi cation velocities where these assuon#ido not hold and the
solid grows under the coupled control of both heat and sdliftesion. Such condi-
tions apply to a wide range of industrially important maaériprocessing techniques
such as laser welding, laser surface heat treatment, sfaysation, twin-roll cast-
ing and melt spinning. Simulating solidi cation under tlkesonditions is immensely
challenging due to the vastly different length scales ovaicivthe two diffusion pro-
cesses operate. Consequently, although a few papers hpgarag recently using
phase- eld techniques to solve the non-isothermal alldidsoation problem, these
have generally used arti cially low values of the Lewis nuenlfratio of thermal to
solutal diffusivity), typically in the range 1-200, [31].yBcontrast for most metallic
alloys this ratio should be of the ord&@*.

The major advantage of the fully implicit approach is th#t,shighly nonlinear
PDE systems, involving very different rates of thermal aoldital diffusion, may be
accurately modelled in a computationally ef cient mann&hey key computational
tool that permits this is the inclusion of a robust multigscheme that is able to solve
the highly nonlinear discrete equations at each time stegfast and reliable manner
on sequences of locally re ned grids. Consequently, theistapoint for this work is
our ability to solve the non-isothermal alloy solidi catigproblem for realistic Lewis
numbers in 2-dimensions on a relatively modest desktop station. Unfortunately
such a capability, whilst still of great theoretical intefia@s of limited practical value
since almost all physically relevant solidi cation and dieite growth phenomena are
fully three-dimensional. Hence it is essential to extereldbmputational capabilities
from two to three dimensions. Given that two-dimensionalsrtake many hours to
complete on a single processor (for the physically realigiirameter regimes which
are of interest) it is immediately apparent that any extamgd three dimensions will
require the use of multiple processors.

There has been signi cant amount of research into the coatioin of adaptive
mesh re nement (in three dimensions) and an ef cient patathplementation in re-
cent years, see for example, [2, 15, 27, 36, 39, 44]. Theteffenodifying the com-
putational mesh, via local re nement or coarsening, is terahe load-balance across
the parallel processors and so it is essential to couple @uamplementation with a
suitable dynamic load-balancing strategy, e.g. [19, 3}, Aldngside this work, there
has also been a substantial amount of activity in the devedop of parallel multi-
level solvers that allow the solution of linear and nonlinalgebraic systems, arising
as the result of the discretization of PDEs, at an optimalmamtional complexity.
Signi cant examples include [3, 12, 13, 20, 26]. The goal téiently combining all



three of adaptivity, multilevel solution and parallel irepientation has received no-
tably less attention in the literature however, presumdhbbyto the inherent dif culty
of the task. There are some exceptions to this, includingekearch of [1] which is
restricted to steady-state problems, or the more genend efdhe UG toolbox, e.g.
[6, 7]. In this research we make use of a more recent softwatemhich is described
in [28], for example.

1.2 Overview

Having described the motivating problem for this work, ahd heed to move from
two to three space dimensions, Sections 3 and 4 of this papeidp a detailed de-
scription of our on-going research. It is impossible to ¢desthe move to three
dimensions without the use of parallel computing, and s@ktension is tightly cou-
pled to the parallel algorithm and software decisions thmattaken. Consequently,
Section 3 focuses on these algorithms and tools. In paaticule describe an open
source software library called PARAMESH [28] that has beseduas the basis for
our studies. This library allows parallel adaptivity andgkel multigrid but has had
to be adapted to permit the combination of adaptivity andinear multigrid that is
required for this project. These adaptations are brie ycdiégd and the performance
on a standard test problem is considered. Section 4 therogaesdescribe the three-
dimensional phase- eld model that we are using for our ahidievelopment and some
provisional computational results are provided for iltatbn. The paper then con-
cludes with a discussion of our proposed future researctyding consideration of
the remaining computational challenges for us and for timengsanity as a whole.

Before considering the parallel implementation in thremehsions however, the
following section provides a summary of our existing tedbgy for the solution of
stiff, nonlinear PDE systems in two dimensions using imptime-stepping, adap-
tivity and multigrid. Much of this work has already been pabkd, see for example
[34, 35], so the section is kept brief, focusing on the esakergquirement for both
adaptivity and multigrid.

2 Background

As described above, the phase- eld method is one of the mostilpr and power-
ful techniques for the simulation of crystal growth in botlre@ materials and alloys.
However, the mathematical realization of phase- eld medehds to coupled systems
of highly nonlinear and unsteady partial differential etiuras (PDES). Typically, this
complexity has led modellers to rely primarily on relativsimple numerical meth-
ods, however our prior work, such as [33, 34, 35], has shoahftr many regions
in parameter space it is advantageous, and often esse¢atrahke use of advanced
numerical methods such as adaptivity and implicit scheasllustration of some of
these results is provided in this section, in which we malesaisionlinear multigrid



techniques in order to solve the nonlinear algebraic syst#mequations that arise at
each implicit time step.
2.1 Summary of Two-Dimensional Methodology

We illustrate the complexity of the governing PDEs by coesii the coupled thermal-
solute model for the simulation of microstructure in binatpys that was rst intro-
duced in [32]:
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In the above system is the phase variable, = arctan( ,= ) the angle between
the normal to the interface and the x-axis ad ) is an anisotropy function (which
controls the preferred direction of dendritic growth). é|&) and represent solute
concentration and temperature respectively, whilsind ~ are the solute and thermal
diffusivity respectively: their ratic= D is called the Lewis numbeke. The numbers

0, Mcy , ke, Wo and are all assumed to be known. The cross-section of a typical
solution withLe = 500 is shown in Figure 1.

Figure 1 illustrates two important issues. The rst of thes¢hat the phase and
solute variables change very rapidly over a small spatgibre(which itself changes
with time as the solidi cation front advances). The secosglie concerns the impor-
tance of making the correct choice for the domain size. Sinedoundary values are
xed (Dirichlet boundary conditions) and the temperatuetd is propagating so much
further than the other variables one needs to choose sutlgitarge domain sizes in
order to prevent problems. If the temperature eld reacteskioundary before it
has decayed suf ciently then the temperature value in therface region decreases,
which will have a signi cant effect on the phase equationgmyl on the evolution of
the microstructure. These two observations cleary dematesthe need for adaptive
mesh re nement since it would be exceptionally dif cult tombine a very ne mesh
near the moving interface with a large domain size withocalanesh re nement.

Having demonstrated the need for adaptivity to provide vieeymesh resolution
relative to the overall domain size, we now show the impaaaf using implicit
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Figure 1: Typical solution values for, U and along the x-axis for a simulation with
Le =500

time stepping when solving problems with large values oflteeis numberLe. If
we rewrite the equations (1)-(3) in operator form
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fork = 0;1;2;::: and with@ k1 =@t= ( *** K)=t. The implementation of
this scheme is relatively straightforward, even with atlaby re ned spatial grids. A
more robust time-stepping scheme is the implicit lineatep snethod that is known as
BDF2. This is known to be A-stable and highly suited to theigoh of stiff systems
of ordinary differential equations. With a constant stesi t, this scheme takes the
following form when applied to the phase- eld equations:
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fork > 1, with@*" =@t (3 * * 2 *+3 ¥1)= t. The rstorderimplicit Euler
method is typically used for the rsttime stek € 1).

When a second order nite difference stencil is used for thatial discretization,
and the MLAT multigrid approach (see the following sectiond discussion of multi-
grid) is used to solve the nonlinear algebraic systems tis# at each time step for the
BDF2 scheme, then Figure 2 provides a comparison betweetwthéme-stepping
methods considered (using a typical set of parameter Valles the explicit Euler
scheme the maximum stable time-step size is shown on a melstii e nement
levels as the Lewis number is varied. For the BDF2 schemdathest time step is
shown for which the nonlinear solver converges as the Lewmsber is varied (using
the same spatial mesh). It can clearly be seen that, on the, BB$2 allows the time
step to be hundreds of times larger and that this ratio ise®as the Lewis number
increases. Although not illustrated here, it is also thee¢hat the ratio increases as
the number of re nement levels in the spatial mesh goes up.

Time step dependence on LE

—v— Explicit Euler - level 12 (h=0.39)|/
—=— BDF2 - level 12 (h=0.39)

Time step size (Dt)
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Figure 2: Comparison of maximum time steps for the impliditF2 method and the
explicit Euler method for different Lewis numbers

2.2 Two-Dimensional Results

We now provide an illustration of the power of the fully imgti fully adaptive multi-
grid approach by presenting some typical computationaitgwls. Further details of

all of these solutions, as well as many more computatioreigtes, may be found in
[33].



The rst set of results are for a moderate Lewis number of 40,which it is
possible to make comparisons against schemes which useietgdthniques to in-
tegrate the nonlinear terms forward in time, e.g. [31]. Feég8 illustrates solutions
at a relatively large time, starting with an initially cidewm seed at the centre of the
computational domain, using parameters consistent with [Bhe top picture shows
the solute concentration eld (this is a slightly re-scaledlsion ofU that is consistent
with [31]), whilst the bottom picture shows the thermal eld

The second set of results that we present here are for a muggn laewis number
(Le = 500), for which it would be computationally prohibitive to olmaimulation re-
sults without the use of implicit time-stepping and spad@ptivity. The calculations
have been performed using the same simulation parametenstlas previous case
except that the domain size has been doubled in each dindetnal the Lewis number
has been increased of course). Full details may be foun®in I8 Figure 4 (top) one
can see the mesh at the nal time-step where 12 levels of reem have been used.
The mesh in this gure consists of 447727 nodes and is catoded in order to see
the levels of mesh re nement. For resolving the steep gradief the phase variable
and the concentration in the interface region a very thimoregf high mesh density
is obtained. The phase variable at the nal time step can ée seFigure 4 (bottom).

2.3 Limitations

The simulation capability described in this section is cfajrvalue since the use of
adaptivity and implicit time-stepping permits a number aflgems to be investigated
that would otherwise not be computationally feasible. Intipalar, we are able to
undertake simulation of the solidi cation of a binary alléyr which the ratio of the
thermal to the solutal diffusivities is large. Such systegtpiire large computational
domains, very ne spatial resolution at the interface aratlléo extremely stiff sys-
tems of ordinary differential equations once the spatistiditization has been imple-
mented. This new capability has been used in recent work,as1{35] for example, to
investigate the behaviour of physical quantities such asldle tip radius and growth
velocity as a function of the undercooling at large valuethefLewis number.

Unfortunately, despite the signi cant value of the two-@nsional simulation ca-
pability that we have described, in terms of helping to gadeaper physical under-
standing of solidi cation processes, undertaking simolas in two space dimensions
will always be somewhat inadequate. This is quite simply wune fact that three-
dimensional effects must always be present during any palsolidi cation process
and will therefore in uence key quantities such as orientatgrowth velocity and tip
geometry. In order to overcome this fundamental limitatmut current work seeks to
implement a three—dimensional phase- eld solver thatred$ehe approach described
in this section. For the reasons illustrated here, it will B necessary to use mesh
adaptivity and implicit time-stepping however, in ordergain access to the addi-
tional memory and cpu time that will be required, it will albe necessary to make
use of parallel computing algorithms and environments. rEineainder of this paper
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discusses our progress towards this goal.

3 Three-Dimensional Problems Using PARAMESH

PARAMESH [28, 29] is a collection of functions designed tbasiound an adaptive
numerical solver in up to three spatial dimensions. The afrthese functions is
to allow seamless use of parallel processing. In this se¢tie component parts of
PARAMESH which are used during the course of this study aseutised and ex-
plained. This includes a basic overview of how PARAMESH Hasdlata, which is
then extended to discuss how the data storage method |lesetfsta parallelism and
local adaptivity. The use of multigrid within PARAMESH arftetextensions required
in order to run this in parallel with local adaptivity (MLATre explained. The sec-
tion then moves on to discuss two test problems and to presem of the numerical
results that have been obtained. PARAMESH can be used irwa®y three dimen-
sions, however because the parts of this study which madef3RAMESH were
aimed at a three dimensional phase- eld solver using a egitered scheme, this in-
troduction mainly covers three dimensional implementegiosing cell-centered data
structures.

3.1 Introduction to PARAMESH

A key part of PARAMESH is the use of data blocks, these areectbins of data
cells. A data cell can contain cell-centered, vertex-aenteedge-centered or face-
centered data points, or a mixture. Each of the differenésyqf data point is stored
in a different array, for instance cell centered data isestavithin unk while vertex
centered data is stored withimk _n. Every data block within a simulation is identical
in terms of structure (the number of data cells), and frompiteggrammer’s point of
view consists of a collection of “real” data cells and “gueetls”. The guardcells
are cells around the edge of each block which hold data frdvardilocks, they are
not acted upon computationally when updating the curremtlbl it is the use of this
block structure which allows the seamless use of parathelifhie programmer need
not worry as to whether two neighbouring blocks are storethleysame process or
not, the guardcell update algorithm handles the updatingp@fguardcells and any
necessary parallel communication. Regarding the gudsdd¢ké only thing that the
programmer needs to consider is how to handle the guardoeltbe blocks at the
edge of the domain where the boundary condition must be imgri¢ed.

In addition to holding data each block has several variabEsociated with it.
Firstly there is anodetypevariable, this de nes what type of nodes are on the block:
whether they are “leaf” nodes, “parent” nodes or higherr@sponding to nodetypes
1, 2 or 3respectively). The re nement level of the data onaxkliis stored ifrefine .
Other useful pieces of information are the physical coattis of the block and the
physical size of the block. Finally the address of each ofifleek’'s neighbours (or
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the index for the physical boundary of the domain) is storetthéneigh array.

As well as the real space arrays there are workspace arf®se ire a copy of
the real space data structure (for every real space bloc& th@ work space block),
however they can have a different number of variables in eattrand/or a different
number of guardcells. There are several motivations fargasiorkspace arrays within
PARAMESH. Firstly there are many inbuilt functions whichHhaiperate on all the real
space arrays (eg. guardcell or prolongation), if a copy efé&al space data is required
it is much more ef cient to use the workspace rather than @eam extra real space
variable. A second motivation is very closely linked to thrst: rather than use the
workspace for data which one does not want a function to ¢@ena, one can use
workspace for data that one does want a function to operatArmexample of this is
if only one variable needs its guardcells updating, rathantupdate all the variables,
copy the data for the one variable into the workspace andheatjuardcell routine on
workspace, then copy the data back.

3.2 Parallel Adaptivity

The block structure within PARAMESH is speci cally desigh® support local adap-
tivity in parallel. If re nement is carried out a block willerne into eight new blocks
(in three dimensions). Additionally, coarsening or demnment may be carried out
and the supplied functions ensure that neighbouring bloekse/dere ne consis-
tently. All the programmer need provide is a condition foasening and a condition
for re ning. A simple example of this would be to nd the maxum value of some
error function on a block, then test this value against reneat and dere nement
tolerances to decide whether a block quali es for re nemenidere nement. The
pseudo-code in Figure 5 demonstrates this.

This pseudo-code gives a demonstration of how the re nenag# are set, once
this is done theefine _derefine subroutine is called which in turn calls all the re-
quired subroutines to create new data blocks (or releaseldatks in the case of
dere nement) and any required restriction/prolongatiérdata, which can be done
using either injection, linear, quadratic or user-sugpligerpolation functions. The
selection between these interpolation functions is caroigt by setting the values of
theinterp _mask array. Additionally subroutines are called which carry lwad bal-
ancing and attempt, where possible, to ensure that neigimgoblocks are on the
same process.

3.3 Parallel Multigrid

Creating a parallel multigrid solver within PARAMESH is aatly no more dif cult
than creating a single process multigrid solver. The ondg@lwhere communication
occurs between processes is in the restriction/prolomgatigorithms and within the
guardcell algorithm, all of which are provided in a form wiibere is no need to alter.
To enable multigrid within PARAMESH a second copy of the iifoiestriction and
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loop over all blocks

if block nodetypeis 1 or 2
errormax = 0.0

loop over all points on block

error = errorfunction()

if error> errormax

errormax = error

end if

end loop

if error_max> re nement tolerance
re ne_ag = true

else if errormax< dere nement tolerance
dere ne_ag = true

end if

end if

end loop

Figure 5: Pseudo-code for a PARAMESH test re nement albaonit

prolongation algorithms are provided. Rather than opegaipon the real data arrays
they operate upon the workspace data. This is necessarydseedien using the
coarse grid correction method ([38]) the old data is coa@cather than overwritten.
These routines make multigrid possible within PARAMESH lwer for an actual
implementation they must be surrounded by other transfdrsafver operations to
create a full v-cycle. The v-cycle algorithm is recursivel@m example for a linear
v-cycle for the problenjL](v) = f, where[L]() is the discrete linear operataor,is
stored inunk(1) andf is stored inunk(2) is shown in Figure 6.

The scheme shown in Figure 6 will only work for a linear prableHowever, the
phase- eld problem which is intended to be solved using PMESH is nonlinear
and so this linear scheme needs to be extended to incorgbeafdS scheme ([38]).
If the nonlinear problem is written Bl ](v) = f (with v andf as before an§N]()
denoting the discrete nonlinear operator) then the v-cgiglerithm can be written as
shown in Figure 7 In this gure, the new line 8 is where the mediright-hand side is
created to allow for non-linear problems, and the modi exliLO re ects that we are
solving for a coarse grid solution, rather than a coarseamar, in the FAS scheme.

3.4 The MLAT Scheme

The MLAT scheme ([9]) provides a way to handle grids contagniocal adaptivity
using multigrid. In this scheme the locally re ned regione @onsider grids in their
own right and smoothing occurs upon them in the same manried@ss on a normal
non-adapted region. The edges between locally re ned rsgamd coarser grids are
considered to be Dirichlet boundary nodes when considghiagnore re ned grid.
Smoothing is carried out on this ne grid, then the values iaterpolated onto the
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Smoothunk (1), ; times.

Update guardcells.

Calculate Defects.

Copyunk (1) intowork (1) and defects intavork (2).
Restrictwork array.

Update guardcells.

Copywork (1) to unk (1) andwork(2) to unk(2).

Call v-cycle for the new level.

© © N o g kM w NP

Copyunk (1) into work(1).

-
o

Prolongwork array.

=
=

. Update guardcells.
. Correctunk(1) ! unk(1)+ work(1).
. Smoothunk (1), » times.

e
A W N

. Update guardcells.
Figure 6: A scheme for linear multigrid within PARAMESH

next grid in the hierarchy and a correction scheme is applied

It is quite simple to extend the nonlinear multigrid schemetcount for local
adaptivity (by way of the MLAT scheme), because in effecsiniready an MLAT
scheme. The problems occur however because PARAMESH omlgsaut guardcell
updates upon blocks witlodetypel or 2 and only transfers data between blocks with
the same type. This is not a problem for a non-multigrid solvieh local adaptivity,
any block which is the most re ned in a particular physicahep (i.e. blocks which
store the current solution) would m®detypel and thus would exchange data cor-
rectly during the guardcell update. The problems occur ieauring the multigrid
cycle the blocks which hold the current solution (or in trase the current blocks be-
ing operated on) will change, this means that the blocks woch guardcell operates
must also change. This change is handled by the PARAMESHgndlalgorithms in
the case where uniform grids are used, however these reuiage not written with
the MLAT scheme in mind. This means that in order to handle-maiform grids a
new subroutine is required to reset tiwdetypevariable for all blocks from the value
set by the multigrid restrict/prolong algorithms to a valigich will cause guardcell
to act correctly. The motivation for producing this addii@b code is to provide sub-
routines which sit around the existing PARAMESH subrousiregher than to modify
the PARAMESH subroutines themselves. A schematic for #gstralgorithm applied
to a singleblockfor a particular re nementevel is shown in Figure 8.

It should be noted that the “has children” (more re ned bl®odkccupying the same
physical space) condition is fairly simple to test, sinca iblock has any children
it must have the maximum number. The condition on being adparent is slightly

14



Smoothunk (1), ; times.

Update guardcells.

Calculate Defects.

Copyunk (1) intowork (1) and defects intavork (2).
Restrictwork array.

Update guardcells.

Copywork (1) to unk(1) andunk(3).

Setunk(2) = work(2) + [ N](unk (1))

© © N o gk~ w NP

Call v-cycle for the new level.
Setwork(1) = unk(1) unk(3).

. Prolongwork array.

e =
N PO

. Update guardcells.
. Correctunk(1) ! unk(1)+ work(1).
. Smoothunk (1), , times.

I~
g b~ W

. Update guardcells.
Figure 7: A scheme for non-linear multigrid using FAS witHARAMESH

more complex, since for this to be true all of a block's cheldlmust also have children.
This routine, when applied to all blocks, reconstructs nbdetypedata tree for a
speci c level such that multigrid and guardcell can work together. Adutilly this
updated data must be communicated between the varioussgescevhich is handled
by “amr_get new.nodetypes”.

3.5 Test Problems

The test problem that we present here for our PARAMESH MLApDliementation
is an adapted version of the PARAMESH tutorial ([29]). Thiasaadapted to three
dimensions, rather than the two used in the tutorial, aoldktily the initial seed was
moved off center. This problem was chosen because it is deidiffusion problem
and, based upon the tutorial, it was known that it would shusall adaptivity.

To create this new version of the test problem, rather thambahe grid adapt
itself during run time, the grid was adapted before the mstastep and then run for
a xed amount of time. Figure 9 shows a snapshot of the outpuithiis test problem,
where the locally adapted section of the grid is easily \sib

This test problem was compared against a uniformly adaptdtgnd code, and
the explicit code from the tutorial (which had the same Iycadlapted region). While
there were very small differences between each simulatiagarms of raw numbers
the differences cannot be seen on a graphical output amart fine differences in
the grid where local adaptivity was present and when it was itie quantitative
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If blockis more re ned tharlevel then

nodetype! 1

Else ifblockhas the same re nement level evel then

nodetype! 1

Else ifblockis coarser thatevel andblockhas no children then
nodetype! 1

Else ifblockis one level coarser thdavel andblockhas children then

nodetype! 2

© © N o g M w0 NP

Else ifblockis coarser thatevel andblock has children an@dlockin not a grandparent then

[
o

nodetype! 2

=
=

. Else ifblockis coarser thafevel andblockis a grandparent then

[N
N

. hodetype! 3

Figure 8: A scheme for resetting of thedetypevariable within PARAMESH

Figure 9: Output snapshot from a PARAMESH test problem
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differences were therefore not a concern.

Additionally tests were run to nd out how well PARAMESH perins as the
number of processes varies. A second test problem was aelsignthis because the
test problem presented in Figure 9 is relatively simple amg takes a short time to
run. The new test problem was designed speci cally to useemmemory and to take
a longer time to solve than the initial problem, and this pgobwas run as a 1, 2
and 4 process job. Because this test was being run on a simgleuter with 4 cores
(in a 2 processor, each with 2 cores, con guration) addalanins were performed
with multiple instances of a single process program. This earied out to provide
an estimate of the slow down incurred due to competition betwprocesses for the
resources on the one machine. One feature of PARAMESH istlleamount of
memory per process is set by the user rather than dynamiaddigh means that, for
these runs, each of the four parallel processes use the saowtof memory as
the single process job and that when multiple instanceseosithigle process job are
running they will use the same amount of memory in total aptrallel jobs. Tables
1 and 2 presents the results for these scalability tests.

Nprocs| Serial| Parallel| Ef ciency 1 | Ef ciency 2
1 485 - 1 1
2 487 286 0.85 0.85
4 507 192 0.63 0.66

Table 1: PARAMESH Parallel scalability for test problem 1

Nprocs| Serial | Parallel| Ef ciency 1 | Ef ciency 2
1 1814 - 1 1
2 1821 | 1079 0.84 0.84
4 1840 | 674 0.67 0.68

Table 2: PARAMESH Parallel scalability for test problem 2

The column headings in Tables 1 and 2 are as follows. Nprotteeisumber of
cores in use, in the case of the serial code this means theerwhmstances, in the
case of the parallel code this means the number of processdsg upon the job.
Serial lists the time for the serial code runs and Paraligs lihe time for the parallel
runs, both of which are in seconds. The ef ciency is measbred

ts

E= ————;
t, Nprocs

wherets andt, are the execution times for the serial and parallel codgmemwely.
Ef ciency 1 uses the 1 core time fag while Ef ciency 2 uses the time for the 1, 2 or
4 core appropriately. This is appropriate in order to ne¢fadeeffect of competition

17



between the processes for the resources of the one maahihe.dase of both of these
tests the grids were uniform. A scalability test for locadlyapted grids is presented
within the phase eld results in Section 4.3.

4 Three-Dimensional Phase-Field

The motivation to extend phase- eld modelling from two dimséns to three is clear,
the third dimension adds signi cant capability for simuhef real world systems. The
complexity of doing this, both in terms of the model equagittemselves and in terms
of the computational work increase brought about by thelthimension, can not be
understated. The introduction of PARAMESH is a direct resfilthis complexity,
attempting to solve a three dimensional phase- eld prob#na single process job
on a uniform grid would be beyond the expectations of curcamhputing ability.
Even with just local adaptivity or just parallelism this ptem is extremely complex
and is unlikely to yield noteworthy results in a reasonalleant of time. It is this
combination of issues which has resulted in the use of PARAMED bring together
both parallel processing and local adaptivity to make thabfem tractable on the
resources currently available.

4.1 Computational Model

The three dimensionally phase eld model considered heam isxtension of the two
dimensional one used in Section 2.1 however, for initial@iaity, it is for a pure
metal only ( hence no concentration variable or terms basdtlis). The governing
equations for this model are therefore given by Equationandl12.

@

(; @t WG ) )E @) @ 32 "
+@@X Wi ) @W@; ) yijr: J;+@VY@; ) e §Z+X#§
! !
b8 s @) xijr:j}@w@; ) o

9w BT (1)

%t: r? +%%: (12)

Here isacoupling parameter between the thermal and phase atdkthe functions
(; ),W(; )andh( ) are given by

W(; ) = Wy 1+ cod +sin* 1 2sin?cos?
(: )
h() :

o 1+ cod +sin* 1 2sin?cos?
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where , = %x In terms of modi cations from the two dimensional modele thnly
change is to add a second anglg (o the functionW( ). This makes the phase
equation signi cantly more complex due to the extra differals when the spatial
derivatives are found. The thermal equation is unchangad &om the addition of
an extra dimension to the spatial differential.

4.2 Methodology

To solve Equations (11) and (12) implicitly a backward Egleneme is used:

@i _ n+1
CI
SRR R N
o () = (13)

wheref ( "*1) can be found by rearranging Equation (11) and a similar éouatin
be used for the thermal variable In order to obtain a point-wise smoother for the
nonlinear multigrid solver a Newton approximation is apglias follows, to give an
updated approximation to'*!:

Fio= ™ t f(™) =0 (14)
F.
™= M W (15)

wherew is a weighting parameter, typically betwe@6 and0:9. This approximation

is applied to each; in turn, followed by each;, which is approximated in a similar
manner. This process is the smoothing mentioned in the inead multigrid scheme
in Figure 7. This smoothing process could be applied repdgatatil the defects

were suf ciently small such that the equation could be cdesed solved, i.e. when
Fi; andF; are below a certain tolerance for aJland ;. With multigrid however this

process is performed much faster by using a hierarchy oseoarids to nd better

approximations to "** and "' faster than is possible using just the nest grid.

4.3 Provisional Results

The results obtained so far are still quite provisionak thidue to the ongoing devel-
opment of the solver within PARAMESH. The results presemeléigure 10 show a
phase- eld simulation utilising local adaptivity. It shiolbe noted that this simulation
used only an isotropic implementation of the three dimemdiphase- eld equation,
which is obtained by setting(; ) andW(; )to o andW, respectively and all
their derivatives to zero. The result of this is that ratheant exhibitting dendritic
growth, spherical growth should be visible.
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Figure 10: PARAMESH three dimensional phase eld outputveing the locally
adapted grid and solid contour € 0:0)

The results shown in Figure 10 demonstrate the phase eldetmokrating with
local adaptivity (including the dere nement of the centregion). Additional testing
was carried out to assess how well this performed when thebaumf processes
available increases from 1 to 4 in the same manner as thethestaere carried out
for Tables 1 and 2. This set of results is presented in Table 3.

Nprocs| Serial| Parallel| Ef ciency 1 | Ef ciency 2
1 1546 - 1 1
2 1552 | 849 0.91 0.91
4 1584 | 539 0.72 0.73

Table 3: PARAMESH Parallel Scalability Test for the Phaséd Problem

The results presented in Table 3 are for a signi cantly man@plex problem than
those in Tables 1 and 2, this third test was for a two equatstem, which included
local adaptivity and a dynamically changing grid. This setdeature is important
since this requirews PARAMESH to carry out load balancingrduthe simulation
itself rather than just at the beginning (as was the caséorst two tests). The ef-
ciencies listed in Table 3 are actually higher than the poeg two tests, this demon-
strates that as the problem becomes increasingly compdesctbpe for parallelism is
enhanced.

5 Discussion

This section provides an brief overview of the work preséras well as suggesting
the direction that this ongoing research will take in theifat
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5.1 Summary

During the course of this study we have presented our ongidewglopment of the
PARAMESH library to extend this to handle a locally adaptedltigrid solver. This
solver has then been applied to a simple test problem in dadeerify this addi-
tional functionality against both a uniformly adapted ngritl solver and a separate
explicit solver. Additionally parallel scalability testgere performed to demonstrate
how PARAMESH performs as the number of processes appliedptolalem is var-
ied. Preliminary results for the three dimensional phasie solver have also been
presented along with additional scalability tests for thimre complex problem.

5.2 Future Work

Due to the ongoing development of this project the immedextensions are rela-
tively obvious: to complete the integration of the phasel problem into the MLAT
scheme and to test this fully on increasing numbers of pessesFurther develop-
ment then splits into two distinct branches, rstly incorping additional elements
into the model, for instance moving to an isothermal bindigyamodel, and then to
a fully coupled thermal-solute-phase model would demarestiully the functional-
ity provided by the PARAMESH MLAT code which has been develdpA second
branch of development is to further improve the numericaé¢ ©if the code: one of
the simplest modi cations is to incorporate a more compldagtive time stepping
scheme, rather than the standard backward Euler, such &Dff2 scheme used for
the two-dimensional work. At each stage of the developntkatscalability to a larger
number of processes will need to be considered.
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