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Abstract

We describe a deterministic parallel algorithm for lineamgramming in fixed dimensiod that takes
poly(loglog n) time in the common CRCW PRAM model and does optim&h) work. In the EREW model,
the algorithm runs i) (log n - loglog® ! n) time. Our algorithm is based on multidimensional search and
effective use of approximation algorithms to speed up thecbsearch in the CRCW model. Our method
also yields very fast poly¢g log n) algorithms for smallest enclosing sphere and approxifmate-sandwich
cuts and arD(log n) time work-optimal algorithm for exact ham-sandwich cutseparable point sets. For
these problems, in particular for fixed-dimensional ling@gramminge(logn) time efficient deterministic
PRAM algorithms were not known until very recently.

1 Introduction

We consider the standard linear programming problem: givest? of n half-spaces iR? and a vectow,
find a pointz € (A that minimizesy - z. We restrict ourselves to the case wherés much larger than
d, and we focus attention on parallel algorithms that achgm@d performance with respect 0 Since the
general problem is known to be P-complete [11], the restlictersion assumes more relevance. For the most
part we will regardd as a constant. However, since the running time of our alyorigrows rapidly withd,
we will attempt to examine the exact nature of this depenglehtegiddo [28]described a linear time algorithm
for linear-programming in fixed dimensiah(hereafter referred to as W, using an elegant multidimensional
search technigue. The same search technigue, also knowaresgnd-search, yielded optimal algorithms for
other optimization problems (see Megiddo [27] and Dyer [13). Following Megiddo’s linear time algorithm,
there have been significant improvements in the constatarféghich was doubly exponential if) due to Dyer
[13] and Clarkson [4]. Further progress was made, usingamnsiampling, by Clarkson [5]. This algorithm
was later derandomized by Chazelle and MatouSek [8]. Withencareful analysis and some additional ideas,
Matousek et al. [26] improved it further that achieves apested running time aP (d?-n+eC(Vdlogd) g “syb-
exponential” dependence ah Independently, Kalai [23] discovered an algorithm withtaméng performance
and these are presently the fastest known algorithms.

In the context of parallel algorithms for ldPthere have been a number of results in the direction of fgndin
a fast analogue of Megiddo’s linear-time sequential mettio®, 10, 30]. A straightforward parallelization
of Megiddo’s method yields af(log? n) time n-processor EREW PRAM algorithm. (We writeg” n for
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(logn)*, and similarlylog log” n for (log log n)*.) However, this is far from the best that can be achievednAlo
and Megiddo [2] obtained an optimal parallel algorithm thais in constant time (i.e. time depending only
on d) on ann-processor randomized CRCW PRAM model. They used a varfa@taskson’s algorithm [5],
which has smaller constants (in termsddtthan Megiddo’s. More recently, Ajtai and Megiddo [1] dema¢d a
deterministicO (log log® n) algorithm in ann processor model which allow3(log log n) time selection. Since
there is arf2(logn/ loglog n) bound for exact selection [3], their model is considerablyrenpowerful than
the CRCW model, and partly non-uniform. It may also be noted the work bound in the algorithm of Ajtai
and Megiddo is super-linear, since they use a linear numbgrosessors. Thus as(logn) time optimal de-
terministic algorithm for LI had hitherto proved elusive. Very recently, Goodrich[18€ also Goodrich and
Ramos P]), independently obtained a polyg log n) time CRCW algorithm with optimal speed-up using fast
parallel derandomization techniques. His approach iewifft from ours, being directly based on parallel de-
randomization techniques. His underlying randomizedritlym is similar to that of Dyer and Frieze [15]. This
is derandomized using fast deterministic constructionsagproximations ifR?. Here, we generalize the basic
multidimensional search algorithm of Megiddo. Insteadmiifing a constant fraction of the constraints in each
round, we increase the rate of pruning as a functiopro€essor advantagd he processor advantage is propor-
tional to ratio of the number of processors to the number abtraints, which increases monotonically during
the course of the search. This allows us to improve (kg n) phases seemingly required by Megiddo’s
approach, and leads to a fast EREW algorithm. However, it e directly yield a polflog logn) CRCW
algorithm for the following reason. All known versions of idimensional search algorithms rely on exact se-
lection procedures, either deterministic or randomized.rifdke use of the observation that exact selection may
be substituted bgpproximate splittinddefined formally in section 3) without significantly affewy the asymp-
totic convergence rate of the procedure. This is cruciabrifer to surmount th(logn/ log log n) barrier for
exact parallel selection: an impossibility in Ajtai and Mddp’ s approach. We apply this observation, using fast
deterministic splitting algorithms in the CRCW model, tatah a poly{og log n) time algorithm. Moreover,
we are able to achieve linear work simultaneously. Althoatjipresently known poly¢g log n) approximate
splitting algorithms are based on derandomization, theyelatively simpler and more efficient than construct-
ing e-nets inR? as in Goodrich’s algorithm [18]. However, it may be notedt tthee fastest algorithm known
for approximate splitting follows from applying Goodrishtechniques. This could be used in our algorithm to
save arD(loglogn) factor. However we have chosen to ignore this in our latecrifgson. Rather, we feel that
other poly{og log n) time approximate splitting algorithms, like that of Hagerand Raman [22], which are
relatively simpler (although slower), are more in keepirithwuhe basic simplicity of our approach. Our method
also implies a very simple polifg log n) randomized CRCW algorithm, although this is asymptotycalower
than Alon and Megiddo’s algorithm. Our approach has imntedi@plications to other optimization problems
where Megiddo’s prune-and-search technique is effectilie. are not aware of any previous pabg logn)
time deterministic algorithms for problems likeinimum enclosing spheendham-sandwich cutsThe latter
especially has numerous applications to divide-and-cenagigorithms, including those for convex hulls and
range-searching. The paper is organized as follows. liose2t we describe our basic approach, generalizing
Megiddo’s multidimensional search technique. This dlyegtelds a fast EREW algorithm. In section 3, we
modify the algorithm of section 2, substituting some of thkaa procedures by their faster approximate coun-
terparts. In section 4, we analyze the algorithms for the WRiEd CRCW PRAM and bound the total work by
O(n). In section 5, we present further applications of our seatgbrithm to problems lik&uclidean 1-center
and ham-sandwich cuts for separable planar point-setsauBecof the close similarity of these algorithms to
that for LR{, we omit detailed analysis. In section 6, we make some ohtens regarding the relationship
betweenhyperplane cuttingsand our approach. We show the existence of a direct geonuetnistruction for
cuttings that does not require derandomization. Howekiersize of this cutting is probably too large for general



application.

2 A Paralld Multidimensional search method

Without loss of generality, we assume thatdfas feasible region

d—1
{reR iz, < Zaijxj +b;, (1=1,2,...,n)},
i=1

and the objective is to minimize;. Megiddo [28] noted that LiPcan be viewed as determining thetical linear
constraints which define the optimal poirit. If we assume non-degeneracy (@ea- 1 hyperplanes intersect in

a point of the feasible region), then exacatlgonstraints define the optimal point and the remaining caim
may be eliminated without affecting the optimum value. kfitll generality, the LR problem also requires
us to report if the optimum is unbounded or if the feasibléaegs empty. In the description that follows, we
do not discuss these conditions explicitly, noting that Mdg’s approach can handle these cases effectively.
Suppose we have a setiwohyperplanes,

Hi:{.’L‘ERd:ai-m:bi}, ('],:1,2”/”)
Thesignof H; with respect tg; € R? is defined ag —, +, =} depending on
ai-y—b; =0
>

Geometrically, we wish to determine which side of the hyfmerg containg, (including the possibility thay
may lie on the hyperplane). We would like to determine tha sifjy with respect to all the hyperplands;,

(i =1,2,...n). Todo this, we extend our definition to the sign ofabitrary hyperplane in a similar fashion.
Megiddo showed that, by determining the signs of a constantber A(d) of carefully chosen hyperplanes,
we can determine the sign of a constant fracti®fi) of the H;’s. Here A(d) and B(d) are functions ofl
only. By repeatedly applying this strategy, one can deteenaill the signs relatively quickly (as compared to
evaluating them individually). Megiddo used an elegantigitve argument to show the existenceAfi) and
B(d), starting from the observation that far= 1, A(1) = 1 and B(1) = 1/2 (by determining the sign of
the medi an half-line). If is «*, and the hyperplanes are the constraints of,LtRen determining the sign of
all hyperplanes is clearly equivalent to solvingd.PHereafter, we will be interested in determining the sign
of a hyperplane (not necessarily a constraint) with resfmeet. However,z* is itself unknown at the outset.
Megiddo showed that the sign of an arbitrary hyperplane eaddiermined by solving at most three linear
programming problems (recursively) in one lower dimensibising a nontrivial recursive strategy (involving
recursion in botm andd), Megiddo constructed an algorithm for E®vith running time linear im but doubly
exponential ind. For convenience, we assume that no constraint hyperptaparallel tox,;. (This can be
achieved by standard perturbation techniques, if necgsdatom here, we focus on the followirdg/perplane
location problem: Given a seW of hyperplanes of the form

d—1
Hi:{Z‘ERd :xd:Zaijxj+bi} (1=1,2,...,n),
j=1

we wish to determine the sign at of all H;. This is often referred to as tmsultidimensional searcproblem.
We will say thatH; is locatedif we know the sign ofH; with respect to the linear programming optimurh
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As already noted, a straightforward parallelization of Meg’s algorithm yields am?(logd n) time algorithm

with n processors. It is inefficient because, in the later stagéisechlgorithm when relatively few constraints
remain, most of the processors are idle. We now describeallgdamation of multidimensional search which
uses processors more efficiently in the later stages, wheenuimber of processors greatly exceeds the number
of constraints. The algorithm proceeds in stages, whermgl@ach stage, we determine the sign of some
hyperplanes. At the beginning of the stageve denote the set of hyperplanes Ny, their number by; and
define processor advantaggto be max{2, (p/n;)'/%} wherep is the number of processors. For example,
ng = n andrg = 2 if p < n. Again, for simplicity of presentation, we assume thais an integer (or else take
the floor function). Also, in the remaining part of this seatwe will write N, n andr instead ofN;, n; andr;
since the description is limited to iteratienfor some;.

Par _Mul_Search(N, p, d)

1. The setV of hyperplanes is partitioned intoequal sized sets based on theif values(¢ = 1,2,... ,n).
This is done by selecting thign/r)th ranked elements (denoted by) from {a11,a21 ... an1} for k =
1,2,...,r. For convenience, write; = —oo. Denote this partition oV by P, where thekth classof P
consists of hyperplane, which satisfyo, 1 < apy < o (k=1,2,...,7).

2. Ford = 1, solve the problem directly and exit. (See below.) OtheewjmrtitionV into r-sized subsets
(groupg by picking (for each group) one constraint from each cldsB.oConsider two hyperplaned;
andH; in a group and say;; < aj;. Since they come from different classesffthere are valuesy,, o;
such thatv, € [aﬂ, aﬂ] ando; Q [ail, aﬂ].

3. Using the transformation
21 =z + 0 -9 ANdzy’ =z + 07 - T2

we obtain two hyperplaneH;; and H;; where H;; (respectivelyH ;;) is obtained by eliminatingr'1 (re-
spectivelyx;) betweenH; andH;. Intuitively these are planes that pass through the intesseof H; and
H; and are parallel to the,” andz,’ coordinate axes respectively. There are two such hypezpléor
each pair in the group. From Megiddo’s observation (seeRigr [13]), it follows that if we can locate
both H;; and H; (which are hyperplanes iR?~1) then we can locate at least onef andH;. Figure
1 illustrates the situation in 2 dimensions.

4. We recursively apply the search algorithm in one loweratiision to all such hyperplanés;;, H;;. Note
that all H;; lie in a subspace corresponding to the abseneg ‘diut possible presence of’. Note there
are onlyr different variables of the type,’, one for each of the differento;, values. Thus there are only
r distinct subspaces for which the algorithm must be calledmrsvely. The algorithm is called in parallel
for all the distinct subspaces, allocating processorsdasthibproblems proportional to their sizes. At the
bottom of this recursion od, we will generatespecialhyperplanes with respect to which we must locate
x*. Location for these special hyperplanes involves recelgisolving thregd — 1)-dimensional linear
programming problems. Each such problem is a restrictichebriginal LRI to a particular hyperplane.
(See Megiddo [28] for further details of these lower-dinienal problems).

5. Repeat the previous stéfy times, whereR,; is a function ofd that we will determine during the analysis.
By repeating this step, we eliminate a fraction of the remngimyperplanes.



6. The located hyperplanes are now eliminated from coraiider, the new processor advantage is deter-
mined, and the above procedure is repeated.

The total number of hyperplanes generated in step2/i8)r(r — 1) < nr since every pair of hyperplanes in a
group generates two lower-dimensional hyperplanes. Stepually involves a double recursion, one of which
we have unfolded (i.e. how to generate the special hypesplarductively inR?) for exposition of the basic
algorithm. This is similar to Megiddo s exposition [28] okteBequential algorithm, where a certain proportion
B(d) of hyperplanes is located usingfd) queries, these functions being defined inductively. Howerstead

of the number of queries, we bound the numberafnds of parallel recursive calls. The numbé&; will
actually be defined according to the following recursiveesab. For the same set@f’s andr, we doc rounds

of location (wherec is some suitable constant) for ti#§;" s, where a certain proportion di;;’'s are located
recursively. This is done in order to boost the proportiomygerplanes located i dimensions, for inductive
application. This idea has been used before in [4, 13]. THierdihce here is that we cannot wait for the results
of location in one group before we start on the next, as is dortee sequential algorithm. The number of
groupsr may be large, and so we must operate on them all in paralleld Eo1, the constraints are half-lines
and the linear programs can be solved directly. The probiesyuivalent to extremal selection (selection of
minimum or maximum), which can be solved@nlogn) time on an EREW PRAM and (log logn) time on

a CRCW PRAM []. As constraints are eliminated in each repetition of Stegleda compaction must be done,
to ensure efficient processor utilisation in the next. Tleeessor requirement is determined by the total size of
all problems that have to be solved simultaneously on a#litewf the recursion od. We must show that this
remains bounded by the total number of processors. We wagllvghis below and, more significantly, we will
show that the recursive proceduredrdimensions takes onlg(loglogn) rounds to eliminate all constraints.
This will lead to an overall time bound @#(log n log log?~! n) for LPd on the EREW PRAM.

3 Multidimensional search using approximate computations

To circumvent the(logn/ log log n) lower bound for exact selection in the CRCW PRAM, we will nfgdi
step 1 of the previous section. We propose to use approxispditéng in the partitioning step and approximate
compaction to do load balancing. As noted previously, exéleselection can be done i(loglogn) time in
CRCW PRAM. Formally, the problem @pproximate splittindgs defined as :

Given a set ofV of n elements and an integer 1 < r < n and anexpansion factof > 1, choose
a setR of r elements (out olV) such that the maximum number of elementd/dgh any interval
induced by (the sorted order of) is less tharf - n/r.

Intuitively, # = 1 gives even splitting but we will relax that significantly teeed-up our algorithm. For approx-
imate splitting, on CRCW model, we use the following resmiplied by the work of Hagerup and Raman[22]
and Goldberg and Zwick[20] (see appendix for details).

Lemma 1 For all given integers: > 4, andC < r < n!/*, approximate splitting can be done with expansion
factor /7 in O(loglog? n) time andO(r - n) CRCW processors wheg s a sufficiently large constant.

For smallerr, we partition thez;s's into two sets by an approximate median which can be fourncktyuusing
the following result of Goldberg and Zwick.

Lemma 2 For a given setX of n elements and any fixed> 0, an element: € X whose rank-’ satisfies
5 <1’ < 5(1+ ¢) can be found irO(log log n) steps using:/ log log n CRCW processors.
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The problem ofapproximate compactiowas defined by Hagerup [21] as follows.

Given am-element set, of whichare active place the active elements in an array of size- \)a,
where) is thepadding factar

As one might expect, the running time of fast parallel aldponis for this problem increases asdecreases.
Hagerup described a@®(loglog®n) time work-optimal CRCW algorithm for the above problem for=
1/poly(loglog n). The following improved result result was recently obtalify Goldberg and Zwick[20].

Lemma 3 The approximate compaction problem can be solved on a CRCAW/RRtimet > log log n, using
n/t processors, with a padding factor bfpoly(loglogn) .

Suppose we substitute exact compaction by approximate actiop. Then, over thé(d) levels of recursion,
there will only be a slowdown in running time by a factor(af+ A)°?), i.e. a constant. We will also use the
following result onsemisortingto collect the elements of subproblem (i.e. a class or a grtmgether. The
semisorting problem may be defined as follows.

Let.4 be an array ofn elements such that each element has has an integerdabé€ll, 2, ... , k}.
Sort the elements of into disjoint subarraysd, (¢ = 1,2, ... , k) such that, if there are, elements
with label?, the subarrayl, must be of size of siz@(n,).

The following is known about semisorting from [22]:

Lemma4 Semisorting problems of array sizeand range sizé can be solved i (loglogn) CRCW time
usingkn processors.

So, if C'is the constant for the splitting algorithm above, the meditilgorithm is as follows. Ifp/n;)'/* > 3,

we choose; = (p/ni)l/d, otherwise we choosg = 2, whereS > C'is a constant that we will determine below,
and use the method of Lemma 1 to partition éhes, 1 < i < n into classes. Once the splitters are determined,
the partitioning can be done by brute force, compatingagainst all splitters simultaneously in parallel. (There
are sufficient processors for this to be done.) We put therpjgrges in each class in near-contiguous locations
by an application of semisorting and approximate compacfldien we give each hyperplane in a class a group
number corresponding to its position in the derived sulyarkéle now form groups by semisorting on group
number, followed by approximate compaction of the groupastaly. Thus each group will pick at most one
hyperplane from each class, each hyperplane will belongaotly one group, and each group is held in an
array little longer than its size. There are sufficient pssoes throughout since each uncompacted array is
only a constant factor larger than the group size, by Lemma@h& per-processor overhead caused by arrays
not being exactly compacted is a small constant (in t}), and hence we ignore it in the analysis. Note,
however, that some groups may have less thagperplanes. The number of groups is determined by the size
of the largest partition since we take one hyperplane frooh @artition. Because of the approximate splitting,
there could be:/\/r groups, rather than the/r which would result from exact splitting. However the size
of each group is no more thanbecause the number of classes is anlyVWe will denote the set of groups by
G, and their number byg|. As indicated in the previous section, we pair hyperplamesifa group and solve
the lower dimensional problem recursively a constant nunobé&mes, ¢ (to be determined below). Then we
start a new iteration by throwing out constraints and conipadhe remaining using Lemma 3. At the bottom
level (when the hyperplanes are points), we chaosglitters, so that the size of the largest partition is attmos
n/+/r. Location with respect to the splitters can be done simultaneouslyCrflog log n) time using extremal
selection. We have choserso that we will have enough processors at the bottom level.
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4 Analysis

First we will prove a slightly weaker result, that our algbm takesO(loglog?*! n) in a CRCW PRAM using

p = n processors, and subsequently reduce the number of progesiee analysis is generalized to handle
approximate splitting. Therefore, in particular, the bdsithat we prove are applicable to the basic algorithm
of section 2. For convenience of presentation, we will rééenyperplanes iR? asd-hyperplanes. Our first
objective is to bound the number of rounds of hyperplanetioga required to eliminate a constant fraction of
d-hyperplanes. Let; denote the fraction of-hyperplanes that are located ity rounds for a fixed;, sayr.
Since the maximum size of a partition at the bottom levelig/r, 7, > (\/r — 1)/+/r. The following will be
used to write a recurrence fay. The groups refer to the groupings®fas defined in the previous section.

Lemma5 The number ofd — 1)-hyperplanes that have to be located in the recursive calldanded by
n-(r—1).

Proof:As pointed out in the previous section, although could ben/,/r because of uneven splitting, the
number of(d — 1)-hyperplanes can be bounded By, .; nq(ny — 1) Whereng is the number ofl-hyperplanes
ingroupg € G. Sinceny, < r,and)_ n, = n, the number ofd—1)-hyperplanes is bounded byr-r(r—1). O

Observation 1 Suppose, in a certain group dfhyperplanes, at most.(m — 1)/2 of the(d — 1)-hyperplanes
have not been located. Then at mosti-hyperplanes are not located.

Proof: Recall that thed — 1)-hyperplanes are obtained by taking all possible pairs imamgand generating
two (d — 1)-hyperplanes from each pair. Suppose therergife> m) unlocatedd-hyperplanes; consider the
m/(m’ —1)/2 > m(m — 1)/2 pairs formed by these. At least o(¢ — 1)-hyperplane from each pair has not
been located, since locating bdih— 1)-hyperplanes in a pair would imply that one of #ayperplanes is lo-
cated. This contradicts the antecedent of the observatairat mosin(m —1)/2 pairs have not been located.

In order to write a recurrence fot;, we letn, denote the number of unlocatéehyperplanes in group
and letu, denote the number of unlocatéd — 1)-hyperplanes (among the,(n, — 1) generated iry ). From
the above notations,

T = %(n—Zﬁg)
g

From Lemma 5 and the recursive application (i.e., a fractign, of thed — 1-hyperplanes are located R);_{
rounds),

D ug < (1—mg_1) - n(r— 1) (1)
g
From Observation 1,
ug > iy (g —1)
implying 2ug+1 > nj—ng+1
implying, inturn 2uy +1 > ny

Therefored 71, <7 (2uy + 1). Substituting in equation 1, we can write the recurrencerfoas follows:

Ty > l(n —2(1 = mg_1)n(r — 1) —n//r), (2)

S



where the last term on the right correspondggl = |G| < n/+/r. Simplifying, we obtain
g >1—=2(1—mg 1)(r—1)—1//r

It is straightforward to verify by induction that, fak> 2, 7, > ‘/\’_}’Q, providedr > 8 andc > 12. If r = 2, we

r

choose an approximate median with accuracy 1/6{i.1/6 in Lemma 2). Then equation 2 becomes

1
g > —(n—2(1—-mg1)" - n—2n/3),
n

since|G| < n/2+n/6 = 2n/3. Forc = 12, andm; > 1/3, mq > 1/4 by induction. Thus we take = 12
and$ = max{8, C'} in our algorithm description wher@ is the constant from Lemma 1. The total number of
roundsR, for location in dimension! satisfiesR; = ¢%~!, sinceR; = ¢ - R4—; andR; = 1. Hence we can
write the recurrence fat;, the number of surviving constraints at the beginning ohtien: as

3
- - n; (r; =2)
nit1 < ni(l —mg) < { —Qﬁ_m (ri > B)

After O(d) iterations withr; = 2, we will have(n/n;)/¢ > 3. Note that them;/n < L. Thereafter

1+1/2d/n1/2d

niy1 < 2n;

Letting¢; = n;/n, we can rewrite the previous inequality as

1+1/2d
& <26
where¢; = . Therefore¢; = O(1/n) (i.e. n; = O(1)) wheni > ¢; loglog n, for some constant; = O(d).
Each iteration involves splitting, compaction and a camstaimber of recursive call to lower dimensional prob-
lems. LetTy(n) be the running time for d-dimensional problem of size. Then we can write the recurrence

Tu(n) < ¢1 loglog n[c™™ (Tuoe + Tipiit + 3T 1(n)))] )

where T, and T,;;; denote the times for data compaction and approximate isglitespectively From
Lemma 3,75, = O(loglogn) and from Lemma 17, = O(log log? n) respectively Usindl(n) =
O(loglogn), Ty(n) is O(log log™ ' n) for d > 2. Sincec; = O(d), the implied constant i8°(¢"), which is

of the same form as that in the improvement of Megiddo’s digor due to Dyer [13] and Clarkson [4]. The
processor requirement is bounded by the numbériof 1)-dimensional linear programming problems which
must be be solved simultaneously at the bottom level. Each groblem has,; constraints per problem. This
number is the total number of hyperplanes that must be Idateultaneously. This is bounded hy(r; —1)?~!
from Lemma 5, since the number of distinct linear prograngnitstances grows by am; — 1) factor at each
level of the recursion od. But this is at most, since either; = 2 orr; = (n/ni)l/d > 8. We can now state
our intermediate result as

Lemma6 Linear programming in fixed dimensiah> 2 can be solved i) (log log?*! n) CRCW PRAM steps,
usingn processors .

Remark: Using a faster approximate splitting algorithm due to Gawd[18], with T, = O(loglogn),

the running time would decrease @(loglog?n). The previous analysis also holds for the basic algorithm
of section 2 and therefore we can analyze the performandeeadigorithm on the EREW PRAM simply by
substituting bounds for exact selection and compactioncesthenTy,. = O(logn) and Ty, = O(logn),

we obtain similarly to the above the following result.
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Lemma 7 Linear programming in fixed dimensiah> 2 can be solved i (log n log log?~! n) steps using
processors in a EREW PRAM.

To reduce the number of operations@gn), we use a slow-down technique, applied inductively. Weioatl
our strategy in the case of CRCW PRAM. We have observed teairtb-dimensional problem can be solved in
O(loglogn) steps using:/ log log n processors. Assume that te— 1)-dimensional problem can be solved
in O(loglog?n) steps optimally. The standard slow-down method implies, s any timet > loglog? n,
these problems can be solved with optimal work. We start with n/ log log?*! n processors and reduce the
number of constraints ta/ loglog?™! n by running the algorithm witr; = 2 for O(log log log n) iterations.
Letty = loglog? ' n. In each iteration, we apply the work-optim@l — 1)-dimensional method. Now iter-
ation (starting withi = 0) takesmax{~'t4, O(loglog?n)} steps. Herey < % is the fraction of constraints
eliminated at each iteration. In each iteration, we use éselt of Lemma 3 to do load balancing. This takes
O(max{~'t4,loglogn}) steps. The total time taken to reduce the number of contreim./ log log?*! n by
the above method can therefore be bounde®tipg log?*! n + loglog?n - logloglogn). At this stage, we
switch to then-processor algorithm described previously. Therefore avestate our final result.

Theorem 1 Linear programming in fixed dimensiah> 2 can be solved i2°(¢*) 1og log?™!' n CRCW PRAM
steps using:/ log log*! n processors.

Following an identical strategy, but using = log n loglog? ' n andO(log n) for the load balancing time, we
obtain an analogous result for the EREW PRAM. However, timging time increases by ab(log* n) factor,
since the best work-optimal EREW selection algorithm knowms inO(log n log* n) time (Cole [9]).

Theorem 2 Linear programming in fixed dimensiah > 2 can be solved iR°(@) log n log* n log log? ' n
EREW PRAM steps, using (log n log* nloglog? ' n) processors.

5 Other applications

Although the search algorithm was described in the contétinear programming, the method extends to
problems where prune-and-search methodology has prodingi-time sequential algorithms. We outline
two of these applications here, namely, findthg smallest enclosing circi@r, more generallythe Euclidean
1-center problemand findingham-sandwich cutsf separable point-sets on the plane.

5.1 Smallest enclosing circle

Given a setN = {(a;,b;),1 < i < n} of points in the plane, we wish to determine a cir€l¢hat encloses
all the points and is smallest among all such circles. Thisaaatural analogue in higher dimension, where
we determine the smallest enclosing sphere in the apptemimension. Megiddo [27] described a linear time
algorithm for the smallest enclosing circle problem. Dyi8][extended this to solve the more genavaighted
Euclidean one-centeproblem in any fixed dimension, using additional tools froomwex optimization. The
idea of Megiddo’s solution is very similar to the linear pragming algorithm. The minimum enclosing circle
C is defined by at most three points, so the solution remainsanmged if we eliminate the remaining points. The
algorithm proceeds in iterative phases, where in each @hesastant fraction of the input points are eliminated
with linear work. The crucial issue is to recognize whichmsican be eliminated using carefully designed
queries. In the following, we follow Megiddo’s [27] desdiin with appropriate modifications for the parallel
algorithm. We will first solve a restricted version of the lplem, where the center af is constrained to lie



on a given straight line. Without loss of generality, assuhig line is thez-axis. Denote the center &f by
z.. Pair up the points arbitrarily and denote the perpendiduisector of pair(a;, b;), (a;, b;) by L;;. It can be
readily seen that there exists a critical valug (the intersection ofl;; with the z-axis), such that depending
onz,. g z;; one of the points in the pair can be eliminated, the one thelb&er toz.. So if we can determine

answers to queries of the form “4s = 1z, ? for arbitraryz, we can use these to eliminate some of the points.
>

For example, by evaluating the querysgt, the median value aof;;s, we can eliminate one point from every

pair for half the number of pairs, i.e. a quarter of the poiltstermining the sign of an arbitrany ( = = z:?)

is easily done by finding the furthest point (in Euclideartatise) fromz. Denote the square of this>distance
by g(z). Letl = {i : (x —a;)*> + b7 = g(z)}. If z < a; for everyi then,z < .. If z > a; for everyi
thenz > z., elsex = x.. All this can be done in linear time. So, applying the abovecpdure recursively
to the remaining points (at mo8f4n), z. can be determined i@(n) steps. More formally, we are solving the
following optimization problem (unrestricted case).

Igiynf(x,y) = miax{(x —a;)? + (y — b))
Note thatf(x,y) is a convex function of its arguments. In the preceding pafty we described a method
to solve the constrained problem whgr= 0. Given an arbitraryy, the sign ofy is defined to bg+, =, -}

depending ony = y* where(z*, y*) is the unconstrained optimum gfz, ). Because of the convexity, the sign
>

of y can be determined from the sign(at., y), wherez, is the constrained optimum. The sign(at, y) can

be determined by an application of linear programming imelar alternatively by a direct method of finding

a line separator (see Megiddo [27]). The overall algoritenaery similar to the linear programming algorithm.
Here we consider pairs of points instead of pairs of comgai Each pair of pointas;_1,b2—1), (a2;, b2;)
defines a perpendicular bisectof such that, if we could determine which half-plane_of contains(z*, y*),

we could eliminate one point from the pair. This is similaditermining the sign af ;. We pair perpendicular
bisectors,L; and_L; say, and compute their intersectipy). Consider the two lineX;; andY;;, passing through
pij, parallel to ther andy axes respectively. If the slopes af and_L; do not have the same signs, then by
determining the signs ok;; andY;;, we can eliminate one of the four points (defining and L ;). Figure

2 illustrates this situation. Determining the signf; or Y;; is essentially a lower dimensional problem (the
constrained version) that we solved before. So, we havecegtilhe searching problem to one lower dimension.
The strategy is identical to that of computing signs of hpfmres in section 2. Here the hyperplanes are defined
by pairs of points (the perpendicular bisectors). The girggare done on the basis of slopes and the algorithm
is applied recursively to the different subspaces generated. Heris processor advantage, which will be
defined similarly to the linear programming algorithm. Timalgsis is carried out in a fashion almost identical
to section 4, and we omit further details. Note that computire sign of a bisector eliminates at least one of the
two defining points. Hence we can summarize as

Theorem 3 The minimum enclosing circle efpoints on the plane can be determinediflog log® n) CRCW
time, usingn/ log log® n processors.

The above algorithm extends to any fixed dimensionTo determine the sign of a hyperplane in dimension
d > 2, we will use linear programming in dimensi@after determining the center of the constrained smallest
sphere (center lies on the hyperplane). This is to deterihthe center of the constrained sphere is contained
within the the convex hull of the pointsdetermining the optimum. If it is contained, then we havedlubal

unconstrained optimum. Otherwise the optimum lies in tmeatiion perpendicular to the hyperplane bounding
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the d extreme points of. This additional complication increases the running tilgeah O(log logn) factor
compared with the linear programming algorithm.

Corollary 3.1 The minimum enclosing sphereropoints inE? for d > 2 can be determined i@ (log log?*2 n)
time usingn/ log log?*2 n CRCW processors.

5.2 Ham sandwich cuts and partitioning planar point-set

Aline [ is called thebisectorof a point setS if each open half-plane defined by the line contains at mdsthea
points of S. It is known that, given two point set® and (), it is possible to bisect them simultaneously using
a linel. This line is called dnham-sandwictcut of P and (). In the special case wheie and( are linearly
separable, Megiddo [29] described a linear-time algoritfa®ed on prune-and-search. Later, Lo and Steiger [24]
described a linear-time algorithm for the general case.ititlegs algorithm is useful in situations where we need
to partition a point set into four quadrants using two lind& can choose one line to be the median with respect
to one of the axes. This partitions the points into two s$gt@nd.S,. Then, using Megiddo’s algorithm, we
can take the other line to be a ham-sandwich cut0éndS;. This has numerous applications to divide-and-
conquer algorithms. Below we show that our search strategigls/a fast parallel algorithm for this special case
of ham-sandwich cuts. However, it must be noted that hardvg@h cuts can be used to compute an exact
median of a set of points on theaxis. (Simply take this set a8 and an arbitrary two-point set in the upper
half-plane agQ.) Thus the lower bound on exact median-finding prevents ars fattaining polyipg log n))
performance. Therefore, we will first desigrOdlog n) time algorithm for this problem. Then we will show
how to obtainapproximate ham-sandwiatuts in poly{og log n) time. An approximate ham-sandwich cut will
mean that each aP and @ will be partitionedapproximatelyequally. We describe Megiddo’s method briefly.
(Our version actually follows the description in [16].) Theoblem is solved in the dual space where a point
p = (a,b) is mapped to the lind(p) : y = 2ax — b, and a non-vertical liné : y = \yz + X2 is mapped

to the pointD(1) : (A\1/2,—)z2). ThusD? = D, and it is known moreover thd® preserves incidence and the
below-above relationship. (See [16] for details). ThusFhand(@ are mapped to sets of linés = D(P) and

H = D(Q). Assume, with loss of generality, that the lines@fand H have non-positive and non-negative
slopes respectively (by choosing theaxis as a separating line in the primal plane). In the aearentA(S)
formed by a set of line§, alevelk, (1 < k < |S]) is the set of points ofd(.S) that lie belowexactlyk lines

of S. We will write £;(S) for the ith level of S. In the arrangementgl(G) and A(H), the median levels
correspond to lines that biseBtand( in the primal plane. Because of the slope constraints we inawesed,
the levels inG and H are monotonically non increasing and nondecreasing régekyc This implies that’; (G)
andL;(H) have a non-empty intersection for allj. We wish to determine a poipt' in the intersection of the
median levels. The®(p*) is a ham-sandwich cut faP and(@. We actually solve a more general problem. We
determine a point in the intersection of théth level of G and thejth level of H. Letm = |G| andn = |H|.
The algorithm proceeds in phases, where initiephase, we are looking for a point common to the leygls

of A(G*) andhy, of A(H¥). HereG* and H* are the subsets ¢f andH active during the:-th phase. Initially,
k=0,g0=1,ho =7, G =G andH" = H. In thekth phase, we eliminate lines fro6¥ and H* that cannot
contain the common point using linlests A test consists of determining which side of a given lireontains

p*. (The test may also yield a point in the intersection, in Whiase the algorithm terminates.) Then new sets
GF+1, H*+1 are calculated after elimination of some lines. New valueg,q, andh;; are chosen, and we
proceed to iteratiok + 1. A test with respect to a lingis similar to computing the sign in our general search
strategy. It can be done in linear time sequentially andlimscomputing a,th andhth intersection point of
G* and H* respectively on the line. There are various cases, and we refer the reader to [16,94833] for
details. We use the following optimal selection algoritmenfi Chaudhuri, Hagerup and Raman [6].
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Lemma8 For all integersn > 4, selection problems of sizecan be solved iV (log n/ log log n) CRCW time
usingn log log n/ log n processors.

Using this as a subroutine, we can computesiga of a linet in O(logn/loglogn) time. Consider the set of
lines L = H U G. Supposéd,l; € L have slopes of the opposite sign gng is their common intersection
point. Lett, andt, be the horizontal and vertical lines through,. By determining the signs af, andt,, we

can determine at least one of the lide®r I5 which cannot contain any poigtin the intersection of the levels.
(Otherwise, we can actually determine such a pgjmaind the algorithm terminates.) We can therefore apply our
search strategy to this situation by partitioning the liok& using their slopes. Here we can use exact selection
using Lemma 8 since we have more time at our disposal. Themergalgorithm is very similar to our previous
search algorithms, and the analysis follows along simifeas. Since each testing costs@8og n/ log log n)

time and the algorithm ha3(log log n) stages, the total time 9 (log n) usingn processors. We may also use
exact compaction. Finally, using a technique similar todrben 1, we can reduce the number of processors to
O(n/logn). Thus

Theorem 4 A ham-sandwich cut of two linearly separable sBtand () can be computed i®(logn) CRCW
steps, using:/ log n processors, where = |P U Q).

An approximateham-sandwich cut o and @, with relative accuracy), (0 < A < 1) will be defined as
follows. The cut is a lind which simultaneously partition® and @, so that the partition of (respectively

Q) does not contain more thd®|(1 + X\)/2 (respectively|Q|(1 + X)/2) points. In the context of the dual
setting this implies that we have to determine a peititat lies in the intersection af;(G) andL;(H) where
(1-=XN)|G]/2 <i < (1+XN)|G]|/2and(1—-))|H|/2 <j < (14 X)|H|/2. Ghouse and Goodrich [19], describe
a simple algorithm for this problem using random samplirlip¥eed by verification. We follow the lines of our
previous algorithms, with the modification that testinghwigspect to a line is done using approximate selection.
We use the following algorithm for parallel approximateestion from [6].

Lemma9 For all integersn > 4 andt > log log* n, approximate selection with relative accurazy"/ 1 log" n
can be achieved i (t) time, using an optimally irO(n) operations. Furthermore, foy > 1, a relative
accuracy o2~ can be achieved if)(q + log log* n) time, usingD(qn) operations.

We also use Lemma 3 to update the valueg;Qfh; at each iteration. Because of the use of approximate
algorithms, testing with respect to a lineeturns an answer satisfying the following property. Giygnh, and
alinet, the test returns a half-plane (boundedtjpwhich contains an intersection point of leyél+ ¢)g;, of G*

with level (1 & €)h, of H*. (Heree is the relative accuracy of our selection algorithm.) Meepthe updated
values ofg;, andhy, are accurate within a multiplicative factr + 1/poly(log n)). Since there ar@(loglogn)
iterative phases of the algorithm, the overall accuracylmbounded by1 + ¢)°(°81%6™)  From Lemma 9,

e < 1/poly(log n) is achievable in polyg log n) steps. Hence an overall relative accuracy gfoly(log n) is
achievable using this approach. Therefore we have theafmitpresult

Theorem 5 An approximate ham-sandwich cut of linearly separable getand (@, with relative accuracy
A < log%n for some fixed constant, can be computed i@ (log log® n) steps, using)(n) operations, where
n=|PUQ|.

6 Some observationson our method

In this section we offer some insights into the multidimensil search technique relative to other methods, in
particular random-sampling based strategies. The rarmimhalgorithm of Clarkson [5] (later derandomized
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by Chazelle and MatouSek [8]) exploits efficient geomep@etitioning methods based emet constructions
(often referred to asuttingsin the context of this problem). A/r-cutting C, for a setH of hyperplanes in
R? , is a collection ofi-dimensional simplices (with disjoint interiors) whichvewsR¢. Furthermore, no sim-
plex intersects more tha |/r hyperplanes. The number of simplicesdris called thesizeof the cutting.
The derandomization methods are actually technigues fostaacting cuttings whose existence is guaranteed
by the probabilistic method. It was shown by Matousek [25] &hazelle [7] thal /r-cuttings of sizeO(r?)
can be constructed in tim@(n - r¢~1), using a derandomization technique based on the methochdftmmal
probabilities (known aRkaghavan-Spenceechnique). It is fairly clear that, given such a cuttingg thultidi-
mensional search method becomes easier to implement. Wshew that the converse is also true- that the
multidimensional search method implies a cutting. This wated somewhat less explicitly in some previous
papers (see?] ?]). While the size of the cutting is much worse than one olstdiom the derandomization
methods, it does not involve derandomization, and is a dgesmetric constructon. The intuition is as follows.
The multidimensional search ihdimensions eliminates a fixed fractidh(d) of hyperplanes by location with
respect to a set of hyperplanBsof size A(d) . Let us denote the arrangementifiinduced by the hyperplanes
in R by A(R), and the region ind(R) that contains the optimum bi&x*. Clearly the number of hyperplanes
intersectingA* cannot exceefH |(1 — B(d)), since any plane that has been located cannot intefsedtow-
ever, it is not obvious how many hyperplanes intersect a#gionsA € A(R). If the same bound applies, then
we have a1 — B(d))-cutting. This is indeed so, since Megiddo’s algorithm sesleat the bottom-most level
of recursion, a fixed set of hyperplanes and does the locatitnrespect to these. Irrespective of where the
guery point lies, the previous bound holds. The size of thiting is less obvious. We reduce the number of
hyperplanes intersectind* by iterating a fixed number of timeson the lower dimensional problem. This is
an adaptive improvement that is localAg and it is not clear how it affects other regions. However, ifyirtg
equation 2 from section 4 as follows, will give us a bound andize of al /r-cutting.

T > l(7“L—2(1—7Td_1)-n(r—l)—n/r). (4)

S

We have set the exponent= 1 for the reasons mentioned above, and replacegdr with n/r since we may
do exact splitting in the present context. In equation 4ait be verified thaty > 1 — 2/rif 7y 1 > 1 — 21%2
Applying this inductively, we find that; > 1 — ﬁ impliesmg > 1 — 2/r. This implies a2/ cutting

in R¢. For anym, al/m-cutting of R' has size(m — 1) (by choosing(m — 1) equally spaced values). Thus
the overall cutting containgd—12'"" hyperplanes. This is exponentially larger than the custioysizeO(r?)
obtained frome-net constructions. However for small constanendd, this may be a reasonable alternative to
the derandomized schemes for constructirig-cuttings. We may summarize the discussion of this sectson a
follows.

Observation 2 Megiddo’ s algorithm implies a simple linear time methodtfut derandomization) for con-
. , . —1.d . . ,
structing1 /r-cuttings of siz&¢24=1r2""")" in R, whered is a fixed constant.

7 Concluding Remarks

This paper makes two main contributions to parallel fixadetisional linear programming. First, we show that
an alternative implementation of Megiddos [28] techniqunaldes efficient processor utilisation. Second, we
circumvent the bottleneck of median-finding, found in eardidaptations of Megiddo’s approach, by substituting
approximate selection algorithms. (Note that even randedhiselection has the same bottleneck.) However,
the underlying approximate algorithms have large assettiabnstants, and the algorithms of Goldberg and
Zwick [20] use expanders. We can eliminate the need for edgarby settling for a somewhat slower algorithm
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(by a factor ofO(log log3 n)), using the method of Hagerup and Raman [22]. On the othed, ithe running
time of Theorem 5 can be improved somewhat by using the sategligorithm of [20]. Finally, we remark that
reducing the dependence dmof the running time of our algorithm for LdPis a challenging open problem.
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Figure 1: Each quadrant is completely contained in a halfwpldetermined byf; or H;. So by determining the
signs of bothH;; and H};, we can determine the sign &f; or H;. For example, if the optimum lies in the NW
quadrant,H;’s sign is determined.H;; and H;; are not necessarily perpendicular.)
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Figure 2: If the center of the optimum circle is located in 8\ quadrant, clearly poiritwill be strictly closer
than:’ and hence can be eliminated.

8 Appendix
We give a brief outline of the proof of Lemma 1. The ideas am@&ed mainly from Hagerup and Raman[22],

where the reader can find more detailed proofs. ThroughoeitwiV usev(r) to denote a factor of the form

14+ ——.
polylog(r)
Proof of Lemma 1

Hagerup and Raman [22] describe a method for computiagproximate splitters i (log log® n) CRCW
time, usingrn processors. Below we describe how to speed up their methalilbstituting faster routines
for approximate prefix computatiaue to Goldberg and Zwick [20]. The problespproximate prefix-sunis
defined as follows:

A sequence) = by, by,...,b, is said to be ar-approximate prefix sum of a given nonnegative sequence
ai, ... ,ay if we have

i i

Zajgbig(l—i-e)z:aj

andb; — b;—1 > a; (1 <i < n). Lemma 3 is actually derived from the following result on epgmate prefix
sums.

Lemma 10 ([20]) For any fixeda > 0, and fixedd > 0, an1/(log® n)-approximate prefix sum sequence can
be computed i (1) CRCW time, using'*? processors.

Substituting the previous result in the proof of Lemma 1122[ we obtain
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Lemma 11 A set ofn keys can b@added-sortedvith padding factow (n) in O(loglogn) time, using a poly-
nomial number of processors.

To improve the processor bound in the previous lemma, weydmrhma 10 recursively to a sample-sort algo-
rithm. For this we compute group sampleas follows:

Let A be a set ofs numbersjn be an integer and let= _";. PartitionA into s groupsAs, ... , A,, each of size
m?. Padded-sort thel;’s into subarrays of size(n)m? and letB; be the multiset consisting of the elements
with rankvm, 2vm ...vm? in 4; . ThenB = |J, B; is a group sample of.

Remark: Computing a group sample of size/m involves sorting sets of siz@(m?). By choosing a group
sample of appropriate size and using its members as splitter Quicksort-like algorithm (but for only a con-
stant depth of recursion), we obtain the following resuting the same lines as Hagerup and Raman [22].

Lemma 12 For any fixede > 0, n keys can be padded-sortedd{log log n) CRCW time, with padding-factor
v(n), usingn'*€ processors.

An (m, X)-sampleof a setA is a subseB such that, for each pair of elementsy € B,
m| A
|B|
By choosing a group sample C A, using the procedure described previously, we can show that

|ranka(z) — ranka(y)| < |rankp(xz) — rankg(y)| + A|A].

Lemmal3 Bis a (v(m),v(m)/m)-sample ofd, computable irD(log logn) CRCW time, usingun proces-
sors. MoreovetB| = n/m.

The proof follows by summing|rankp,(z) — rankp,(y)| + 1) over all B;. From the definition of(r, A)
sample, the following can easily be verified.

Lemma 14 ([22]) LetB be a(r, A\)-sample of4 and letC be a(r’, \') sample ofB. ThenC'is a(rr',r\ + \)
sample ofA.

We now describe the algorithm for findimgapproximate splitters of a sé&t of n numbers. We may assume we
havenr processors initially. Thus, using Lemma 13, we compute aestuhy C X, whichis a(v(m),v(m)/m)-
sample, wheren = r. Note that|B;| = n/r, so we now have a processor advantage’ofNext we compute
By, which is a(v(r?),v(r?)/r?)-sample of B;. At stagei, we will compute a(v(r?),v(r?)/r?")-sample
of B;. By induction, we can show thaB;| = n/r”‘l. Now, from Lemma 14, we can show th& is

a (Hiu(r?),f[iu(r?)/r> -sample ofX. We continue this process untit; < n3* for the first time, call
this subsetD. Clearlyj < loglogn and fromr < n!/* it follows thatn!/* < |D| < n?*. algorithm.
Thus we can ensure tha is a (Hi v(r?), TL; 1/(7"21)/7"> -sample ofX. Since(1 + z) < e%, it follows that

[I, (1+ ) =0O(1). SoDisa(c,c /r) sample ofX, for some constant. SupposgD| = ¢, then choose
equally spaced elements frafhand call this sef. We claim thatS is a set ofr elements which approximately
splits X with expansion factox/r. To see this, note that between two consecutive elemerfisioére arey/r
elements ofD. SinceD is a(d, ' /r) sample ofX, it follows (from the definition of ar(mn, \)-sample) that
there are a maximum ef(n/q)(q/r) + ¢'(1/r)n elements ofX. Substitutinge” = ¢’* the number of elements

can be bounded b@(v/c¢"n/r). Forr > ¢, this is less than’. This completes the proof of Lemma 1. Note

thatC' = ¢” in the statement of Lemma 1. v

Remark The running time of the above algorithm for finding approxiensplitters can be improved @(log log n)
time by noting that only the first group sampling step takékg log n) andO(1) thereafter by exploiting pro-
cessor advantage carefully. This was pointed out by onecafetfiewers.
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