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Abstract: Domain-decomposition methods have been studied and applied to
the solution of engineering problems for many years. Recent advances in parallel
computing systems have rekindled interest in these methods, at least in part
due to the obvious parallelism that is apparent in such algorithms. This pa-
per briefly reviews a number of different domain-decomposition algorithms and
shows how they may be used in conjunction with iterative solution techniques
for the solution of linear systems of equations arising in the finite element so-
lution of computational mechanics problems. Particular emphasis is placed on
so-called iterative substructuring algorithms, in which non-overlapping subdo-
mains are used, and details of how to produce efficient parallel implementations
are included.

1 Introduction

In this paper we are concerned with the finite element solution of the following
second order model problem.

Find v € V. C H'(Q) such that
A(u,v) = F(v), YveV, (1)

where ) € R? is the problem domain, A(-,-) and F(-) are the bilinear and linear
forms

Au,v) = /Qa(g)Zu -Yvdzx and F(v)= /Q fvdzx + /85% guds, (2)

with a(z) > 0 and 99, the part of the boundary subject to Neumann boundary
conditions.

In order to approximate this solution from a finite dimensional subspace of
trial functions, S*(9) say, it is necessary to solve the following discrete problem.

Find u" € Sh(ﬂ) such that
A(u, o) = F(v"), Yo" e SHQ). (3)
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This problem may in turn be expressed as the matrix equation
Au=1b, (4)

where A is the stiffness matrix, b is the load vector and u is a vector of nodal
displacements which is to be determined.

In general the matrix A will be strictly positive-definite and sparse, so an
iterative solution method for (4), such as the conjugate gradient method, [20], is
most appropriate. Unfortunately, it is well known that when S"(€2) is a space of
piecewise polynomial functions defined on a mesh of elements covering {} with
edge size h, the condition number of A grows like O(h™%) as h — 0 (see [30]
for example). For this reason it is necessary to apply a preconditioned version
of the conjugate gradient algorithm for realistic mesh sizes h (again see [20]).
(Note that, in this context, reference to a mesh size of h means that there exist
constants, ¢; and ¢y, such that the length of each edge of every element lies in
the interval [¢1h, cah].)

2 Domain decomposition preconditioning

There are many possible ways in which the system (4) can be preconditioned.
Some of these are purely algebraic, such as incomplete Cholesky factorization
[38], whilst others make use of the underlying finite element derivation of the
system, such as element-by-element preconditioning [29, 48] or domain decom-
position preconditioners, which are the subject of this paper.

The essential idea behind any preconditioning strategy is to find a positive-
definite matrix, M say, that has two properties.

1. The matrix M~!A should have a small condition number.
2. The system Ms = r should be computationally cheap to solve.

(In fact the above definition refers to what is known as a left preconditioner:
the more general definition requires that the matrix C~*AC™! should be well
conditioned (and here M = CT(C).) When seeking to solve the system (4) on a

parallel computer there is an additional requirement.
3. The system Ms = r should be easy to solve in parallel.

These properties are required because the rate of convergence of the precon-
ditioned conjugate gradient (PCQG) algorithm is dependent upon the condition
number of the preconditioned matrix M~ A, and the major computational step
in this algorithm at each iteration is the solution of a system of the form Ms =r
([20]). As we will see, domain decomposition preconditioning can satisfy all three
of these requirements.



2.1 Overlapping Schwartz methods

The original ideas behind domain decomposition techniques may be traced back
to the work of Schwartz, who formulated what has become known as the Schwartz
alternating method as long ago as the last century [44]. The idea behind this
approach is to divide the computational domain €} into a number of overlapping
subdomains (we use two for this illustration), ; and Q; say. Now let the part of
the boundary of €y that lies inside 3 be labled I'y, and the part of the boundary
of )5 that lies inside ; be labled I'y. The Schwartz alternating algorithm is then:

o (Guess values of solution unknowns on I';.
e Repeat steps 1 and 2 until convergence:

1. Use latest values on I'; to solve problem in )y,

2. Use latest values on I'; to solve problem in .

This idea may easily be incorporated into the PCG algorithm by simply applying
steps 1 and 2 above as the preconditioner at each iteration. As it stands however
the approach is inherently sequential. If there is a larger number of subdomains
then parallelism may be introduced by colouring the subdomains so that any
two which overlap are coloured differently. This then allows solves to be per-
formed in all of the subdomains of the same colour in parallel (see [28, 39] for
details). Provided the number of subdomains of each colour is much larger than
the number of processors in use then good parallel efficiencies may be achieved.
Unfortunately however, as noted in [39], the larger the number of subdomains
the slower the method converges.

An alternative way of introducing parallelism into the above preconditioner
is to decouple the subproblems so that all of the subdomain solves may be per-
formed simultaneously. This may be viewed as an overlapping block Jacobi
preconditioner as opposed to an overlapping block Gauss-Seidel preconditioner
([39]). In [14] however, Dryja and Widlund describe this decoupling more alge-
braicly. Following [36], they define the overlapping Schwartz method in terms
of the product of a number of projections onto subspaces (corresponding to the
subregion problems). They then define the decoupled approach to precondition-
ing in terms of sums of these projection operators, referring to such techniques as
additive (as opposed to multiplicative) Schwartz methods. (Note that this idea
of producing preconditioners through decomposition of the solution space into
subspaces may be extended much further and a thorough review is provided by
Xu in [50].)

As with the multiplicative Schwartz methods the number of iterations re-
quired for convergence when using additive Schwartz preconditioners also grows
significantly with the number of subdomains. Hence, in [15], Dryja and Widlund
introduce an extra step to the additive preconditioner (i.e. in addition to the
decoupled overlapping subdomain solves). This projection requires the solution
of a problem in which the subdomains themselves are treated as elements of a
coarse finite element mesh, thus allowing low frequency errors to be damped out
quickly. Although this modification places a restriction on the way in which



the domain ) may be decomposed into subdomains it has the advantage that,
provided the overlap distance, ¢, is bounded below by a fixed fraction of the
subdomain size, H, the condition number of the preconditioned system is inde-
pendent of both H and h. A typical result of this type is given in [49] where,
provided an exact solver is used for each subdomain,

H;
k(M™'A) < C(1 + Cmiax 5—) , (5)

K3

where & is the condition number, H; is the diameter of the " substructure, §;

is an indicator of the amount of overlap of this substructure and the constant
C is independent of each of h, H; and ¢;. Similar results are also proved for
nonconforming elements and for elements subject to A-refinement in [9, 10] and
[24, 43] respectively.

Despite these apparently attractive theoretical results, numerical experiments
(e.g. [11, 12]) suggest that using a large overlap 6 is not always the best strategy.
This is because, although the condition number may be superior, the amount of
work required per iteration is much greater when ¢ is large. In addition, from a
distributed parallel computing viewpoint, a large amount of overlap often leads
to an increase in the total amount of communication that is required at each
iteration. Hence a more popular approach in practice is to allow only a single
layer of mesh points to be common to pairs of neighbouring subdomains (i.e.
with minimal overlap), [49]. This is the subject of the next subsection.

2.2 Iterative substructuring methods

Methods in which the domain €2 is partitioned into non-overlapping subregions
are called iterative substructuring methods. Numerous algorithms of this type
have been proposed and a number of these are discussed here.

To begin with, it should be noted that there is an important trade-off to be
made when choosing the size, H, of the substructures 2;. The smaller the choice
of H the better the condition number of the preconditioned system (see equation
(5)) and the smaller the size of each of the substructure problems (making them
both easier to solve and easier to distribute evenly in parallel implementations).
On the other hand, small substructures lead to a much larger coarse finite element
mesh problem to be solved at each iteration. (Taken to the limiting case where
each substructure consists of just one element, this coarse grid problem becomes
as hard to solve as the original finite element problem — for that is exactly
what it would be.) One widely proposed approach for dealing with this trade-
off is to choose H to be quite small but, instead of solving the coarse mesh
problem exactly, apply the same additive Schwartz technique to this problem
(possibly recursively). Such algorithms are known as multilevel additive Schwartz
methods. One of the most well-known multilevel algorithms is that analyzed by
Bramble, Pasciak and Xu in [8], with more recent work appearing in [21, 22, 51]
for example. For the purposes of this paper however we will only consider two
level preconditioners. This allows the use of more general finite element meshes
(both structured and unstructured) and still illustrates most of the important
features of parallel multilevel domain decomposition preconditioners.
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Figure 1: An allowable decomposition of a finite element mesh.

In order to describe some of the common approaches in detail it will be help-
ful to return to the finite element equations (4). Recall that the domain € has
been decomposed into non-overlapping subdomains, €2;, and that the coarse sub-
structure defined by this decomposition is itself a valid finite element mesh. We
further assume that the triangulation of €2 is such that each element is contained
within a single subdomain (see figure 1) and we consider the use of a piecewise
linear approximation on this triangulation. (For extensions to higher order finite
element approximations see [1, 2, 37, 41] for example).

Suppose we number the nodes in our finite element mesh starting with those
inside the first subdomain, €, followed by those inside )3, through to those
inside the final subdomain, Q) say, finishing with those nodes lying on the
boundary of the coarse substructure. Then equations (4) will take the following
block-arrowhead form:

A, Arby, Y1) bry,
At Atbe || Ur by,
' : = - (6)
Aty ABy, Yl él(N)
Alg. Alg -+ Alp App u b
L 1) 2) () Ilug 1 Lbs

Here ur, represents the unknown nodal displacements inside €2; whilst ug repre-
sents the unknown nodal displacements on the substructure boundary. Now let
us number the unknowns on the substructure boundary so that they are ordered
one edge at a time, followed by those unknowns which lie at vertices of the sub-
structure. (Figure 2 shows the nodes on substructure edges as circles and the
nodes at substructure vertices as squares: solid shapes indicate unknowns whilst
unfilled shapes indicate that the nodal values are prescribed, due to Dirichlet
boundary conditions for example.)
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X Node in subdomain interior
® B Nodeon substructureboundary
Figure 2: The different types of unknown in a typical mesh.

It is now possible to break the vectors ug and by and the submatrix Agp
down further by writing

u b A Agvy
uszj], @szﬂ and ABBZ[Agf Afj;]- (7)

With this particular ordering of the unknowns it becomes quite straightforward
to write down an explicit expression for a non-overlapping version of the two-level
domain decomposition preconditioner introduced in 2.1 above:

AII(l)
AII(Q)

Aty
1

I A
where [ is the identity matrix (with dimension equal to the number of unknowns
on the substructure edges) and A is the stiffness matrix which arises when solving

the PDE problem (1) on the coarse grid. An alternative, slightly superior, version
of this preconditioner may be obtained by applying diagonal scaling to those rows



corresponding to the unknowns on the substructure edges:

AII(N)

A

This idea may be extended further by replacing the diagonal submatrix
diag(Agg) by a corresponding block diagonal, block(Agg) say, which has a block,
Agg,;,, for each of the substructure edges. That is,

AEE(l)

AEE(Q)

blOCk(AEE) = 5 (10)

AEE(p)

where P is the number of edges in the coarse substructure not lying on the
Dirichlet part of the boundary. In [4] Bramble, Pasciak and Schatz analyze their
own preconditioner which is based upon this idea of separating the internal, the
substructure edge and the substructure vertex unknowns. This is the first of a
series of papers analyzing the construction of preconditioners by substructuring
[4,5, 6, 7], and in it they prove that the condition number of their preconditioned
problem grows in proportion to (1 + log (H/k))*.

To see how such a preconditioner may be constructed recall that the precon-
ditioning step in the PCG algorithm ([20]) requires the solution of the system
Ms = r at each iteration. If we take

Aniy,
blOCk(AEE)

A

with block(Agg) given by (10), then this step may be written as
s=M"r= E RI( ) A >RI( L E RE( ) EEU)RE(J:)E"‘ RyA™ Ryr.  (12)

Here Ry, denotes the restriction operator which, given a vector of length n (the
dimension of r), extracts only those components associated with the interior of
subdomain ¢. Similarly, Rp  extracts only those components associated with
edge j of the substructure and Ry extracts the components associated with the
substructure vertices. It follows therefore that R}F(i) returns a vector of length



n in which all of the components not associated with the interior of subdomain
¢ are zero, Rgm returns a vector of length n in which all of the components

not associated with edge j are zero, and RY returns a vector of length n in
which all of the components not associated with the substructure vertices are
zero. We now modify (12) by replacing RY by R%F,, which is a linear interpola-
tion operator that maps the substructure vertex values onto the edge nodes and
into the subdomains. The corresponding matrix Ry therefore acts as a weighted
summation operator which accumulates interior and edge values onto the sub-
structure vertices. Hence we have constructed a further domain decomposition
preconditioner, given by:

N P
s=M1r= z; R?(OA;}(ORIME + Z; Rg(])A;EmREmz + REAT Ryr . (13)
= ]:

3 Parallel Implementations of Domain Decom-
position Preconditioners

In comparison with the number of publications studying the theory of domain
decomposition algorithms their are relatively few published papers which di-
rectly address the issues associated with parallel implementations. Many au-
thors content themselves with observing that all of the subproblems appearing
in preconditioners such as (13) are independent and may therefore be solved con-
currently on a parallel computer. Whilst this is undoubtedly true it is probably
fair to say that there is considerably more to implementing a domain decompo-
sition algorithm efficiently in parallel than such authors seem to imply. Some
papers which do address these parallel implementation issues however include
[13, 17, 27, 28, 32, 34, 39, 40, 46]. Rather than attempt to review each of these
papers in this section we instead present a description of how one might imple-
ment the preconditioner (13) on a parallel distributed memory computer, based
upon ideas appearing in a number of these works.

3.1 A parallel algorithm

We begin by returning to the original system of algebraic equations (4), written in
the block-arrowhead form (6). For the time-being we will assume that the number
of subdomains, N, is exactly equal to the number of parallel processors available
to us and that the mesh for each subdomain is stored on its own processor. It
is therefore possible to compute and assemble each of the blocks AH(i)’ AIB(i)
and éf(i) independently on the processor storing subdomain 2. In addition, each
processor can compute and assemble its own contribution to the remaining block
of A, App, independently — storing it in the block ABB(z-) say (hence Agp =
ABB(l) 4.+ ABB(N)). For the remaining block of b, by, each processor can again
compute its own contribution but some communication is required to enable the
full assembly of by to be known on each processor.

Behind the preconditioning step, (13), the next most expensive step in each
iteration of the PCG algorithm is the calculation of a matrix-vector product,



g = Ap say. Assuming that p and ¢ are partitioned into blocks in the same
manner as (6) this may be written as

for:=1,...,N and
al T
Oy =2 AIB(z‘)l—?Im + AB Py - (15)
=1 ’

Clearly (14) shows that each of the blocks 4, may be computed in parallel but

also, (15) demonstrates that with the use of a single global communication (to
perform the sum) the final block, 4y, of the matrix-vector product may also be
computed in parallel.

The preconditioning step, (13), is computed in parallel in much the same
way. The simplest component is the calculation of Y%, RI( )Afll(i)RI(i)g since
each term of the sum may be evaluated independently and concurrently on each
processor for ¢ = 1,..., N. This evaluation involves a local subdomain solve on
each processor in order to calculate Afll(i) (Rz(i)ﬂ). Such a solve may be completed
either through the use of an iterative solver or, perhaps more efficiently, through
a sparse Cholesky factorization (see [19] for example). The final summation then
requires a single global communication.

The term Ele Rg(J)AElE(])RE(])E in (13) is only a little more complicated to
evaluate in parallel. This should first be expressed in the equivalent form

Z Z RE(J) AEE(]) RE(])_ (16)

=1 J=1

where the J* edge of subdomain 7 is the substructure edge whose global number
is 7, and the notation [AEE(])] signifies that when 7 is an edge in the interior of the
substructure the contribution to the sum should only be taken from one of the
subdomains on either side of it. In this case it should be observed that some local
communication is required in order to assemble Agg, on the processor respon-
sible for computing this contribution to the sum. All of these contributions may
be completed concurrently provided they are evenly spread across the processors,
and they may be calculated with the use of sequential Cholesky factorizations of
the matrices Agg,,. (Note that here we have assumed for simplicity that none
of the edges j form part of a Dirichlet boundary.)

The final term in (13), ]%%C/l_lévz, involves assembling a weighted sum of the
components of r onto the substructure vertices, followed by a global substruc-
ture solve. The first of these operations, computing Ryr, may be completed in
parallel by allowing each subdomain to accumulate the contribution from each
of its interior nodes to the weighted sum for each of its three substructure ver-
tices and also the contribution from each of its substructure edge nodes to the
weighted sum for the substructure vertex at the start of that edge (in a counter-
clockwise sense). It is far less straightforward to perform the global substructure
solve in parallel however. Due to the small size of this problem it is generally
accepted that this operation is best performed sequentially on a single processor.



Hence a global communication is required to allow a single processor to assem-
ble every contribution to the vector }Nﬁvﬁ; this processor then evaluates A Ryr
before broadcasting the result to all of the other processors so that it may be
interpolated into each subdomain and onto each edge locally in parallel.

This completes the present subsection on the implementation of a parallel
domain decomposition preconditioner for an iterative method such as the pre-
conditioned conjugate gradient (PCG) algorithm. The next subsection discusses
issues relating to the properties that the substructure should possess in order to
allow good parallel performance.

3.2 Load balancing and parallel efficiency

So far we have assumed for simplicity that the number of subdomains is equal
to the number of parallel processors that are to be used. If we continue with
this assumption for the time-being then it follows that, in order to ensure that
each processor has the same computational load, each subdomain should contain
the same number of elements and unknowns. It is also desirable that the total
number of unknowns on the substructure boundary is as small as possible so
that the amount of additional computation (and communication) required by
the above parallel algorithm is as low as possible. If this is the case then the
only significant inefficiency in this algorithm is that the global substructure solve
occurs on a single processor and so the other processors are likely to be idle while
this takes place. When the number of substructures is equal to the number of
processors however this global problem is very small, so the idle time will not
be very substantial in practice. Moreover, in reality it is very unlikely that each
subdomain will contain an absolutely identical number of unknowns, so by giving
the global solve to the least loaded of all of the processors this inefficiency can
be made even less significant.

We now consider the more realistic case where the number of processors is
not equal to the number of subdomains in our decomposed domain. We will
assume however that the number of subdomains is significantly larger than the
number of processors. In order to achieve an efficient parallel solution it is nec-
essary to partition the subdomains across the processors so that each processor
gets the same total amount of work to do. In the simplest model of computation
that we might use this could mean that the total number of unknowns on each
processor should be the same. Hence if the subdomains are of equal size then
the number of subdomains per processor should be the same where possible,
however if the subdomains are of unequal sizes then we would expect different
processors to store different numbers of subdomains. An additional constraint is
that, to save communication overheads, we would like neighbouring subdomains
to be stored on the same processor whenever possible. This problem of parti-
tioning the subdomains across the processors may be expressed as a well-known
graph partitioning problem where each subdomain is represented by a node of
a graph (with weight equal to the number of degrees of freedom in the mesh in
that subdomain), and two nodes of the graph are connected if the correspond-
ing subdomains have any common substructure edges (with the weight of this
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4 Processor Problem | 8 Processor Problem

(55172 unknowns) (110446 unknowns)
Preconditioner | No Yes No Yes
No. Iterations 834 114 1273 148
Exec. Time 136.2 53.4 206.4 71.6
Time per It. 0.16 0.47 0.16 0.48

Table 1: Iteration counts and execution times for the PCG solver.

connecting edge being equal to the number of degrees of freedom shared by the
subdomains). Although the graph partitioning problem is NP-hard there exist
a large number of heuristic methods for obtaining good solutions in polynomial
time (including those described in [16, 25, 31, 42, 47] for example). This means
that it is possible to partition the substructure across the processors in a well
load-balanced manner.

In fact it is possible to attempt to load-balance the entire preconditioning step
of the PCG algorithm by adding an estimate of the cost of the global substruc-
ture solve to the weight of one of the nodes of the weighted subdomain graph.
When the graph is partitioned the processor which is allocated this node of the
graph then becomes the processor which performs the global solve. Moreover,
it is possible to overlap much of the communication overhead associated with
this substructure solve (and the edge solves for those substructure edges on the
partition boundary) by completing the associated message passing at the same
time as the solves are being completed on the substructure interiors.

In [26] some computations are reported in which Laplace’s equation is solved
using the above parallel domain decomposition preconditioning algorithm. Table
1 shows some of these results obtained when a problem is solved on 4 and 8
Intel iPSC/860 processors. In each case the coarse substructure consists of 1331
elements and €2 is a non-trivial geometry (it is the “Texas” geometry taken from
[3]). The convergence criterion used for the PCG solver was a reduction in the
preconditioned residual of 1078,

Inspection of these results shows that, although the cost per iteration is in-
creased by a factor of three when the domain decomposition preconditioner is
used, the reduction in the number of iterations more than makes up for this;
leading to significant savings overall. Moreover, the parallel implementation, as
described in this section, can be seen to be scalable as we move from 4 to 8 proces-
sors (keeping the number of unknowns per subdomain about the same). Further
examples in [26] confirm this scalability and also demonstrate that the growth
in the number of iterations as A — 0 is much slower when the preconditioner is
used.

4 Discussion

In this paper we have introduced the concept of domain decomposition pre-
conditioning for the system of linear algebraic equations (4) which arises from
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the finite element solution of (1). The ideas behind multiplicative and additive
Schwartz methods have been outlined and some typical analytic bounds on the
condition number of preconditioned systems have been presented. The particular
approach known as iterative substructuring has been described in some detail,
as has a typical efficient and scalable parallel implementation.

The final topic that we briefly discuss is the solution of (4) via the Schur
Complement Method. This is a very common domain decomposition technique
in which (4) is converted into a related problem which only involves those nodes
on the substructure edges and vertices. From (6) we see that

AH(i)MI(i) + AIB(i)MB = él(i) fore=1,..,N (17)
and N
; AF}FB“)M[@.) + Appug = bg , (18)

and combining these two expressions gives

(ABB — Z AIB( )AH( )AIB( hJUB = bp — Z AIB( 5 II( )bI( N (19)

This means that we need only solve the problem
Sup =g (20)

for the unknowns on the substructure boundaries — where the matrix S, known
as the Schur Complement matrix or the Capacitance matrix, is given by

and the right-hand-side vector, g, is given by

g=bs Z AIB( )AH( 2Ly (22)

Once up is known then (17) allows each of the vectors of interior unknowns, U,
to be found concurrently.

As with the full system (4) it is most appropriate to solve (20) via an iterative
technique such as the preconditioned conjugate gradient (PCG) method, and
again it is possible to use domain decomposition preconditioners.

To perform the matrix-vector multiplication step in the PCG algorithm effi-
ciently in parallel is no more difficult than for the full problem since

N
Spg =2 ABB g — ZAIB() (Afflm (Arpp5)) - (23)
=1

Hence each product may be obtained using only matrix-vector products and
interior solves independently on each subdomain (followed by a single global
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communication). This is very similar to the amount of computation and com-
munication as required by (14) and (15) above.

To precondition the Schur Complement matrix it is also possible to directly
generalize the approaches described in the previous section. For example [I,
2, 15, 18, 26, 27, 32, 45, 46] all describe algorithms for preconditioning (20) in
parallel. In [27] it is demonstrated that the local edge solves require more work
for the Schur complement approach than for the full problem because the edge
blocks of the matrix S have to be explicitly assembled. This additional work
per iteration is shown to be worthwhile by Hodgson in [26] however, where the
number of iterations required by the Schur complement solver is significantly less
than for the full system. In [45] the domain decomposition preconditioner for
(20) is improved further still, by introducing an additional set of local problems
to be solved. Each such problem involves a single substructure vertex node and a
number of nodes along each edge of the substructure which meet at that vertex.
Again it is possible to solve these local problems concurrently but now a bound
on the condition number of M ~1A is proved which is independent of both ~ and
H.

We close this short review with the remark that the techniques that have
been introduced here can be applied to a much wider variety of problems than the
simple linear self-adjoint model problem (1). Generalizations have been analyzed
and implemented for a host of more complex problems including plate bending
[9], the biharmonic equation [10], simple CED problems [23], nonlinear PDEs [33],
convection-diffusion systems [35] and 3-d linear elasticity equations [45]. Domain
Decomposition techniques clearly form an important class of method for the
solution of a wide variety of differential equations, with both a strong theoretical
foundation and a simplicity that allows efficient parallel implementations to be
achieved in practice.
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