
Granularity in Change over TimeJohn G. Stell1 Introdu
tion1.1 Evolution over TimeWe 
an des
ribe the world, at any one time, as 
onsisting of entities whi
h maypossess attributes, su
h as 
olour, spatial lo
ation, age, and so on. When we
onsider two times we �nd relationships between the entities at one time andthose at another. For example, a pie
e of land may be divided into two, thetwo parts thus being related to the original one; a 
hild is related to its parents;two entities at di�erent times may be regarded as being \the same person";what was on
e divided may 
oales
e into a single entity at a later time. Thesethoughts lead to a view of entities evolving over time whi
h suggests the pi
tureof �gure 1.The informal idea of entities evolving or being related to other entities, orbeing regarded as the same entities at di�erent times, appears natural, andformally this looks like a relation. To examine what properties the relation has,
onsider the spe
i�
 example illustrated in �gure 2. Here we have a portion ofland at three times. At the �rst time the land is divided into two separate �elds,A and B. By time 2, these two have been amalgamated into a single �eld, C,whi
h is later subdivided in a di�erent way to give �elds D and E. Overall thereare �ve entities A, B, C, D, E, and in making a theory of 
hange over time itis ne
essary to identify what relations exist between the entities at the varioustimes.

Figure 1: Informal Idea of Evolution1
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time 1 time 2 time 3Figure 2: Field Division Example
time 1 time 2 time 3

A

B
C

D

EFigure 3: Overlap relationOne possible relationship between the entities in this spatial example, is torelate x to y if x pre
edes y and they overlap. This relation is shown diagram-mati
ally in �gure 3. Note that this relation is not transitive: A overlaps Cand C overlaps E, but A does not overlap E. There are however other relationsbetween the entities. One possibility is to relate x to y if x pre
edes y and xis present in the history of y. We 
an justify the transitivity of the relation inthis example. A is involved in the history of E in the sense that the existen
e ofE depends upon the existen
e of C from whi
h it was 
reated and C was itself
reated from two entities one of whi
h was A. This relation is shown in �gure 4.To give another example 
onsider the evolution of a family over time asillustrated in �gure 5. In this example, the family at time t1 
onsists of justJim and Sue. At time t2 their son, Sam, is the third member of the family.By time t3 Sue and Jim have separated and Sue is not 
onsidered part of thefamily, but Liz, Sam's partner is. By the �nal time t4, Sam has died, but
time 1 time 2 time 3

A

B
C

D

EFigure 4: Histori
al involvement relation2



t1 t2 t3 t4

Jim

Sue

Jim

Sam

Liz

Jim

Jan

Liz

Jim

Sam

Sue

SueFigure 5: Family exampleSue has rejoined the family and Jan, the daughter of Sam and Liz, is alsopresent. Figure 5 provides a 
onvenient diagram, but some of the relationshipsare indi
ated rather than being shown expli
itly. For example, Jim at time t1 isthe same person as Jim at time t4, but there is no arrow between these entitiesin the diagram. However, the 
onne
tion 
an be dedu
ed from the sequen
eof three three separate arrows between the entities. This works in this 
asebe
ause the relation of either being the same person as or being an an
estor of,is transitive.In the formal development, we use a relation 
alled support, whi
h 
oversthe examples of �gures 4 and 5. The idea being that an entity a supports anentity b if a exists before b and the existen
e of a is ne
essary for the existen
eof b. The sense in whi
h `ne
essary' is meant is not �xed by the theory, but
an vary from one appli
ation of it to another. However it is interpreted, theresulting relation will be transitive. If a supports b and b supports 
, then asupports 
, for 
 
annot exist without a as a is needed for the existen
e of b andb is needed for 
.1.2 Overview of the ChapterThe topi
 of this 
hapter is the development of a formal model of evolving entitiesand, in parti
ular, how the model 
an be given at various levels of detail. Theultimate appli
ation of the theory is towards spatio-temporal data in general,and geographi
al data in parti
ular, but the earlier parts of the developmentare independent of the parti
ular kinds of entities whi
h 
hange over time.There have been many proposals for the 
lassi�
ation of types of 
hangewhi
h 
an o

ur in parti
ular kinds of spatio-temporal data. Examples in
lude
hanges in the 
ontent and presentation of geographi
 data when it is viewedat various levels of detail, 
hanges in boundaries of land par
els in 
adastralsystems, and 
hanges in relationships between relations between spatial regionswhen the regions are subje
ted to 
ontinuous 
hange. The motivation for workof this type is to provide fundamental building blo
ks out of whi
h all 
hangesof a parti
ular kind 
an be 
onstru
ted. Su
h fundamental building blo
ks
an be important both at the 
on
eptual level, for the analysis of pro
esses of
hange, and in a pra
ti
al 
ontext, as a means of guiding the implementation3



of systems whi
h re
ord 
hanging data. This 
hapter demonstrates that the
on
epts of amalgamation and sele
tion 
an be used as the basis of a theory ofgranularity in spatio-temporal data. A formal model is built up, starting fromjust abstra
t sets, adding in variation over time, and adding in further featuressu
h as 
lassi�
ations of obje
ts and spatial attributes.An overview of related work in the area is given in se
tion 2 below. Thete
hni
al 
ontent of the 
hapter starts in se
tion 3. That se
tion provides theformalization of dynami
 sets, whi
h depend on the 
on
ept of a time domain.The following se
tion, 4, 
ontains a dis
ussion of granularity for sets basedon [SW99℄. This is extended to deal with granularity for dynami
 sets in se
-tion 5. The next two se
tions, 6 and 7, extend the basi
 
on
ept of dynami
sets to 
over the 
ases where the entities have a themati
 
lassi�
ation, andwhere they have a spatial lo
ation. Some aspe
ts in these two se
tions are onlysket
hed, and more work will be required to provide a 
omplete pi
ture. The
hapter 
on
ludes with a short summary and suggestions for further work.2 Related WorkThe subje
t of 
artographi
 generalization has been widely studied, and hasprodu
ed s
hemes whi
h 
lassify types of 
hange in the representation of dataon maps at di�erent s
ales. The fo
us of this 
hapter is however, not on the
hanges to whi
h representations may be subje
ted, but on 
hanges to the dataitself. This is usually referred to as semanti
 generalization.Timpf in her thesis [Tim98℄ identi�ed three kinds of hierar
hies: aggregation,�ltering and generalization. Ea
h of these types of hierar
hy 
orresponds to ameans by whi
h less detailed data may be formed. In aggregation a set of entitiesis formed into subsets of entities whi
h are indistinguishable at the 
oarser levelof detail. In �ltering some entities are sele
ted from a set, and others areomitted. Generalization in Timpf's sense is e�e
tively a kind of aggregation oftrees, in whi
h nodes are grouped together in a 
ontrolled way. Con
epts whi
h
orrespond exa
tly to Timpf's aggregation and �ltering on sets are dis
ussedby Stell and Worboys in [SW99℄. They des
ribe notions of amalgamation andsele
tion not only for sets, but also for graphs. Further work on graphs atdi�erent levels of detail and their appli
ation to dis
rete spa
es, 
an be foundin Stell's papers [Ste99, Ste00℄. Another approa
h to 
lassifying kinds of 
hangethat 
an o

ur when level of detail is varied is due to Puppo and Dettori[PD95℄.They deal with simpli�
ation mappings between 
ell 
omplexes, and identifyvarious types of simpli�
ation.Changes in relationships between spatial entities 
an o

ur over time as theentities move or evolve. The possible transitions between relationships whi
h
an be observed when 
ontinuous motion is involved have been 
lassi�ed for sev-eral systems of spatial relations, in
luding the RCC5 and RCC8 [CB+97℄. These
lassi�
ations lead to the 
ontinuity networks for these systems, and subgraphsof these networks 
orrespond to the 
on
eptual neighbourhoods originally in-trodu
ed by Freksa. This work has been extended to deal with regions whi
h4



are not 
risp but have indeterminate boundaries [CF97, CG96℄. One analysisof temporal 
hanges in a 
adastral appli
ation is due to Sp�ery, Claramunt andLibourel [SCL99℄. Five elementary 
hanges in the boundaries of land par
elsare identi�ed.Hornsby and Egenhofer have proposed a 
hange des
ription language [HE97℄
apable of modelling 
hanges over time. In later work [HE99℄ they have ad-dressed views at various levels of detail of obje
ts whi
h are subje
t to 
hange.This uses a latti
e of levels of detail in a similar way to Stell and Worboys strat-i�ed map spa
es [SW98℄. Most re
ently Hornsby and Egenhofer [HE02℄ have
onsidered levels of granularity in the des
ription of moving obje
ts.Medak [Med99℄ has proposed a formal approa
h to 
hange over time inspatio-temporal databases. This uses four basi
 operations a�e
ting obje
t iden-tity: 
reate, destroy, suspend and resume. Algebrai
 rules for these operationsare presented, and an implementation in the fun
tional programming languageHaskell is given.In the present book, the most 
losely related material is found in Smith andBittner's Theory of Granular Partitions. There are 
lear 
onne
tions betweengranular partitions and the 
lassi�ed dynami
 sets in se
tion 6 below. However,the 
lassi�
ations used in the present 
hapter need not have the form of treeswhi
h Smith and Bittner require, and their 
hapter does not address the parti-tioning of 
hanging entities, although the theory they present is 
apable of beingextended to treat this 
ase. It would 
ertainly seem worthwhile to investigatewhether the 
on
epts for a theory of granularity of 
hange presented in this
hapter 
ould be 
ombined with the notion of granular partition to provide auni�ed a

ount of granularity and 
hange.3 Formalization of Evolving EntitiesTo provide a theory of granularity of 
hange, we have to �x �rst on a modelof 
hange at a �xed level of detail, and before this we need a model of time,over whi
h entities may evolve. A simple model of time is given in 3.1 below.This is followed by the introdu
tion of the notion of dynami
 set whi
h is akey 
on
ept in this 
hapter. It turns out that the most appropriate way ofde�ning a dynami
 set is to introdu
e, in 3.3, the notion of a presentation, whi
h
orresponds dire
tly to 
onvenient diagrams of entities evolving over time. Inthe formal a

ount, these diagrams, or their formalizations, are not themselvesdynami
 sets, only a way of des
ribing them, and there are two equivalent waysof de�ning exa
tly what a dynami
 set is. These two ways are given in 3.4, andse
tion 3.5 shows how fundamental 
hanges to an evolving entity are related tothe formal model.3.1 Time DomainsA time domain (T;�) 
onsists of a �nite set T whi
h 
arries a partial order, �.If t; t0 2 T where t < t0 and there is no t00 su
h that t < t00 < t0, then we say that5



Figure 6: Examples of time domainst and t0 are adja
ent time points. Some examples of time domains are shownin �gure 6. Although the examples dis
ussed later in this 
hapter are of lineartime, the formal framework is not restri
ted to the linear 
ase. Non-linear time
an be used to model alternative a

ounts of the past or alternative proje
tionsof the future.3.2 Dynami
 SetsGiven a time domain T , a dynami
 set over T models the idea of a set ofobje
ts whi
h evolve over time. The question of when two entities at di�erenttimes should be regarded as being the same obje
t is a long-standing and diÆ
ultphilosophi
al issue [Gal98℄. In pra
ti
al instan
es we 
an assume that su
h issuesare settled on the basis of parti
ular appli
ation needs and and are not part ofa general formal framework su
h as this. As dis
ussed in the introdu
tion, wedo make use of a relationship between entities at di�erent times, whi
h we 
allthe supports relation. The idea is that if entities a and b exist at times t1 and t2respe
tively and where t1 < t2, then a supports b if the existen
e of b depends onthe existen
e on a in some sense. The parti
ular interpretation of the supportsrelation will depend on the appli
ation, it might for example be some kind of
ausal dependen
y. There are other possibilities, the 
oarsest being that anyentity supports all later entities. This 
an be interpreted as a dependen
y ofexisten
e on the view that the state of the world at any time is a 
onsequen
eof everything that has happened previously.3.3 PresentationConsider the pi
ture of �gure 7. The pi
ture shows �ve su

essive times t1to t5, above ea
h of whi
h is a set of entities, to be thought of as the entitiesexisting at that time. The entire set of entities, or more 
orre
tly the disjointunion of ea
h of the sets above a time point, bears a relation. Sin
e the relationfollows time in moving from left to right in the pi
ture, related pairs are shownjoined by a line without an arrow head. Su
h a pi
ture is a way of presenting6
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t2 t3 t4 t5t1Figure 7: Presentation of a dynami
 setthe supports relation, and to explain how we need to re
all the 
on
ept of the
overing relation of a poset [Gr�a98, p12℄.Given a poset (A;�), we de�ne the relation � by a � b if a < b and thereis no x for whi
h a < x < b. When A is �nite, the relation � 
ompletelydetermines the relation �, the passage from � to � being given by taking there
exive transitive 
losure. The 
overing relation of a poset will be a
y
li
, inthe sense that in every 
hain a1 � a2 � � � � � an all the ai are distin
t (observethat this in
ludes the property of being irre
exive, i.e. a � a never happens).The 
overing relation is also intransitive, i.e. if a1 � a2 � a3 then a1 6� a3.Calling a �nite relation with these properties a 
over, then there is a one-to-one 
orresponden
e between 
overs and �nite posets, and it is 
onvenient tospe
ify a �nite poset by giving its 
over.Thus 
overs provide a means of presenting posets, and the diagram of �gure 7
onsists of two 
overs, one for the supports relation, and one for the time domain,together with a mapping between them. To des
ribe the mapping we need to
onsider morphisms between 
overs. The most general kind of morphism whi
hwe require between 
overs A and B is an order preserving map of relationsbetween A and B�, the re
exive, transitive 
losure of B. This is a spe
ial 
ase ofthe morphisms between graphs used in [SW99℄, and that referen
e explains howsu
h morphisms are 
omposed. When dealing with 
olle
tions of morphismsbetween stru
tures, the notion of a 
ategory is a useful tool, and for basi

ategory theory, the book of Barr and Wells [BW95℄ will be found helpful. The
ategory where the obje
ts are 
overs and the morphisms are the ones justmentioned, will be denoted Cover�. We also need to make use of a restri
tedkind of morphism of 
overs f : A ! B, where if a1 � a2 in A then fa1 6= fa2in B, these morphisms will be 
alled irre
exive.Now we 
an de�ne formally a presentation of a dynami
 set to 
onsistof two 
overs A and T together with an irre
exive morphism � : A ! T . In�gure 7 the e�e
t of the morphism is shown by the verti
al alignment in thediagram. 7



3.4 Formalizations of Dynami
 SetThere are two equivalent ways of formalizing the notion of dynami
 set, thatis, of spe
ifying what exa
tly it is that the presentations just dis
ussed present.One, whi
h we introdu
e �rst, takes a global set of entities equipped with thesupports relation and provides a fun
tion assigning to ea
h its time. The se
ondprovides for ea
h time a set of entities and instead of one relation, a 
olle
tionof relations, indexed by pairs of times in temporal sequen
e.Dynami
 sets have some 
onne
tions with Kripke models [Mit96℄, but thesegenerally have fun
tions, rather than arbitrary relations between the sets atsu

essive possible worlds (times). The idea of Kripke models where the posetof possible worlds is 
onsidered at multiple levels of detail (as in se
tion 5) doesnot appear to have re
eived mu
h attention in the literature.3.4.1 Global FormalizationA dynami
 set over a time domain T 
onsists of a poset (A;�) and an order-preserving fun
tion � : A ! T , su
h that if �a1 = �a2 and a1 � a2 thena1 = a2. The idea behind this restri
tion is that at a �xed time, an entitysupports only itself. Given a presentation � : (A;�) ! (T;�) we obtain adynami
 set � : (A;�)! (T;�) by taking (A;�) and (T;�) to be the re
exive-transitive 
losures of (A;�) and (T;�) respe
tively. The fun
tion � given in thepresentation is the same (as a fun
tion on the underlying sets) as that requiredfor the dynami
 set itself.3.4.2 Lo
al FormalizationA dynami
 set, X , over T 
onsists of for ea
h t 2 T , a set X(t), and whenevert � t0, a binary relationX(t; t0) between the setsX(t) andX(t0). These relationsmust satisfy the 
ondition that if we have times t; t0; t00 with t � t0 � t00 andx 2 X(t), x0 2 X(t0), and x00 2 X(t00) with x related to x0 by X(t; t0) andx0 related to x00 by X(t; t0), then x must be related to x00 by X(t; t00). Wealso require that X(t; t) is the identity relation on X(t). These 
onditions 
an
onveniently be summarized by regarding T as a 
ategory, and spe
ifying thatX be a lax fun
tor from this 
ategory to the 
ategory of sets and relations. Auseful referen
e for the 
on
ept of lax fun
tor is [KS74℄.Given a dynami
 set � : A ! T in the previous formulation, we 
an obtainthe equivalent lo
al stru
ture by taking X(t) to be fa 2 A j �a = tg, andde�ning X(t; t0) by restri
ting the relation on A to the subset of A given byX(t) [X(t0).3.5 Fundamental ChangesIf t and t0 are two immediately su

eeding times, there are four fundamental
hanges whi
h 
an o

ur between the elements of X(t) and the obje
ts of X(t0).8



death or suspension An obje
t may be present at t but have no 
orrespond-ing obje
t at t0. For instan
e, the element 
 2 X(t1) in the dynami
 setpresented in �gure 7, and also d 2 X(t2).birth or resumption An obje
t may be present at t0 but have no 
orrespond-ing obje
t at the previous time. For example d 2 X(t4) in �gure 7 andalso e 2 X(t2).merge Two or more obje
ts at the earlier stage 
ombine to form an obje
t atthe subsequent stage. For example a and b in X(t1) 
ombine to form theobje
t denoted by ab in �gure 7.split One obje
t at the earlier stage splits into two or more obje
ts at the laterstage. This 
an be seen in the splitting of e 2 X(t2) into e1 and e2 inX(t3).The absen
e of ea
h one of these kinds of 
hange 
orresponds to one of four basi
properties whi
h a binary relation may have. If no obje
ts die or suspend, therelation is total; if no obje
ts are born or resume, it is surje
tive; if no obje
tsmerge, it is inje
tive; if no obje
ts split, it is fun
tional.It is noteworthy that there 
an be times t; t0; t00 where t < t0 < t00 withx 2 X(t) related to some y 2 X(t00) but not related to any element of X(t0).An instan
e of this appears with d in �gure 7. This 
orresponds to having anobje
t whi
h exists at times t and t00 but is in some sense non-existent in betweenthese two times. Well known examples in
lude 
ountries or states whi
h havehad multiple episodes of existen
e through history, for example Austria. Froma formal viewpoint, this behaviour is allowed by permitting X , 
onsidered as afun
tor, to be lax.4 Granularity for Stati
 Sets4.1 Amalgamation and sele
tionIn this se
tion we examine what it means for one set to be a less detailedversion of another set. Although abstra
t sets are the simplest of stru
tures,they provide the basis on whi
h more elaborate models are 
onstru
ted.The dis
ussion does not require that the elements of the sets whi
h we 
on-sider in this se
tion have any spe
i�
 properties. However, it is useful for theeventual appli
ations of this work to bear in mind that the elements might beobje
ts whi
h 
ould be stored in a spatial database or a GIS. Examples of su
hobje
ts 
ould be a spe
i�
 building, a road, a lake, or a town et
. The data heldin a spatial database 
an be envisaged, at a 
on
eptual level, as a set of obje
tsea
h of whi
h may be equipped with both spatial and non spatial attributes.Given a set, X , of obje
ts, a less detailed representation of X will be a setY formed from X by the 
ombination of two pro
esses.� Some of the obje
ts of X are sele
ted to 
ontribute to Y , and others arereje
ted. 9



Y X

Amalgamation

Heathrow 4

Heathrow 1-3

Piccadilly Circus

Leicester Square

Heathrow

Central
London

X
Y Moor Park

Pinner

Moor Park

Harrow

Northwood

Harrow

SelectionFigure 8: Loss of detail between sets� The sele
ted obje
ts may subje
ted to an equivalen
e relation so thatdistin
tions between some obje
ts are forgotten.The two operations are illustrated in �gure 8. In the amalgamation example, theset Y 
onsists of four stations on the London Underground. For some appli
a-tion it may be inappropriate to distinguish between the two individual stationsat Heathrow Airport. Similarly, the stations Pi

adilly Cir
us and Lei
esterSquare are physi
ally 
lose together, and at a lower level of detail, the distin
-tion between them may not be important. By avoiding the distin
tions betweenthese pairs of stations, we arrive at the set X as a less detailed representationof the data in Y .The example of sele
tion is also derived from a
tual data about the LondonUnderground. Here again Y is a set representing four individual stations whi
his represented at a lower level of detail by a set X 
ontaining only two elements.However, in this 
ase the operation performed on Y to produ
e X is quitedi�erent. The stations present in X are sele
ted from those in Y be
ause oftheir relative importan
e. Northwood and Pinner are minor stations, and manytrains whi
h do stop at Moor Park and Harrow do not stop at the two smallerstations.When X and Y are sets it is straightforward to formalize the notions ofamalgamation and sele
tion. If the relationship of X to Y is one of sele
tion,then there is an inje
tive (or one-to-one) fun
tion from X to Y . If the relation-ship is one of amalgamation, then there is a surje
tive (or onto) fun
tion fromY to X .4.2 Combining Amalgamation and Sele
tion for SetsThe above examples deal with two ways in whi
h X may be a less detailedrepresentation of Y . In more 
ompli
ated examples the relationship need not besolely one of amalgamation or sele
tion. In general, a loss of detail relationshipbetween X and Y will involve both sele
tion and amalgamation. This entailsa set Z whi
h is obtained from Y by sele
tion, and whi
h is amalgamated toprodu
e X . A simple example appears in �gure 9. A pair 
onsisting of asele
tion followed by an amalgamation will be 
alled a simpli�
ation from Y to10



Heathrow 4
Heathrow 1-3

Piccadilly Circus
Leicester Square

Heathrow 4

Heathrow 1-3

Piccadilly Circus

Z

Heathrow

Piccadilly Circus

Y X

Figure 9: Combined Amalgamation and Sele
tionX . Formally, a simpli�
ation from a set Y to a set X 
onsists of three things:a set Z, an inje
tive fun
tion from Z to Y (the sele
tion part) and a surje
tivefun
tion from Z to X (the amalgamation part). Alternatively we 
an des
ribea simpli�
ation from Y to X as a partial surje
tive fun
tion from Y to X .It might appear that by de�ning a simpli�
ation to 
onsist of a sele
tionfollowed by an amalgamation, we are being unne
essarily restri
tive. It is nat-ural to ask whether this de�nition of simpli�
ation ex
ludes an amalgamationfollowed by a sele
tion, or a sequen
e of the form [s1; a1; s2; a2; � � � ; sn; an℄ whereea
h ai is an amalgamation, and ea
h si is a sele
tion. In fa
t, provided we aredealing with simpli�
ations of graphs, or of sets, every sequen
e of the aboveform 
an be expressed as a single sele
tion followed by a single amalgamation.The justi�
ation for this lies in the fa
t that simpli�
ations 
an be 
omposed.It is worth noting that a single sele
tion on its own is still a simpli�
a-tion. This is be
ause it 
an be expressed as a sele
tion followed by the trivialamalgamation in whi
h no distin
t entities are amalgamated. Similarly, a sin-gle amalgamation on its own is a simpli�
ation, sin
e it is equal to the trivialsele
tion, whi
h sele
ts everything, followed by the amalgamation.4.3 Simpli�
ation as Amalgamation and Sele
tionA sele
tion from a set X is a set Z and an inje
tive fun
tion from Z to X . Anamalgamation of a set X is a surje
tive fun
tion from X to a set Z. In generalloss of detail 
an involve both sele
tion and amalgamation, so a simpli�
ationfrom X to Y is de�ned to 
onsist of a set Z, and fun
tions f : Z ! X andg : Z ! Y where f is a sele
tion and g is an amalgamation. An alternativedes
ription of a simpli�
ation from X to Y is a partial fun
tion from X to Ywhi
h is surje
tive. This view is often te
hni
ally simpler, and makes it 
learthat simpli�
ations 
an be 
omposed, but it is not as 
on
eptually useful in thattwin 
on
epts of sele
tion and amalgamation are not made expli
it.5 Granularity for Dynami
 SetsThe previous se
tion 
onsidered simpli�
ations of sets in terms of amalgamationand sele
tion. We now extend this from simple stati
 sets to dynami
 ones.11



5.1 Simpli�
ation of CoversA 
over was de�ned in se
tion 3.3 as a relation on a �nite set whi
h is intransitiveand a
y
li
. If (A;�) and (B;�) are 
overs, then a fun
tion f : B ! Ais a sele
tion if it is inje
tive and if b1 � b2 then fb1 �+ fb2 where �+is the transitive 
losure of �. In view of the inje
tivity 
ondition, we 
ouldequivalently put the re
exive-transitive 
losure in the de�nition of sele
tion. Afun
tion f : B ! A is an amalgamation if it is surje
tive and b1 � b2 thenfb1 � fb2.A sele
tion from a 
over (A;�) to a 
over (B;�) is de�ned to 
onsist ofa 
over (C;�) together with a sele
tion f and an amalgamation g as in thefollowing diagram in the 
ategory Cover�.CA < f Bg >The de�nition of amalgamation does not allow 
1 to be
ome identi�ed with 
2if 
1 � 
2. This is not restri
tive when working with simpli�
ations as if anidenti�
ation is required the sele
tion 
an be 
onstru
ted so that the entities tobe identi�ed are unrelated by the � relation in C.Des
ribing simpli�
ations in this form is 
on
eptually useful as it emphasizesthe separate 
omponents of sele
tion and amalgamation. However, it is oftenuseful to use an equivalent des
ription of a simpli�
ation from (A;�) to (B;�)as a partial fun
tion from A to B whi
h is surje
tive and order preserving in there
exive-transitive 
losure of the relations, but not ne
essarily order preservingin the relations themselves.5.2 Granularity for Dynami
 SetsWe now 
onsider what should be meant by a simpli�
ation of a dynami
 set.It is easiest to de�ne this 
on
ept in terms of presentations rather than thedynami
 sets themselves.A simpli�
ation from (a presentation of) a dynami
 set � : A ! T to �0 :A0 ! T 0 
onsists of a dynami
 set �00 : A00 ! T 00, with simpli�
ations of A toA0 and T to T 0 su
h that the following diagram in Cover� 
ommutes.A < � A00 � > A0
T�_ < � T 00�00_ � > T 0�0_Some of the situations that are 
atered for by this de�nition are illustratedin �gures 10 to 14. In �gure 10 the two time domains are identi
al. The e�e
t12



Figure 10: Amalgamation of entities

Figure 11: Simpli�
ation involving omission of a time pointof the simpli�
ation on the entities is indi
ated by the dashed lines. This �gureshows that entities of the same time may be amalgamated by a simpli�
ation,and that the images of two entities unrelated in the support relation may be
omerelated after the simpli�
ation.In �gure 11 the simpli�
ation of the dynami
 sets in
ludes a simpli�
ationof the time domain. In this 
ase only two of the times in the original domain aresele
ted and the middle one is omitted. In this situation all the entities existingat the omitted time must themselves be omitted too, but the formal de�nitionallows 
exibility as to whether relations of support via these omitted entitiesare maintained in the simpli�ed dynami
 set or omitted.Figure 12 illustrates the omission of entities and of support relations whi
h
an o

ur even when the simpli�
ation of the time domains is the identity.Observe in parti
ular that where we have three entities where a supports bwhi
h supports 
, we may omit b and still keep a supporting 
. In terms ofthe presentations we are working with, this means that the simpli�ed dynami
set presentation will show a link from a to 
 even though the original presen-tation showed no su
h link. However, in the dynami
 sets presented by thesepresentations a supports 
 in both 
ases.The formal de�nition of simpli�
ation permits a supporting b to be simpli�edto a not supporting b, but only allows a not supporting b to be simpli�ed toa supporting b in very spe
ial 
ir
umstan
es, whi
h are illustrated in �gure 13.13



Figure 12: Omission of entities and support 
onne
tions
da

d
a

b

c

Figure 13: Addition of new support through simpli�
ationThis asymmetry in whi
h 
onne
tions of support my be lost, but not in generaladded �ts the notion of simpli�
ation. That is, simpli�
ation involves the lossof information (in this 
ase that something supports something else) but notthe arbitrary addition of new information.As shown in �gure 13 new 
onne
tions of support may be 
reated throughthe requirement that the supports relation is transitive. The �gure presentsa situation where neither a nor d is itself involved in an amalgamation withanother entity, and a and d are initially unrelated in the supports relation.However, sin
e a supports b and 
 supports d, and b be
omes identi�ed with
 in the simpli�
ation, a does support d in the dynami
 set resulting from thesimpli�
ation.Figure 14 shows what 
an happen when the simpli�
ation of the time do-main amalgamates two distin
t times into one. In this 
ase the de�nition ofsimpli�
ation of dynami
 sets for
es some identi�
ations between the entitiesexisting at the times whi
h are identi�ed. If entities a and b exist at two timeswhi
h be
ome identi�ed, then a and b must them selves be identi�ed if we 
an�nd a sequen
e of support 
onne
tions (ignoring the dire
tion of the supportsrelation) whi
h link a to b. The �gure also demonstrates that entities takenfrom ea
h of the sets above the two identi�ed times may or may not be
omeidenti�ed themselves when they are not 
onne
ted by a sequen
e of support
onne
tions. 14
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Figure 14: Simpli�
ation with amalgamation of two times
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Figure 15: A 
lassi�
ation hierar
hy6 Classi�ed Dynami
 Sets6.1 Classifying SetsSo far the obje
ts whi
h vary over a time domain have just been modelledas elements of sets. To introdu
e more sophisti
ated models we 
an add a
lassi�
ation to ea
h obje
t. This allows us to identify some obje
ts as roads,others as railways and yet others as houses. The 
lassi�
ation atta
hed to anobje
t 
an vary over time, for instan
e a minor road may be
ome a major road,or a railway may be
ome disused and turned into a 
y
le tra
k. However thereare generally limits to 
hanges, for instan
e a house 
annot be
ome a railway, nora tree a river. The 
lassi�
ations 
an be arranged into a hierar
hy, or possiblyseveral hierar
hies, as indi
ated in �gure 15. A 
lassi�
ation (�;v;<) 
onsists15



of a set � partially ordered by v and equipped with a re
exive and transitiverelation <. It is required that any set of elements of � lying in the same
onne
ted 
omponent with respe
t to v has a least upper bound. It is alsorequired that if '1 < '2 then there is some  su
h that  v '1 and  v '2. Theidea is that if '1 v '2 then '1 is a more general 
on
ept than '2, for exampleanimal and dog respe
tively. The relation < models the idea that instan
es ofsome 
on
ept 
an evolve to instan
es of another 
on
ept. For example, a puppy
an over time be
ome a dog but not an elephant, even though all are instan
esof animal. A 
lassi�ed dynami
 set is de�ned to be a dynami
 set X overa time domain T together with for ea
h X(t) a fun
tion �t : X(t) ! �. It isrequired that if t � t0 in T and x 2 X is related by X(t; t0) to x0 2 X(t0) then�tx < �t0x0.6.2 Temporal Simpli�
ation of Classi�ed Dynami
 SetsIf we have a dynami
 set X over a time domain T , and X is 
lassi�ed by �,where �t : X(t) ! �, any simpli�
ation of time domains � : T ! S indu
es asimpli�
ation of 
lassi�ed dynami
 sets. That is, we 
an 
onstru
t a dynami
set Y over S whi
h is also 
lassi�ed by �.To de�ne the dynami
 set Y we need to spe
ify1. For ea
h element s of the time domain S, a set Y (s).2. For ea
h pair of elements s and s0 of S where s � s0, a relation Y (s; s0)between Y (s) and Y (s0).For ea
h s 2 S, ��1s is a subset of T . De�ne W (s) to be the disjoint unionof the family of sets (X(t))t2��1s. The set Y (s) is formed from W (s) as theequivalen
e 
lasses of the equivalen
e relation whi
h makes x 2 X(t) equivalentto x0 2 X(t0) whenever x and x0 are related by the equivalen
e relation �,generated by the requirement that x � x0 if and only if x is related to x0 inX(t; t0). The relations Y (s; s0) are de�ned by requiring that y 2 Y (s) is relatedto y0 2 Y (s0) i� there are x 2 y and x0 2 y0 where x � x0.All we need to do now is spe
ify how ea
h of these sets is 
lassi�ed. Anelement of Y (s) is an equivalen
e 
lass of elements of sets of the form x 2 X(t)where t 2 ��1s. The set A(s) = f�tx 2 � j x 2 y; and x 2 X(t)g will 
onsist ofelements of � all lying in the same 
onne
ted 
omponent. Thus the least upperbound of A(s) will exist, and we 
lassify Y (s) by �s : Y (s) ! � where �s(y) isthe least upper bound of A(s).To illustrate this pro
ess, �gure 16 shows an example of a dynami
 set 
las-si�ed by the hierar
hy in �gure 15. The symbols have the following meaningshown in �gure 17. In the dynami
 set at time t1 we have a toll-house, a minortoll-road and a tra
k. By time t2 the toll-house has been divided into two or-dinary houses, and the toll-road and tra
k are uni�ed into a single minor road.By time t3, one of the two houses has gone and the other has been 
onvertedinto a 
hur
h. The minor road is now merely a tra
k.16
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Figure 16: A 
lassi�ed dynami
 set
£

£
building

church track

minor toll-road

minor-road

road

toll-house

houseFigure 17: Key to the symbols

[t1,t2] t3

£
£

t1 [t2,t3]Figure 18: Two indu
ed simpli�
ations17



Sometimes inAlways in Possibly inDefinitely inFigure 19: Interpretations of egg-yolk regionsTwo di�erent indu
ed simpli�
ations of this situation are shown in �gure 18.In the left hand example, times t1 and t2 are amalgamated. At this level ofdetail, all we 
an say is that there is a road of some kind and a house. It is notpossible to distinguish between the three kinds of road whi
h are apparent at themore detailed level. In the right hand example, one of the two houses is amal-gamated with the 
hur
h, and the most detailed 
lassi�
ation possible is thatthere is a building, but the granularity prevents a more detailed 
lassi�
ation.7 Spatially Referen
ed DataIn a dynami
 set X over T , the elements of ea
h X(t) 
an be given an asso
iatedspatial region as well as a 
lassi�
ation in a hierar
hy. This amounts to addinga temporal dimension to the approa
h proposed by Stell and Worboys [SW98℄whi
h was based on the 
on
ept of a strati�ed map spa
e. Thus we use a formalframework where R is some set of regions. These regions might be regular 
losedsets in the plane, but there are other possibilities, su
h as the dis
rete regionsdis
ussed in [Ste00℄.In the 
ontext of redu
tion in temporal level of detail egg-yolk regions asdis
ussed in [CG96℄ 
an be used. An `egg-yolk' region 
onsists of a pair ofregions (x; y) where x is a subregion of y. The original formulation of egg-yolkregions required that x be a proper part of y, but for the appli
ation here, itis more appropriate to allow x to be equal to y. The set of egg-yolk regions
onstru
ted from a set of regions, R, will be denoted R}.Egg-yolk regions are often used to represent regions with indeterminateboundaries. With this interpretation, (x; y) 
an be used to stand for a regionwhi
h we know 
ontains x and whi
h is 
ontained in y, but the pre
ise lo
ationof whi
h is un
ertain. Egg-yolk regions 
an also be used to represent regionswhi
h vary over time. In this interpretation, (x; y) 
an stand for a region whi
halways 
ontains x and where anywhere in the di�eren
e y� x is sometimes butnot always in the region. These two interpretations of an egg-yolk region areillustrated in �gure 19. A simple example of how temporally indeterminate re-gions arise from 
hange in level of detail appears in �gure 20. Here we have a18



a a.1
a.2

a.1
a.2 a a.2

a.1

t1 t2 t3 t1 [t2,t3]Figure 20: Indetermina
y from spatio-temporal granularitydynami
 set X over a three element time domain T = ft1; t2; t3g. The set X(t1)
onsists of a single element, a, whi
h has an asso
iated region shown above it inthe diagram. By time t2, the entity a has divided into a.1 and a.2 ea
h of whi
hhas an asso
iated region. By time t3 the regions asso
iated to the two entitieshave moved to a di�erent lo
ation. On the right of �gure 20 is shown the resultof a simpli�
ation of the time domain whi
h amalgamates t2 and t3. Here theregion asso
iated to a.1 is an egg-yolk region. The yolk is the interse
tion of theregions asso
iated to a.1 at the two times, and the egg is the union of the tworegions. The egg-yolk region asso
iated to a.2 is 
onstru
ted similarly.To des
ribe the general situation, suppose we have a dynami
 set X overa time domain T whi
h is simpli�ed to S. A given s 2 S will result fromthe amalgamation of a set of elements of T , say Q(s). The 
onstru
tion ofthe simpli�ed dynami
 set Y over S from X has been des
ribed earlier. Theadditional stru
ture here is that ea
h X(t) is equipped with a fun
tion �t :X(t)! R}. We are deliberately using R} rather than R here in order to 
opewith repeated simpli�
ations. Also the de
ision to allow egg-yolk regions (x; y)where x = y means that any region in R 
an be regarded as element of R}, thusthe example given above is in
luded in our framework. It remains to show howea
h Y (s) is equipped with a fun
tion �s : Y (s)! R}. Ea
h element y 2 Y (s)will result from the amalgamation of a set of elements ea
h of whi
h belongs tosome X(t) where t 2 Q(s). For ea
h t 2 Q(s) let A(t; s) denote the subset ofX(t) whi
h is amalgamated to form y. Then the fun
tion �s is de�ned by�s(y) = 0� \t2Q(s) [x2A(t;s) # �t(x); [t2Q(s) [x2A(t;s) " �t(x)1Awhere # �t(x) and " �t(x) denote respe
tively the yolk and the egg of �t(x).
19



8 Con
lusions and Further WorkThis 
hapter has presented a formal model for data varying over time based on aset of entities at ea
h time and relations between these sets. The simple 
on
eptof a relation between sets is able to deal with most of the important 
hangesto whi
h entities 
an be subje
ted. These in
lude birth, death, suspension ofexisten
e, resumption of existen
e, merging and splitting. By equipping thesesets of entities with fun
tions to 
lassi�
ation hierar
hies and to sets of egg-yolk regions it is possible to deal with entities having spatial attributes andnon-spatial 
lassi�
ations.There are several areas for further work. One topi
 whi
h 
ould be investi-gated in this framework would be topologi
al relations between regions varyingover time and their des
ription at varying levels of detail. For example, if re-gions are disjoint at time t1 and partially overlapping at t2 we 
ould ask for ades
ription of their relation when the times t1 and t2 are amalgamated.Another topi
 would be the in
orporation of spatial indetermina
y into theframework. That is, the regions 
ould not only vary over time, but also be ofun
ertain lo
ation. This would appear to need a more elaborate kind of regionthan the egg-yolks used in se
tion 7 above.A
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