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Abstract

Based on Singular Value Decomposition an incremental and iterative Matrix Factorization method for very
sparse matrices is presented. Such matrices arise in Collaborative Filtering (CF) systems, like the Netflix system.
This paper shows how such an incremental Matrix Factorization can be used to predict ratings in a CF system and
therefore how to fill the empty fields of a rating matrix of a CF system. Also the here presented method is easy
to implement and offers, if implemented in the right way, a good and reliable performance.

I. INTRODUCTION

A. Recommendation Systems
Over the past decade and especially since the rapid development of the so called ”Web 2.0”, recommen-

dation (or recommender) systems based on user opinions gained a high popularity. Basically there are two
types of such systems. The content based approach creates and updates profiles of each user and object
in the database [16]. Out of those profiles an algorithm is created that helps to give recommendations to
users. User profiles could include a lot of information but mostly only those the general user is willing
to give to the system, such as demographic information.

The alternative strategy is called Collaborative Filtering (CF), which relies only on past behavior of
users and does not require any profiles for users or objects in the system. Such a system has the obvious
advantage that it does not need external data, such as the mentioned demographic information. This means
that there is firstly no need to collect such data (which is time consuming) and secondly there is also no
need to bother the user with it. Also, the CF approach allows to uncover patterns in the user behavior
that a content based approach might not be able to discover.

The idea of users giving recommendations to other users or, like most of the times, to a group of
users is weakly connected to the topic of Human Computation [21] [23] [22]. In Human Computation
the uniqueness of the human being and way of thinking is used to break tasks today’s computers and
algorithms can not solve efficiently on their own. In a CF system humans are used to form global opinions
about objects in the system. Therefore it is possible to treat CF systems as a replacement for content based
systems. However, combinations of both systems can prove usefull [3] [13] [2] [17] [15].

In this paper the author concentrates on the so-called explicit CF systems. Such a system is dependend
on the users rating the different objects of the recommendation system. On the other hand, an implicit
system does not depend on ratings but only on the information which items a user ordered, purchased or
looked at.

B. The Netflix Prize
Netflix1 is the largest online DVD rental service in the United States of America. They claim their

portfolio consists of over 80000 titles on 42 million DVDs. The service has 6.8 million subscribers. Those

1http://www.netflix.com



users gave more than 1.7 billion ratings for the movies in the portfolio. On average a member rates 200
movies 2.

The Netflix Prize3 [5] is a competition that was launched by Netflix in the year 2005. The task is to
learn from a training dataset of approximately 100 million ratings that nearly half a million users (480189
to be exact) gave to 17770 movies and finally predict another 2.8 million ratings. Those ratings are given
as a quadruplet consisting of the user (an integer ID), the movie (an integer ID), the date of the rating
(day-precise) and the rating itself (an integer from 1 to 5). As an error measurement the Root Mean Square
Error (RMSE) is used. Netflixs own forecasting algorithm, which is called Cinematch, is able to give a
RMSE of 0.9525. Any algorithm that is capable of improving this result by 10% (which is a RMSE ≤
0.8563) will be considered for the $1000000 grand prize.

II. MATHEMATICAL MODEL

The set U = {u1, u2, ..., up} defines the users of the CF system and the set M = {m1,m2, ...,mq} is
holding the available movies. For the Netflix Prize dataset p = 480189 users and q = 17770 movies are
available. The given set T is called the training set:

T ⊂ U ×M ×O

with O = {1, 2, 3, 4, 5}. The set T defines all known ratings by a user and a movie and the rating the
user gave to the movie. Also the dataset given by the Netflix Prize provides the participants with a date,
which we do not make any use of.

The function e explains the mapping of a user ui ∈ U and a movie mj ∈M to a rating rij .

e : U ×M → O

e (ui,mj) = rij

The mapping e is estimated by a model ê that predicts ratings for a given user / movie pair. The model
ê itself, also called an estimator, is linked with the true mapping e by

ê (ui,mj) = e (ui,mj) + Z

where Z is the error between the prediction and the actual rating. Often it is supposed that Z is normal
distributed,

Z ∼ N
(
µ, σ2

)
with mean µ and variance σ2.

The rating matrix R, given by
R = (rij)i=1,...,p,j=1,...,q

is the complete rating matrix, meaning that there are no empty cells in it. This matrix usually is unknown
because it is unlikely that in a recommendation system each user rated every single movie. Usually we
might only know a subset of this matrix, like we do in the Netflix Prize.

As we already stated the goal of a recommendation system is to recommend new items a user might be
interested in. To do so an estimator is required, that is able to learn from given ratings to predict ratings
that have not been made yet. In this way a possible high rating of a user for a movie can be predicted
and for this reason the system can recommend this movie to the user.

Netflix provides the participants of the Prize with a qualification set Q ⊂ U ×M . This set holds 2.8
million unknown ratings and on its basis any prediction algorithm developed by a participant is compared

2http://www.netflix.com/MediaCenter?id=5379&hnjr=8#facts
3http://www.netflixprize.com/



to Netflix prediction system CineMatch. Since the Netflix Prize dictates the Root Mean Square Error
(RMSE) as the tool for error measurement we can obviously define the goal of the prize to minimize
this RMSE on the qualification set Q. Furthermore it will satisfy to only minimize the quadratic part of
the RMSE, since a minimization of this part will also result in the minimization of the complete RMSE
formula. ∑

(ui,mj)∈Q

(ê (ui,mj)− e (ui,mj))
2 → min

To train ê it requires a good setup of ê. This setup could be found by minimizing the RMSE of the training
set with respect to some parameters ê makes use of. However, using the training set for validation as well
will lead to overtraining. Therefore we remove a validation set V from T , V ⊂ T and we use T \ V for
training. Now we can define the learning algorithm clearly by∑

(ui,mj ,rij)∈V

(ê (ui,mj)− rij)
2 → min (1)

while ê is training on the examples of T \V . We can treat equation 1 as a second objective function next
to the optimization problem of ∑

(ui,mj ,rij)∈T\V

(ê (ui,mj)− rij)
2 → min (2)

In such a setup equation 1 has a higher priority than the objective function of equation 2. Meaning that
in case the maximum performance on V (the smallest possible RMSE) is reached training stops although
it might still be possible to minimize the performance on T \ V .

III. INCREMENTAL MATRIX FACTORIZATION

The usage of Matrix Factorization (MF) for the Netflix Prize was firstly suggested by Brandyn Webb
(a.k.a. Simon Funk) in his journal1. MF is strongly connected to Singular Value Decomposition (SVD)
[1] [11] [4] [8] [9] [10].

The basic idea behind the classical SVD-approach is to decompose a given rating matrix P of size
n×m into a product of three matrices,

P = AΣBT

where A is of size n×n, Σ of size n×m and B of size m×m. Both matrices, A and B, are orthogonal
matrices. The matrix Σ is a diagonal matrix with k non-zero entries. Therefore the effective dimensions
of the three matrices above are n× k, k × k and k ×m. These k diagonal entries ςi of the matrix Σ are
all positive with ς1 ≥ ς2 ≥ ... ≥ ςk > 0. The columns of A are called the left singular vectors of P . They
are orthonormal eigenvectors of AAT . The columns of the matrix B are called the right singular vectors
of P (the orthonormal eigenvectors of ATA).

If we now retain only the r � k greatest singular elements, the product of those three matrices will be
a matrix of rank r, namely P̂ . Furthermore this matrix is the closest rank-r approximation of P in terms
of the Frobenius Norm. ∥∥∥P̂ − P∥∥∥2

F
=

n∑
i=1

m∑
j=1

|p̂ij − pij|2

SVD is just one of the many decomposition techniques for matrices of rectangular size [19] [7].
Netflix is providing the participators of the Prize with a matrix R that is very sparse, it has many

unknown values. So the classical SVD-approach will only work with some tricks, like replacing the

1http://sifter.org/˜simon/journal/20061211.html



unknown elements with zeros or using other more sophisticated methods [12] [6] [18]. By using incre-
mental learning (which should be understood as learning data instance by data instance) this problem can
be avoided.

A. The Base Algorithm
The technique presented here is very similar to the basics of SVD. Instead of decomposing R into three

matrices we only focus on two matrices, called the feature-matrices.

R ≈ SV = R̂

where S now is a p× f matrix, and V is a f × q matrix. f is the number of used features. Those features
desribe a user (matrix S) or a movie (matrix V ). User ui is described by row sT

i of matrix S and each
movie mj is described by a column vj of matrix V. For example we can think of a feature ”action” that
identifies how much action a movie flavors and how much a given user likes action-movies. A single
prediction of a rating of a movie mj by user ui is then given by the dot product of the feature vectors of
the user ui and the movie mj

êMF (ui,mj) = sT
i vj =

f∑
k=1

sikvkj

where sik and vkj are the components of the vectors si, vj . Now we can write out the quadratic error
between the estimated rating and the real rating by

ε2
ij = (rij − r̂ij)

2 =

(
rij −

f∑
k=1

sikvkj

)2

To minimize this error, ε2
ij → min, we differentiate the equation with respect to the different features and

obtain the following update equations

s′ik = sik + α
∂ε2

ij

∂sik

= sik + 2αεijvkj v′kj = vkj + α
∂ε2

ij

∂vkj

= vkj + 2αεijsik

whee α is the learning rate. This number controls how much of the errors slope is added to the new
feature value. The value α should be rather small, around 0.001. With the help of the update equations
the basic learning algorithm is defined as follows

Algorithm 1 Base Algorithm
1: Initialize the features matrices S and V for the first time, either by a fixed number or randomly.
2: for k = 1 to fmax do
3: repeat
4: for ∀ (ui,mj, rij) ∈ T do
5: Compute εij .
6: Update sik, vkj .
7: end for
8: Recompute

∑
(ui,mj ,rij)∈T\V ε

2
ij and

∑
(ui,mj ,rij)∈V ε

2
ij

9: until some terminal condition is met
10: end for



B. Variations of the Base Algorithm
There are plenty of variations of this algorithm. One might consider training one feature at a time

while another one might consider training all features simultaneously. It turns out that the later method
converges faster in terms of required iterations. However, in our implementation we noticed that, though
the need of more iterations over all, the first method works faster because there are several ways to tune
the programming code by caching already calculated features. One advantage of the simultaneous training
is that the variance of each feature does not decline as it does when each feature is trained independently.
This means that the first feature already covers a huge part of the prediction while the later features only
try to predict smaller residuals.

C. Linear modifications to the method of iterative MF
1) Regularization parameters: A few additions to the iterative MF have been proposed. One of them

includes adding regularizations with a factor β to the update equations. This addition will partially suppress
overtraining and therefore improve performance on unseen examples. The update equations change to

s′ik = sik + α

(
∂ε2

ij

∂sik

− βsik

)
= sik + α (2εijvkj − βsik)

v′kj = vkj + α

(
∂ε2

ij

∂vkj

− βvkj

)
= vkj + α (2εijsik − βvkj)

The equivalent2 error equation for these update equations is

ε2
ij =

(
rij −

n∑
k=1

sikvkj

)2

+
β

2

n∑
k=1

(
s2

ik + v2
kj

)
=

(
rij −

n∑
k=1

sikvkj

)2

+
β

2

(
‖s‖2 + ‖v‖2

)
We call β 1

2

∑f
k=1

(
s2

ik + v2
kj

)
the regularization term. Since the variance of the features is declining during

training, the regularization parameter βsik respectively βvkj are also declining with each new feature
trained. Meaning that those additions introduce an artificial error to the update equation, especially for
the first features with a very high variance. This error declines over time. To put it simple it moves some
weight from the earlier features to the later ones and therefore the algorithm can train longer and suppress
overtraining a bit.

2) Linear Matrix Factorization: Paterek [14] suggested to add biases to the prediction model. He
proposed to include two constants, one for each movie and one for each user, in the equation of ê. Those
constants are trained simultaneously. We propose a slightly different modification of ê. For each feature
we implement two constants, like proposed by Paterek, and train them together with the feature matrices.
This method is called Linear Matrix Factorization (LMF)

êLMF (ui,mj) =

f∑
k=1

sikvkj + ci + dj

where the weights ci and dj are trained simultaneously with the movie- and userfeatures. The update
equations for the elements of the feature matrices stay unchanged. The update equations for ci and dj are
given by

c′i = ci + χ

(
∂ε2

ij

∂ci
− δci

)
= ci + χ (2εij − δci)

2The error equation is equivalent in terms of that its derivation will result in a gradient, of which each component will be equivalent to
the here presented update equations.



d′j = dj + χ

(
∂ε2

ij

∂dj

− δdj

)
= dj + χ (2εij − δdj)

χ is the learning rate for the constants, while δ is another regularization parameter. The final error for a
given rating and its prediction by the estimator including all regularization parameters is

ε2
ij =

(
rij −

n∑
k=1

sikvkj + ci + dj

)2

+
β

2

(
‖s‖2 + ‖v‖2

)
+
δ

2

(
c2i + d2

j

)
D. The final algorithm

The dataset of the Netflix Prize has some idiosyncrasies that need to be considered in form of changing
the algorithm to perform well. One improvement is to define a minimum number of training epochs rmin

per feature as well as a maximum number of training epochs rmax. Those two limits are dynamically
adjusted depending on the number of the feature that is trained. This alternation of the main algorithm is
necessary because the algorithm would otherwise stop training just after the first few epochs. Especially
for the later features it requires a lot of epochs to actually come to the point where the RMSE on the
validation set improves again. It is nearly as if the algorithm would have to walk a certain way before it can
approach the next local (or global) minimum. For the minimum number of training epochs rmin = 75 + f
is used while the maximum epochs are set to rmin = 85 + 2f . f is the actual trained feature.

Validation is done on a smaller validation set with roughly 100000 instances. This is enough to ensure
that the RMSE is precise enough and furthermore training is not slowed down significantly. In case the
minimum number of training epochs for this feature is crossed and the RMSE on the validation set is still
declining, training on this feature stops and the algorithm moves on to the next feature. The improvement
of RMSE is measured within five steps, meaning that for the RMSE on the validation set of the i’th
feature and the j’th epoch, RMSEj

i , the given RMSE difference is

∆j
i = RMSEj−5

i −RMSEj
i

A minimum of five training epochs for each feature is required. The final training algorithm is presented
in Algorithm 2.

Algorithm 2 Base Algorithm
1: Initialize the features matrices S and V for the first time, S and V to 0.1 and c and d to 0.9.
2: for k = 1 to fmax do
3: rmax = 75 + f, rmin = 85 + 2f
4: for r = 1 to rmax do
5: for ∀ (ui,mj, rij) ∈ T do
6: Compute εij .
7: Update sik, vkj, ci, dj .
8: end for
9: Recompute

(∑
(ui,mj ,rij)∈T\V ε

2
ij

) 1
2

and RMSEr
k =

(∑
(ui,mj ,rij)∈V ε

2
ij

) 1
2

10: Recompute ∆j
i .

11: if ∆j
i < 0 ∧ r > rmin then

12: break
13: end if
14: end for
15: end for



TABLE I

RMSES FOR INCR MF. rmax = 85 + 2f , rmin = 75 + f, α = 2.5× 10−4, χ = 10−4

MF preferences f = 32 f = 64 f = 96 f = 128 f = 164

β, δ = 0.015 0.8168 0.8105 0.8081 0.8070 0.8072
β, δ = 0.02 0.8170 0.8095 0.8068 0.8053 0.8043
β, δ = 0.0225 0.8181 0.8104 0.8075 0.8059 0.8049
β, δ = 0.025 0.8186 0.8113 0.80910 0.8069 0.8054
β, δ = 0.03 0.8215 0.8152 0.8137 0.8116 0.8091

IV. EXPERIMENTS

A precise performance measurement of different variations of incremental MF is ensured by removing
a set of roughly 3 million ratings from the given training set of the Netflix Prize. Of this set of 3 million
rating instances 90463 ratings were shaped off. Those were used for validation of the MF techniques and
to determine when to stop training a feature (set VMF ). The total size of the validation set V therefore
reduces to 2924999. The precise size of the training set T is 97465045.

Table I gives the RMSE of some examples of implementations of the MF algorithm. The setup used
for all instances of incremental learning consists of a fixed learning rate of α = 2.5×10−4 for the feature
matrices S and V and χ = 10−4 for the constant vectors c and d. The regularization parameters for the
matrices and vectors β, δ are given in the range of 0.015 and 0.03. A maximum of 164 features were
trained. The maximum number of iterations was set to 85 + 2f while the minimum number was set to
75 + f and f is the number of the actual trained feature.

Figure IV shows the declining error of the implementations on the validation set that is used to determine
when training should stop. As can be seen regularization parameters of β, δ = 0.0225 perform the best.
However, the graph also shows that with a higher number of features other regularization parameters, such
as β, δ = 0.025, could pull ahead. Furthermore it is obvious that the number of minimum training epochs
per feature was set too low for the implementation using regularizations parameters of β, δ = 0.025 and
β, δ = 0.03 since there is a horizontal line indicating that training did not improve at all during that time.
This is due to the fact that the algorithm did not reach the point, in terms of training epochs per feature,
where the RMSE on the validation set actually begins improving. With a higher number of minimum
training iterations per feature the implementation using β, δ = 0.025 might perform best.

Figure IV shows an interesting picture. While for the validation set (Figure IV) the regularization
parameters actually show some effect, they do not do at all on the training set. The higher the parameters
β, δ are set the worse the RMSE on the training set is. The observation that the RMSE on the validation set
improves when using well set parameters β, δ while it does not improve the performance on the training
set obviously points out that those parameters can supress overtraining substantially.

Figure IV plots the RMSE on validation against the RMSE on the training set. The last few epochs
were captured because only those final training steps actually differ substantially. It is clearly seen that the
regularization parameters have an effect on overtraining and cause an impact on the error of the validation
set.

V. FUTURE WORK

A. Histogram Shifting and Average Error Normalization
While the predictions of our estimators are given within the interval [1, 5] as real numbers the actual

ratings of the Netflix Prize were natural numbers of {1, 2, 3, 4, 5} stars. Therefore it might be a valueable
idea to shift the histograms of the predictions to make them fit the distributions of the ratings of the
training set. However, the question stays how to round the predictions. The publication on the Gravity
Recommendation System [20] presented some rounding approaches. None of them turned out to be useful
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Fig. 1. Incremental MF performance on validation. Epochs from 5000 to 30000. Maximum of 164 features. Learning rates fixed at
α = 0.00025 and γ = 0.0001.
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Fig. 2. Incremental MF performance on training set. Epochs from 5000 to 30000. Maximum of 164 features. Learning rates fixed at
α = 0.00025 and γ = 0.0001. The higher the regularization parameters, the lower the performance.

for improving the RMSE on their validation set. However, they might still be useful to approach histogram
shifting.

One more way to improve performance of the algorithms is a technique we call Average Error Nor-
malization. Figure 4 shows the mean error of each prediction of a MF prediction model. Of course such
a plot requires some form of binning of the prediction values. For the plot we used a setup of 50 bins.
The predictions of the validation set were arranged in those bins and for each bin the average error was
computed. Then each bins upper threshold was plotted against the average error. As can be seen from
the plot it is obviously true that the smaller predictions are actually a little too small while the higher
predictions are a little too high. By normalizing this plot to the x-axis, meaning to subtract the offset
from each item in the bin, we are able to improve the resulting RMSE by a small amount. Furtheremore
this normalization could be used in every feature training step of a MF. This means that once a feature
finished training the predictions of that feature (and the features before it) are not only clipped to the
[1, 5] interval but also normalized in terms of the average error per bin.
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B. Non-linear Estimators
Due to the high complexity of the Netflix Prize dataset it is only likely that a simple linear approach,

like presented in this paper, will not be able to fully cover the characteristics of the dataset. Therefore
it might be a valueable idea to implement and research non-linear estimators. Since the here presented
estimators already make use of the dot product it is a common conclusion to move on to the usage of
kernel-based methods. Especially the polynomial kernels are noteworthy because they directly include the
dot product, which is already being computed in the linear appoach.

ê (ui,mj) =
(
sT

i vj + 1
)z

+ ci + dj

with z ∈ R. Early experiments have shown that a kernel-based approach can keep up with linear approaches
up to a certain point. However, the problem emerged that kernel-based methods overtrain very quickly,
which caused the training RMSE to drop further and further but the RMSE on the validation set to
stagnate.



VI. CONCLUSION

A method to incrementally decompose the rating matrix R of a CF system was presented. Whilst the
method is based on the algorithm of steepest descent it does not directly make use nor compute the
gradients usually used by such methods. A short performance evaluation was given, which prooved that
regularization parameters have an effect on the final RMSE and also are able to reduce overtraining sig-
nificantly. The here presented method is easy to implement and due to its simplicity also fast performing.
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