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2 Summary

The aim of this small project was to study in more
depth how to develop and apply a domain for cap-
turing the distribution information about the values
of numeric variable, clarify the underlying research is-
sues. The intention was that this preliminary investi-
gation will lead to the charting of the boundaries of,
as yet, unexplored areas of research, but for which a
fuller understanding is important for the development
of automatic, practical tools for software analysis.

In summary, as a result of this year’s work, we have

• published a technical report [2] describing the grid
domain and its possible applications in program
analysis and verification;

• submitted two papers for presenting and publish-
ing at international conferences based on this re-
port;

• included as part of the latest release of the
Parma Polyhedra Library (PPL) [6, 9], a well-
documented and tested implementation of the grid
domain.

3 Introduction

Background

We distinguish between two kinds of numerical infor-
mation about the values program variables can take:
outer limits (or bounds within which the values must
lie) and the pattern of distribution of these values.
Both kinds of information have important applications:

in the field of automatic program verification, limit in-
formation is crucial to ensure that array accesses are
within bounds, while distribution information is what
is required to ensure that external memory accesses
obey the alignment restriction imposed by the host ar-
chitecture. In the field of program optimization, limit
information can be used to compile out various kinds
of run-time tests, whereas distribution information en-
ables several transformations for efficient parallel ex-
ecution as well as optimizations that enhance cache
behavior.

Both limit and distribution information often come
in a relational form; for instance, the outer limits or the
pattern of possible values of one variable may depend
on the values of one or more other variables. Domains
that can capture relational information are generally
much more complex than domains that do not have
this capability; in exchange they usually offer signifi-
cantly more precision, often important for the overall
performance of the client application.

Relational limit information can be captured, among
other possibilities, by means of polyhedral domains,
that is, domains that represent regions of some n-
dimensional vector space bounded by a finite set of
hyperplanes [11]. While several polyhedral domains
have been proposed and that of convex polyhedra, the
most popular relational polyhedral domain, has been
thoroughly researched and widely used, relational do-
mains for representing the (linear) distribution of nu-
merical values have been less well researched. In par-
ticular, proposed algorithms are unnecessarily complex
and standard mathematical procedures have not been
utilized to their best advantage. Moreover, as far as
we know and at the time of writing, there is no avail-
able implementation providing all the basic operations
needed by a relational abstract domain for distribu-
tion information. This is in spite of the fact that pre-
vious research has shown that a knowledge about the
(discrete) distribution of numerical information, espe-
cially when combined with that of the limit informa-
tion, can significantly improve the quality of the anal-
ysis results [1].
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(a) The grid L
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(b) The grid L′

Figure 1: Congruence and generator systems representing two grids in R
2

Grids in a Nutshell.

Figure 1 illustrates two ways of describing a grid; either
by means of a finite set of congruence relations that all
grid points must satisfy (given by the dashed lines) or
by means of a finite set of generating vectors used for
constructing the grid points and lines (given by the
filled squares and thick lines).

The squares in Figure 1(a) illustrate the grid L in-
dicating possible values of integer variables x and y

resulting from the execution of the program fragment
in Figure 2 for any value of m.

The congru-

x := 2; y := 0; (P1)

for i := 1 to m (P2)

if ... then

x := x + 4 (P3)

else

x := x + 2;

y := y + 1 (P4)

endif (P5)

endfor

Figure 2: Fragment based on an
example in [11]

ence relations
x = 0 (mod 2) and
x + 2y = 2 (mod 4)
are represented
by the vertical
dashed lines and
sloping lines, re-
spectively. The set
of congruence rela-
tions C =

{

x = 0
(mod 2), x + 2y = 2
(mod 4)

}

, called a
congruence system,
is said to describe L. The filled squares mark the
points ~p1 = ( 2

0
) , ~p2 = ( 6

0
) and ~p3 = ( 4

1
) while all

the squares (both filled and unfilled) mark points
~v = π1~p1 + π2~p2 + π3~p3, where π1, π2, π3 ∈ Z and
π1 + π2 + π3 = 1. The set of points P = {~p1, ~p2, ~p3} is
said to generate L. Some of these generating points
can be replaced by parameters that give the gradient
and distance between neighboring points. Specifically,
by subtracting the point ~p1 from each of the other two
generating points ~p2 and ~p3, we obtain the parameters
~q2 = ( 4

0
) and ~q3 = ( 2

1
) for L that are marked by the

thick lines between points ~p1 and ~p2 and points ~p1 and
~p3. It follows that each point ~v ∈ L can be written as
~v = ~p1 + π2~q2 + π3~q3 for some π2, π3 ∈ Z.

The dashed line in Figure 1(b) illustrates the grid L′

defining the line x = y + 1 and marks the vectors of
values of the real variables x and y after an assignment
x := y + 1, assuming that nothing is known about
the value of y. As equalities are congruences modulo
0, the set C′ = {x − y = 1} is also called a congruence
system and describes L′. Observe that the grid L′ con-
sists of all points that can be obtained as λ~ℓ + ~p′, for
any λ ∈ R, where ~ℓ = ( 1

1
) and ~p′ = ( 1

0
) ; the vector

~ℓ, called a line, defines a gradient and the vector ~p′ is
a generating point marking a position for the line (il-
lustrated in Figure 1(b) by the thick line and the filled
square, respectively).

From what we have just seen, any grid can be rep-
resented both by a congruence system and by a gen-

erator system. The latter may consist of three compo-
nents: a set of lines, a set of parameters and a set of
points. For instance, the triples G1 =

(

∅, ∅, P
)

and

G2 =
(

∅, {~q2, ~q3}, {~p1}
)

are both generator systems for

L while the triple G′ =
(

{~ℓ}, ∅, {~p′}
)

is a generator
system for L′.

4 Contributions.

In this project, we have explored the abstract do-
main of grids, a domain for representing sets of equally
spaced points and hyperplanes over an n-dimensional
vector space. A summarised account of this work on
the domain of grids describing the domain and ba-
sic operations needed for its use within the theoreti-
cal framework of abstract interpretation has been pub-
lished [3].

The Grid Domain

For program analysis, an abstract domain needs to be
a lattice (in the set-theoretic sense). The grid domain
is no exception and in this project we have clarified
and improved over previous proposals. In particular,
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we have done the following.

Survey of previous work. We have provided a sur-
vey of several independent research threads concerning
domains similar to the grid domain that have never
before been compared or discussed together.

Minimizing representations. Assuming the grid is
represented by a congruence and generator system in
an n-dimensional vector space consisting of m congru-
ences or generators, then we have described algorithms
for minimizing the representation (based on the Her-
mite normal form algorithm [28, 33]) that have worst-
case complexity O

(

n2m
)

. Note that previous proposals
for minimization such as those in [20, 27] have worse
complexity bounds.

Converting representations. The congruence and
generator representations described informally above
form the two components of a double description
method for the grid domain very similar to that for con-
vex polyhedra [26]. For a double description method,
conversion algorithms between the two systems are
needed; we have shown how conversion can be im-
plemented using any matrix inversion algorithm, in-
heriting the corresponding worst-case complexity. For
instance, the complexity is O

(

n3
)

when adopting the
standard Gaussian elimination method; since matrix
inversion has the same worst-case complexity as matrix
multiplication, better theoretical complexity bounds
apply [10]. Previous proposals for congruence to
generator conversion have complexity no better than
O

(

n4
)

[21].

Grid operations. For static analysis, it is useful to
provide all the set-theoretic lattice operations for grids
(assuming the usual subset ordering) such as compar-
ison, join and meet. We have shown that these op-
erations are straightforward given the availability of
the appropriate representation(s) in minimal form; and
hence show that some have complexities strictly better
than that of previous proposals [20]. We also have
provided a (new) grid difference operator. Observe
that this operator is useful in the specification of the
certificate-based widening for the grid powerset do-
main [7].

A Practical tool for Program Analysis.

We have shown that the domain of grids can be made
into a really practical analysis tool. In particular, we
have done the following.

Affine image and preimage operators. Affine
image and preimage operators can be used to capture
the effect of assignment statements in a program when
the expression is linear. We have specified, for the do-
main of grids, the affine image and preimage operators
for a single update where only one dimension is mod-
ified. We have illustrated how these can capture the
behavior of assignments in (possibly recursive) proce-
dures, comparing our technique with the interprocedu-
ral analysis in [27]. Moreover, we have described gen-
eralized forms of these operators which, though still
having the necessary closure property for grids, map
individual points to (possibly infinite) sets of points
and shown how they can capture the result of loops
containing simple assignment statements.

Using Rectilinear Grids to Approximate Grids.

In order to dynamically manage the complex-
ity/precision trade-off of program analysis, the ana-
lyzer should be able to dynamically switch (in response
to timeouts or driven by heuristics) to a simpler analy-
sis domain, with a more compact representation and
more efficient operations. The first proposal for a
numerical domain for representing distribution infor-
mation was for a domain (we call here rectilinear),
that can be described by arithmetic congruence rela-
tions [19] over the integers. This is less precise than
rational grids (that is, grids described by the rela-
tional form), but most of its operations have complex-
ity O

(

n
)

. Thus, by providing algorithms for conver-
sion from a grid to its rectilinear approximation and
vice-versa, we have made dynamic switching between
relational and non-relational domains a practical op-
tion. We also have shown how rectilinear grids can
be represented using the standard domain of intervals
and thereby able to exploit all the advantages of this
domain.

Widening Grids. It was observed by Granger
in [21], that rational grids do not satisfy the ascend-
ing chain condition; so, to guarantee termination of
the analysis, a widening operation is required. In [21,
Proposition 10], a widening is given for rectilinear ra-
tional grids that returns a line parallel to an axis when-
ever the modulus for that dimension changes. It is then
proposed that a generalized form of this could be used
as a widening for relational grids; however, exactly how
this is to be done is unclear. In this project, we have
defined two possible generalizations which come with
simple syntactic checks that have efficient implementa-
tions.
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Applications. We have shown, by means of an ex-
ample, how rational grids can be used to model the
effect of (possibly recursive) procedures and hence be
used for interprocedural program analysis where the
input parameters are not known. We have observed
that, previously, examples of interprocedural analysis
for distribution information [27] assume that the input
values are known in advance of the analysis.

Implementation. The grid domain as described
here and in [2] is implemented in the PPL [6, 9]; the
source code is publicly available in the PPL’s CVS
repository (see the PPL web site at http://www.cs.

unipr.it/ppl/ for more information). Apart from the
PPL, the only other freely available library providing
numerical domains for applications in static analysis
and computer-aided verification including a domain
similar to that for grids, is PolyLib [24]. This domain
is based on the integer lattice domain proposed by An-
court [1] (which, together with polyhedra, forms the
compound domain of Z-polyhedra) and lacks sufficient
features for non-trivial program analysis over this do-
main.

5 Dissemination of results

The work has been fully described in a technical re-
port [2] and in the papers [3].

The latest release of the PPL [6, 9] includes the grid
domain; the source code is publicly available in the
PPL’s CVS repository (see the PPL web site at http:
//www.cs.unipr.it/ppl/ for more information).

The PPL is being used on several applications in the
field of verification of hardware and software systems.
It has been applied to the verification of properties of
oscillator circuits [17]; to verify the soundness of batch

workflow networks (a kind of Petri nets used in work-
flow management) [35]; in the field of safety analysis
of continuous and hybrid systems to overapproximate
the systems of linear differential equations expressing
the dynamics of hybrid automata [12, 14, 16, 32] and,
in particular, the PPL is used in PHAVer, an innova-
tive tool for the verification of such systems [15]. The
PPL is also used: in a version of TVLA (3-Valued Logic
Analysis Engine, http://www.cs.tau.ac.il/∼tvla/)
a system for the verification of properties of arrays and
heap-allocated data [18]; in iCSSV (interprocedural C
String Static Verifier), a tool for verifying the safety of
string operations in C programs [13]; and in a static
analyzer for gated data dependence graphs, an inter-
mediate representation for optimizing compilation [22].
This analyzer employs, in particular, the precise widen-

ing operator and the widening with tokens technique
introduced in [4, 5]. In [29] the PPL is used to derive in-
variant linear equalities and inequalities for a subset of
the C language; it is used in StInG [30] and LPInv [31],
two systems for the analysis of transition systems; it is
used for the model-checking of reconfigurable hybrid
systems [34]; it is used in a static analysis tool for x86
binaries that automatically identifies instructions that
can be used to redirect control flow, thus constituting
vulnerabilities that can be exploited in order to by-
pass intrusion detection systems [23]; it is also used to
automatically derive the argument size relations that
are needed for termination analysis of Prolog programs
[25].

In conclusion, since the PPL is free software and
distributed under the terms of the GNU General Public
License (GPL), and due to to the presence of extensive
documentation, the library can already be regarded as
an important contribution secured to the community.

6 Educational Value

This project meant that the research student, Katy
Dobson had to hone her theoretical ideas into
truly practical techniques suitable for implementation.
Moreover Matthew, who was employed on this project
to do the implementation work, developed his skills in
software development, particularly as part of a larger
project; not only with respect to the technical col-
laboration but also in the broader experience of team
working and communication of ideas. Both Katy and
Matthew are co-authors on the technical report and
the submitted papers derived from this and therefore
learned about preparing papers for peer reviewing and
publication. Regular project meetings meant the Katy,
Matthew and the other students in the group were able
to join in the discussions about the work of others as
well as present their own research.

The travel budget (enhanced by a small amount
that was surplus to the consumables budget) enabled
Matthew to visit our colleagues in Italy and, vice versa,
for them to visit us in Leeds. It also enabled all the
group to attend an event in London incorporating, the
Static Analysis Symposium, which is particularly rele-
vant to the topic of this project.
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[1] C. Ancourt. Génération automatique de codes de trans-
fert pour multiprocesseurs à mémoires locales. PhD
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