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Abstract: This paper begins with a brief review of how dynamic load-balancing
problems arise in the context of parallel adaptive computational mechanics codes.
Particular emphasis is given to the h-version of the finite element method ap-
plied to time-dependent problems and the distinctive features of dynamic load-
balancing, as opposed to static load-balancing, are emphasized. These include
the issues of data locality and the need for parallel implementations. Following
this some popular classes of dynamic load-balancing algorithm are discussed, be-
ginning with a review of how some well-know static load-balancing algorithms
might be applied to dynamic problems and then moving on to look at various
diffusion algorithms. In addition a variety of other techniques are discussed,
including those designed to minimize the amount of data relocation required,
multilevel methods and recursive algorithms.

1 Introduction

This paper is concerned with the issue of dynamic load-balancing which arises
during the parallel, adaptive solution of various computational mechanics prob-
lems. For example, when time-dependent problems are solved using the h-version
of the finite element method (see [24, 36, 40] for example) it is frequently the case
that parts of the spatial domain which are heavily refined at one time will be sig-
nificantly less refined at some later time (and vice versa). Given that an efficient
parallel algorithm requires approximately the same amount of work to be per-
formed by each processor, this adaptivity therefore adds significant complexity
to the problem of partitioning the computational load.

In the next section of the paper a typical adaptive finite element algorithm is
briefly described for the solution of a straightforward 2-d model problem. This is
then used to motivate the need for a dynamic load-balancing procedure within a
parallel solver, and the requirements for such a procedure are specified. It should
be emphasized that both this particular choice of adaptive solution algorithm
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and choice of test problem are selected for illustration purposes only. In fact the
application of dynamic load-balancing is necessary for far more general adaptive
methods (such as those using p- or hp-refinement [6, 7, 8]) and far more complex
time-dependent problems, including those in three dimensions.

Section 3 then goes on to review a number of possible heuristics for dealing
with the dynamic load-balancing problem that has been defined. Whilst this
review is by no means exhaustive, it does aim to introduce and contrast a broad
cross-section of the published work in this area. The paper concludes with a
short discussion on the practical use of some of the methods discussed within
reliable and robust computational mechanics software.

2 Background

In this section we attempt to demonstrate how the dynamic load-balancing prob-
lem typically arises in parallel computational mechanics codes by studying a
particular adaptive solution algorithm for a linear test problem. This problem
is introduced in the first subsection and in the second subsection the adaptive
algorithm is described, along with its implications.

2.1 Parallel implementation of the finite element method
for a time-dependent test problem

Consider the linear diffusion equation with a time-dependent source term on a
spatial domain ) C R?:

%u(g,t) = Vu(z,t) + f(z,t) for (z,t) € 2 x (0,71, (1)

subject to the initial condition
u(z,0) = u(z) for all z € Q,

and the boundary conditions

du
u=ug only and = on I'y for all t € (0,77,
where 0 = TI'; UTy and Ty N Ty = {}. We may seek a piecewise linear finite
element approximation, u” say, to u by creating a triangulation, 7", of  and

setting
N+M

uh(g,t) = Z ui(t)Ny(z) (2)

=1
where N;(z) are the usual linear hat basis functions on T" and M and N are the

number of vertices of 7" which do and do not lie on I'y respectively. The finite
element equations which result from this approximation take the form

M—=—-Ku+ F(t), (3)



where u : t — RV contains the solution estimate at each vertex of 7" not lying
on I'1. Here M is an N x N mass matrix, K is an N x N stiffness matrix and the
vector £/ € R incorporates both the source term and the boundary conditions.
(See [26], for example, for a more complete description than is possible here.)

Equations (3) represent a finite element semi-discretization of the original
problem (1). Suppose we use the theta method to solve this initial value problem
(see [34] for example). Then at each time step it is necessary to solve the linear
system

(M + kOK)u" = (M — k(1 —=0)K)u" + (1 —)F(t™) + 0F(™") ,  (4)

where u"tt &~ u(t"t!), u" ~ u(t") and k = ¢" T — ¢

There are numerous ways in which (4) may be solved on a parallel distributed
memory computer, however we follow the domain decomposition philosophy here
(see [25] for an overview), since this also permits the equations to be assembled
and stored in a parallel and distributed manner. The first step therefore is to
decompose the triangulation 7" of Q into non-overlapping subdomains (see figure
1) and then order the unknown components of u(t) so that the internal nodes for
each subdomain are enumerated first, one subdomain at a time, followed by the
remaining unknowns which lie on the partition boundary. With this ordering,
each of the matrices M and K have the following block arrowhead structure:

AII(l) AIB(l)
AII(2) AIB(z)

. . A% iy Alb)

L AIB(l) AIB(Q) e AIB(p) ABB

Here it is assumed that there are P subdomains and that A represents either the
mass or the stiffness matrix. If each subdomain is stored on a single processor,
numbered from 1 to P, then it is possible to compute and store each of the
blocks Ay, and Azp, independently on processor . Moreover, each processor
can independently compute and store its own contribution to Ags, Aps,, say,
where ABB = ABB(J) + ...+ ABB(p)-

If an iterative method, such as the conjugate gradient algorithm (see [13]
for example), is used to solve (4) at each time step then, in the absence of a
preconditioner, the major computational step within each iteration is to perform
a matrix-vector multiply: ¢ = (M 4 k0K )p say. In the block notation of (5) this
is

qli) = (*Mll(i) + k@[([[(i) )Bl(i) + (LM[B(O + ka[([B(i))]_)B (6)

for i = 1,..., P (which may all be computed in parallel), and

P
a0y = D_(Mis, + k0K15,) p,  + (Mas, + k0Kss,)p, (7)

=1

(which may also be computed in parallel; with the additional requirement of a
global summation). The important point to observe from (6) and (7) is that, for
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Figure 1: A possible decomposition of a finite element mesh.

the work to be split equally amongst the P processors (thus achieving maximum
parallel efficiency) it is necessary that the number of unknowns in each subdomain
be as equal as possible. It is also desirable that the number of nodes on the
boundary of each subdomain is as small as possible so as to minimize the work
in calculating ¢,. Hence, the algorithm used to partition the mesh T" into P
subdomains should have two objectives:

1. the number of unknowns in each subdomain should be about the same,

2. the number of unknowns on the partition boundary should be as small as
possible.

Note that even if we use a more sophisticated parallel solution algorithm, such as
applying an element-by-element or a domain decomposition preconditioner (see
[23] or [25] respectively), these two requirements will still hold so as to ensure
that the computational load is well-balanced and the additional communication
and computation overheads are as low as possible.

When solving (1) on a single mesh, 7", for all ¢ € (0,77 it is only necessary
to decompose 7" into subregions once, at the start of the computation. This
decomposition may be expressed as a well-known graph partitioning problem in
which it is desired to divide a graph into P equally sized subgraphs in such a
way as to minimize the number of edges of the graph which pass between sub-
graphs. To see this, define a unique vertex of the graph for each element of
T" and a unique edge of the graph to join those vertices which represent ele-
ments of 7" which share a face. A solution of the graph partitioning problem
will then satisfy both requirements 1 and 2 stated above. Unfortunately, finding
an exact solution for this problem is NP-hard. Nevertheless, for our purposes,
any “good” approximate solution will be adequate and a large number of heuris-
tics have been developed and analyzed over the years. These heuristics include
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greedy algorithms ([10]), geometric algorithms based upon the coordinates of
the centroids of the elements in 7" (e.g. recursive coordinate bisection [43, 52]
or recursive inertial bisection [9, 39]), recursive graph bisection algorithms (such
as described in [17, 43] or the spectral bisection algorithm used in [14, 43, 57]),
multilevel and graph-coarsening algorithms (see [1, 2, 15, 29]), and global mini-
mization methods (such as using neural networks [3, 47], genetic algorithms [47]
or simulated annealing [57]).

Numerous public domain software packages have been developed which make
use of many of the techniques referenced above (see, for example, [16, 29, 41, 56])
as well as various hybrid strategies. These hybrids tend to consist of applying
a standard heuristic in order to get an initial partition of the mesh and then
applying a different, local, heuristic (such as [11, 31, 38]) in an attempt to im-
prove the quality of this partition. Finally in this subsection, we note that an
alternative to partitioning an existing mesh 7" is to generate a partitioned mesh
in parallel (which should still satisfy the two quality criteria of load balance and
short interpartition boundary). A number of algorithms have been proposed for
this, including [12, 18, 32, 37, 50] for example.

2.2 The use of adaptivity and the need for dynamic load-
balancing

In practice, for many time-dependent problems (including (1) for certain choices
of f(z,t) or u’(z)), it is both inefficient and inaccurate to use a single finite
element mesh, 7", for all ¢ € (0,7]. This is because to represent the solution
u(z,t) accurately a very large number of degrees of freedom may be required in
certain regions of {) at some times, and many fewer may be required in the same
region at other times. For example, the solution to (1) may start out by being
extremely smooth and slowly varying throughout € but, as it evolves with time,
a steep boundary layer might develop near some parts of 9€). To represent such
a boundary layer accurately a very fine mesh is required locally but it would be
extremely inefficient, and impractical, to have such a fine mesh throughout the
whole of Q. Neither is it possible to produce a priori a mesh 7" which is fine
only in the vicinity of the boundary layer since, in general, the location of any
such regions will not be known until the problem is being solved.

For these reasons it is common to use adaptive finite element schemes in which
either the size of the elements [24, 36, 40] and /or the degree of the approximation
[6, 7, 8] are allowed to vary throughout the spatial domain with time. For the
purposes of illustration, in this paper we only consider variations in the local
element size: known as h-refinement. We follow [24] and suppose that after each
time step (i.e. solution of (4)) an a posteriori error estimate is used to indicate
in which regions of the domain the error is too large, and in which regions it is
unnecessarily small (see [20, 22, 27, 46] for example). Every triangular element
which has an unacceptably large error on it is then subdivided into four child
elements, and any groups of four sibling elements with an unnecessarily small
error are considered for derefinement (see [36]). Figure 2 illustrates this in the
case of local mesh refinement only. Note that the initial mesh can never be



Figure 2: An example of local hierarchical refinement in 2-d.

coarsened, but once an element has been refined its children may be derefined at
some later time. If the initial condition, u°(z), is not smooth then it is possible
to refine the initial mesh at time ¢ = 0 so as to allow a good representation of
u®(z): this initial refinement in not necessarily permanent however. (Note that
there are also a number of 3-d generalizations of this algorithm which work in
much the same hierarchical fashion [28, 42, 45].)

Now suppose that the above adaptive algorithm is implemented in parallel.
After the initial mesh has been refined so as to allow an accurate representation
of u%(z), it must be partitioned across the available processors. This will be
done, as outlined in subsection 2.1, to ensure that each processor has about the
same number of elements (or nodes), and that the partition boundary is short.
As the solution evolves however, the a posteriori error estimates may cause the
mesh to be locally refined on some processors and/or locally derefined on others.
After some time this is likely to cause the computational load on each processor
to become unbalanced, and hence the parallel efficiency of the solver will be
substantially reduced.

Once a significant imbalance in the load on each processor has developed
it becomes necessary to modify the partition of the mesh so as to rectify the
situation. In theory it is possible to apply any of the graph partitioning strategies
cited in the previous subsection and then to redistribute the mesh accordingly.
Unfortunately, this has at least two undesirable consequences. Since none of
these algorithms make any use of the existing partition it is almost certain that
the vast majority of elements in the latest mesh will need to be relocated onto
a different processor: a very significant communication overhead (in [55] for
example, typical calculations lead to about 95% of elements being relocated on
32 processors and an even higher percentage on 64). In addition, nearly all of
the algorithms referenced above are inherently sequential, and would therefore
cause a parallel bottleneck (i.e. P-1 idle processors) whenever repartitioning takes
place.

A far more versatile mesh partitioning algorithm is therefore required when
a parallel adaptive solver is being used. Such an algorithm needs to be both
dynamic, in that it modifies an existing partition incrementally, and parallel.
To summarize therefore, we wish to develop a partitioning algorithm with the
following four properties:

1. it should produce a load-balanced partition,



2. there should be a minimal amount of data migration,
3. a minimal number of elements should end up on the partition boundary,

4. there should be an efficient parallel implementation.

3 Dynamic Load-Balancing Algorithms

There are two distinct possibilities to choose between when partitioning an
adapted finite element mesh. One can either partition the actual elements in
the latest mesh or one can just partition the initial mesh (with any child ele-
ments being located accordingly). The first option is clearly more versatile (see
[8] for example) however it does mean that some elements may be stored on a
different processor to their parent, which causes significant additional complex-
ity for the parallel adaptivity algorithm. We therefore concentrate on the second
case here, in which the initial mesh is dynamically partitioned. This does not
mean that the algorithms discussed below do not apply when the actual mesh is
used: we simply choose to work with the initial mesh for clarity.

As with the static problem it is convenient to express the task of producing a
new decomposition of an adapted mesh in terms of a graph partitioning problem.
For each element, ¢, of the initial mesh define a vertex of a dual graph and let
this vertex have weight v;, where v; is the number of elements of the actual mesh
currently contained inside 2. For each pair of face adjacent elements in the initial
mesh define an edge, 7, of the dual graph and let this edge have weight ¢;, where ¢;
is the number of pairs of elements in the actual mesh which currently meet along
edge 5. For example, in figure 2 we see an initial mesh with just two elements
and one common face. Hence the dual graph has two vertices (with weights 30
and 6 respectively) and one edge (with weight 4). At the end of each call to the
adaptivity procedure the weights of the dual graph must be updated and it is
necessary to assess whether the current partition has become unbalanced. If it
has then a dynamic load-balancing technique should be applied so as to improve
the quality of the partition. We now consider a number of possibilities for doing
this.

3.1 Generalizations of static algorithms

In this subsection we show how some of the static partitioning algorithms refer-
enced in subsection 2.1 can be applied to the dynamic problem: sometimes after
they have been modified somewhat.

3.1.1 geometric algorithms

Recursive coordinate bisection

This approach is described in [43], where it is presented as a slight generalization
of an earlier method used by Williams in [57]. For a 2-d domain the method is
based upon recursively bisecting the mesh by cutting it either in a horizontal or
a vertical direction. This cut is made across whichever is the shorter out of the



height and breadth of the domain/subdomain, and is positioned so as to split
the weight as equally as possible.

Although this technique is very straightforward and computationally inex-
pensive it is not particularly popular in practice. This is because the number
of elements on the partition boundary tends to be quite high for meshes of ir-
regular density. Nevertheless it is a relatively good method from a dynamic
load-balancing point of view since it naturally tends to preserve the locality of
a very high proportion of the elements. In addition it may be implemented in
parallel since, at each level of the recursion, more and more subdomains may be
bisected simultaneously.

Recursive inertial bisection

This is a more general technique than recursive coordinate bisection that is de-
scribed in [9, 39] for example. Here, the vertices of the dual graph are considered
as point masses (given by their weights v;) located at the centroid of their cor-
responding initial element. The principal axis of inertia for these point masses
is then calculated and the domain is bisected by making a cut which is orthog-
onal to this axis (with approximately equal weights on either side of it). This
procedure is then repeated recursively for each subdomain.

In [9] it is reported that this method is quite fast but that the number of
elements next to the partition boundary is often still quite high (an issue which
is addressed by applying the local improvement algorithm of [11] after each bi-
section). As with other geometric approaches data locality is generally preserved
quite well when using recursive inertial bisection since the principal axes will
only change gradually as the mesh steadily refines and derefines. The method is
also amenable to parallel implementation both through its recursive nature and
through an ability to calculate the principal axis of inertia for a given subdomain
in parallel.

3.1.2 Spectral algorithms

Another algorithm frequently used in static graph partitioning is recursive spec-
tral bisection (see [43, 57], with a version for weighted graphs described in [14]).
It we wish to partition our weighted dual graph into two subdomains of equal
size then, for each vertex 7, we wish to assign a value of £1 to z; such that

All vertices for which z; = +1 will then be in one subgraph whilst the remainder,
for which x; = —1, will be in the other. If we also wish to ensure that the total
weight of edges of the dual graph that cross the partition boundary is as low as
possible then it is also necessary to choose the values of x; such that we

|
minimize Z Z ej(xj(l) - %’(2))2 ) (9)

J



where j(1) and j(2) are the numbers of the two vertices at the ends of edge j.
When using spectral bisection the key is to treat this constrained minimization
problem (i.e. (9) subject to the constraint (8)) as a continuous rather than a
discrete problem. This can be solved by evaluating a single eigenvector of the
Laplacian matrix of the weighted dual graph: one then assigns discrete values
of +1 to the z; according to the corresponding entry in this eigenvector — hence
the name “spectral bisection”.

It turns out that when this spectral bisection algorithm is applied recursively
it tends to give extremely good static partitions of most graphs (i.e. the number
of edges cut by the subdomain boundary is very low). Unfortunately, in the
form described here, it is of little use in dynamic load balancing since there is no
mechanism for ensuring that an original partition of the dual graph is in any way
similar to the recursive spectral partition. Hence it will usually be the case that
a large amount of data migration is required whenever this algorithm is used to
repartition the initial mesh.

In [51] Van Driessche and Roose seek to overcome this difficulty by adding
some additional vertices and edges to the weighted dual graph. A new vertex
is added for each of the existing subgraphs and an edge is added to each of
the original vertices: joining it with the new vertex which corresponds to the
subdomain to which it currently belongs. Note that none of these new edges
are cut by the current partition of this extended graph. If we can repartition
this graph so that there is still precisely one new vertex per subdomain after
repartitioning then it follows that any new edges which are now cut by the
partition must correspond to the migration of a vertex of the dual graph from
one subdomain to another. Given that the spectral algorithm performs well in
terms of keeping the number of cut edges quite low it is to be expected that,
when applied to this extended graph, it will lead to a small amount of data
migration. It turns out that the success of this approach depends quite heavily
on the choice of weight that is used for the new edges in the extended dual graph
and also on the ability to ensure that the new partition does indeed have just
one new vertex per subdomain. Nevertheless, the results obtained in [51] are
extremely encouraging.

A rather different modification to the spectral algorithm, also designed to
allow it to be applied dynamically, is proposed by Walshaw and Berzins in [54].
In this algorithm the dual graph is coarsened by merging into a single “super
vertex” all of the vertices in each subdomain that are more than d edges away
from the subdomain boundary. The weight of each of these super vertices is
equal to the sum of the weights of its components so they are usually very heavy.
Hence, when the weighted spectral bisection is applied to this coarsened graph
it is generally the case that there is exactly one of these super vertices in each
of the new subdomains. This in turn ensures that very little data migration is
required to move from the old partition to the new one. In addition the low edge
cut property of the spectral approach ensures that the new partition boundary
is still reasonably short.

From the viewpoint of parallel implementation, both of these variants have
the advantage of being recursive, which automatically permits a certain degree



of concurrency. There is also the possibility of using a parallel implementation
of the spectral algorithm at each stage in the recursion (see [2, 35] for example),
however this does not appear to have been attempted as yet.

3.1.3 A multilevel algorithm

The use of multilevel algorithms for the static graph partitioning problem has
been shown to be highly effective in a number of recent publications (see [1, 2,
15, 29] for example). The general idea behind these techniques is to produce
a hierarchy of coarsenings of the original weighted graph (where each level in
the hierarchy is produced by merging together groups of neighbouring vertices
of the graph at the previous level), and then to perform a global partition only
for the coarsest graph. This partition is then projected onto the graph at the
previous level and then modified using a local algorithm (such as [11, 31, 38]) in
order to improve the partition quality. This step of projection onto the previous
level followed by local improvement is repeated until the original graph has been
recovered, when the algorithm terminates. It is possible to make quite an expen-
sive choice for the global partitioner (a spectral algorithm for example [14]) since
it is only applied once and to the coarsest graph. Moreover, the technique may
either be applied to find a bisection of the original graph and then be repeated
recursively on each subgraph, or it may be applied to find a k-way partition
directly.

Recently (in [30]) Karypis and Kumar have proposed a parallel version of
their sequential multilevel technique (see [29]) which is suitable for the dynamic
load-balancing problem. In this parallel version the original graph is already
partitioned into k subgraphs and the coarsening algorithm only permits vertices
in the same subgraph to be merged together at each level. The coarsest graph
in the hierarchy can then be repartitioned quite cheaply (since it is small) before
the refinement stages begin. At each of these refinement stages further transfer
of vertices is allowed to take place so as to permit local improvements to the
partition through the use of a greedy heuristic. Figure 3 illustrates this process
by showing one level of coarsening, followed by a repartition and then one level
of refinement. Notice that after the refinement stage the partition has been
modified locally.

Initial results using parallel multilevel algorithms such as that described here
(see also [55]) are quite encouraging. Nevertheless there are numerous difficulties
associated with keeping the amount of interprocessor communication under con-
trol: especially at the local improvement stages (with the possibility of thrashing
not entirely eliminated). Also, it is not clear how important the choice of parti-
tioning algorithm for the coarsest graph will be in general, nor what the optimal
degree of coarsening should be. Hence quite a lot of further research is still
required in this area.

3.2 Diffusion algorithms

In section 2 of this paper the dynamic load-balancing problem is introduced
in the context of parallel adaptive computational mechanics software. In this
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Figure 3: A schema showing a single level of the coarsening and refinement
process for Karypis and Kumar’s k-way algorithm (here & = 3).

subsection we briefly consider the application of a very general class of dynamic
load-balancing techniques to such software: algorithms based upon diffusion [4,
5, 19, 33, 44, 58, 59]

To illustrate the simple idea behind diffusion algorithms it is convenient to
introduce a new graph which, following [53], we call a weighted processor com-
munication graph (WPCG). Given a partition of the weighted dual graph of a
finite element mesh onto P processors, the WPCG has P vertices: one for each
processor. The weight of each vertex is equal to the total number of actual el-
ements in the corresponding subdomain, and two vertices are connected by an
edge if the corresponding subdomains are face adjacent (the weight of this edge
being equal to the number of element faces shared by the subdomains). If one
imagines the WPCG as a physical network where each vertex is a point at a cer-
tain temperature (given by its weight) and each edge is a wire which connects a
pair of points, then a diffusion algorithm simply attempts to simulate the flow of
thermal energy through this network until equilibrium is reached. At equilibrium
each point will be the same temperature which, in this analogy, corresponds to
an equal load on each processor.

It is apparent therefore that diffusion algorithms are iterative processes in
which neighbouring processors compare loads and, at each iteration, a proportion
of the difference is passed from the heavier to the lighter loaded processor. Such
algorithms are inherently parallel and only require local communication between
individual processors. In the well-known paper of Cybenko [5], the convergence
of such schemes is proved and the rates of convergence are studied for a number
of processor topologies. (Note that there are two different possible definitions
of “neighbouring processors” that could be used here. Either their physical
connectivity may be considered (as in [5]) or their connectivity within the WPCG
may be used (which is more likely to keep a short partition boundary). These
two definitions clearly lead to very different algorithms: with the latter being the
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more appropriate for the application being considered here.)

One of the conclusions of Cybenko’s analysis (and others such as Boillat [4]),
which is readily observed in practice, is that the classical diffusion algorithm is
very slow to converge (especially when near to equilibrium). He therefore pro-
poses a more robust variant of the algorithm, known as the dimension exchange
method [5], which is designed specifically with a hypercube architecture in mind.
This idea has been generalized and analyzed further by Xu and Lau [58, 59]. A
rather different approach to achieving faster convergence has been proposed by
Horton in [19]. This makes use of the multilevel idea that we have already en-
countered so as to allow the load to be shifted around the network more quickly
and coarsely in the early stages.

Despite these, and numerous other, improvements to the basic diffusion algo-
rithm (e.g. an asynchronous version due to Song [44]), there are still a number
of major drawbacks associated with using these methods for balancing adaptive
finite element computations. In particular, no information is given about which
elements should be transferred from one processor to another: one only calcu-
lates the total weight to be transferred. Moreover, this weight is a real number
whereas the vertices of the dual graph have weights which are integers (possibly
quite large in areas of heavy local refinement), which means that achieving the de-
sired transfer weight may not be possible in practice. Finally, it should be noted
that, in general, diffusion algorithms take no explicit account of the requirement
that we have to keep the total amount of data migration to a minimum.

3.3 Minimizing data migration

At the end of section 2 four properties are stated which we would like our dy-
namic load-balancing algorithm to possess. In fact, it is not difficult to see that
these requirements are not generally self-consistent. For example, given an initial
partition, it may be impossible to obtain close to the minimum possible number
of elements on the partition boundary (subject to the load-balance constraint)
without a substantial amount of data migration. It follows therefore that there
has to be some trade-off between all of these requirements: we would like our
subdomains to be approximately load-balanced and the interpartition boundary
to be reasonably short but we would also like to avoid too much data migration.
The diffusion algorithms introduced in the previous subsection place their em-
phasis on the quality of the final partition more than on the need to minimize
data migration. In contrast, in this subsection we consider a technique which
shifts this emphasis onto maintaining as much data locality as possible.

We will again make use of the weighted processor communication graph
(WPCGQG) defined in the previous subsection. Following the notation of Hu and
Blake [21] for this graph, let us denote by ¢; the total load on each processor (i.e.
the weight of vertex i for i = 1,..., P) and by / the average load per processor.
If 6;; is the total weight that we are to transfer from processor i to processor
J (where the corresponding vertices of the WPCG are connected by an edge,
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(7,7)), then to balance the load across the processors we require

Yo by=4—C fori=1,...P—1, (10)
(3,7)€E

where F is the set of all edges in the WPCG. (Note that if equations (10) are
satisfied then it must also follow that the same equation also holds for i = P.)
Given that é;; = —6;;, Hu and Blake observe in [21] that (10) corresponds to
P —1 equations in |E| unknowns. In general, the number of edges will be strictly
greater than P — 1 (often much greater) and this problem will have an infinite
number of solutions (at worst |E| = P — 1 for a connected graph and there will
be a unique solution). Hence Hu and Blake propose an algorithm for finding
the solution of (10) which minimizes the Euclidean norm of the vector whose
components are ¢;; for each (¢,7) € E. They therefore produce a repartitioning
schedule which minimizes the total amount of data migration in the L? norm.

As with the diffusion algorithms described in 3.2 Hu and Blake’s method
does not tell us anything about which particular elements should be transferred
between processors when applied to the adaptive finite element problem. This
choice should be made so as to try to keep the length of the new partition
boundary as short as possible: possibly based upon one of the local heuristics in
[11, 31]. Even if the best possible choice is made for which elements to migrate
however, this approach is unlikely to yield a subdomain boundary which is as
short as that obtained from a spectral method, for example, since there is nothing
in the algorithm which explicitly attempts to keep this boundary short.

Despite these problems, there does appear to be a lot of potential to the
minimization approach of [21], and this is possibly best demonstrated by the
work described in [55]. Here Walshaw et al make use of Hu and Blake’s method
within their own, more robust, code. In addition, this work makes use of graph
coarsening to reduce the size of the global partitioning problem and local im-
provements to the partition when refining the coarsened graphs. Interestingly,
in [55] it is observed that if one solves the linear algebra problem associated
with (10) using an iterative method, then Hu and Blake’s algorithm may be
interpreted as a diffusion method for which the diffusive coefficients change at
each iteration. Preliminary results from Walshaw et al, reported in [55], suggest
that their quite sophisticated algorithm often strikes a good balance between the
conflicting requirements of partition quality and data locality.

3.4 Other recursive methods

We finish the section by briefly outlining two more dynamic load balancing algo-
rithms that may be used in parallel adaptive computational mechanics codes. As
with the geometric and spectral approaches outlined in 3.1.1 and 3.1.2 respec-
tively, these algorithms are also recursive in nature: often referred to as divide
and conquer. Unlike the previous approaches however the algorithms introduced
in this section rely entirely on local migration heuristics, such as [11, 31, 38], and
contain no global repartitioning step.

In [28, 53] a parallel adaptive three-dimensional unstructured finite element
code is described for the solution of Navier-Stokes problems with complex ge-
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ometries. The load-balancing strategy used here assumes that the number of
processors is a power of two and begins by splitting the processors into two equal
groups based upon their IDs. Following this the total load in each group is de-
termined so that half of the difference may be transferred from one to the other.
The group with the higher load is labled as the sender group whilst the other is
labled as the receiver group. Only those processors in the sender group which are
face adjacent to a processor in the receiver group are allowed to pass elements
between the groups and each such processor concurrently sends a proportion of
the total load to be transferred. Moreover, the actual elements which are trans-
ferred are chosen only from those elements which lie on the partition boundary
or which are contiguous to other elements being transferred. These restrictions
are designed to try to prevent the length of the new partition boundary from
becoming too large.

Once the bisection into two groups is complete the above algorithm may be
repeated recursively in each group until there is just one processor per group. At
this point the load will be equally balanced across the processors because such
a balance is always maintained between the groups. As is pointed out in [53],
there are two ways in which parallelism may be exploited in the implementation
of this algorithm: as well as the divide and conquer approach allowing greater
parallelism after each level of the recursion, it is also possible to implement in
parallel the sends and receives between groups at the same level.

In [48, 49] a generalization of this approach is described in which a more
robust version of the divide and conquer algorithm is sought. The method still
divides the processors into two groups recursively but unlike in [53] these groups
are not selected according to their processor IDs but instead by bisecting the
weighted processor communication graph (WPCG). This bisection is obtained
using a weighted spectral algorithm ([14]) and does not necessarily create groups
with equal numbers of processors but instead attempts to create groups with
approximately equal weights. Now the sender group is the group with the larger
average weight per processor and the total load to be migrated is such that the
final average weight per processor should be the same in both groups. As with
[53], the algorithm described in [48, 49] only permits those processors in the
sender group which are face adjacent to a processor in the receiver group to send
elements. The particular elements that are migrated are selected in a different
manner than in [53] however. This is based upon a generalization of the notion
of a “gain” that is used in many local algorithms (see [31] for example). The
gain in migrating a vertex of a partitioned graph from one partition to another
is defined to be the decrease in the weight of the edges of the graph that are cut
by the partition boundary should that migration take place. In [48, 49] the “gain
density” (i.e. the gain divided by the weight of the node) is used to determine
which particular elements should be migrated at each stage.

In assessing the quality of these recursive algorithms we again observe that
there is a trade-off between the quality of the final partition and the amount of
data that we wish to migrate. This is especially true if the initial partition is
quite poor: immediately after heavy local mesh refinement has occurred on just
one or two processors for example. In comparison with the optimal algorithm
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of Hu and Blake [21] (see subsection 3.3) for example, these techniques result
in significantly more data migration. However, as demonstrated in [48, 49], the
quality of the new partition is often superior. If, on the other hand, the initial
partition is not that poor then this may usually be improved with very little data
migration and the cheaper algorithm is generally just as effective.

4 Discussion

This paper attempts to review quite a large amount of material in order to
introduce the reader to the main features of dynamic load-balancing for adaptive
computational mechanics codes. It is inevitable therefore that most of the topics
covered have not been discussed in very much depth and the reader is encouraged
to make use of the bibliography below in order to follow up any work that is of
particular interest to them.

There is also one extremely important issue that has not yet been addressed at
all in this paper. This is the question of assessing when it is worth the expense
of repartitioning a mesh, as opposed to continuing with an existing partition
which may be a little unbalanced (as a result of some local mesh refinement for
example). This is an extremely difficult question to answer in general since it
depends on such a large number of different factors (some of which are impossible
to determine in advance). Clearly the benefits of obtaining a new partition must
outweigh the cost of achieving this partition. Hence it is necessary to have
some computational model which measures the impact on the parallel solver of
altering such things as the number of elements per processor, the number of edges
each processor has on the partition boundary, the total number of edges on the
partition boundary, the number of neighbours each processor has in the WPCG,
etc. In turn, each of these factors will depend not only upon the parallel solver
being used but also on the computer architecture it is being executed on. It
will therefore be necessary to know the computational power of each processor,
the physical connectivity of the processors and the communication latency and
bandwidth. In addition it will be necessary to have a computational model for
the repartitioning algorithm so that one may assess the cost of invoking this.
Nevertheless, there is no obvious way of knowing in advance just how much data
will be transferred (and therefore the communication overhead of repartitioning)
or how much better the final partition will be than the original (to compute the
improvement in the parallel solver). In general therefore most parallel adaptive
codes that have so far been written have tended to be rather cautious about
deciding when to repartition ([8, 53] for example). There is clearly considerable
scope for research in this area so as to help with this important decision.

Finally, we conclude the paper with the comment that nearly all of the al-
gorithms discussed in section 3 have their own strengths and weaknesses, and
that it certainly is not possible to say that any one of them is better than the
others. All of the algorithms are heuristics and they are all trade-offs between
the competing factors enumerated at the end of section 2. This has been recog-
nized by those who have attempted to produce software for this class of problem
(including [30, 41, 55]), since most of their algorithms are hybrids of a number of
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techniques; including coarsening, global repartitioning and local repartitioning
algorithms. It is my belief that any robust dynamic load-balancing software of
the future will need to be able to (dynamically) choose the most appropriate
choice of algorithm from a wide selection available to it, based upon the config-

uration and performance of the parallel architecture and the way in which the
finite element solution and the adaptivity are developing.
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