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ABSTRACT

The secret of biological systems lies in their phenomenal ability to organize in ways that
allow them to perform a wide variety of functions under changing intermal and external
conditions. This ability typically relies, not on the single element (be it a macromalecule
or even a cell), but rather on the coordinated activity of a large number of elements.
In a gngle cell, thousands of proteins intricately work together to sustain all metabolie
activities as well as to perform a varety of tasks that vary from organ to ongan in the body.
At a higher level, different cells communicate by transmitting and receiving biochemical
and electrical signals. Thus, cooperation between elements is the rle at every level of
organization and the ability to develop such robust mechanisms stands at the heart of
biological functionality.

This thesis considers the spontaneous spatio-temporal beating activity of a developing
culture of heart cells and of self-amembled networks of cells. Issues dealing with rhythm
generation, the onset of synchronization and temporal eorrelations within and among cells
are addressed. Special emphasis was placed on understanding the functional fransitions
from cells to groups of cells and to extended networks. Experimental results are reported
as well as modeling thereof.

Cultured heart cells from ventricles of newborn rats have the capacity to beat sponta-
neously. In time, these cells also migrate, group together and establish electrical cell-to-cell
conpling, and eventually self assemble into extensive, contimious networks. To character-
ize the spontaneous activity of the cells during this wide range of developmental stages,
long-time non-invagiwe spatio-temporal recordings of the activity were necessary. To that
end, a novel optical method of continuous, non-invasive and high-resolution measurement
was introduced to record the cells” contractile activity, The optical field was captured by
a CCD camera and transmitted to a computer, where real-time motion detection was per-
formed on a pre-specified number of arcas of interest. Off-line peak detection then yielded

corresponding time-series of contraction times. In this way, contractions of sngle cells



as well as networks were recorded at high spatial resolution for unprecedented durations
limited, in practice, only by the lifetime of the culture (typically 3-4 weeks).

Long-term statistics of the beating in (i) isolated cells, (5] cells embedded in a network
of passive (non-muscle) cells, (#46) groups of 2-10 cells and () extended networks are pre-
sented and analyzed. Tt was found that cells at different organizational and developmental
stages of the eulture exhibit very different temporal patterns of activity.

Isolated cells were found to exhibit a wide repertoire of beating activities, including
periodic and stochastic beating, that were occasionally interrupted by long quiescent pe-
riods (from seconds to many hours). Sudden and gradual rate and varance modulations
appeared on a wide range of fime scales. A maodel of a noise-modulated nonlinear dy-
namical element in the vicinity of an infinite-period bifurcation was shown to reproduce
these experimental results. In particular the model allows for stochastic but long-range
correlated transitions between oscillatory and excitable dynamical regimes.

As cells coupled to each other in groups, they synchronized their activity. More regular
activity was observed to be increasingly abundant in groups of cells, yet noise-dominated,
highly irregular beating was still commonly found, as were long intermissions in the con-
tractile activity. In some cases, preferred time scales (on the order of 1-2 minutes) ap-
peared in the patterns of beating activity (e.g., bursting) or in the form of rate modula-
tions. These features were gqualitatively reproduced by smulations of electrically coupled
nonlinear elements (each representing a single cell).

The characteristic contractile activity of spontaneously beating cells that were embed-
ded in passive tissue resembled and even accentuated that of groups of cells. Such cells
also exhibited similar preferred time scales and enhanced regularity in the beating rate.
These features of the dynamics were attributed to the electrical load by the surrounding
passive network, to which the beating cells are coupled.

Extended networks of cells comprised many thousands or tens of thousands of cells.

By contrast to the activity of cells or small groups thereof, the activity of large networks



often congsted of periodic beating that was synchronized throughout the field of view {up
to 2.5 mm). Large networks of cells did not undergo long lapses of quiescence; neither
did their activity reflect preferred time scales (other that the beating rates themselves).
Interestingly, sufficiently long recordings revealed complex arrhythmias, such as sudden
rate changes, frequency subharmonic structures and intermittent changes of beating rate.
This activity was attributed to a functional differentiation of the network into one or more
pacemaking centers that stimulate the otherwise excitable network. Simple models of one
or two slightly variable nonlinear oscillators, acting on an excitable element were shown
to reproduce the main expermental results.

All these patterns of beating activity, at all levels of organization, were accompanied
by long-range correlated Huetuations in the beating rate. These correlations gave rise
to a non-Gaussan distribution of intemspile inferval increments and were manifested in
interspike-interval ordering statistics, such as the Allan factor time curve.

The proposed nonlinear dynamical models presented here capture the main features
of the activity on a wide range of time scales and for all of these different levels of orga-
nization. Put together, these models also provide a cohesive picture of the development
from the wide repertoire of activities in single cells, through suppressed Auctuations and
preferred time scales in small groups of cells, to the much more regular and deterministic
characteristios in extensive networks. The differences in the temporal patterns of activity
between isolated cells and small groups of cells was attributed to the coupling interactions
between the cells. The transition to lange networks was explained by increased coupling

as well as the emergence of intrinsic pacemakers.
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CHAPTER 1: INTRODUCTION

This thesis presents an experimental study of spontaneous beating activity in self-
assembled networks of heart cells. Cultured cardiac networks have been the subject of
in depth investigation since the invention of tissue culture techniques and their first ap-
plication to heart cells in the early 1910% [1]. On the one hand, they have served as
a useful reduction of the m wmve heart, facilitating the study of cellular and maolecular
mechanisms under controlled conditions, and — perhaps more importantly — allowing
the application of a wide variety of invasive tools (from electrical stimulation to chemical
conditioning), which would present obwious diffieulties if used in living animals and hu-
mans [2-5]. Mare recently, we have been witnessing a revolution which promises to apply
eultured cells directly in a new generation of medical applications, from transplantation of
heart tissue [6] to stem cell technologies [7). On the other hand, such cultures can be re-
garded as a model system for strongly interacting excitable biological elements, the study
of which can improve our understanding of fundamental features of excitability, ranging
from pattern formation and the onset of spiral waves and turbulence (8,9, through the
various mechanisms and modalities of synchronization [10,11], to the dynamical features
of nonlinear oscillators, thythmogenesis, and bifurcation analysis [12-13] and transitions
to chaos [16]. Both of these approaches have adopted the ‘standand” scientific paradigm
of hypothesis-testing experiments that resort to vadous invasive techniques to study the
system’s response to external contral or manipulation. To date, the extensive research
performed on in wifro cardiae preparations has provided us with a wealth of knowled ge
about these systems, from their molecular constituents to the generation of function, at
variois organizational (sub-cellular, eellular and network) levels.

In our work, standard methods of system manipulation have been all but relinguished,
in exchange for the ability to closely monitor the development of the spondanecus under-
lying dynamics of the culture over a wide range of fime scales, and organizational levels,

This approach was motivated by the desire to undemstand how this isolated biological sys-



tem organizes itself in time, and by the realization that the complexity of such a system
cannot be fully appreciated if the experimental set-up a priors infervenes with the intrin-
sic modes of activity and constrains the time scales of observation [17]. In the context
of these cardiae networks, the enormous range of relevant time scales stretehes from the
sub-second duration of exeitation events (electrical spikes triggering mechanical contrac-
tions) to the life time of the eulture Owver this time, this model system (namely, cultured
heart cells extracted from ventricles of newhborn rats) starts out as isolated beating cells,
gradually group together and eventually form a confluent network with a well defined
functionality. To follow the process of coordinated development and organization and to
gain insight into the nature of the ensuing emergent behavior, the system was monitored
over this enormous breadth of fime scales by a continuous and non-invasive optical mea-
surement of contraction events. Continuous recordings ranged from 3 hours to 11 days.
These recordings are particularly well-suited to the study of self-induced responses and
have allowed us to correlate the activity and the changes therein with the developmental
stages of the network.

Self-induced activity begins at the level of a single, isolated cell. Such activity is well-
knewn to be highly variable and irregular [18]. Furthermore, the mechanisms underlying
excitability have been found to exhibit a variety of activity-dependent features, which
reflect an effective memaory an a wide range of time scales [19-22]. One aim set in this
thesis i to present a comprehensive statistical characterization of the beating dynamics
of isolated cardiae cells on a variety of time scales. In addition (and within the limitations
imposed by the non-invasive paradigm we adopted), a consistent dynamical picture was
sought that can consistently capture the key statistical features observed.

As the network develops, physical contacts are established between cells and electrical
coupling across cell junctions result in synchronized beating. How do the strong bi-
directional interactions among cells affect the dynamies? Can we regard a group of cells

as a sum of its constituent cells? Does the behavior of the groups depend on the number



of cells it includes, and if so, how far can we extend this ‘scaling’ relationship? These
guestions were examined in detail in both pairs and small groups of cells and were then
extended to extensive networks of cells that emerge at a later dewelopmental stage.

The overall purpose of this thesis is two-fold: first, to characterize spontaneous beating
activity according to the different organizational levels of the cultures, and second, based
on this characterization, to obtain a better understanding of the underlying functional
development that the colbure undergoes with time. Special emphasis hag been placed
on the characterization and understanding of small groups of cells, which constitute a
transient link between the two (developmental as well as functional) extremes of isolated
cells and extensive networks of cells.

The main experimental resilts of this work may be summarized as follows. Single, iso-
lated cells were found to exhibit highly variable and unstable long-term beating statistics,
subject to modulations on a wide range of time scales. Most beating cells did so imreg-
ularly, and experienced long lapses of slent (non-beating) episodes, sporadically lasting
from seconds to many hours. The high variability of the cells” beating rates was reflected
in the distribution of inter-event intervals as well as in their scale-invariant fluctuations.
In addition, and only rarely, single cells displayed periodic beating activity for relatively
short episodes (typically well under an hour).

Groups of cells often exhibited similar beating statistics as single cells. Nonetheless,
some features (in particular the appearance of preferred time scales, both in the inter-
event intervals and in the time seales of their modulation) were unique to groups of cells,
or to a related morphological state, in which a small number of beating heart cells were
sparsely embedded within an extensive network of non-muscle cells. Small groups of cells
could exhibit stretches of periodie activity, over time scales of hours, that appeared more
stable than manifestations of rhythmic beating in single cells.

By contrast, rhythmic activity was the rule for most extensive networks of cells.

Rhythm aberrations, sich as skipped or premature beats, sudden rate changes, inter-



mittency, and complex patterns of subharmonic inter-beat intervals were discovered. On
sufficiently large scales, it was possible to measure time lags between different points in
the network and deduce approximate speeds of sgnal propagation.

The theoretical parts of this thesis relied upon these results to develop reductionist
and heuristic dynamical models of the activity. A dynamical model is presented here that
captures the principle robust features of single cell activity. It is shown that the intro-
duction of an appropriate coupling term into a model of a small number of such elements
also reproduces the key features of groups of cells. Finally, reductionist models of network
activity, previously published in [23] are presented. These models strongly support the
conclusion that the network undergoes a qualitative change in its self-organization, from
single cells and small groups. This change appeams tocongst of a functional differentiation
of pacernaking centers of activity within the network [Z3,24].

This thesis is arganized as follows: Chapter 2 of the thesis presents theoretical back-
ground that is needed in the thesis, including a brief introduction to the electrophys ology
of biological excitable cells, its reduction to simple mathematical formalism, and the incor-
poration of various dynamical features of excitabilty into these models. The experimental
set-up, the recording procedure and the culture methods are deseribed in Chapter 3. Sta-
tistical tools used to analyze the data. are provided in Chapter 4. Next (Chapter 5), 1
present a preliminary deseription of the culture and outline its dewelopmental and mor-
phological stages. The experimental results and the corresponding models are given in
Chapters 6-8, and divided by the culture’s organizational level into single, isolated cells
(Chapter &), small groups of cells (Chapter 7) and extensive networks (Chapter ). Chap-
ter 9 s the final chapter of the thess, and includes coneluding remarks on the experimental
results The thesis closes with three appendices, that provide mathematical underpinnings
to some of the discussons within the body of the thesis, both with regard to statistical
tools and to particular interpretations of the data, in addition to two previously published

papers deseribing this work.
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CHAPTER 2 THEORETICAL BACKGROUND
2.1. Electrical Excitability in Biological Cells

Mt models for excitable membrane are based on the formalism of Hodgkin and
Huxley (1932, [23]). In their seminal work, the voltage-dependent currents through the
membrane of a squid glant axon were measured and modeled by a minimal set of four
nonlinear differential equations, describing the conductances of sodium and potassium
ionie currents. Their discovery that voltage-dependent sodium and potassium jonie cur-
rents underlie the neuronal action potential, with remarkable universality in all animal
types, congtituted a major bregkthrough in neumoscience and marked the introduction of
electrophysiology into this feld.

Howewver, it was only in the 1970°s that Sakmann and Neher discovered that molecu-
lar channels sustain these jonic currents [26). These large proteins, called fom channels,
selectively conduct fonic eurrents (on the order of picoamps) through cellular membranes
[27,28]. The membrane itself is essentially an insulating lipid bilayer. Under normal
conditions, the membrane separates between two different jonie solutions which we call
internal and external. The electrochemical potential across the membrane determines
the direction of currents through the respective channels when the channels are open.
These microscopic channels are susceptible to thermal noise, causing them to change
configurations between various epen, e, conducting, and elosed, non-conducting states.
In general, the transition rates governing these conformational changes depend on var-
ious external parameters (transmembrane potential, pH, ionic concentrations and even
mechanical stress).

Some families of ion channels obey voltage-dependent kinetics and are dubbed voliage-
gated channels [20]. These are the channels underlying electrical excitability in most cells.
Indeed, the kinetie eguations governing the opening and cloging of these channels are

in surprisingly good agreement with the Hodgkin and Huxley macroscopic equations of
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excitability. Thus, we can regard the Hodgkin-Huxley equations (and their variations) as
‘hydrodynamic” How approcimations to the stochastic equations of the underlying micro-
seopic constituent lonic currents (with deviations to be discussed below). In what follows
we will, therefore, introduce two types of formalisms: continuous flow hydrodynamic-like

differential equations, and the corresponding stochastic rate equations.

2.2. Hodgkin-Huxley Formalisms & Simplified Models of Exeitability!

In the Hodgkin-Huxley formalism, one eguation is written as an equivalent circuit

e uation
aV R
Cer + LIV AWl = 11), (2.1)
i

where V' denotes the membrane potential (usually, the deviation from a reference “rest”
state). ' is the membrane capacitance, I; I8 a particular type of ionic current (e,
condueted through ionic channels of type j), and T(f) is a time-dependent input current.
While the index j above denotes channel types, a different index iis used to denote channel
states (ie., configurations or conformations). The variables W, denote the fractions of
channels of a given type in conducting (or, more generally, active) states i, whose kinetics
are given by a second (typically, wltage dependent) equation of the form

b — 4 Wi (V) = W)
f]rr ol | 1_' |:1"r::|

2.9

Here, ¢ is a temperature-like time scale factor, 7 i8 a varable relaxation time and Wi
isa (possibly V-dependent) equilibrium function. Generally, the different lonie currents

are assumed to be Ohmic and expressed as

Iy = GV, {W;}) (V = V}), (2.3)

'"The notation in this section follows closely that of Rinzel and Erment rout in Section 5.2 of [30].

12



where 5 denotes the total conductance for channels of type j (referring to either selective
channels for calcium, potassdum, efe., or to non-gelective currents, genercally dubhed
Teak’); oy is the fraction of open channels of that type (with g the leak conductance,
and V; is the (Nemst) reversal potential for these jons.”

Mt electrophysiological models of excitable cells rely on this formalism. Such models
typically involve several different current equations (for different types of ionie channels),
as well as detailed specifications of their conductanee kinetics, which vary among different
cell types and from animal to animal. In some cases, additional equations are added to
deseribe additional currents carried by ion pumps o erchange profems. Nonetheless,
many features of excitability that are derwed from the Hodgkin-Huxley equations are
universal. For most purposes of this work, we are interested in capturing such universal
features of excitable cells and networks and will, therefore, restrict our attention wherever
pogsble, to minimal models of excitability within this formalism. The most minimal model
of nonlinear cecillators requires only a two-current (excitatory and inhibitory) circuit
equation and a kinetic equation for one of the conductances (in the simplest case, involving
only open-closed kinetics). Among the many advantages of minimalistic versons, the
most striking are (i) universality, (i) a tractable phase space, stability and bifurcation
analysis that provides insight into the rich repertoire of dynamical properties and (i)
ease and efficiency of @mulation. Such reductions are typically obtained by asuming
very fast kinetics (small =) for all but one variable W}, such that the fast variables W4
instantaneously follow the steady state funetion Wi ., making the corresponding kinetic

*The original Hodglin-Huxley equations include three variables Wi, denoted n, m and k, to
describe the two-state (open-closed) kinetics of the potassinum current, and the 3-state (open-
closed-inactive) kinetics for the sodinm current. (The term ineefive refers to an additional class

of non-conduct ing states, besides the so-called closed states. )
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equations of the form of Eq. (2.2) unnecessary.®

Taking the reductionist approach further, robust egquations may be formulated that
contain most essential components for excitability but have a simpler mathematical form
and are therefore analytically tractable. One such model was formulated by FitzHugh
[31.32] and Nagumo et al. [33] in the early 1960%, and is widely used to describe the
propagation of excitations in biological or chemical nonlinear media [34]. Here, we use the
Morris-Lecar formalism (1981, [33]), conceived as a hybrid between the Hodgkin-Huxley
and FitzHugh-Nagumo formalism to study electrical activity in heart muscle.

The model incorporates a wltage-gated Ca® channel and a woltage-gated, delayed-
rectifier K channel; the kinetics is introduced via the potassum conductance. The
remaining, so-called leak conductance is voltage-independent. A dimensionless rendition

of the Morris-Lecar differential equations is given by Rinzel and Ermentrout in [30]:

i :
rf_tl;l = =FeuMelv) (v=1) = ggw (v=vg) = gp (v=1vg)+1, (2.4)
d i) = wl .
il ool it 2
it " () 2-5)
where My, Wy and T are voltage dependent functions given by:
Moo (V) = 3 (1 + tanh [(v = v )/ve]) , (2.6)
Weo(v) = 5 (1 + tanh (v = va)/vy]) , and (2.7)
1
“.I'I:'I!.l:l - ﬁ [23}
o8 ( Toe )

Here, §; is the maximal conductance for lons of type 7, v is the voltage, w is the slow
variable, corresponding to the fraction of open potassium channels, the constants 1, vg
*For instance, the reduction of the the orginal Hodgkin-Huxley equations can be achiewed by
Eotting M = My, and i = ky = monst, laving only one Mnetic equation for the potassium

current.
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and vy, are the calcium, potassinm and leak reversal potentials,  is the externally injected
current, and vy, ve, vy, and vy are constants.

The above set of equations gives rise to varous types of dynamics, including ‘excitable
dynamies’ (characterized by a unique rest state and an excitation threshold) and oseilla-
tory dynamics (i.e., maintained oscillations or repetitive firing of action potentials). To
better understand these dynamical regimes and to discover what other regimes exist for

this omeillator, phase-plane analysis is briefly introduced.

2.3. From Channel Kinetics to Dynamical Equations

Before we proceed to a discussion of the dynamical properties of the above equations,
let us explicitly make the comrespondence between these equations and the kinetic mate
equations deseribing the opening and closing of channels [36]. This matching need only
be performed for the potassium channels, since only their kinetics are described by a
dynamical variable w. The steady state resilts obtained for the potassium channels
wa will, of course, also apply (up to parameter changes) to the calcium steady state
conductance 1m ...

For the purpose of this matching exercise, we need only consider the voltage-gated
transitions between the channels’ elosed and open configurations. The rate equations are

given by the voltage-dependent opening rate afv) and the closing rate F(v):

ev(v) , dw
cC = 0 with = (1 =w)a(v) = wilv) . (2.9)
flv) ¢
Matching this rate equation to Eq. (2.5), we immediately find
o= 20 and a+fg=2, (2.10)
T T

Combining these two equations we obtain the expected steady state fraction of open
potassium channels (in this minimalistic two-state picture): we = af(a = 4). Thus, we
can now go back and forth between the kinetic formalism (of rate equations, with voltage-

dependent rates) and the dynamical equations for the population of open channels and
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the voltage Ed&-ﬁv&ﬂ from a macroscopic equivalent electrical :'in'uit.}l. This translation
will tum out to he nsefal to us when we ennch our model of wn-channels to inelude
not only voltage-gated transitions between the open and elosed states, but also voltage-

independent kinetics to and from an inactive configuration.

2.4. Phase Plane Analysis

We now return to a hrief overview of the dynamical regimes of the Morris-Lecar
element. These regimes and the resulting activity are best visualized and llustrated

in the two-dimensional v — w phase-space of the problem.
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FIG, 1. Response to a briel current stinmlus of a Meorris-Lecar element, Simulation parame-
ters from Fig, 5.1 in [30]. Left: Voltage responsein the time domain, Right: The same t rajectory
in the phase-plane, starting at point o and ending at b Also shown are the gaulleline [dashed)
and w-nulleline (dot-dashed),

Figure 1 shows the time evolution of a typical action potential (v in time) for a Morris-
Lecar system in a threshold-excitable regime. Note the rapid upstroke in the voltage
(denoted depolarization), followed by a platean, a downstroke in the voltage and finally,

a gradual recovery from so-called hyperpolarizafion. The same action potential is also
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shown in the v-w (phase) plane.® Here, we observe a trajectory that beging at point a
and ends at point b {with the evolution flowing counterclockwise). In this example, there
is only one stable fixed point, at b To ‘artificially’ each the initial conditions, a brief
enrrent injection can be applied to displace the system from its fixed point beyond the
threshold to point a, resulting in excitation.

The conditions:

dn i
r;"_t_U ani T:_U’ (2.11)

define curves called nullclines (shown dashed and dot-dashed respectively on the plot).
Muost excitable systems have nullelines of the form shown in Fig. 1: The v nulleline looks
(roughly) like an inverted ‘N-shaped’ cubic polynomial® As we will see below, this is
an important sgnature of most excitable systems. The w-nulleline may, in theory, take
on a wide range of geometries. For typical voltage-gated transtions hetween open and
closed states, wy, 15 the Boltzmann distribution for a two-level system, namely, a sgmoid
ranging from 0 {at low v) to 1 (at high v).

The w mulleline is simply the w activation curve w = w,,. The v nulleline is the curve
in the v-w plane for which the sum of ionic and injected currents is zero. By definition, the
v (or w) nullchine is traversed in the vertical (horizontal) direction. Note that point b is
exactly the intersection between the two nullelines. Points like this, where ¢ = w = (), are
called fixed points. If the point i locally stable, a small deviation from it will eslt in a
redaxation back to the fixed point. If the point is loeally unstable, even a small deviation
will result in the variables’ divergence away from the fixed point. (This deseription of

stability about a singular point is based on linear stability ana]ynin.]l In our case, it can

“In the framework of phase-plane analysis, we restrict our attention to autonomous systems,
where there s no explicit time dependence in the injected current.,
*The negative leading (cubie) term matches the convention of v representing vy, — vgyy Tor the

transmembrane potemtial and corresponds to a voltage rise during an excitation event,
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eadily he shown that, for a rising w-nulleline, fixed points on either outer hranch of the
v-nulleline are stable. Thus point b is stable and serves as the “rest state” of this system.
Any displacement from rest will eventually result in a decay back to the fixed point;
however, the existence of a threshold in » implies that the degree of displacement affects
the trajectory: For a small inifial displacement below the threshold, the decay to the fixed
point is rapid. Alternatively, if the voltage-like variable v exceeds the threshold {as in
the ease of Fig. 1), the system will follow a large elosed trajectory in phase space before
relaxing to its stable fixed point. A system exhibiting such behavior is called a $hreshold-
excitable sysiem, or for short, an excitable system. (In general the range of parameters for
which a system of nonlinear equations displays excitable dynamics is called the excifable
regme. )

Consider now a different set of parameters, chosen to yield one unsiable fixed point
located along the central, ascending branch of the w-nulleline, as shown in Fig. 20 In
this particular case, one possible solution is a limit cycle: The system will continuonsly
and indefinitely repeat the same cyclic trajectory in phase-space. For simplicity, we will
refer to systems that undergo mich sfable periodic cycles as cacillafora. Unlike threshold -
excitable systems (where an external current source is required to trigger a firing event)
ogcillations are selfsustained. A voltage frace and a phase-plane representation of such
oscillatory behavior are shown Fig. 2.

Some nonlinear oseillators, including the one at hand have special properties that
derive from the time-scale separation between the fast vanable v and the slow variable w.
Such oscillators are typically dubbed relaozafion cscillfors after their slow characterisfic
relaxation trajectories following each spike. (The oscillation trajectories may take on a
near-rectangular shape in phase-space, showing a clear distinetion hetween altemating
fast phases of v-change, and slow phases in w.)

Besides the threshold -exeitable and oscillatory regimes mentioned above, other regimes

can also he exhibited in this minimal system. These behaviors typically arise when the
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FIG, 2. Oscillations ol a Morris-Lecar element, Simulation parameters same as above excepd
i=10.1, gy = Llland ¢ =033, Top: Voltage response in time, Dottom: The same trajectory
in phase-plane, starting at 3 different sets of initial conditions, all converging to the same limit

eyecle, Also shown are the p-nulleline (dashed) and we-milleline {dot-dashed ),

parameters are tuned close to one of the bifurcations of the system. Examples include
bistable and multi-stable activity (in which the same parameters give rise to different
types of dynamics, depending on initial conditions, and transitions may be induced hy
small and brief current pulses).

Thus far, we have restricted our discussion to two, relatively simple types of dynamics,
ont of a rich repertoire exhibited by this rather minimal system of equations. The purpose
of this discussion has heen to introduce basic terminology of dynamical systems in the
context of oscillating or excitable systems. Naturally, the behavior described here can-
not be expected to provide a quantitative or complete deseription of biological excitable

cells, but does capture important features of such activity, which are found in hiological
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excitable cells.

Before we procesd, it is important to mention some of the key limitations of the ahove
disenssion. First, as already mentioned, this diseussion has heen restricted to a minimal
tworenrrent system. More detailed electrophysiological models of action potenfials include
equations of specific currents, due to ion channels, exchange and pump proteins, concen-
tration buffers, diffusion, and more (see, for example [3738]). In partienlar, detailed
electrophysiological models for cardiac action potentials have been derived for ventrieles
[3] and Purkinje fibers (a bundle of rapid conduction pathways responsible for the stim-
ulation of the ventricles) [40].

In some excitable systems, two coupled (first order) differential equations are sim-
ply madequate to capture even fundamental dynamical patterns. For instance, systems
exhihiting bursting activity require at least one additional relatively slow variable that
modulates their level of excitability.® Pessible candidates for such variables are either ad-
ditional slow currents, or fanetions that participate in the gating (or blocking) of enrrents.
Une proposed mechanism is slow modulations of intracellular free calcium conecentrations
(generated by caleinm currents) which have been used to model bursting activity in in-
sulin seereting cells of the pancreas. Intracellular caleinm activates the Ca®* -dependent
K* current and inactivates the voltage dependent inward Ca®* current. Either mecha-
nism could be nsed to couple the free caleium concentration with the dynamics [41]. In
this example, there exists a hierarchy of either two or three time seales: The voltage s
effectively instantaneous; a potentially slower variable (e.g., w in the MorfsLecar equa-
tions), may be chosen to be fast [42] or slow (relative to the voltage) [43], and one variable
must be chosen to be 'slow’, acting on time scales of a burst-cyele

EAlternatively, nontrivial eoupling interaetions between elements can induce bursting, but such

models too reguire more than two independent variables,
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2.5. Introducing Complexity at the Microscopic Level

In the abowe examples, sufficiently rich dynamics is found by the includon of addi-
tional ionic currents, or modulations thereof. In some cases, however, complex dynamics,
extending beyond the scope of the Hodgkin-Huxley formalism may be found, even for a
single ionic current. These effects have now been directly attributed to the underlying
ion channels. Before these findings, it was generally assumed that channels can exist in
a small number of conformational states, and that the transitions among the states are
Markovian in nature. In such cases, the open-time statistics (time spent by an ion channel
in a certain conducting state) follow multi-exponential distributions (depending on the
specific number of states and their configuration). However, more recent electrophysio-
logical studies have revealed surprising open-time statistics. Based on these findings it
was proposed that channels may contain a myriad of molecular configurations correspond -
ing to varous conducting and non-conducting states, with both wltage dependent and
independent fransitions. Such complex channel geometries could lead to the observed
power-law open-time statistics [19.20,44,43). Furthermore, it has been suggested that the
richness observed at the microseopic level, typically in a varety of inactivation processes
[46-48], scales up to cells [49,50] and networks [51-533] in forms of under- or over-activity,
as well as rate modulations on a wide range of time scales. Interestingly, statistical fea-
tures reminiscent of these effects have also been found at the organ level (in the in vive
heart) but the latter are typically attributed to modulation by the nervous system (see
for example [34] and references therein).

Partly due to these watershed discoveries and their potentially far-reaching implica-
tions, there has been a growing effort over recent years to extend the study of long-term
dynamics in excitable systems, to questions that lie outside the scope of the Hodgkin-

Huxley type formalisms.
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2.6. Ion Chamnel Inactivation

Consider a three-state model of ion channels, given schematically by

alv)
C = 0=l 212
flo)y 4 (#12)

where afv) and F(v) are given by the Morris Lecar kinetics of the potassium channel
[Eq. (2.10)] and v and 4 denote rates for stochastie voltage-independent transitions be-
tween the open and inactive state (labeled here I). Note that the transition probability
to inactivation is indirectly voltage-dependent | since the population of open channels is
strongly coupled to the voltage. For this 3-state model, we can now write the rate equa-
tion for the open-state population. We denote the fraction of channels that are available
for voltage transitions p. In other words, the fraction of closed and open channels sum to
p and the fraction of inactive channels is then (1=p). If we plug in the voltage-dependent
relations for a and F from Eg. (2.10), we obtain the 3-state extensions of Eq. (2.5):

r;—t:— (p=w)efv) = wilv) + (1 =p)d = wy
_mw*u_pjﬁ-m, (2.13)
T(v)
Z—}:_(I—p]ﬁ—ﬂw. (2.14)

Note that the new steady state values of open, closed and inactive channel fractions
are now given by wa = po oo+ §), pu = W, and 1 = p, respectively, with p, =
1= e /8 = [{o+ ) fa+ 7/4]

How does activity dependence enter into this model”? The answer lies in the path to
inactivation - via the open state configuration. Only a conducting channel can inactivate,
according to this model. Sinee the inactivation rate is fixed, we expect that the greater
the fraction of conducting channels, the greater the number that inactivate. The effect
of this inactivation will accumulate whenever the acirdy dependend rate of inactivation

—uwry is sufficiently larger than the rate of relaxation from inactivation (1 = p)d.
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