
MJ11 DEPENDENT NESTED LOOPS FORMULASHEET 2009In the 
ase where we have dependent nested loops the analysis of a program 
anoften be more 
ompli
ated.Consider the following pie
e of 
ode:for i← 1 to n dofor j ← 1 to i do
. . .In this example the inner loop is exe
uted on
e for the �rst iteration (i = 1therefore j starts at 1 and �nishes at 1), twi
e for the se
ond iteration (i = 2therefore j starts at 1 and �nishes at 2), three times for the third iteration (i = 3therefore j starts at 1 and �nishes at 3) and so on until the last iteration whenthe inner loop is exe
uted n times (i = n therefore j starts at 1 and �nishes at

n). So ea
h operation inside the inner loop is performed
1 + 2 + 3 + 4 + . . . + (n− 1) + n times.There is a formula to 
al
ulate the sum of in
reasing integers, it is as follows.Let f and l be two positive integers. Then if f < l the sum of the integers from

f to l is as follows
f + (f + 1) + (f + 2) + . . . + (l − 1) + l =

1

2
(f + l)(l − f + 1)in words this is the same as

=
1

2
(�rst term in sequen
e+last term in sequen
e)(number of terms in sequen
e).So for the example above we have

1 + 2 + 3 + 4 + . . . + (n − 1) + n =
1

2
(1 + n)(n).Sin
e 1 is the �rst in the sequen
e, n is the last thing and in total there are nintegers in the list. EXAMPLES1. 3 + 4 + . . . + 10 = 1

2
(3 + 10)(8) = 1

2
∗ 104 = 52, sin
e 3 is the �rst inthe sequen
e, 10 is the last thing in the sequen
e and in total there are

10− 3 + 1 = 8 integers in the list.2. 1 + 2 + 3 + 4 + . . . + (n− 1) = 1

2
(1 + n− 1)(n− 1) = 1

2
(n)(n− 1), sin
e 1is the �rst in the sequen
e, n − 1 is the last thing in the sequen
e and intotal there are n− 1 integers in the list.3. 2 + 3 + 4 + . . . + (n − 1) + n = 1

2
(2 + n)(n − 1), sin
e 2 is the �rst inthe sequen
e, n is the last thing in the sequen
e and in total there are

n− 2 + 1 = n− 1 integers in the list.


