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Zusammenfassung

In dieser Diplomarbeit werden verschiedene Ansitze dargestellt, wie man
dem Problem beziechungsweise der Herausforderung des Netflix Prize begeg-
nen kann. Nach einer kurzen Einfiihrung zum Thema der Empfehlungssys-
teme (Recommendation Systems) werden der Netflix Prize selbst, sowie einige
einfach Statistiken zum entsprechenden Datensatz vorgestellt. Auferdem
behandelt die Diplomarbeit einen zweiten, vom Netflix Prize verschiedenen,
Datensatz um die Integritdt der Losungen zu gewahrleisten.

Die Diplomarbeit definiert ein mathematisches Framework fiir die Auf-
gaben des Collaborative Filtering (Filtern von gleich gesinnten Meinungen).
Dieses Framework dient als Hilfestellung zur Definition des Problems des
Netflix Prize sowie der potentiellen Losungsansitze.

Im Hauptteil werden zwei verschiedene Moglichkeiten Vorhersagen in einem
Empfehlungssystem zu erzeugen, erklirt: Zuerst wird die Nutzung verschie-
dener Faktorisierungsmethoden fiir die Rating-Matrix eines Empfehlungssys-
tems basierend auf der Singularwertzerlegung erklirt, dann wird die Nutzung
einer Néchsten-Nachbarn-Suche erklirt und definiert. Es wird erldutert wie
man Ahnlichkeiten zwischen den Filmen des Netflix Prizes definieren kann
und wie man diese Ahnlichkeiten nutzen kann um Bewertungen zu schiitzen.

Abschliefsend werden verschiedene Methoden prasentiert, um Vorhersagen
verschiedener Schétzer zu kombinieren. Dabei werden drei verschiedene
Arten solcher Kombinationen erklért und definiert. Es handelt sich dabei
um die Mdoglichkeit, die optimale lineare Kombination verschiedener Vorher-
sagen zu finden, sowie bestimmte Modelle zu verketten, indem man ein Mod-
ell die Residuen der Modelle vor diesem vorhersagen lasst. Als eine dritte
Alternative wird die Idee der sogenannten verschachtelten Modelle erklért
und kurz untersucht.

Diese Diplomarbeit verfolgt einen experimentellen Ansatz. Das bedeuted,
dass nicht jede Entscheidung (zum Beispiel in Bezug auf die Einstellung

bestimmter Parameter) erklirt beziehungsweise tiefgreifend untersucht wird.






Abstract

This thesis investigates alternate approaches to the challenge of the Netflix
prize. The first chapter contains a brief outline of the theory of recommen-
dation systems.

The second chapter presents the task that must be accomplished to win
the Netflix prize and provides some basic statistics describing the datasets
involved. It also provides additional examples of recommendation systems.

Next, a basic mathematical framework for Collaborative Filtering tasks is
defined. This framework is used to formulate the tasks of the Netflix prize
and will also serve as a basis for further implementation of estimators other
than those presented here.

The main body of the thesis describes two different algorithms for predict-
ing ratings in a recommendation system of which the Netflix system is one
example. The first algorithm is based on the well-known Matrix Factoriza-
tion approach which has been used by many of the contest participants. The
second algorithm is from the family of k Nearest Neighbor algorithms. This
section introduces a similarity measure for movies and shows how it may be
used to predict new ratings.

Finally, a procedure for combining the predictions of both algorithms to
produce a final prediction that is more accurate than the prediction of ei-
ther one alone, is introduced. Three different ways of combining models
are presented. The first method finds the best linear combination of several
predictions. The second method concatenates several estimators. Also the
so-called nested models are presented and shortly evaluated.

This thesis follows an experimental approach, meaning that not each decis-
sion (for example for the setup of certain parameters) throughout the thesis
is actually explained or deeply evaluated.

Keywords: Data Mining, Recommender Systems, Collaborative Filtering,

Netflix Prize, Matrix Factorization






Grau, teurer Freund, ist alle Theorie und griin des Lebens goldner Baum.

Goethe, Faust I (Mephistopheles)






Fiir Susi.

Wo auch immer Du jetzt bist.
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1. Introduction

1.1. Recommendation Systems

Over the past decade and especially since the rapid development of the so
called "Web 2.0", recommendation (or recommender) systems based on user
opinions gained a high popularity. Basically there are two types of such
systems. The content based approach creates and updates profiles of each
user and object in the database [41]. Out of those profiles an algorithm is
created that helps to give recommendations to users. User profiles could
include a lot of information but mostly only those the general user is willing
to give to the system, such as demographic information.

The alternative strategy is called Collaborative Filtering (CF), which relies
only on past behavior of users and does not require any profiles for users or
objects in the system. Such a system has the obvious advantage that it does
not need external data, such as the mentioned demographic information.
This means that there is firstly no need to collect such data (which is time
consuming) and secondly there is also no need to bother the user with it.
Also, the CF approach allows to uncover patterns in the user behavior that
a content based approach might not be able to discover.

The idea of users giving recommendations to other users or, like most of
the times, to a group of users is weakly connected to the topic of Human
Computation [58] [60] [59]. In Human Computation the uniqueness of the
human being and way of thinking is used to break tasks today’s computers
and algorithms can not solve efficiently on their own. In a CF system humans
are used to form global opinions about objects in the system. Therefore it

is possible to treat CF systems as a replacement for content based systems.



1. Introduction

However, combinations of both systems can prove usefull [6] [38] [4] [44] [40].

Basically there are two different types of CF systems. Those two types
are called explicit systems and implicit recommender systems. They differ
in the form how they collect their data. An explicit recommender system is

collecting data in the following ways

e Asking a user to rate an item/object on a scale. Such a scale is not

necessarily ordinally scaled.

e Presenting two items to a user and asking him/her to choose the best

one.

e Asking a user to create a list of items that he/she likes ("Wishlist"-

feature).

e Asking a user to rank a collection of items from favorite to least favorite

(not very common).

while an implicit system uses one of the following ways

Observing the items that a user views in the system (also analyzation

of viewing times is possible).

Keeping a record of the items that a user purchases online.

Obtaining a list of items that a user has ordered, listened to or watched.

Analyzing the user’s social network and discovering similar likes and

dislikes (neighbor search).

So while with an explicit system the user is giving his opinion directly, with an
implicit system the user is not asked for any opinion at all but his behavior
while moving through the system and working with it is analyzed. This
method has the advantage that it does not bother the user to give a rating.
The disadvantage is, of course, that such an implicit system does not offer

the preciseness of an explicit system.



1.2. Motivation and Examples

A CF system is usually used to present users of the system items that
they might like (or even not like). Besides those obvious functions such a
system usually also fulfills more functions like providing the operator of the
system with useful information which object might be a popular object in the
future or providing information that could be used for marketing proposes.
This makes especially sense for the very popular audio- and videoindustry.
The KDD-Cup of the year 2007 (see section 1.2.2) hold one task for the
competitors, that asked to predict the number of ratings the users in a rec-
ommendation system will give to certain objects in the next year. Such a
question is especially interesting for the company or institution that runs the
system. The answer to this question might reveal how many copies of such
an object (in this case it had been movie DVDs) must be ordered to satisfy
the requests of the users in the next year.

In this thesis we will concentrate only on explicit systems.

1.2. Motivation and Examples

1.2.1. The Netflix Prize

Throughout this thesis we will deal with a challenge that involves beating
the famous recommendation system CineMatch, which was implemented by
Netflix! to serve their customers with suggestions which movies they would
like to order next from the rental system.

Netflix is the largest online DVD rental service in the United States of
America. They claim their portfolio consists of over 80000 titles on 42 million
DVDs. The service has 6.8 million subscribers. Those users gave more than
1.7 billion ratings for the movies in the portfolio. On average a member rates
200 movies 2.

The Netflix Prize® [10] is a competition that was launched by Netflix in

the year 2005. The task is to learn from a training dataset of approximately

"http://wuw.netflix.com
?http://www.netflix.com/MediaCenter?id=5379&hnjr=8#facts
3http://www.netflixprize.com/
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100 million ratings that nearly half a million users (480189 to be exact)
gave to 17770 movies and finally predict another 2.8 million ratings. Those
ratings are given as a quadruplet consisting of the user (an integer ID), the
movie (an integer ID), the date of the rating (day-precise) and the rating
itself (an integer from 1 to 5). Netflix also provides the competitors with a
probe dataset, that is included in the training data itself. However, for this
probe set Netflix gives the score their recommendation system CineMatch is
achieving. As an error measurement the Root Mean Square Error (RMSE),
also known as the Root Mean Square Deviation (RMSD), is used. Netflixs
own forecasting algorithm, which is called Cinematch, is able to give a RMSE
of 0.9525. Any algorithm that is capable of improving this result by 10%
(that is a RMSE of equal or lower than 0.8563) will be considered for the
$1000000 grand prize. If, within one year, nobody was able to win the grand
prize, a progress prize of $50000 will be awarded to the best solution by then.
Over 19440 teams from 152 countries take part in the contest. By the time
of June 2007 there were roughly 14000 submissions.

Our goal in this thesis will be to analyze the Netflix Prize dataset and
implement some simple forecasting algorithms to outline what is possible.
We will mostly restrict ourselves to the information that is given by the User
(as an ID), movie (as an ID) and the rating. We will not use the information
that is provided by the timestamp. For a time-sensetive view on the dataset
of the Netflix Prize the reader is referenced to the proceedings of the KDD
Cup and the KDD Cup itself [45] [28] [25] [15].

Besides the obvious mathematical motivation that the Netflix Prize pro-
vides, there is also another factor that should not be ignored: The computa-
tional factor. Today’s 32-bit computer systems are able to handle a maximum
of 4 GB local memory, on a Windows-based system even less'. Each of the
newer Windows System with N'T-core can provide a single program with a
maximum of 232 /2 bytes ~ 2 GB. The 17770 movies and half a million raters,
that are given in the Netflix dataset, would form a 17770 x 480189 rating

'For further information on this issue the reader may consult the Microsoft Developer
Network (MSDN) at http://msdn2.microsoft.com/en-us/library/aa366525.aspx
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matrix with roughly 8.5 x 10 cells. Of this matrix we would only know
approximately 100 million cells. The unknown cells stay empty. Considering
that we save the ratings (from one to five) in the datatype byte that takes
8 bit, such a matrix would require at least 8.5 GB of RAM, which clearly
overcomes the 32-bit restrictions. Besides the issues of space and memory
another problem is the time computations do require. As can be easily seen,
common Data Mining approaches such as neural networks or decision trees,
will fail here because of two reasons: Firstly, the necessary data to feed such
an algorithm is not provided, we would have to produce it; Secondly, such
learning algorithms would just work too slow on such a huge dataset. An-
other motivation might be that Netflix is asking the users to work without
software that would require any further licensing. This means programming
has to be carried out in a free programming language. We will use C++ for
speed-sensitive calculations (the main algorithms). For all other tasks, such
as rearranging the datasets, we used the .NET-programming language C#
due to its obvious advantages in usability compared to C+—+.

The algorithms in this thesis were developed and implemented to approach

the Netflix Prize, hence the Prize will be our guideline through the thesis.

1.2.2. The KDD Cup 2007

Every year the KDD conference (Knowledge Discovery and Data Mining)
comes with a cup that is referred to as the KDD Cup. The KDD Cup of
the year 2007 [9] 4 dealt with the datasets of the Netflix prize. In detail two
tasks were presented. The first task is to predict for a given User/Movie-
combination (both given as IDs) whether the rating was done in 2006 or not.
The second task asks the participants to estimate the number of ratings for a
subset of the 17770 movies given by the original Netflix Prize. In this thesis
we will not present any solution to those two tasks. However, at least the
second task is a perfect example of how a recommendation system can be used

in other ways than giving suggestions to the user. By estimating the number

“http://www.cs.uic.edu/Netf1lix-KDD-Cup-2007
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of ratings for a movie, we can also give an outlook on how many movies will be
rented overall. This means Netflix will be able to predict the number of DVD
copies it would require to suit the needs of the customers. This information
should not be underestimated because it will keep customers happy, since
waiting times stay low and it will also optimize Netflixs financial efficiency,
since the number of DVDs for a movie can be lowered (DVDs are sold on a
regular basis) or increased (in case more users will want to watch the movie).
The author participated in the further task ("how many ratings in 2007"),
although it is not described in this thesis. On the naive RMSE-scale the
team of the author placed 5th. Later in the contest the organizers changed
the scale to a RMSE that is based on the number of ratings flattened by the
natural logarithm. On this scale the author’s team achieved the 17’th place.
For the winning solutions of task 1 see [31] [56] [36] [35] and for task 2 [45]
[28] [25] [15].

1.2.3. Other examples

Well known recommender systems are those of webpages that emerged during
the Web 2.0 boom and deal with multimedia content, such as selling music
or sharing videos. Famous examples are iTunes® from Apple and YouTube®
from Google. Also eBay offers a recommender system by telling the user
what he or she might be interested in, just by looking at the previous viewed
items.

Very similar to the Netflix recommender system is a problematic that the
TiVo recommender system approaches [3]. TiVo is a popular brand of digi-
tal video recorder (DVR) in the United States. Their recommender system
obviates the need to keep any persistent memory of each user’s viewing prefer-
ences. At the same time they implemented a computational efficient system,
which is based on the TiVo client-server system.

Another recommender system to mention is the system of the online mer-

chant Amazon.com. It also gives a user suggestion of what he or she might

Shttp://www.itunes.com
Shttp://www.youtube. com
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be interested in by keeping track of the user’s movement through the system.
It is documented in [34]. Amazon claims that 20% of their sales resulted
from personal recommendations.

For a recent survey on recommender systems we refer to [2]. For more
surveys and further reading we would like to refer the reader to [44] [24] and
[50].

1.2.4. Organization of the thesis

The rest of the thesis is organized as follows: In chapter 2 we explain the Net-
flix Prize in detail and introduce the basic mathematical model to approach
the problem of recommending items of the system. While in chapter 3 we
explain the Matrix Factorization technique we are going to use to predict
ratings, we explain in chapter 4 a Nearest Neighbor approach to the prob-
lem. Finally we explain how to combine different predictions from different
algorithms to obtain a better solution than any single algorithm in chapter
5. Chapter 6 concludes the performance of the different prediction methods.
We summarize the work and give an outview on what could be done in the
future in Chapter 7. Part A of the appendix gives a short introduction in
the programming techniques that were used to implement the solutions to
the problem of predicting ratings in a recommender system. Part B of the
appendix gives further experiments and examples. It is an addition to chap-
ter 6. In Part C we explain the content of the DVDs that come with the

thesis.

11
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2. The Netflix Prize in Detalil

2.1. Basic Statistics

We already stated that the Netflix Prize consists of p = 480189 users, which
are a subset of the total 6.8 million subscribers Netflix states to have. Those
480189 users assigned exactly 100480507 ratings to 17770 = ¢ movies. This
results in a rating matrix R, which saves each rating a user gave to a movie,
with a total of 480189 x 17770 = 8532958530 elements, of which we only
know roughly 1.2%.

Figure 2.1 shows the distribution of all ratings. The most often given
rating is 4, which is also the median.

Table 2.1 shows the five most often rated movies. It is quite interesting
that although "Independence Day" is much older than "Miss Congeniality"
it still has fewer ratings.

Table 2.1 gives the five most popular movies (and series). In general there

1 2 3 4

Figure 2.1.: Distribution of all rating instances

13
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’ No. \ Movie \ Ratings ‘
1 Miss Congeniality 232944
2 Independence Day 216596
3 The Patriot 200832
4 The Day after Tomorrow | 196397
5 | Pirates of the Caribbean T | 193941

Table 2.1.: Top 5 of most often rated movies

’ No. \ Movie \ Mean Rating ‘
1 Lord of the Rings III 4.7233
2 Lord of the Rings I 4.7166
3 Lord of the Rings II 4.7026
4 Lost, Season 1 4.6710
5 | Battlestar Galactica, Season 1 4.6388

Table 2.2.: Top 5 best rated movies

are a lot of series in the top rated medias. This is because many people
know whether they would like or would not like a series, since they already
watched at least an episode of the series. Movies on the other hand are also
ordered by people who might not really like them but do not know it yet.

Figure 2.2 shows the distributions of number of ratings per movie. Tt
clearly shows that the majority of movies has a small number of ratings
compared to a minority of movies with a lot of ratings'. The same effect
can be observed with the users (see Figure 2.3). Only a small number of
users actually rate a lot. In average each movie gets rated 5654 times but
the median is only 561. "Mobsters and Mormons" is the least often rated
movie with only 3 ratings. It is one of two movies with raters in the single
digits. The other one is "Land Before Time IV".

The top 616 movies account for 50% of the ratings, the top 2,000 movies
account for 80% of the ratings and the top 4,000 movies account for 90%.

This is interesting because it shows that it is not so important to have an

'For a detailed view on this observation and a proposal how to isolate those "popular"
movies see section 4.4.2.

14
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15000 : : : :

10000 —

5000 =

0 s 1 15 2 25
«10°

Figure 2.2.: Distribution of the number of ratings per movie

i] | | L | | | | |
0 2000 4000 6000 8000 10000 12000 14000 16000 18000

Figure 2.3.: Distribution of number of ratings per user

algorithm that works wvery well on all movies in the database but that it is
also possible to have an algorithm that performs extremely well on a small
number of movies and only good on the rest.

Table 2.1 shows the top five users in terms of the number of ratings they
did. Those users are especially interesting, since all of them rated more
than 80% of the movies. As can be seen from the table their ratings are
extremely one-sided. They either vote many movies really bad (top three)
or very good (spot four and five). Any prediction method that is based on
user similarity can suffer from this, since those users are actually nearly any

other user’s neighbor. On the other hand, a method that is based on movie

15



2. The Netflix Prize in Detail

| No. | UserID [Ratings| 1 [ 2 | 3 [ 4 [ 5 |
1 [ 305344 [ 17653 | 9523 [ 3037 [ 2990 | 1397 | 706
2 | 387418 | 17436 | 7919 | 5916 | 2841 | 531 | 229
3 | 2439493 | 16565 | 15024 | 421 | 523 | 263 | 334
4 | 1664010 | 15813 5 320 | 3282 | 4089 | 8117
5 | 2118431 | 14831 6 210 | 3192 | 6572 | 4851

Table 2.3.: The users with the most ratings

similarity, like the one we are going to propose, can use this information very
well since the method will find many neighbors that got rated low or high
and therefore can figure out that the unrated example also gets a high or low
rating. Basically these users do not deserve to be called "users", since it is
highly unlikely a human being rated this many movies.

Figure 2.4 shows the distribution of the mean of all ratings of a user while
Figure 2.5 shows the standard deviation of the ratings of each user. Both
distributions are pretty much normal distributed. Interesting are the bumps
on the very right of the user means and on the very left of the users standard
deviation. It means that there are quite a lot of users that actually rated
every movie five. Furthermore we can also see a bump at a rating of three
and also the bar of four is relative high compared to the others. The bump
on the left side of the standard deviation distribution also means that some
raters rate all movies the same, since their standard deviation is zero. This
information is important, we can actually predict the ratings of those users
easily by just taking their mean (which is usually an integer). Interesting
is also the little bump in the users standard deviations on the right of the

histogram. Those are the users that rate a movie either 1 or 5.

2.2. Mathematical Model
We define the set U, describing the users

U= {Ul, UQy vuny Up}

16
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Figure 2.5.: Distribution of standard deviation of the ratings of each user
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2. The Netflix Prize in Detail

For the Netflix Prize we have p = 480189 users. The set M is holding the
movies

M = {mymay,...,my}

with ¢ = 17770. We define the set T as all the ratings we know
TCcUxMx{1,2,3,4,5}

T defines all known ratings by a user and a movie and the rating the user
gave to the movie. For the Netflix example the cardinality of this set is
100480507. T is the set we know and we will learn from. Also the dataset
given by the Netflix Prize provides the participants with a date, which we

do not make any use of.

The set @ is known as the qualification set. It contains of all the user/movie
pairs that the Netflix Prize asks us to qualify. The ratings for this set are of
course withhold. For any other task than the Netflix Prize this set can be
thought of as a final validation set, which is used to test the performance of
the prediction models.

QCUxM

We also define the function e, it explains the mapping of a user u; € U
and a movie m; € M to a rating r;;.
e:UxM— O

e (”LLZ', mj) = rij

O 1is the set of possible rating options. For the Netflix example it is O =
{1,2,3,4,5} € R. e is not a model that predicts ratings for a given user /
movie pair. The function e is just explaining every rating a user u gave or

will (would) give to a movie m, so it also explains all rating instances in T’

(uym,r) €T =e(u,m)=r
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2.2. Mathematical Model

Now we are able to formally define the rating matrix R as

R=(rj=e (U’i?mj))z':l,...,p,jzl,..‘,q

and it is obviously true that in case e (u;,m;) is defined for the user/movie-

pair (u;, m;) it also has a place in R.
(ui,mj,mj) el = Ty =e (ui,mj)

Remember here that R is the complete rating matrix. There are no empty
cells in it. This matrix usually does not exist because it is unlikely that in
a recommendation system each user rated every single movie. Furthermore
we might only know a subset of this matrix, like we do in the Netflix Prize.
The matrix that only carries the ratings we actually do know is called R and

has the same dimensions as the matrix R.

R=(Fij)ic1. pimt..a

Only those cells of R are reserved that actually also exist in 7" as a rating
instance.

(us, mj,ri;) € T < #; € R is not empty

As we already stated the goal of a recommendation system is to recommend
new items a user might be interested in. To do so we need an estimator in
form of an algorithm, that is able to learn from old ratings to predict ratings
that have not been done yet. In this way we can predict a high rating a user
might give to a movie and for this reason the system can recommend this
movie to the user. We define the estimator é as

TA’Z‘]‘ = é (Ui,mj',A) ~ € (U,i, mj) = rij
A is a vector of parameters the estimator makes use of next to the already

given learning examples in 7. The system of the Netflix Prize allows real
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2. The Netflix Prize in Detail
ratings in the interval of [1;5] C R, so it is
é (ui,mj, A) € [1;5) CR
Furthermore we define ¢ by giving
e (u;,m;) = é(uj,mj,\) + Z

and Z is the random variable which covers the error and holds the residuals.

Z is often normally distributed with
Z ~ N (u, 02)

with mean p and variance o2.

Since the Netflix Prize dictates the Root Mean Square Error (RMSE) as
the tool for error measurement we can obviously define the goal of the prize

to minimize this RMSE on the qualification set Q).

Z (é (Ui,m]—,A) —e (ui’ mj))2 %

(ui,m;)€Q
card (Q)

— min

To train € it requires good parameters A. Minimizing the RMSE of the
training set will produce these parameters. However, using the training
set for validation as well will lead to overtraining. Therefore we remove a
validation set V' from T’

VcrT

and we use T\ V for training. For a good performance on the validation set we
need to learn on a big variety of training examples: card (V) < card (T'\ V).

In our example we remove approximately 3 million ratings from 7" and use
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2.3. Datasets of the Netflix Prize

them for validation. Now we can define the learning algorithm clearly by

() e g my)*

(ui,mj,rij)EV

— minA

card (V')

which is equivalent to only minimizing the numerator of the fraction under

the squareroot

& Z (& (ug, mj, \) — e (uz,m;))” — miny (2.1)

(ui,mj,rij)EV

while é is training on the examples of T\ V. We can treat equation 2.1 as a

second objective function next to the optimization problem of

Z (& (ug, mj, A) — e (u;,m;))* — miny (2.2)

(ui M, T4 ) ET\V

In such a setup equation 2.1 has a higher priority than the objective function
of equation 2.2 . Meaning that in case the maximum performance on V' (the
smallest possible RMSE) is reached training stops although it might still be
possible to minimize the performance on 7'\ V.

The following chapters will approach this problem and give examples of
how to minimize these objective functions. We will present two different
algorithms é. One that is based on the idea of Matrix Factorization (MF)
and another one that is based on the principal of a Nearest Neighbor (NN)

search.

2.3. Datasets of the Netflix Prize

To clear out misunderstandings we will shortly outline the available datasets

of the Netflix Prize as well as the datasets we created out of them.

e Netflix Training dataset: 100480507 rating instances. This is the

set 1. This set seperates into
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The Netflix Prize in Detail

— Training: The training set we do actually use. This is T\ V.

— Validation: The validation set we use to validate the perfor-

mence of our algorithms. This is the set V 2.

e Netflix Qualification dataset: This is the qualification set () pro-
vided by Netflix. Once this set is predicted one can send it to Netflix

using the provided webinterface.

e Netflix Probe dataset: A validation set provided by Netflix. We do

not use this dataset in this thesis.

2Note here that for the calculation of Matrix Factorizations, which are explained later in
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the thesis, we use another smaller validation set which we remove from V. This set is
called Vasr. So in the case of a Matrix Factorization the validation set V is replaced
by 14 \ VMF-



3. Matrix Factorization

The usage of Matrix Factorization (MF) for the Netflix Prize was firstly
suggested by Brandyn Webb (a.k.a. Simon Funk) in his journal'. Since
Singular Value Decomposition (SVD) [1] [22] [7] [18] [19] [21] is strongly
connected to MF we are going the outline the basic idea behind SVD first.

3.1. Singular Value Decomposition

The basic idea behind the classical SVD-approach is to decompose a given

rating matrix P of size n x m into three smaller matrices.
P = AxB"

where A is of size n x n, X of size n x m and B of size m x m. Both
matrices, A and B, are orthogonal matrices. The matrix ¥ is a diagonal
matrix with k£ non-zero entries. Therefore the effective dimensions of the
three matrices above are n X k, k X k and k x m. These k diagonal entries
g; of the matrix X are all positive with ¢; > ¢ > ... > ¢, > 0. The columns
of A are called the left singular vectors of P. Often they are also called the
orthonormal eigenvectors of AA”. The columns of the matrix B are called
the right singular vectors of P (the orthonormal eigenvectors of AT A).

If we now retain only the r < k greatest singular elements, the product of
those three matrices will be a matrix of rank r, namely P. Furthermore this

matrix is the closest rank-r approximation of P in terms of the Frobenius

lhttp://sifter.org/~simon/journal/20061211.html
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3. Matrix Factorization

Norm.

R 2 n m R R T
P—PH =35 by — vyl = trace ((P—P) (P—P) )
F

and A7 is the transpose of the matrix A.

SVD is just one of the many decomposition techniques for matrices of

rectangular size [53] [17].

The Netflix Prize provides us with a matrix R that is very sparse, it has
many unknown values. So the classical SVD-approach will only work with
some tricks, like replacing the unknown elements with zero or using other
more sophisticated methods [30]| [12] [46]. By using incremental learning
(which should be understood as learning data instance by data instance) we
will avoid this problem. Incremental Matrix Factorization is just one way to

implement incremental learning.

3.2. Incremental Matrix Factorization

3.2.1. The Base Algorithm

The technique presented here is very similar to the basics of SVD. Instead
of decomposing R into three matrices we only focus on two matrices, called

the feature-matrices.
R~ SV =R

where S now is a px f matrix, and V' is a f x ¢ matrix. f is the number of used
features. Those features desribe a user (matrix S) or a movie (matrix V).
User u; is described by row §iT of matrix S and each movie m; is described
by a column v; of matrix V. For example we can think of a feature "action"
that identifies how much action a movie flavors and how much a given user

likes action-movies. The original approach, using three matrices, can be
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3.2. Incremental Matrix Factorization

transformed into the form of only using two matrices by
R=A3B = (4Vs) (VEB)

A single prediction of a rating of a movie j by user ¢ is then given by the dot

product of the feature vectors of the user w; and the movie m;

f
~ D — B _ T
€(ui,mj) =Tiyj ~Tiyy = EMF (Ui,mj,A) =385V = E SikUkj
k=1

We define A as all the

where s;;, and vy, are items of the vectors s;, ;.

elements of those two vectors?.

s(4 9)

24 =

Now we can write out the quadratic error between the estimated rating and

¥ 2
2 A N2
€ij = (rij —Tij)" = | 1ij — ) Sinv;
k=1

To minimize this error, 5% — miny, we differentiate the equation and obtain

2
dez. 9 ! ! o <
8)\] = BN (Tz’j - E Sikvkj> =2 (Tij - E SikUkj )N E SikUkj
= = k=1 k=1

the real rating by

— k=1

which simplifies to

85-;2. < f T
L= 2|y - E SikUkj ( vl sT )
=7 24
OA —

2)\ can be thought of as a container that stores all variables of which the estimators make
use of. For the MF algorithms these variables are the ones we are going to optimize.
ez, /O means the derivation of function e7; with respect to all items of A indicated

by Aty Az s An /' 022 JON = (92, /0N, 0% [ONa, .02, JON,) T
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3. Matrix Factorization

Now we can obtain an update equation® for each feature of S and V by

n
/
Si, = Sik T+ 20 (rij — g smvaj> Vg

a=1

and

n

Uy = Ukj + 20 (rij — Z smvaj> Sik

a=1
« is the learning rate. A number that explains how much of the errors
slope is added to the new feature value. « should be rather small, around
0.001. n is the number of features that should be included. The algorithm
we implemented is using n = k, meaning that each feature below the actual
trained feature is included into the error equations and all other features are
ignored. Another possibility is to include n = f, which however will add a
few more calculations to the process. With the help of the update equations

we can define the basic learning algorithm as follows
e Step 1: Initialize the features matrices S and V for the first time,
either by a fixed number or randomly.
e Step 2: Loop until number of features f reached.
— Loop* until a terminal condition is met

x Iterate over each known element of R and update the feature

vectors with the help of the update equations.
* Recompute the RMSE on the training set or a validation set

or both.

e Step 3: Compute the final RMSE and save feature matrices for later

usage.

3These update equations follow directly out of the solution of 66%- / OA. The idea to use
update equations is based on the method of steepest descent. The difference here is
that we minimize each summand of the RMSE equation separately. For a description
on the method of steepest descent as well as its application to the Netflix Prize the
reader might consult section 3.3.

4These loops within a feature training step are called "iterations" or "epochs" throughout
the whole thesis.
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3.2. Incremental Matrix Factorization

3.2.2. Variations of the Base Algorithm

There are plenty of variations of this algorithm. One might consider training
one feature at a time while another one might consider training all features si-
multaneously. It turns out that the later method converges faster in terms of
required iterations. However, in our implementation we noticed that, though
the need of more iterations over all, the first method works faster because
there are several ways to tune the programming code by caching already cal-
culated features. An advantage of the simultaneous training is that the vari-
ance of each feature does not decline as it does when each feature is trained
independently. This means that the first feature already covers a huge part

of the prediction while the later features only try to predict smaller residuals.

3.2.3. Linear additions to the method of iterative MF
Addition of regularizations parameters to MF

A few additions to the iterative MF have been proposed. One of them in-
cludes adding regularizations with a factor § to the update equations. This
addition will partially suppress overtraining and therefore improve perfor-

mance on unseen examples. The updates equations change to

n

/

il = Sik + (2 (Tij - E siavaj> Ukj — ﬁsik)
a=1

n
! § :
’Ukj = Ukj +« (2 (sz — Siavaj> Sik — ﬂ’Ukj)

a=1

and

The equivalent® error equation for these update equations is

2
n 1 n
el = (“‘j -2 Sw""aa') + 5> (sik+ viy)
a=1 k=1

5The error equation is equivalent in terms of that its derivation will result in a gradient,
of which each component will be equivalent to the here presented update equations.
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3. Matrix Factorization

We call 8337, (s +v2,) the regularization term.

Although some sources® point out that these regularization parameters
are somehow related to the technique used in Tikhonov regularization, we
think the explanation why this addition suppresses overtraining, is rather
simple. Since the variance of the features is declining during training, the
regularization parameter (3s;; respectively Suvy; are also declining with each
new feature trained. Meaning that those additions introduce an artificial
error to the update equation, especially for the first features with a very
high variance. This error declines over time. To put it simple it moves some
weight from the earlier features to the later ones and therefore the algorithm

can train longer and suppress overtraining a bit.

Linear Matrix Factorization

Paterek [39] suggested to add biases to the prediction model. He proposed
to include two constants, one for each movie and one for each user, in the
equation of é. Those constants are trained simultaneously. We propose
a slightly different modification of é. For each feature we implement two
constants, like proposed by Paterek, and train them together with the feature
matrices. We call this method Linear Matrix Factorization (LMF)

f
ermr (Ui, mj, A) = Z SikUkj + ¢ +d;
k=1
where the weights ¢; and d; are trained simultaneously with the movie- and

userfeatures. We can obtain the update equations by extending A to

J

A:(&T Q-T Ci dj )T

6Like Brandyn Webbs article about MF-techniques for the Netflix Prize: http://
sifter.org/~simon/journal/20061211.html
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3.2. Incremental Matrix Factorization

and redefining ¢;; to

F 2
E?j = (Tij — (Z Sik’l)kj + C; + d]>>
k=1
and therefore

e (3 abs
J = 2 Tij — SikVkj +c; + dj>> <—— ( SikUkj + ¢ + d]>>
aA k=1 8A k=1

The update equations for the elements of the feature matrices stay unchanged.

The update equations for ¢; and d; are given by

f
C; =c¢ + X (2 (Tij - (Z SikUkj + ¢ + dj>) — §Cl>
k=1
f
d; =d;j+x (2 (Tij — (Z SikVkj + C;i + dj)> — (5dj>
k=1

X is the learning rate for the constants, while § is another regularization pa-

and

rameter. The final error for a given rating and its prediction by the estimator

including all regularization parameters is

(i +d3)
k=1

N | —

2
n 1 n
= (T” = D SiaVag + €+ dj) +05 > (sho+vr) +x
k=1

a=1
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3. Matrix Factorization

3.2.4. Non-Linear additions to the method of iterative
MF

Non-Linear Matrix Factorization

A further addition we want to add to the estimator is a non-linear inclusion

of the features of each user and movie. The estimator changes to

eNLMF (uz,mj, = Z (ZZ@CLMSMU@> +Cz+d

k=1 a=1 b=1

where > >, Oabksfkv,’;j is called the internal polynomial kernel of the feature
k of the estimator énrar. Oapr is a factor multiplied with every non-linear
and linear element. This factor allows the algorithm to decide which of the
linear or non-linear parts of the equation are more important. There are
r? different factors for each feature. We can arrange those coefficients in a

vector for each feature

T
@k’ = (011]67 612]67 (AR 017‘]@‘7 021]67 sy oty 97‘7’](:)

The update equations for the elements of the feature vectors s and v change

to

1 a=1 b=1

7” T‘
S0~ 1,0
a= 1 1

n T T
/
Si = Sik + @ Tij — g abgslgvg] +c +d;
9=
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3.2. Incremental Matrix Factorization

The update equations for the constant feature vectors ¢ and d now include
the complete error caused by the internal polynomial kernel and are straight

forward.

For fixed feature vectors s and v as well as ¢ and d it is possible to find
the optimal parameters © directly by solving a least square problem. This
method is very similar to combining different predictors, in this case these
are the r? summands of the internal polynomial kernel. For a detailed ana-
lyzation as well as the description of the least square problem and its solution

the reader is refered to chapter 5.

The problem with the exact solution is that it is often too precise and takes
any learning chance from the later epochs. This means that the algorithm is
iterating too fast and overtrains quickly. Therefore we only suggest using the

exact solution at the end of each feature training, to do a final optimization.

To learn the factors at the same time as the other features and constant we
once again use the incremental approach using update equations. However,
those update equations are different from those of the features and constants
we introduced before. The point is that there is not one polynomial factor
for each user and movie but only one for each polynomial component per
feature. This means that we do not need to train them in combination with
each user/movie pair but only at the end of each epoch. Another idea is
to train them only every second or third epoch, which again will suppress

overtraining. The goal is to minimize the error equation given by

n r r 2
Z 812]- = Z <Z Z Z eang?gUSj “+c; + dj — 7"1']'>

(ug,mj,rij )ET\V (us,myj,ri; )ET\V \g=1 a=1 b=1

We are training feature h, hence we are searching for a better vector ©, to
reduce the result of the error equation. After derivating the error equation
with respect to ©,,

0 Zz’j 5?]'

—=w Y

20,
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3. Matrix Factorization

we achieve the update equations

0, =8, + ¢2 Z €ij0ijn

(ui M ,’I”l'j)ET\V

and ¢ is the learning rate for the factors. ¥ stays the same with

ﬁ r r)T

(b1 12 1,r 2.1
ijh — (sihvhjv SinUhjs -+ SinVhjs SihUnhgs -++5 «++» SinUny
To supress overtraining we once again add regularization parameters to the

update equation

_Ih - @h + @ 2 Z 5ijﬁijh - th

(ui ;1M ,Tjj)ET\V

with ¢ being the parameter. It should be arranged higher than the other two
regularization parameters, since training is only done once.

The starting value of each of the coefficients is a vital part of the algorithm
and will ensure a reasonable performance. We suggest not to initialize the
coefficients to any negative values because that might cause the effect that
the different summands outweight each other. In our implementation we
initialize the coefficients randomly in the range of [1.5;3.5].

Performance of this variation of the base algorithm is generally weak and
not as good as the methods not using any internal polynomial kernel. How-
ever, this method might be used to explain more complex errors that a linear
method (the basic approach) was not able to cover. Therefore we do only
use this predictor as an addition to another better performing predictor, like

a MF without an internal polynomial kernel.

3.2.5. Parameter Setup

There are several parameters to set up and fine-tune until the learning algo-
rithm will work fine. Those parameters are the different learning rates «, x, ¢,

the degree of the internal polynomial kernel r, the different regularization
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3.2. Incremental Matrix Factorization

factors 3,0,y and also the number of features f.

We initialize all features in S and V' to 0.1 and the constant vectors ¢ and
d to 0.9 for all elements.

As for the learning rates it depends on how fast one wants to train an
estimator. Higher learning rates mean faster training but less final perfor-
mance. The regularization parameters should be set in dependence to the
number of features. For a good performance we suggest 96 to 164 features
with regularization parameters between 1 x 1072 and 4 x 1072 and a learning
rate between 1 x 1074 and 3 x 10~* for the non-constant feature matrices M
and U and between 5 x 107 and 15 x 10~ for the constant feature vectors
c and d.

Initialization parameters for polynomial kernels are hard to find and should
be chosen differently in every situation, since polynomial estimators are usu-

ally only used in connection with another, not so complex, estimator.

3.2.6. The final algorithm

The dataset of the Netflix Prize has some idiosyncrasies we need to take care
of in form of changing the algorithm to perform well. One improvement is
that we define a minimum number of training epochs per feature as well
as a maximum number of training epochs. Those two limits are dynami-
cally adjusted depending on the number of the feature that is trained. This
alternation of the main algorithm is necessary because the algorithm would
otherwise stop training just after the first few epochs. Especially for the later
features it requires a lot of epochs to actually come to the point where the
RMSE on the validation set improves again. It is nearly as if the algorithm
would have to walk a certain way before it can approach the next local (or
global) minimum.

Validation is done on a smaller validation set with roughly 100000 in-
stances. This is enough to ensure that the RMSE is precise enough and
furthermore training is not slowed down significantly. In case the minimum

number of training epochs for this feature is crossed and the RMSE on the
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3. Matrix Factorization

validation set is still declining, training on this feature stops and the algo-
rithm moves on to the next feature. The improvement of RMSE is measured
within five steps, meaning that for the RMSE on the validation set (in our
case V) of the ¢’th feature and the j’th epoch, RMSE?, the given RMSE
difference is

A} = RMSE!™ — RMSE!

A minimum of five training epochs for each feature is required.

We can now formally define the training algorithm

e Step 1: Initialize the features matrices S and V for the first time, S
and V to 0.1 and ¢ and d to 0.9.
e Step 2: Loop until number of features f reached.

— Loop until maximum number of epochs is reached or Ag is neg-
ative and the number of minimum training epochs was already

crossed.

« Iterate over each element of T\ V' and update the feature

vectors with each iteration.
x Recompute the RMSE on the validation set V.
— Cache the predicted values and clip the predictions to [1;5].

e Step 3: Compute the final RMSE and save training and validation

set.

We use a minimum number of training epochs of 75+ f and f is the actual

feature number. The maximum threshold is 85 + 2f.

3.3. Matrix Factorization by Batch Learning

A disadvantage of the summand by summand minimization is that it depends
on the order of the training set. The algorithm will behave differently on two
training sets that contain the same data but are ordered differently. To ap-

proach this problem we suggest a variation of the base algorithm, which does
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3.3. Matrix Factorization by Batch Learning

not minimize the overall error by minimizing each summand but minimizes
the error each user and each movie causes. This can easily be accomplished

by changing the update equations to
n
Sy = sik+a | |2 Z ((Tz‘j - Siavaj> Ukj) — Bsik
u]'GUi a=1
and
n
m; €M, a=1

and Uj; is the set that holds all users that rated the movie m; in the training
set
Y (u,m, e (u,m;)) € T < ue U

M; is the set that holds all movies that were rated by a certain user u;

Y (uj,m,e(u;,m)) € T < m e M;

This approach is actually the true solution to the minimization problem
of section 2.2. While the proposed base algorithm in section 3.2.1 is mini-
mizing each summand of the RMSE equation independently, the variation
described here minimizes the whole RMSE. This is also known as the method
of the steepest descent. For a fixed feature and a known epoch (iteration) of

training k£ we can achieve the update equation for all features given by
A= AP ot

where 7 is the directional vector. Obviously the steepest directional vector

is the antigradient of any >, ¢ (ui, mj,Ak)

Y (Z,—j e (“ivmjyﬁk»
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3. Matrix Factorization

A disadvantage of this implementation is that it does not perform as well
as the incremental (summand by summand minimization) algorithm. This is
because the incremental implementation might update the items of a feature
vector at once and reuse it in the next situation the user or movie reappears.
Also computing time doesnt improve (depending on the programming lan-
guage) because we need to add new arrays to the program, which save the

cached errors per user or per movie.

3.3.1. The Armijo rule

A valuable idea might be to speed up training by using dynamic learning

rates a*. The Armijo rule provides a restriction for the learning rate in

each epoch of training a feature. In the case of our minimization problem
a learning rate o satisfies the Armijo rule in case it satisfies the following

inequation
> e (us,my, A+ ofnf) <> (wg,my, AY)

i i

+rat ()" v (Zé (s, m;, Ak))

ij
with x € (0;1). The choice for the directional vector * is left open. In case

it is the antigradient, the product (Qk)T \Y% (E e (ui, mj,gk)> yields
tj

(1) v (Zé (ui,mj,y)> _

\Y4 (Zé (ui,mj,gk)> \Y <Zé (ui,mj,ﬁk)>

Here also lies the problem of the adaptation of the Armijo rule for our mini-
mization problem. The above product is usually very large, since it is nothing

more than the sum of all elements of the gradient multiplied with itself. That
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3.3. Matrix Factorization by Batch Learning

means that for the training of the first feature we will require a totally dif-
ferent x than for the training of the second feature. Furthermore even a
for the first feature is hard to find and requires a lot of fine-tuning. It also
depends on the values the feature matrices are initialized to.

We were not able to implement a stable version of the algorithm that makes
use of the Armijo rule. However, we state the approach here because we
believe that a detailed study of the problem might offer a lot of possibilities.
A well functioning Armijo rule will ensure a good selection of the learning
rate and therefore offer a fast convergence of the algorithm itself. This would
be especially helpful in a productive environment, where training speed is
important to ensure that the prediction algorithm is always representing a

great deal of the actual user base.

3.3.2. Parameter Setup

The adaptations of all other variations of incremental learning we presented
earlier for batch learning is straight forward and therefore not discussed here.

Our testing and implementation performs relatively weak and not as good
as the incremental approach (see chapter 6). However, the methods still offers
opportunities. Next to the considerably weak performance the algorithm
is also hard to stabilize, especially together with the usage of the Armijo
rule. Furthermore the learning rate greatly depends on the way the feature
matrices and vectors are initialized.

We suggest to use a dynamic learning rate that is adjusted every feature.
A possibly way to do so is to define a base learning rate and multiply it with
the square root of the number of feature that is trained. This will ensure that
the learning rate is not too high at the beginning of the algorithm, so that
it does not destabilize the whole process, and furthermore it will ensure that
the learning rate is not too low with higher feature numbers, which would
cause the algorithm to stop training. For an actual feature f we define the

learning rate a as

a=agfr
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3. Matrix Factorization

and ap is the base learning rate. This value should be situated around
5 x 1075, For h = 2 we will achieve the square root that was mentioned
above.

The algorithmic setup is actually nearly the same as with the incremental
learning. It might be useful to set the maximum number of epochs per feature
to a high number or define an unlimited upper threshold. This is especially
useful in case one does not use any regularization parameters, such as 5 = 0.
We use an unlimited upper limit of iterations and a lower limit of 650f and

f is the actual feature.
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4. Nearest Neighbor Search

The principle of a Nearest Neighbor (NN) search is often used to approach
and solve Data Mining problems. The underlying idea of such a search is a
similarity function, which defines similarity for the objects to classify. Since
in our setup we do not classify but predict ratings, we will use the similarity
function to identify similar objects in our system and from those objects we
will try to predict the ratings. There are two possibilities on what to base the
similarity function on, either on the users or on the movies. Since the number
of users is considerably high and therefore the average number of ratings
an user made is low, we do not consider users for the similarity function.
Furthermore using the users as the base of the similarity function would lead
to the problem of implementing a similarity matrix with a height and width
of rougly half a million. This is just not practical with todays computer
systems. The implementation presented here focuses on similarities among

movies.

4.1. Movie Similarity

The question when two movies are considered similar and how similar those
two movies actually are can be answered in many different ways. A lot of
competitors of the Netflix Prize use the Pearson Correlation coeefficient or
the cosine similarity to measure similarity between movies. Those similarity
measures include the ratings: If one user rates two movies similar or closely
similar, the movies are considered equal.

In this implementation of a NN search we do not use the integer ratings

for our similarity measure. We do not believe that two movies are equal only
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4. Nearest Neighbor Search

because users rated them the same. A user might like and dislike two movies
and still they might be the same. This is often true with sequells. While the
first part is often very good and encourages people to view the second part,
this one is actually not as good. People will be disappointed and rate the
sequel worse than the first part. A rating-based similarity would fail in this

situation.

For those obvious reasons we introduce a similarity between two movies
that is only based on the fact how many people of all the people that saw
the movies actually saw both movies. For two movies my, my € M we define
the sets Uy, Uy C U that hold the users that watched movie m; (set U;) and

movie my (set Us).
Y (u,m, e (u,m;)) € T = u € U
The similarity function k is now defined as

k:Mx M—R"

card (U NUs)
card (U U Us)

Such a similarity function is often called a Jaccard similarity function. All

K (my,mg) =

movie similarities are saved in the similarity matrix S,.

Sk = (845 = K (my, mj))i,jzl,...,q

This matrix S is symmetric,S, = S.” , since x is commutative
K (mi,my) = K (mj, m;)

S, has ¢ = 315772900 cells. Considering a 32-bit float for implementation
this matrix will require a total of 32¢*/(8 x 10?) ~ 1.26 GB of memory. By
only saving one triangle of the matrix we can slice this in half but access-
ing the elements might also be more complicated and require more time,

depending on the programming language that is used for implementation.
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4.1. Movie Similarity

Table 4.1.: Five Nearest Neighbors of selected movies

Lord of the Rings I1 ‘ A Beautiful Mind ‘ Pretty Woman
Lord of the Rings I Good Will Hunting Sweet Home Alabama
Lord of the Rings 111 Silence of the Lambs Dirty Dancing
Pirates of the Cari. 1 Ocean’s Eleven Miss Congeniality
The Matrix Catch Me If You Can | The Wedding Planner
Spider-Man Shawshank Red. Independence Day
Toy Story | 24: Seasonl | WWILin Color |
Aladdin 24: Season 2 The Last Days of WWII
The Lion King 24: Season 3 Fighting Rats of Tobruk
Shrek Alias: Season 1 Raiders of Leyte Gulf
Lord of the Rings I The Sopranos: S2 City of Steel: Carrier
A Bug’s Life The Sopranos: S1 WWII: L.C. Archives
| Justin Timberlake Live |  ST: Nemesis | ER: Season 3 ‘
"N Sync Live 1 ST: Insurrection ER: Season 2
"N Sync Live II ST: First Contact ER: Season 1
Janet Jackson D. ST II: ... Will & Grace: Season 4
"N Sync Live III ST V: ... Law & Order: Season 3
Backstreet Boys Live ST VI: ... The Cosby Show: S1

Table 4.1 gives some example movies and their five nearest neighbors. As
can be seen the similarity measure works well but is not free of error. Obvi-
ously there are some media that often occur as neighbors, such as the Lord of
the Rings movies or Ocean’s Eleven. These are most of the time the movies
that are very popular and got rated very often in respect to the time how
long they were available in the system. Those movies of course add a bias to
the rating estimators we are going to explain in the next section.

In our implementation we only save the n most similar movies for each of
the 17770 movies. n usually is 250 < n < 1000. This has the advantage that
the memory consumption stays low at 32¢gn/(8 x 10%) GB and therefore the
implementation offers faster access times. Also, the first n movies often offer
enough possible neighbors to feed a prediction algorithm. Therefore it is not
required to save the others, which will result in smaller matrices (arrays) and
faster access time. In our experiments we figured out that any n higher than

750 will not significantly improve the RMSE of the algorithm we are going
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to explain in the next section.

4.2. Predicting single ratings

We define N]’-g as the set of the & nearest neighbors of movie m;
NFC M

and once again the set U; as all the users that watched a movie m;
U, CU

Now the prediction for a rating an user u gave to a movie m; is given by

>, w(k(my,m))e(u,m)

meNJ‘?/\uier

>, w(k(mym))

k
mENj /\uiEUj

é(u17mj>A) =

For each movie in the set of the £ most similar movies of movie m; that
were watched by user u; we multiply the rating with the similarity of both
movies. Finally devide the sum by the sum of all similarities. w is a weighting

function for the similarities and might for example be given by
wr(s)=s

with » € RT. For a high r higher similarities will be weighted more important
than lower similarities. A is again a vector of paramters. We can also imagine
other weighting functions w. One idea might be to involve the exponential
function w (s) = exp (s) or to just use the unweighted ratings w (s) = 1. For

the here described estimator \ yields
T
A= ( n k )
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4.3. Data Normalization

For reasons of computational and prediction performance we limit the num-
ber of neighbors to a maximal number k. This means that once k£ neighbors
were found and their similarities contributed to the estimator € learning is
stopped. As already mentioned we also limit the number of similar movies
per given movie to a lower number than the overall number of movies, by
only using the n most similar movies to a given one. The reason for this
is that in this way we do not have to save the complete similarity matrix,
which would require a lot of storage space and walking all 17770 neighbors

would also be very time consuming.

The advantage of any Nearest Neighbor method is that it does not require
any learning. From a given similarity matrix and a rating matrix we can
already compute predictions for unknown user/movie pairs. Furthermore the
computation of such predictions is, if implemented in the right way, very fast.
A disadvantage of this method is that in comparison to the MF methods it
does not perform as well. However, in an environment where there is no need
for peak performance but peak efficiency a Nearest Neighbor method can be
the right choice. Furthermore it is possible to combine different predictions

from different models, such as Nearest Neighbor searches and MF techniques.

4.3. Data Normalization

To improve the prediction performance it is wise to normalize the data before
applying any Nearest Neighbor method. To do so it is necessary to find a
way to bring the different ratings of the neighbors nearer to each other. This
can, for example, be done by subtracting the mean rating of every movie m,
[, from the rating and add it to the final prediction again. The estimator

changes to
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4. Nearest Neighbor Search

Another idea is to use an estimator based on Matrix Factorization to roughly
predict the ratings and then let the Nearest Neighbor method try to predict
the residuals. For more information on the performance of the normalized

and unnormalized methods the reader is refered to Chapter 6.

4.4. Hierarchical Clustering on the Similarity
Matrix

Our goal in this step is to define a clustering based on the similarities of the
movies. This will help us to create a so called nested model, which makes use
of two or more estimator by nesting them. One could, for instance, cluster
the movies and therefore the training set 7" and use these training sets to
train different MF estimators.

From all the obvious clustering techniques [29] |5] |20] |[11], here we are
going to use hierarchical clustering. [48] [27]. We will only outline the
methods used. For a detailed explanation the reader is directed to the cited
publications. Agglomerative hierarchical clustering, which is used here, also
known as the "bottom-up" approach forms clusters by starting with the
single objects. At the beginning each object represents its own cluster. With
the help of some distance function the most similar pair of clusters is found
and merged. This algorithm is repeated until there is only one cluster left.

To compute the similarity of clusters hierachical clustering makes use of
a distance function, which measures the dissimilarity of two objects (either
single objects or objects in a cluster). To transform our similarity function
K (my, my) we only need to subtract it from one, which will yield the Jaccard

distance function 7 (my, mo)

card (Up U Usy) — card (U N Us)
card (U; U Uy)

W(ml,m2> =1- H(ml,mg) =

and

Sr = (sij =7 (mi,my)); 21,
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4.4. Hierarchical Clustering on the Similarity Matrix

There are several functions ( available to measure similarity between clus-
ters, these functions are also called linkage functions. Two of the most simple
functions are the single linkage function, also known as the nearest-neighbor
function, and the complete linkage function, which is also known as the fur-
thest neighbor. Both define the distance of two clusters as the distance of two
single items. The single linkage function defines the distance of two clusters
as the distance of their two nearest objects, the complete linkage function
as the distance between their two furthest objects. Let My, My C M be two
clusters of movies with M; N My = (.

Csingle (M, M) = min (Q) Ceomplete (M1, Ms) = max (Q)

and @) is a set consisting of all the movie distance of the movies in M; and
M.
Q = {71' (mz,mJ)Wml € Ml,ij € Mg}

Also other similarity measures are possible for those two clustering algo-

rithms, such as the already mentioned Pearson Similarity.

Next to those two linkage functions there are also the average and centroid
linkage, which make us of the entire collection of objects within a cluster. The

average linkage function computes the average distance of all objects within

> q

9€Q
card (Q)

The centroid linkage function returns the euclidian distance of the centroids

two clusters.

Czwe'r'age (Mb M2) -

of two clusters.
Ccentroid (Mh M2) = <cen (Mh M2> = Hﬁl - EH

It is not mandatory to define what the centroid of a movie cluster is. [29]
presents an update equation that can easily be used to update the distance
between two clusters. Consider two clusters R and U. At an earlier step

R was formed by the merger of the clusters A and B. Now the centroid
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distance between R and U is given by

D=

[A]

14] Bl -» _ 1AlB]
’R| cen

Lt} 2
(A7 U) + |R| cen (B7 U) |R|2 Ccen (A7 B))

o (1, =

and |A| = card (A). We start of with clusters of size one (the single movies)
and for those items the initial distances are given by the above defined dis-
tance matrix S;. The proof for the update equation can be found in [29].
[29] also states that it is possible to apply the update equation to any kind
of dissimilarity measures, with or without squares. But as [55] and [5] state
this may lead to strange results and is therefore not recommended. The
cluster trees so produced may also be non-monotonic. This occurs when the
distance from the union of two clusters, M; and M, to a third cluster is less
than the distance from either M; or M; to that third cluster.

Hierarchical clustering stops when a predetermined number of clusters was

formed.

4.4.1. Clusterings in Praxis

For the dissimilarity matrix proposed above only the complete linkage results
in a good clustering. Neither the single linkage nor the clustering involing
the average linkage function result in roughly equally sized clusters.

There is an obvious pattern evolving when using hierarchical clustering
on the above described dissimilarity matrix. Fach setup usually results in a
very big cluster with the majority of movies and at least one small cluster.
We were not able to find a setup that allowed us to create several roughly
equally sized clusters.

When a hierarchical clustering with complete linkage is applied to the
dissimilarity matrix S; and two clusters are created, then cluster one carries
133 movies and the other cluster carries the other 17637 movies. The first
cluster however, is a very nice cluster, since it carries mainly "Wrestling" -
DVDs or some media regarding the TV series "Doctor Who". While it is

surprising that actually these two issues get mixed together it is certainly
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4.4. Hierarchical Clustering on the Similarity Matrix

also surprising that the hierarchical clustering was able to sort these media

out.

4.4.2. A Proposal: lterative Hierarchical Clustering

At the end of the writing of the thesis the author discovered an interesting
feature regarding the hierarchical clustering on S, with complete linkage. As
already mentioned such a clustering using two clusters would result in one
cluster A; C M of the size of 133 movies and another cluster Ay C M of the
size of 17637 movies. It is true that A; U Ay = M and A; N Ay = (.

Now an interesting discovery is that when hierarchical clustering is applied
to the set Ay it can fall into two other clusters again. This of course does
require the removal of all elements of A; from the similarity matrix. The two
resulting clusters are called B1 and B2 with By, Bs C Ay and A{;UB,UB; =
M and A; N B; N By = (. Cluster By is of size 4625 and cluster B, of size
13012. The interesting thing here is that cluster By covers 87.209% of the
dataset, while cluster By covers only 12.7265%. This is interesting, since
cluster B; carries a lot less movies than By but covers a lot more training
instances of T\ V.

Such an iterative hierarchical clustering, as we call it, can be carried on
as long as required or there are no valueable clusters left. Figure 4.1 gives
an example of how such a clustering may look like in tree form. Each node
in this tree is equipped with some information: The name of the cluster (Aj,
Ay, By, ...), the number of movies in this cluster and the percental amount
of how many training instances of the training set 7'\ V' each cluster covers.

An interesting observation is for example that the cluster B; only consists
of 4625 of all the 17770 movies but covers more than 87% of the training set.
These are the movies that get rated very often. Those movies are treated
similar, since in our implementation two movies are similar if they both were
watched by many users. Of course a disadvantage of this implementation is
that the very popular movies always seem similar to each other. Iterative

hierarchical clustering is obviously able to localize these movies.
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ClusterlD

No. of Movies
% of T\V

C1
1556
4.64%

D5
8
0.0014%

E1
1054
0.19%

Figure 4.1.: An example tree for iterative hierarchical clustering using mostly
a number of two clusters per split as well as the complete linkage
function on the similarity matrix .S;.
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5. Combining Predictions

The reason why to combine different predictions to a final one is simple:
To reach a lower RMSE on the validation set. There are several ways to
combine different predictions. Here we want to present three methods. The
first method is based on the idea of "blending" different predictions to a
new one by solving a least square optimization problem. The second way
involves a consecutive way of predicting different ratings. Several methods
are combined to one by connecting them in series and each method tries
to predict the residuals the predictors before it could not cover. As another
option it is possible to combine those two combinational methods by blending
several concatenated and blended models into a new one. Furthermore we
shortly outline the idea behind a new type of models, called nested models.
These estimators combine two or more estimators by somehow incorporating
them.

All in all the ways of improving the RMSE presented here are computa-
tional very expensive. The amount of time required to train and implement
the different estimators might outweight the improvement of the RMSE. The
here presented options do specifically target the task of the Netflix Prize but

not the usage in a productive system.

5.1. Blending Models

For a given set of predictors E = {éy, és, ..., &, } we achieve the following final

estimator é.

& (ugmy, A) =) iy (ui,my, Ay

k=1
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5. Combining Predictions

with .
AZ(% (P ¢w)

and )\, as the parameters of each estimator of . We can calculate the
optimal A by minimizing the quadratic error é produces on the validation
set.
Z (€ (wi,my, A) — e (u, mj))2 — miny
(uismj,rij)EV
Following this approach by carrying out the derivation with respect to the

different weights we achieve a system of linear equations given by

[1]

A=1T
We furthermore define
§:<é1 Gy - éw)

and achieve the coefficient matrix of this linear system of equations

= D, £

(ui,myj,rij)EV

(1]

while the vector of constants is given by

=Y. elumy)

(ui,mj,n;j)GV

We can solve this system with the help of any solving algorithm for linear

systems of equations or by carrying out the direct matrix equation

The resulting weights 1, 19, ..., %, minimize the above objective equation
and solve the least square problem. Other sources [8] [39] proposed blending

models using a linear regression fit. A similar approach is to use one estimator
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that just predicts every rating the same. For example such an estimator
might give back the global mean rating, é (u;, m;,0) = 3.6066.

In our implementation we compute the optimal weights on one part of
the validation set V' and check the performance improvement on the other
part. In this way we can ensure that the least square solution is not just

overtraining on the validation set.

5.2. Concatenation of models

Two models are concatenated by having the second model predict the resid-
uals of the first one. This idea is also applicable to an unlimited number of
models w y
é (uj, mj, A Z (wismyj, Ay)
k=1
where each model covers the residuals the models before it produced. There-
fore the rating matrix R for the £’th model (2 < ¢ < w) is

—1
R, = fz'j - E €k (ui7mj7Ak)
i=1,...,p

k=1 i=1,..., J=1,.00q

Experiments show that some estimators are not able to cover to residuals
of other estimators. That results in a RMSE that is worse than the RMSE
of the model before. An example might be a Nearest Neighbor method that
is not able to improve the RMSE on a well trained MF technique. On the
other hand more complex models can improve the prediction performance

slightly, even if alone they are not able to give a good result.

5.3. Nested models

Nested models are models that in some way include other models and use
this inclusion to enhance the prediction performance or improve productivity.

In this thesis we will experiment only on one kind of nested models. These
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are the models that split the dataset into clusters based on the dissimilarity

matrix described in Chapter 4.

5.3.1. Using subsets of the training set

Any clustering algorithm will enable us to create subsets of the training set.
We can imagine a hieracical clustering on the similarity matrix of the movies
creating three clusters of movies. We can apply this clustering to the training
set and train different MF estimators or even KNN estimators on each subset
of the training set. This might be especially useful for MF techniques, since
they could profit from a smaller training base as long as the training base is
self-contained. Smaller training sets mean a shorter training time. Of course
this goes in most of the times not without a increasement of the overall error
but a shorter training time is often more important than the lowest error,
especially in a productive system where each minute of training time might

equivalent to a lost order from the system.

5.3.2. Other nested models

Of course there are other nested models one could think of. Here we are
going to present two interesting ideas, which are worth investigating.
We can think of a MF estimator that includes the features of the k most

similar movies of the movie to predict a rating for.

é (UZ‘, mj,A) = (Z SiaVaj +c + dj) + ( Z Z Siavab>

a=1 mp€ N a=w

and N C M are the k nearest neighbors of movie m;. n is either the actual
trained feature or the number of maximum features. w decides which features
should be included in training. If n is the actual feature that is being trained
and w = n only the actual features of the nearest neighbors are included in
the estimator. We might also think of a weighted sum of those two single

predictors.
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5.3. Nested models

Another approach is to use the feature matrices created by a MF to create
clusters of movies or users. The feature matrices of the MF techniques,
namely S and V describe the movies and the users. They can be thought of
as a profile for those users and movies. By defining any similarity measure
or dissimilarity measure [52] (such as the euclidian distance) we are able to
compute a similarity matrix for those profiles. Those similarity matrices can
again be used to feed a Nearest Neighbor algorithm.

Furthermore it is possible to use unsupervised clustering algorithms [37]
[13] [26] [16], such as k-means, to cluster the movies and users into different
groups. This has one advantage in comparison to the hierachical clustering
based on distance matrices: Using for example the k-means algorithm will
also enable us to cluster the users and not only the movies, while with any
hierachical agorithm based on the similarity matrix we would easily run into
storage problems when computing the similarity matrix for half a million

users.
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6. Experiments

In this chapter we are going to present the performance of the different
prediction methods. To ensure a valid and precise measurement we remove a
set of roughly 3 million ratings from the given training set of the netflix prize.
Of this set of 3 million rating instances we shaped off another 90463 ratings.
Those were used for validation of the MF techniques and to determine when
to stop training a feature (set Vj;r). The total size of the validation set
V' therefore reduces to 2924999. The precise size of the training set T is
97465045.

To determine the performance of the blending and concatanation methods
we split the validation set again into two roughly equally sized parts. To
measure the performance of combined models we require the first part for
learning and the second for validation once again. Otherwise we would train
on the same set as we would learn on. That of course leads to overtraining.
The two validation sets are called V; and V5 with ViUV, = V and VNV, = 0.
For all the combined models we are going to train on set V5 and validate on set

V. For all other prediction models we use the complete set V' for validation.

6.1. Naive Methods

We are going to give the RMSE of some naive prediction methods, including
setting all predictions to the global mean 3.6066. Table 6.1 shows the per-
formance of those naive methods on the validation set. We use the following
notation: fi,,; indicates the mean rating of a movie m; and ., indicates the
mean rating of a user u;.

It is obvious that the naive approaches do not perform very well, especially
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| é(ui,m;;,A) = | RMSE on V|

/= 3.6033 1.0843
o 1.0105

i, 1.1750

(tm, + 1) /2| 1.0540

Table 6.1.: RMSEs for incremental MF, maximum iterations 85 4 2f, mini-
mum iterations 75 + f
| MF preferences [ f=32]f=064]| f=96 | f=128] f =164 |

a=25x10"*
. 0.8168 | 0.8105 | 0.8081 | 0.8070 | 0.8072
x =107 75,6 =0.015
a=25x10"*
. 0.8170 | 0.8095 | 0.8068 | 0.8053 | 0.8043
x =107% 36 = 0.02
a=25x10"1
. 0.8181 | 0.8104 | 0.8075 | 0.8059 | 0.8049
x =107% 58 = 0.0225
a=25x10"*
. 0.8186 | 0.8113 | 0.80910 | 0.8069 | 0.8054
x=10"% 73,0 =0.025
a=25x10""
. 0.8215 | 0.8152 | 0.8137 | 0.8116 | 0.8091
x=10"% 73,6 =0.03

compared to our proposed methods.

6.2. Matrix Factorization

Table 6.1 gives the RMSE of some examples of implementations of the MF
algorithms. The setup used for all instances of incremental learning consists
of a fixed learning rate of o = 2.5 x 10~* for the feature matrices S and V and
x = 107* for the constant vectors ¢ and d. The regularization parameters
for the matrices and vectors 3, d are given in the range of 0.015 and 0.03. A
maximum of 164 features were trained. The maximum number of iterations
was set to 85+ 2f while the minimum number was set to 75+ f and f is the
number of the actual trained feature.

Figure 6.1 shows the declining error of the implementations on the valida-

tion set that is used to determine when training should stop. As can be seen

56



6.2. Matrix Factorization

——— By =0.015 = By=0.02 By=0.0225 = By=0.025 By=0.03

T T T T T

o
©
N
N
T
1

RMSE

Epoch x 10°

Figure 6.1.: Incremental MF performance on validation. Epochs from 5000
to 30000. Maximum of 164 features. Learning rates fixed at
a = 0.00025 and v = 0.0001.

regularization parameters of 3,0 = 0.0225 perform the best. However, the
graph also shows that with a higher number of features other regularization
parameters, such as (3,0 = 0.025, could pull ahead. Furthermore it is ob-
vious that the number of minimum training epochs per feature was set too
low for the implementation using regularizations parameters of 3,0 = 0.025
and (3,0 = 0.03 since there is a horizontal line indicating that training did
not improve at all during that time. This is due to the fact that the algo-
rithm did not reach the point, in terms of training epochs per feature, where
the RMSE on the validation set actually begins improving. With a higher
number of minimum training iterations per feature the implementation using
5,0 = 0.025 might perform best.

Table 6.2 explains the RMSE for different ragularization parameters with
batch learning. There is no upper threshold for the iterations, the lower one
is 500 x f, where f is the actual trained feature. The learning rates were
adjusted dynamically by using the formula o = an% with A = 4. For 164

features the setup using the regularization parameters of 5,6 = 5 x 107°
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Table 6.2.: RMSEs for batch learning MF, maximum iterations co, minimum
iterations 500 x f

| MF preferences | f=1|f=3]f=5]f=7]f=9]
ap=10"xg=5x10"°
f=10"°,8=10"°

ag=10",xg=5x10"°
f=3%x10°6=3x10"°
ag=10",xg=5x107°
B=5x10"°8=5x10"°
ag=10",xg=5x10"°
B=Tx105,6=7x107°
ap=10",xg=5x10"°
B=9x107°,8=9x10"°

0.8837 | 0.8656 | 0.8541 | 0.8463 | 0.8413

0.8840 | 0.8655 | 0.8545 | 0.8461 | 0.8410

0.8839 | 0.8654 | 0.8543 | 0.8457 | 0.8408

0.8845 | 0.8658 | 0.8545 | 0.8469 | 0.8414

0.8851 | 0.8665 | 0.8548 | 0.8468 | 0.8415

yields the best results. Figure 6.2 shows the number training epochs plotted
against the reached RMSE on the validation set of the MF.

Compared to incremental MF, MF via batch learning does not offer a
nearly as good performance. It also does not offer any computational advan-
tage in our implementation. Therefore we have to recommend the usage of
incremental MF for the Netflix Prize.

6.3. Nearest Neighbor Methods

The NN methods do not perform as well as the MFs. However, due to
their design they do not require any training and are therefore extremely
convenient in a productive system. Table 6.3 gives the RMSE of a Nearest
Neighbor method where each rating is normalized by the movie mean. Dif-
ferent weighting functions as well as a different number of neighbors were
evaluated. A weighting function of w (s) = s*° and either 20 or 25 neighbors
offers the best performance. Figure 6.3 visualizes the context for weight-
ing functions of the form s® while Figure 6.4 visualizes the different RMSEs
for weighting functions of the form b°. We also tested the variation of the

algorithms without any normalization of the ratings. The results can be
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By= 3x107° By=5x10"° By=7x107° By=9x107°
0.89 x x x x x
0.885
0.88
0.875
0.87
0.865
0.86
0.855
0.85

0.845- P Ny

0.5 1 1.5 2 25 3
Epoch x 10°

——By=10"°

RMSE

Figure 6.2.: Batch learning MF performance on validation. Epochs from
5000 to 30000. Maximum of 8 features. Learning rates dynami-
cally with ap = 107° and xyp = 5 x 107°.

found in the appendix (B.2). The variations not using any normalization by
movie mean are not performing as well as the NN implementations using the
normalization by movie mean.

Nearest Neighbor methods, no matter if they use a normalization by movie
mean or not, do not perform as well as incremental Matrix Factorizations.
However, they do not require any training and if implemented in an efficient
way and in a nicely performing programming language NN methods are also

able to predict ratings in real-time.
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e=05 e=15 e=25 e=35 e=45

0.875

0.87f ]

0.865

0.86

RMSE

0.855

0.85

0.845 ! ! ! ! ! !
10 15 20 25 30 35 40 45

Figure 6.3.: RMSEs of Nearest Neighbor algorithm with different number
of neighbors. Ratings normalized by movie means. Weighting
functions of form w, (s) = s°.

b=05 b=1.5 b=25 b=35 b=45

0.875

0.87

RMSE

0.865

0.86 L L L L L L
10 15 20 25 30 35 40 45

Figure 6.4.: RMSEs of Nearest Neighbor algorithm with different number
of neighbors. Ratings normalized by movie means. Weighting
functions of form wy (s) = b°.
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6.3. Nearest Neighbor Methods

Table 6.3.: RMSEs for different NN methods. Rating matrix substracted by
movie means.

|w(s) k=10 k=15 k=20 k=25 k=30 k=35|k=40| k=45
s"% [ 0.8612 [ 0.8598 [ 0.8606 [ 0.8622 [ 0.8639 [ 0.8656 | 0.8673 | 0.8689

s 1 0.8588 | 0.8570 | 0.8578 | 0.8592 | 0.8608 | 0.8624 | 0.8640 | 0.8656
s 1 0.8568 | 0.8547 | 0.8552 | 0.8564 | 0.8579 | 0.8594 | 0.8609 | 0.8624
s20 1 0.8555 | 0.8530 | 0.8531 | 0.8542 | 0.8555 | 0.8568 | 0.8582 | 0.8595
s25 [ 0.8547 | 0.8517 | 0.8516 | 0.8524 | 0.8535 | 0.8547 | 0.8559 | 0.8572
$39 1 0.8542 | 0.8500 | 0.8506 | 0.8511 | 0.8521 | 0.8531 | 0.8542 | 0.8553
$35 [70.8541 | 0.8506 | 0.8500 | 0.8503 | 0.8511 | 0.8520 | 0.8530 | 0.8539
s 10.8543 | 0.8505 | 0.8497 | 0.8499 | 0.8504 | 0.8512 | 0.8521 | 0.8529
5% 10.8547 | 0.8506 | 0.8496 | 0.8496 | 0.8501 | 0.8507 | 0.8515 | 0.8522
s°9 1 0.8552 | 0.8510 | 0.8498 | 0.8497 | 0.8500 | 0.8505 | 0.8511 | 0.8519
0.5° [ 0.8645 | 0.8632 | 0.8642 | 0.8658 | 0.8676 | 0.8693 | 0.8710 | 0.8727

1.0° | 0.8639 | 0.8626 | 0.8635 | 0.8652 | 0.8670 | 0.8687 | 0.8704 | 0.8720
1.5% | 0.8635 | 0.8622 | 0.8632 | 0.8648 | 0.8666 | 0.8683 | 0.8700 | 0.8717
2.0° | 0.8633 | 0.8619 | 0.8630 | 0.8645 | 0.8663 | 0.8680 | 0.8697 | 0.8714
2.5% | 0.8631 | 0.8617 | 0.8627 | 0.8643 | 0.8661 | 0.8678 | 0.8695 | 0.8712
3.0° | 0.8629 | 0.8615 | 0.8625 | 0.8641 | 0.8659 | 0.8677 | 0.8693 | 0.8710
3.5% 1 0.8628 | 0.8614 | 0.8624 | 0.8640 | 0.8658 | 0.8675 | 0.8692 | 0.8708
4.0° | 0.8626 | 0.8613 | 0.8622 | 0.8639 | 0.8656 | 0.8674 | 0.8691 | 0.8707
4.5% | 0.8625 | 0.8612 | 0.8621 | 0.8637 | 0.8655 | 0.8673 | 0.8689 | 0.8706
5.0° | 0.8624 | 0.8611 | 0.8620 | 0.8636 | 0.8654 | 0.8672 | 0.8688 | 0.8705

61



6. Experiments
6.4. Concatenation of Models

In this section we would like to present different experiments on the concate-
nation of models. In example 1 of Table 6.4 we concatenated three models.
The first model (é1) is a MF via batch learning and yields a RMSE of 0.8408.
The second model (é;) is a NN method without normalization by mean and
gives an concatenated RMSE of 0.8209. The third and final model (é3) is a
incremental MF with f = 128 features. We expected that this model might
reduce the overall RMSE below the best one of a single incremental MF.

However, it did not.

In Example 2 €; and é, are similar to the ones in Example 1. é3 is this
time a MF with an internal polynomial kernel of »r = 2 and f = 48 features.
The polynomial factors © were initialized randomly in the interval [1;4] and
the MF used an unlimeted number of training iterations per feature as the
maximum threshold and a minimum number of 75 + f and f is the actual

trained feature.

Example 3 is quite similar to Example 2, only that the MF using an
internal polynomial kernel of r = 2 was replaced with one using a degree
of r = 3. Also the learning rates changes slighty. Both implementations
do not improve the performance by an amount we would have expected.
The problem with the non-linear MFs is that they are extremely hard to
control, meaning it is difficult to find a good lower and upper threshold for
the training iterations per feature. We experienced that they can very well
improve performance significantly but only within one feature. As soon as
the next feature starts training they either have too less minimum iterations,
so they dont improve at all, or the number of minimum iterations is too high,
so they improve for a while but then turn around and seriously increase the
RMSE. For example 2 and 3 we found a setup that was not overtraining and
improved the RMSE a little.

Example 4 concatenates a well-performing incremental MF using f = 164
features with an incremental MF (é;) of degree r = 2 as well as with an
incremental MF (é3) of degree r = 3. While é, is able to improve the RMSE
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6.4. Concatenation of Models

of (é1) slightly, (é3) is not able to improve it after all.

In Example 5 we let a NN method with normalization try to predict the
residuals a NN method without normalization created. It is interesting that
such a setup is not able to reach the RMSE of a single NN method with
normalization. Also we tried to improve the performance further by concate-
nating the models with an incremental MF using f = 128 features. However,
compared to a single MF or other setups (Example 1) the final RMSE was
very bad. We believe that the preprocessing by the NN methods actually

motivates the MF' to iterate to a quite bad local minimum.
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6. Experiments

Table 6.4.: Different Concatanations

¢1 : Batch MF with f =9 and 3,6 =5 x 107°
é3 : NN without norm. and k = 35,w (s) = s*°
Example 1 , Overall
és : Incr. MF with f =128 and 3,6 = 0.0185
and @ = 1.75 x 104, y = 10~*
E €1 €2 €3
RMSEs | 0.8408 | 0.8209 0.8062 0.8062
¢1 : Batch MF with f =9 and 3,6 =5 x 10°
és : NN without norm. and k = 35,w (s) = s*°
Example 2 , Overall
é3: Incr. MF with f =48, r=2, 8,6 = 0.01
and a0 =2.5x107%,xy = 107°
E €1 € 3
RMSEs | 0.8408 | 0.8209 0.8163 0.8163
¢1 : Batch MF with f =9 and 3,6 =5 x 107°
Example 3 éQ: NN without n'orm. and k = 35,w (s) = 55 Overall
é3: Incr. MF with f =48, r=3, 8,6 = 0.01
and a =107°,y =5 x 107°
E €1 € €3
RMSEs | 0.8408 | 0.8209 0.8188 0.8188
é1 : Incr. MF with f =164, =1 and 3, = 0.0225
and @ =2.5x 1074, y =10"*
Example 4 és 1 Incr. MF with f = 16,7;4: 2 and 615 =0.015 Overall
and a =1.75 x 1077, x = 10
és: Incr. MF with f =4, =3 and 3,6 = 0.01
and e =35%x107% y=15x107°
E €1 € €3
RMSEs | 0.8049 | 0.8046 0.8046 0.8046
é1: NN without norm. and k = 30,w (s) = s
Example 5 || és: NN wit‘h norm. and k = 30,w (s) = s* Overall
é3 : Incr. MF with f =128,7 =1 and 3, = 0.0225
and @ = 2.5 x 1074, y =107*
E €1 € 3
RMSEs | 0.8870 | 0.8734 0.8376 0.8376
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6.5. Blended Models

6.5. Blended Models

Table 6.5 gives different examples of blended models. In Example 1 we
blend five predictions, which were all taken from one and the same MF, only
the number of features differs. As can be seen blending the five models
improved the best RMSE of 0.8045 to 0.8042. This is a small improvement.
However, considering that it basically comes for free (the computational
effort is minimal) it is worth to be mentioned. We also noticed a slight
improvement of the overall RMSE in Example 2, where we combine several
predictions from one and the same batch learning MF. In Example 3 and 4
we combine different Nearest Neighbor methods, once changing the number
of neighbors and another time changing the type of the weighting function
among the predictions. Example 5 combines three MF and two NN models.
The example shows that the considerably weak KNN estimator is actually
able to improve the overall performance significantly. FExamples 6 and 7
combine the predictions of several estimators. Example 7, which is combining
the predictions of all estimators presented in this thesis, yields the best result
with a RMSE 0.7933. That is a major improvement compared to the lowest
RMSE of 0.8043 that a single algorithm (incremental MF) can produce.

6.6. Nested Models

In section 4.4.2 we proposed a technique called iterative hierarchical clus-
tering. For each cluster of the clustering tree presented in Figure 4.1 we
compute a different MF. We use MFs with an internal polynomial kernel of
r = 1 as well as regularization parameters of 3,0 = 0.025. The methods
for each cluster differ in the number of features they make use of as well as
the minimum and maximum training iterations per feature. Table 6.6 gives

the setup of each MF for each cluster. "Min. ep." and "max ep." give the

minimum and maximum base iterations per feature. Each feature f is now

"

trained a minimum of f times "min. ep." iterations and a maximum of f

times "max. ep." epochs. Such a setup is similar to the one we used for the
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Table 6.5.: Different Blendings
5 incr. MFs with f =32 (é1),64 (é2),
96 (é3),128 (é4),164 (é5) and B,y = 0.0225
E é1 éa és N és
RMSEs 0.8176 0.8100 0.8071 0.8055 0.8045 0.8042
Weights —0.0799 | 0.2087 | —0.0075 | 0.0446 0.8368
5 batch MFs withf =1(é1),3 (é2),
5(é3),7(é4),9(é5) and 8,7 =5 x 107°
E €1 €2 €3 €4 és
RMSEs 0.8834 0.8651 0.8543 0.8456 0.8406 0.8395
Weights 0.0653 0.0461 0.0291 0.1148 0.7454
5 norm. NN methods with k = 25 and weighting
w (8) — 50.5 (él) ’ 51.5 (é2) ’ 52.5 (éd) ’ 53.5 (é4) ’ S4.5 (é5)
E €1 €2 €3 €4 és
RMSEs 0.8626 0.8567 | 0.8526 0.8506 0.8500 0.8469
Weights 0.8048 | —3.0794 | 7.9876 | —10.1205 5.3931

Example 1 Overall

Example 2 Overall

Example 3 Overall

5 norm. NN methods with weightings w (s) = s*°
Example 4 . . . ) . Overall
and k = 25(é1),30(é2),35(é3),40 (é4) ,45 (é5)
E é1 éa és3 é4 és
RMSEs 0.8500 0.8504 0.8511 0.8518 0.8525 0.8478
Weights 0.7712 0.1180 0.0830 0.0819 —0.0688

3 MFs with f = 164 and 3,7 = 0.02 (¢1) , 0.0225 (é2) ,
Example 5 || 0.025(é3). Also 2 NN models with w (s) = s*5 and || Overall
k = 40 (24) ,50 (é5)

E é1 é2 é3 é4 és
RMSEs 0.8043 0.8045 0.8518 0.8518 0.8525 0.7998
Weights 0.4529 0.2775 0.0906 0.8779 —0.6982
’ Example 6 H All estimators from examples 1 to 4. H Overall ‘
E é1 é2 és é4 és
RMSEs 0.8176 0.8100 0.8071 0.8055 0.7965
Weights —0.0816 | 0.1902 | —0.0104 | 0.0509

All estimators of this thesis.
Example 7 . o Overall
More than 150 single predictions

F é1 €9 é3 é4 €5
RMSEs 0.8837 0.8719 0.8656 0.8592 0.7933
Weights 0.5126 —0.6454 0.3282 —0.2631
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6.6. Nested Models

Table 6.6.: Clusters with different MFEs and the resulting RMSEs of the spe-
cific clusters.

’ Cluster \ % of V \ f \ min ep. \ max ep. \ Clust. RMSE \ RMSE in V ‘

Ay 100 128 75 85 0.8047 0.8047
Ay 0.065 | 16 95 200 0.8272 0.8863
Ay 99.94 | 128 75 85 0.8046 0.8046
By 87.21 | 128 75 85 0.7958 0.7950
By 12.73 7 95 200 0.9051 0.8678
4 4.67 6 95 150 0.8673 0.8022
Cy 82.54 | 128 5 85 0.7958 0.7945
Cs 0.22 8 95 150 0.9611 0.8873
Cy 12.51 7 95 200 0.9051 0.8674
D, 69.66 | 128 75 85 0.8003 0.7953
D, 12.88 | 16 95 150 0.8349 0.7907
Ds 0.14 7 95 200 0.9958 0.9328
Dy 12.37 7 95 200 0.9048 0.8667
D5 0.002 7 95 200 1.0726 0.9622
Ey 0.19 7 95 200 1.0134 0.9511
Ey 12.17 7 95 200 0.9040 0.8652

base algorithm presented in section 3.2.6. Table 6.6 also gives the RMSE of
each MF on a cluster (Clust. RMSE). The column "RMSE in V" gives the
RMSE of the subset of the validation set that was determined when training
on the whole training set and not just on a specific cluster. The setup for
this specific MF made use of 128 features, 3,0 = 0.025, 75 x f minimum
epochs, 85 x f maximum epochs and learning rates of & = 3 x 10~* and
x = 107" as indicated in the first row of the table. Aside from cluster A, all
indepedentend MFs perform worse than a MF, which was trained on the en-
tire training set. However, the performance of some clusters is considerably
good. MFs on small clusters usually require lot less time to train because of
the smaller amount data behind it but also because of the reduced number

of features used.

In Table 6.7 we combine several clusters to form the complete validation

set V once again. The given RMSEs summarize the performance if the
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Table 6.7.: Different cluster combinations

Clusters ‘ Total RMSE ‘
M 0.8047
AU A, 0.8046
AU B U B,y 0.8106
AUCLUC,UC3UCy 0.8141
AiUCLUDUDyJCsU D3 U Dy U Ds 0.8223
AiUC,UDUDyUCsU D3 UE; U EyU Ds 0.8224
AL UCLUCYU By 0.8139
A UBUC3UC, 0.8107

validation set would be put together again by the different clusters. In a
productive system such an approach would be efficient because the smaller
clusters require less training time. We can see from Table 6.7 that even
excessive clustering does not impair the final RMSEs too much. Therefore
we can only recommend such an approach for the usage in a productive

environment, probably even with a higher number of clusters.

6.7. Movielens Dataset

As an addition we also tested the performance of the single algorithms on
an alternative dataset, the Movielens dataset! [43]. It consists of one million

ratings for 3900 movies by 6040 users.

6.7.1. Matrix Factorization

Table 6.8 and Figure 6.5 summarize and visualize the performance of incre-
mental MF on the Movielens dataset. The same setup as for the Netflix Prize
was used. Figure 6.5 shows that for all implementations there are a number
of training epochs where training does not improve at all or only improves

slightly. During those epochs the number of minimum training iterations

http://www.grouplens.org/
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6.7. Movielens Dataset

Table 6.8.: RMSEs for incremental ME on Movielens dataset, maximum it-
erations 85 + 2f, minimum iterations 75 + f
| MF preferences | [=32]f=064]f=96] f=128]f=164]
a=25x10"% y=10""
$ =00, =0.0
a=25x10""x=10"
B =0.015,6 = 0.015
a=25x10"% xy=10""
B =0.02,6 =0.02
a=25x10""x=10"
B =0.0225,5 = 0.0225
a=25x10"% y=10""
B =0.025,0 = 0.025
a=25x10""x=10"
B =10.03,8 =0.03

0.9006 | 0.8828 | 0.8828 | 0.8676 | 0.8632

0.8980 | 0.8905 | 0.8764 | 0.8757 | 0.8627

0.8980 | 0.8831 | 0.8740 | 0.8651 | 0.8600

0.8980 | 0.8803 | 0.8763 | 0.8642 | 0.8