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Abstract

Random independent sets in graphs arise, for example, in statistical physics, in
the hard-core model of a gas. In 1997, Luby and Vigoda described a rapidly mixing
Markov chain for independent sets, which we refer to as the Luby-Vigoda chain.
A new rapidly mixing Markov chain for independent sets is defined in this paper.
Using path coupling, we obtain a polynomial upper bound for the mixing time of
the new chain for a certain range of values of the parameter X\. This range is wider
than the range for which the mixing time of the Luby—Vigoda chain is known to be
polynomially bounded. Moreover, the upper bound on the mixing time of the new
chain is always smaller than the best known upper bound on the mixing time of the
Luby—Vigoda chain for larger values of A (unless the maximum degree of the graph
is 4). An extension of the chain to independent sets in hypergraphs is described.
This chain gives an efficient method for approximately counting the number of
independent sets of hypergraphs with maximum degree two, or with maximum
degree three and maximum edge size three. Finally, we describe a method which
allows one, under certain circumstances, to deduce the rapid mixing of one Markov
chain from the rapid mixing of another, with the same state space and stationary
distribution. This method is applied to two Markov chains for independent sets, a
simple insert/delete chain and the new chain, to show that the insert/delete chain
is rapidly mixing for a wider range of values of A than was previously known.

1 Introduction

An independent set in a graph G is a subset of vertices, no two of which are adjacent. In
statistical physics, independent sets arise in the hard-core model of a gas, where a vertex
is a possible site for a particle and adjacent sites cannot be simultaneously occupied.
The probability 7(X) that a particular configuration X is observed is proportional to
NXI for some positive parameter A. The normalising factor, Z()), is called the partition
function of the system. The two main tasks are evaluating the partition function and
sampling according to the probability distribution 7. Both of these problems can be
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solved in polynomial time using the Markov Chain Monte Carlo method wherever a
rapidly mixing Markov chain for independent sets is available (see, for example [18]).

The simplest Markov chain for independent sets is the so called insert/delete chain.
This chain was only known to be rapidly mixing for small values of A. A slightly more
complicated chain was proposed by Luby and Vigoda [21]. We refer to this chain as the
Luby—Vigoda chain. A rapidly mixing Markov chain for independent sets of fixed size
was introduced by Bubley and Dyer [3]; in this paper we concentrate on results relating
to the set Z(G) of all independent sets in the given graph.

In [21], Luby and Vigoda used the coupling method to establish the rapid mixing
of their chain. Here we state tighter bounds on the mixing time of the Luby—Vigoda
chain which can be established using the path coupling method [3]. Then a new Markov
chain for independent sets is defined. This chain was independently discovered by Luby,
Mitzenmacher and Vigoda, as mentioned in [20].

The new chain is an improvement on the Luby—Vigoda chain in two areas. The
upper bound on the mixing time of the new chain is polynomial for a wider range of
values of A than the best known upper bound on the mixing time of the Luby—Vigoda
chain. Moreover, the new chain has better time bounds than the Luby-Vigoda chain
for “large” values of A (unless the maximum degree A of the graph is 4). We do not
know whether this apparent improvement is an artefact of the analysis, or whether the
new chain really is more rapidly mixing (or rapidly mixing for a wider class of graphs)
than the Luby-Vigoda chain.

To compare the time bounds of the new chain and the Luby-Vigoda chain, we
calculate the ratio of the best known upper bounds of the respective mixing times. In
fact we show that this ratio tends to infinity as A increases. The Luby—Vigoda chain has
better time bounds on A-regular graphs for small values of A\, but never by more than
a factor of two. While comparing best known upper bounds on the mixing times is not
entirely satisfactory (we cannot claim, for example, that one chain mixes more rapidly
than the other), in the context of Markov chain Monte Carlo algorithms it is the upper
bound which determines the number of steps of the chain to be simulated per sample.

Like the Luby—Vigoda chain, the new chain can be used to approximately count
independent sets in graphs of degree at most four, and we give better time bounds for
this than those given in [21]. Specifically, the time bound given in [21] for this task is
O(n3log(n)), while our chain has time bound O(nlog(n)) if the graph has maximum
degree three, and O(n?log(n)) if the graph has maximum degree four, where n is the
number of vertices of the graph.

The new chain is easily extended to act on independent sets of hypergraphs. The
upper bound on the mixing time increases with the size of the largest edge in the
hypergraph. We show that the new chain can be used to approximately count (in
polynomial time) independent sets in hypergraphs where either each vertex is contained
in at most two edges, or each vertex is contained in at most three edges and each
edge contains at most three vertices. The former problem is related to the problem of
approximately counting edge covers of a graph. The bound on the mixing time of the
new chain is Q*(n?) smaller than the bound on the mixing time of the only previously
available Markov chain for edge covers in graphs (where the Q*(-) notation hides factors
of log(n)). As far as we are aware, the Markov chain presented here is the first which
can be used to approximately count the number of independent sets in hypergraphs



of maximum degree three, maximum edge size three. We show that the problem of
counting independent sets in graphs with maximum degree 3 is # P-complete, and that
it is #P-complete to count independent sets in hypergraphs where every edge has at
most three vertices and each vertex is contained in at most three edges.

To conclude, we show how the rapid mixing of one Markov chain can, under certain
conditions, be used to deduce the rapid mixing of another Markov chain with the same
state space and stationary distribution. This method is useful in the following situation.
Suppose that a known Markov chain for a given state space is rapidly mixing. If a
simpler Markov chain exists with the same state space and stationary distribution, one
might prefer to work with this simple chain when performing simulations (such as in
a Markov chain Monte Carlo algorithm). If the specified conditions are met, we can
deduce that the simple chain is also rapidly mixing.

The method involves relating the spectral gap of the two chains, using a linear
relationship between the entries of the transition matrices of the chains. It gives a
simple alternative to the approaches described in [7, 8, 9, 25]. We illustrate our method
using the insert/delete chain and the new chain. This allows us to demonstrate that the
simple insert/delete chain is rapidly mixing for a much wider range of values of A than
was previously known.

The plan of the paper is as follows. In the remainder of the introduction we review
the path coupling method. In Section 2 we introduce some notation and describe the
insert/delete chain and the Luby—Vigoda chain. The new chain is described in Section 3
and a proof by path coupling is given to show that it is rapidly mixing for a wider range
of values of A than the Luby—Vigoda chain is known to be. An extension of the new chain
to independent sets of hypergraphs is described in Section 4. Classes of hypergraphs for
which this chain mixes rapidly when A\ = 1 are discussed. In Section 5 we develop and
apply the new method referred to above which allows us, under certain conditions, to
deduce the rapid mixing of one Markov chain from the rapid mixing of another with the
same state space and stationary distribution.

Note added: Since submitting this paper, we have learnt that Luby and Vigoda [20]
have analysed the insert/delete chain, using path coupling with respect to a specially
defined metric. They have shown that the insert/delete chain is rapidly mixing for the
same range of values as the new chain described in this paper. (The proof in [20] only
considers triangle-free graphs, and the proof for arbitrary graphs uses coupling.) The
upper bound on the mixing time that they obtain (in the triangle-free case) is a constant
times larger than the upper bound on the mixing time that we prove for the new chain.
For example, suppose that the maximum degree of the graph is 4. As A tends to 1, the
upper bound on the mixing time of the Markov chain given in [20] is almost three times
bigger than the upper bound on the mixing time of the chain described in this paper.

1.1 A review of path coupling

Let €2 be a finite set and let M be a Markov chain with state space €2, transition matrix
P and unique stationary distribution 7. In order for a Markov chain to be useful for
almost uniform sampling or approximate counting, it must converge quickly towards
its stationary distribution 7. We make this notion more precise below. If the initial
state of the Markov chain is x then the distribution of the chain at time ¢ is given by



Pl.(y) = P'(z,y). The total variation distance of the Markov chain from 7 at time ¢,
with initial state x, is defined by

dpy (P ZlPt:ny*W y)l.
yGQ

Following Aldous [1], let 7,.(¢) denote the least value T" such that dpy (P?,, m) < ¢ for all
t > T. The mizing time of M, denoted by 7(¢), is defined by 7(¢) = max {7;(¢) : x € Q}.
A Markov chain will be said to be rapidly mizing if the mixing time is bounded above
by some polynomial in n and log(¢~!), where n is a measure of the size of the elements
of . (Throughout this paper all logarithms are to base e.) Sometimes it is convenient
to specify an initial distribution p for the Markov chain, rather than an initial state.
Then the total variation distance at time ¢ is given by

dTVHP Z‘ZN Ptzy_ﬂ-( )|
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One can easily prove that
dTv(,u,Pt, 7T) < max {dTv(Ptx, 7'(') T e Q} (1)

for all initial distributions u.

There are relatively few methods available to prove that a Markov chain is rapidly
mixing. One such method is coupling. A coupling for M is a stochastic process (X, Y;)
on 2 xQ such that each of (X3), (Y;), considered marginally, is a faithful copy of M. The
Coupling Lemma (see for example, Aldous [1]) states that the total variation distance
of M at time ¢ is bounded above by Prob[X; # Y], the probability that the process has
not coupled. The difficulty in applying the Coupling Lemma lies in obtaining an upper
bound for this probability. In the path coupling method, introduced by Bubley and
Dyer [3] , one need only define and analyse a coupling on a subset S of Q x Q. Choosing
the set S carefully can considerably simplify the arguments involved in proving rapid
mixing by coupling. The path coupling method is described in the next theorem, taken
from [12]. We use the term path to describe a sequence of elements of the state space,
which need not necessarily be a sequence of possible transitions of the Markov chain.

Theorem 1.1 Let § be an integer-valued metric defined on  x £ which takes values in
{0,...,D}. Let S be a subset of Q x Q such that for all (X;,Y;) € Q x Q there exists a
path

Xe=2y, Zh,..., 2, =Y,

between Xy and Y; such that (Z;, Zj41) € S for 0 <1 <7 and

r—1

> 621, Zia) = 6(X4, V).

=0
Define a coupling (X,Y) — (X', Y') of the Markov chain M on all pairs (X,Y) € S.
Suppose that there exists 3 < 1 such that E[§(X', Y")] < B6(X,Y) for all (X,Y) € S
If B < 1 then the mixing time () of M satisfies

log(De™ 1)
7(e) < 15



If B =1 and there exists a > 0 such that Prob [6(Xiy1,Yir1) # 0(Xy, Y1) > o for all t,

then
2
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Remark 1.1 In many applications the set S is defined by
S={(X,Y)eQxQ:§X,Y)=1}.

Here one need only define and analyse a coupling on pairs at distance 1 apart.

2 Known Markov chains for independent sets in graphs

Let G = (V, E) be a graph. A subset X of V is an independent set if {v, w} ¢ E for all
v, w € X. Let Z(G) be the set of all independent sets in a given graph G and let A be
a positive number. The partition function Z = Z(\) is defined by

Z=z\= Y A

XET(G)

The function 7 defined by
AlXI
X ="z
is a probability measure on Z(G). The two main tasks are to approximately evaluate
the partition function Z(\) and to approximately sample from Z(G) according to the
distribution 7. When A = 1 the task of approximately evaluating Z(\) is equivalent to
approximately counting Z(G). Note that it is NP-hard to compute Z(\) to within any
polynomial factor whenever A\ > ¢/A for some constant ¢ > 0 (unless NP = RP). For a
proof of this result see [21, Theorem 4].
For the remainder of the paper we will assume that the maximum degree A of the
graph G is at least 3. This assumption is justified by the following theorem, the proof
of which is easy and omitted.

Theorem 2.1 Let G be a graph with mazimum degree A and let Z(G) be the set of all
independent sets in G. Suppose that 0 < A < 2. Then we can evaluate Z(\) exactly (in
polynomial time) for all X\ > 0. Moreover there exists a polynomial-time procedure for
sampling from Z(G) according to the distribution .

For A > 3 the tasks of approximately evaluating Z(\) and approximately sampling
from Z(G) according to 7 can be performed using a rapidly mixing Markov chain with
state space Z(G) and stationary distribution w. For a description of how this can be
achieved, see for example [18]. The simplest Markov chain on Z(G) which converges to
the stationary distribution 7 is the so-called insert/delete chain. If X is the state at
time t then the state at time t + 1 is determined by the following procedure:



(i)  choose a vertex v uniformly at random from V/,
(ii)  (Delete) if v € Xy then let X1 = Xy \ {v} with probability 1/(1 4+ \),
(Insert) if v ¢ Xy and v has no neighbours in X; then let X;; = X; U {v}
with probability A/(1 + \),
otherwise let X;11 = X;.

This chain is easily shown to be ergodic with stationary distribution equal to w. Given
X, Y €I(G), let H(X,Y) denote the Hamming distance between X and Y which equals
| X\Y|4+|Y\ X|. A bound on the mixing time of the insert/delete chain is stated below.
This bound is obtained using the path coupling method on states at distance 1 apart.
The details are omitted.

Theorem 2.2 Let G be a graph with mazimum degree A. The insert/delete Markov
chain is rapidly mizing for A < 1/(A —1). When A < 1/(A — 1) the mizing time 7(c)
of the insert/delete chain satisfies

14+ A

mnlog(ns_l).

T(e) <

When X\ = 1/(A — 1) the mizing time satisfies

7(e) < [2n? e (1 4 ) (log(n) + 1)][log(¢™1)].

Remark 2.1 Given the above bound on the mixing time of the insert/delete chain,
we can only guarantee rapid mixing at A = 1 when the input graph has maximum
degree 2. Since |Z(G)| can be calculated exactly for these graphs (see Theorem 2.1),
this would suggest that the insert/delete chain is not useful in terms of approximate
counting. However, the results of Section 5 below show that the insert/delete chain is
rapidly mixing for a wider range of values of A than stated above. In particular, we
show that the insert/delete chain can be used to approximately count independent sets
in graphs with maximum degree at most four. Note added: Since submission of this
paper, Luby and Vigoda [20] have proved rapid mixing of the insert/delete chain for the
same range of values of A\ as we consider in Section 5, but with a better bound on the
mixing time.

In [21], Luby and Vigoda proposed the following Markov chain on state space Z(G),
which we shall denote by LV(Z(G)). If the Markov chain is at state X; at time ¢, the
state at time ¢ 4 1 is determined by the following procedure:

(i) choose an edge e = {v, w} from F uniformly at random,

(i) e with probability A\/(1+ 2X) let X' = (X; U {v}) \ {w},
e with probability A/(1+ 2\) let X' = (X; U {w}) \ {v},
e with probability 1/(1 + 2X) let X' = X; \ {v, w},

(iii) if X’ € Z(G) then let X1 = X' else let X411 = X;.



The Luby—Vigoda chain is ergodic with stationary distribution 7. In [21], the chain
is shown to be rapidly mixing for A > 4, A < 1/(A — 3), using the coupling method.
A bound for the mixing time of the Luby—Vigoda chain is given below which is an
improvement on that stated in [21]. The Luby—Vigoda chain is also rapidly mixing
when A = 3, A < 1, as stated in [21]. A bound for the mixing time of the chain in
this case is stated below. Both bounds were obtained using path coupling on pairs at
distance 1 apart. The details are omitted, but note that the bounds improve those given
in [21] by a factor of Q(n).

Theorem 2.3 Let G be a graph with mazimum degree A and minimum degree §. The
Markov chain LV(Z(Q)) is rapidly mizing for A = 3, X < 1 and for A > 4, A <
1/(A —3). When A =3 and A <1 the mizing time satisfies

1+2A

mv(e) < 57—y Elloa(ne ™)

When A >4 and X\ < 1/(A — 3) the mizing time Ty (€) satisfies

1+2X

< S (A gy s,

v (€)
When (a) A=3 and \=1 or (b) A >4 and A = 1/(A — 3) the mizing time satisfies

v (e) < [2ne] B|(1 +2X)(log(n) + 1)][log(e™1)].

Remark 2.2 The Luby—Vigoda chain gives an efficient algorithm for approximately
counting of independent sets in graphs with maximum degree at most four.

Remark 2.3 In all but the boundary cases (i.e. when A > 3 and A = 1/(A — 3), or
A = 3 and A = 1), the bound on the mixing time of the Markov chain LV(Z(G)) is
proportional to |F|/d, where ¢ is the minimum degree of the graph G. Therefore the
chain may be A times more rapidly mixing for a A-regular graph than for another
graph with maximum degree A. It is possible to improve this situation by embedding
G into a A-regular multigraph G’ = (V, E’), adding self-loop edges at vertices with
degree less than A. A Markov chain on Z(G’) can be defined which is rapidly mixing
for A < 1/(A —3) when A > 3, and for A < 1 if A = 3. Moreover, the mixing time
of this chain can be bounded above by the upper bound established in Theorem 2.3 for
the Luby—Vigoda chain on regular graphs, in the following situations: when A > 4 and
1/(2A =5) <A <1/(A—3),or when A =3 and 1/3 < A < 1. The details are omitted.

Remark 2.4 Recently, Dyer, Frieze and Jerrum [13] have given a moderate value of A,
above which approximate counting is impossible unless RP=NP. Moreover, they show
that, for A > 6, no random walk can converge in polynomial time if it adds to, or deletes
from, the independent set only a “small” number of vertices. Thus, for random walks
of the type described here, the issue of rapid mixing is only open for A = 5.



3 A new Markov chain for independent sets in graphs

In this section we define a new chain M(Z(G)) with state space Z(G), the set of all
independent sets in the graph G. The new Markov chain can perform the moves of the
insert/delete chain, and can also perform a new kind of move, called a drag move. If
X, is the state at time t then the state at time ¢ 4+ 1 is determined by the following
procedure:

(i)  choose a vertex v uniformly at random from V,
(i)  (Delete) if v € Xy then let Xy = X\ {v} with probability 1/(1 + X),
(Insert)  if v ¢ X; and v has no neighbours in X; then
let X1 = Xy U{v} with probability A/(1+ ),
(Drag) if v ¢ X; and v has a unique neighbour v in X; then
let X1 = (X U{v}) \ {u} with probability A/(4(1+ X)),
otherwise let X1 = X4

This chain is easily shown to be ergodic with stationary distribution 7. Recall the defi-
nition of the line graph L(I") of a graph I', with a vertex for every edge in I" and edges in
L(T) between adjacent edges in I'. An independent set in L(T") corresponds to a matching
in I': that is, a set of edges no two of which are adjacent. The Markov chain M(Z(G))
defined above corresponds almost exactly to the Markov chain on matchings described
in [18, p. 495] (in the matchings chain, a drag move is performed with probability 1).

The set of transitions which this Markov chain can perform is identical to the set of
transitions performed by the Luby—Vigoda chain. However, the probabilities with which
these transitions are performed can be very different. For example, the Luby—Vigoda
chain will insert the vertex v with probability which depends on the degree of v. The
probability of insertion in the new chain is independent of the degree of the vertex.

We prove below that M(Z(G)) is rapidly mixing for A < 2/(A — 2) using the path
coupling method on pairs at Hamming distance 1 apart. This result improves upon that
of Luby—Vigoda when A =3 or A > 5. A comparison of the best known upper bounds
for the mixing times of the two chains is given at the end of this section.

Theorem 3.1 Let G be a graph with mazimum degree A. The Markov chain M(Z(G))
is rapidly mizing for A < 2/(A—2). When \ < 2/(A —2) the mizing time 7(g) satisfies

2(1+ \)
") = 5= A o

When A\ = 2/(A — 2) the mizing time satisfies

7(e) < [2n? e (1 4 ) (log(n) + 1)][log(¢™1)].

nlog(ne™ ).

Proof. Let (X, Y:) € Z(G) x Z(G) be given. We can certainly construct a path
Xy =Zo,..., 2, =Y,

between X; and Y; such that H(Z;, Z;11) =1for 0 <i <rand Z; € Z(G) for 0 < i < r,
where r = H(Xy,Y;). The path may be defined by removing each element of X; \ Y;



one by one until the independent set X; N'Y; is obtained, then by adding each element
of Y; \ X; in turn. Therefore it suffices to define a coupling on elements (X,Y) such
that H(X,Y) = 1. Let X and Y be independent sets which differ just at a vertex v
with degree d. Without loss of generality, assume that v € X \ Y. We now define the
coupling on (X,Y’). Choose a vertex w € V uniformly at random. Suppose first that w
does not satisfy any of the following conditions:

(i) w=w,
(ii) {w,v} € E and w has no neighbour in Y,

(iii) {w,v} € F and w has a unique neighbour in Y.
Then perform the following procedure:
e if we X then let (X',Y') = (X \ {w},Y \ {w}) with probability 1/(A + 1),

e if w ¢ X and w has no neighbour in X then let (X', Y’) = (X U{w},Y U{w})
with probability A/(1+ A),

e if w ¢ X and w has a unique neighbour u in X then let

(XY = (X U{wh) \{u}, (Y U{w}) \{u})
with probability A/(4(1 + \)),
e otherwise let (X', Y’) = (X,Y).

It follows from the fact that w does not safisfy Conditions (i)—(iii) that procedure
defines a coupling of M(Z(G)) and that H(X’,Y’) = 1 with probability 1. The coupling
in the special cases will now be described and the contribution made to E [H (X', Y") — 1]
will be calculated.

If w = v then let (X')Y’) = (X, X) with probability A/(1 + \), otherwise let
(X',Y') = (Y,Y). Here H(X',Y') = 0 with probability 1.

Suppose next that w satisfies Condition (ii). Define the coupling here as follows:

e with probability A/(4(1 4+ \)) let (X', Y') = (Y U{w},Y U{w}),

e with probability 3A\/(4(1 + \)) let (X', Y') = (X,Y U {w}),

e otherwise let (X', Y’) = (X,Y).

Here H(X',Y") = 0 with probability A/(4(1+\)) and H(X',Y”') = 2 with probability
3A/(4(1 + N)), otherwise H(X',Y') = 1.

Finally suppose that w satisfies Condition (iii). If w is the unique neighbour of
w which is an element of Y then let (X', Y”") = (X, (Y U{w}) \ {u}) with probability

A/(4(1 4+ X), otherwise let (X'Y') = (X,Y). Here H(X',Y’) = 3 with probability
A/(4(14+ X)) and H(X',Y') = 1 otherwise.



Let d’ be the number of neighbours w of v which have neighbours in the independent
set Y. Then d — d’ elements of V satisfy Condition (ii) and at most d’ elements of V/
satisfy Condition (iii). Combining these calculations, we obtain

BIH(XY) 1] < <(2d(1_f/;)A - 2(1d/:>\) - 1)
bt )
Let 8 be defined by
p=1- ;n((?—;f)))\

Then (2) states that E [H(X',Y")] < 3. Now 8 < 1 whenever A\ < 2/(A —2). When
A < 2/(A —2) the chain M(Z(G)) is rapidly mixing with mixing time 7(g) given by

2(1+ \)

T(e) < mnlog(na_l),

by Theorem 1.1. When A\ = 2/(A — 2) we must estimate the probability that the
Hamming distance changes in any given step. Rather than apply the second part of
Theorem 1.1 directly, we will derive an improved bound. Suppose that H(X,Y) = i.
Then there exist 7 vertices v such that v € X \ Y or v € Y \ X. With probability
1/(1 4+ X) we will delete v from one independent set, decreasing the Hamming distance
between X and Y. Therefore the probability that the Hamming distance changes is at
least i/(n(1 + A)). We estimate the expected time that it takes a coupling started at
(X,Y) to decrease the Hamming distance to ¢ — 1. By [19, Lemma 4], the expected time
to reach Hamming distance 7 — 1 is at most

M (2(n —i+1) —1) < 2n%(1 + \)/i.
Therefore the expected time to couple is bounded above by

n

2n2(1+ \) Z 1

. 1
=1

which is less than 2n?(1 + \)(log(n) + 1). It follows using Markov’s inequality that the
probability that we have not coupled after T = [2n?e (1 + A\)(log(n) + 1)] steps is at
most e~!. If we perform s independent coupling trials of T" steps then the probability
that we have not coupled at the end of these sT steps is at most e™®. It follows that
the mixing time satisfies

7(e) < [2n”e (1 + A)(log(n) + 1)1 log(e ™)1,

as stated. 0

10



Remark 3.1 The probability that M(Z(G)) performs a given drag move is A/ (4(1+X)).
We could instead have defined a family of Markov chains by letting this drag probability
be p = p(A). However, it is easy to show that our chosen value of p minimises the upper
bound on the mixing time, for all values of A.

Remark 3.2 Like the Luby—Vigoda chain, the new chain gives an efficient algorithm
for approximately counting independent sets in graphs with maximum degree at most
four. The upper bound for the mixing time for this task is {2(n) times smaller than that
given in [21] if A = 4, and Q(n?) times smaller if A = 3.

3.1 Comparing upper bounds on mixing times

We conclude this section by comparing our improved upper bounds for the mixing time
of the Luby—Vigoda chain £V(Z(G)) and the upper bounds for the mixing time of the
new chain M(Z(G)), as given in Theorems 2.3 and 3.1. In both cases, the upper bound
given is the best known upper bound for the mixing time of the chain. First let us make
a general definition.

Definition 3.1 Let M; be a Markov chain on a state space Q2 with mixing time 7;(¢),
and suppose that B;(e) is the best known upper bound on 1;(g) fori = 1,2. If Bi(e) <
Bs(e) then M is said to be UB-superior to My (here “UB” stands for “upper bound”).

Suppose that M is UB-superior to Ms. Of course, it does not necessarily follow
that 71 (Mj) < 12(Ma), since the upper bound Bs(e) could be far too high. However,
in a Markov chain Monte Carlo setting, the Markov chains M; are used to perform
approximate sampling from the underlying state space 2. In order to ensure that the
final state is drawn from a distribution which is within € of stationary in total variation
distance, the Markov chain M; must be simulated for B;(¢) steps, as this is the best
known upper bound on the mixing time. Thus the approximate sampling algorithm
based on M;j is faster than the approximate sampling algorithm based on My (and
similarly for approximate counting).

In some other contexts, the concept of UB-superiority may be less useful. For exam-
ple, suppose that the Markov chain is being used in a perfect sampling algorithm such
Fill’s algorithm [14] or coupling from the past [24]. Here, the running time of the perfect
sampling algorithm depends on the mixing time of the Markov chain, rather than on
any upper bound for the mixing time.

Now let us return to the comparison of the upper bounds of the new Markov chain
and the Luby—Vigoda chain for independent sets. Let r(\) be the ratio of the upper
bounds, with the bound for 77y (¢) as the numerator and the bound for 7(¢) as the
denominator. If 7(A) > 1 then the new chain is UB-superior, while if 7(A) < 1 then the
Luby—Vigoda chain is UB-superior. For convenience we restrict outselves to the case
that G is A-regular. Note however that, by Remark 2.3, the comparison is also valid
for nonregular graphs if A >4, 1/(2A —=5) <A <1/(A—-=3)or A=3,1/3<A<1. A
summary of the results for A <1, A=3, A <1, A=4and A< 1/(A—-3), A>5is
given in Figure 3.1.
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Figure 1: The ratio r of the upper bounds for the mixing times,
LY : M, for various values of A

In all cases, the ratio r(\) is a monotonic increasing function of A\. Hence, as A
increases, we may move from values where the Luby—Vigoda chain is UB-superior to
values where the new chain is UB-superior. Moreover, r(A) — 1/2 as A — 0. This shows
that the upper bound on the mixing time of the new chain is at most twice as large as
the upper bound on the mixing time of the Luby—Vigoda chain. In contrast, if A # 4
then 7(\) tends to infinity as A grows. This corresponds to situations where the upper
bound on the mixing time of the Luby—Vigoda chain is arbitrarily larger than the upper
bound on the mixing time of the new chain. Note that, in applications, it is generally
the larger values of A which are of more interest.

First suppose that A =3 and A < 1. Then the ratio r(\) is given by

3 = (L4+2X0)(2—X) 243X —2)?
S ATy v TE Ry A srye

The Luby—Vigoda chain is UB-superior if 0 < A < 1/2, and the new chain is UB-superior
if 1/2 < A < 1. As X tends to 1 the ratio tends to infinity. For example, when \ = 1/4
the ratio is 7/10, when A = 3/4 the ratio is 25/14 and when A = 99/100 the ratio is
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15049/398. When A = 1 the upper bound of the Luby—Vigoda chain is 2*(n) times

bigger than the upper bound for the new chain. When 1 < A < 2 the new chain is

rapidly mixing but it is not known whether the Luby—Vigoda chain is rapidly mixing.
Next consider the case A = 4. If A < 1 then the the ratio () is given by

1+2A
A)=——
"=
which is less than 1 for all values of A < 1. Therefore the Luby—Vigoda chain is UB-
superior when A =4 for all A < 1. The ratio tends to 3/4 as A tends to 1. When A =1
the ratio r(\) is given by
[12n2 e (log(n) + 1)]
[4n? e(log(n) + 1)]
which is approximately equal to three for large values of n. This suggests that the upper
bound on the mixing time of the Luby—Vigoda chain is roughly three times as large as
the upper bound on the mixing time of the new chain in the boundary case A = 1.

Finally suppose that A > 5. If A < 1/(A — 3) then the ratio r(\) of the upper
bounds satisfies

r(A) =

(V) = (14+2)N)(2—-(A-2)N)

41+ N (1= (A =3)N\)
It is not difficult to check that r(A) < 1 when A = 2/(3A — 8), and r(A) > 1 when
A =2/(3A — 10). Therefore there exists Ag such that 2/(3A —8) < A\ < 2/(3A — 10),
the Luby—Vigoda chain is UB-superior for 0 < A < Ay and the new chain is UB-superior
for \g < A < 1/(A — 3). Note that the latter interval is nonempty, as A > 5. As A
tends to 1/(A — 3) the ratio tends to infinity. For example, suppose that A = 8. When
A = 1/9 the ratio r equals 33/40, when A = 1/7 the ratio is 9/8 and when A = 24/125
the ratio is 9169/1490. If A = 1/(A — 3) then the upper bound on the mixing time of
the Luby—Vigoda chain is Q*(n) times larger than the upper bound on the mixing time
of the new chain. When 1/(A —3) < XA <2/(A — 2) the chain M(Z(G)) is known to be
rapidly mixing but the Luby—Vigoda chain has no direct proof of rapid mixing.

4 A Markov chain for independent sets in hypergraphs

In this section it is shown that the Markov chain M(Z(G)) can be easily extended
to operate on the set of all independent sets of a hypergraph. As we shall see, this
gives an efficient method for approximately counting the number of independent sets of
two classes of hypergraphs: those with maximum degree two and those with maximum
degree three, maximum edge size three.

A hypergraph G = (V, E) consists of a vertex set V and a set E of edges, where each
edge is a subset of V. We will insist that every edge contains at least 2 elements. Let

m =max {|e|: e € E},

the size of the largest edge. Then the hypergraph G is a graph if and only if m = 2.
Say that w is a neighbour of v if there exists an edge which contains both v and w. We
use the degree function d defined by

div)=|{e€ E:ve€e}|
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for all v € V. Let the maximum degree A of G be defined by
A =max{d(v):v e V}.

An independent set in the hypergraph G is a subset of the vertex set, no subset of
which is an edge in E. Consider a map X : V — {0,1}. An edge e is said to be a flaw
in X if and only if X (v) =1 for all v € e. Let f(X) be the number of flaws in the map
X. An independent set corresponds to a map X : V — {0,1} with no flaws, where the
vertex v belongs to the independent set if and only if X (v) = 1. Let Z(G) be the set of
all independent sets in GG, defined by

I(G) = {X : V — {0,1} : f(X) =0}.

If v e eand X(v) =0 but X(u) =1 for all u € e\ {v}, then v is said to be critical for
the edge e in X. In this situation e is said to be a critical edge.

Let A be a positive parameter. Just as in the graph case, we use the distribution
on Z(G) where 7(X) is proportional to AIXI. We now give a definition of the Markov
chain M(Z(G)) which agrees with the chain described in Section 3 whenever G is a
graph. For ease of notation, let p = (m — 1)A/ (2m(A + 1)). If the chain is in state X;
at time t, the next state X, is determined according to the following procedure:

(i) choose a vertex v € V uniformly at random,

(ii) e if v € Xy then let X1 = Xy \ {v} with probability 1/(\ + 1),
e if v ¢ X; and v is not critical in X; for any edge then let Xy = X; U {v}
with probability A/(1+ A),
o if v & X; and v is critical in X; for a unique edge e then with probability p
choose w € e\ {v} uniformly at random and let X;; = (X; U {v}) \ {w},

e otherwise let X411 = X;.

This chain is easily shown to be ergodic. Let P be the transition matrix of M(Z(G)).
If Y = X U{v} then AP(X,Y) = P(Y,X) and hence n(X)P(X,Y) = n(Y)P(Y, X).
Suppose that v ¢ X and v is critical in X for a unique edge e. Let w € e\ {v} and let
Y = (X U{v})\ {w}. Then P(X,Y) = p/(le] —1). Now w is critical for e in Y. The
fact that X has no flaws implies that w is not critical for any other edge in Y. Therefore
P(Y,X) = P(X,Y) and so m(X)P(X,Y) = n(Y)P(Y,X). These observations show
that M(Z(G)) is reversible with respect to m, so 7 is the stationary distribution of
M(Z(Q)).

The following theorem proves that the Markov chain M(Z(G)) is rapidly mixing for

A<m/((m—-1)A—-m),

using the path coupling method. When m = 2 both the chain, and the result, are
identical to those of Theorem 3.1.
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Theorem 4.1 Let G be a hypergraph with maximum degree A and mazimum edge size
m. The Markov chain M is rapidly mizing for X < m/((m —1)A —m). When X <
m/ ((m — 1)A —m) the mizing time 7(c) satisfies

m(1+ )
m—((m—1)A—-m)\

When A =m/ ((m — 1)A —m) the mizing time satisfies

7(e) < [2n% e (1 + A)(log(n) + 1)][log(¢ ™)1

nlog(ne™1).

T(e) <

Proof. As in Theorem 3.1, we can couple the pair (X;,Y;) of independent sets along
a path of length H(Xy,Y;), where consecutive elements of the path are at Hamming
distance 1 apart. Let X and Y be independent sets which differ just at a vertex v with
degree d. Without loss of generality, assume that v € X \ Y. We now define the coupling
on (X,Y). Choose a vertex w € V uniformly at random. Suppose first that w does not
satisfy any of the following conditions:

(i) w=w,

(ii) w is a neighbour of v and there exists an edge e such that {v,w} C e and e is the
only edge for which w is critical in X,

(iii) w is a neighbour of v which is critical in X for more than one edge but is critical
in Y for a unique edge e.

Then perform the following procedure:
e if w e X then let (X' Y') = (X \ {w},Y \ {w}) with probability 1/(\ + 1),
o if w ¢ X and w is not critical in X for any edge then let
(X,Y') = (X U{w},Y U {w})
with probability A\/(1 4+ \),

e if w & X and w is critical in X for a unique edge e then with probability p choose
u € e\ {w} uniformly at random and let

(X5Y") = (X U{wh) \{u}, (Y U{w}) \{u}),
e otherwise let (X', Y’) = (X,Y).

It follows from the fact that w does not satisfy any of Conditions (i)—(iii) that this
procedure is indeed a coupling for M(Z(G)) and that H(X',Y’) = 1 with probability
1. The coupling in the special cases will now be described and the contribution made
to E[H(X',Y') — 1] will be calculated.

If w = v then let (X')Y’) = (X, X) with probability A/(1 + A), otherwise let
(X",Y") = (Y,Y). Here H(X',Y’) = 0 with probability 1.

Suppose next that w satisfies Condition (ii). Define the coupling here as follows:
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e with probability p choose u € e\ {w} uniformly at random and let
(X0Y") = (X U{wh) \{u}, Y U{w}),

o with probability A/(1+ ) — p let (X',Y") = (X,Y U {w}),

e otherwise let (X', Y’) = (X,Y).

Now H(X',Y') = 0 with probability p/(|e| — 1), as this occurs if and only if v is the
element of e \ {w} chosen uniformly at random. For all other elements of e \ {w} we
obtain H(X',Y") = 2. With probability A/(1 + A) —p we let (X" Y’) = (X, Y U{w})
giving H(X',Y") = 2. With probability 1/(1 + X) there is no change in the Hamming
distance. Therefore, in this case,

! N . b p(|€’—2) A
Bl -1 = g+ R+ ()
B A 2p
T o1+ x (lel-1)
A 2p
= 14X (m—1)
= 2p,

using the definitions of m, p.

Finally suppose that w satisfies Condition (iii). Then w is critical in X for at least
one edge containing v and for ezractly one edge not containing v. With probability p
choose u € e\ {w} uniformly at random and let

(X5Y") = (X, (Y U{w}) \{u}),

otherwise let (X', Y’) = (X,Y). Since v ¢ e it follows that H(X, (YU{w})\{u}) = 3 for
all u € e\ {w}. Hence H(X',Y') = 3 with probability p and H(X’,Y’) = 1 otherwise.

Let d’ be the number of vertices w € V which satisfy Condition (ii) and let d” be
the number of vertices w € V' which satisfy Condition (iii). Now any vertex w which
satisfies Condition (ii) or (iii) is critical in X for some edge e which contains v. Moreover,
each such edge can contribute at most one such vertex w. It follows that d’' + d” < d.
Combining these calculations we obtain

EHX,Y')-1] < % (2pd’ + 2pd" — 1)
< Lop
< % (2pA - 1)
_ 1 /Am—-1A
T on < m(A+1) 1>' ()

Let 3 be defined by
m—((m—1)A—m))\

p=1- (L 4 )
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Then (3) can be rearranged to give E[H(X',Y")] < 3. Now 3 < 1 whenever A\ <
m/((m—1)A—m). When A\ < m/((m —1)A —m) the chain M is rapidly mixing
with mixing time 7(g) given by

m(1+\)

= (m — DA —m) A" 280 ):

T(e) <

by the first part of Theorem 1.1. When A = m/ ((m — 1)A — m) we proceed as in the
proof of Theorem 3.1. Suppose that H(X,Y) = i for two independent sets X, Y. Then
for i choices of vertices we can ensure that H(X',Y’) = i — 1 with probability at least
1/(1 4+ A). This implies that the mixing time satisfies

7(e) < [2n% e (1 + A)(log(n) + 1)]log(e ™)1,

as stated. 0

We have just shown that the Markov chain M(Z(G)), when extended to act on
hypergraphs, is rapidly mixing for A < m/ ((m — 1)A — m). Hence this chain gives an
efficient algorithm for approximately counting independent sets whenever (m — 1)A <
2m; that is, for

(i) Ae{3,4}, m =2,
(i) A=2m>2,
(i) A =3, m=3.

In (i) we find graphs with maximum degree 4, as mentioned in Remark 3.2. We
discuss the remaining cases below.

First consider a hypergraph H = (V, E) with maximum degree two and maximum
edge size m. Let n = |V| and ¢ = |E|. Then ¢ < n. Now H is the dual hypergraph of
a graph G = (Vg, Eg) with maximum degree m, where |Vi| = ¢ and |Eg| = n. (The
dual hypergraph of a hypergraph is obtained by transposing the incidence matrix, i.e.,
the (0,1)-matrix with rows corresponding to vertices, columns corresponding to edges
and a 1 entry in the (v,e) position if and only if v € e.) An independent set in H
corresponds to a subset X C Eg which satisfies the following condition: for every vertex
v € Vg there exists an edge e € Eg such that v € e and e ¢ X. The complement
Eg \ X of X is an edge cover of the graph G. Counting edge coverings in graphs is a
# P-complete problem (for a description of the decision version of the problem see [15]
and for a sketch of the proof of #P-completeness see [2]). In [2] a rapidly mixing
Markov chain for a generalisation of this problem is described. The mixing time of this
chain is O (n(n? 4 ¢*)log(e™')), while the mixing time of M(Z(G)) is bounded above
by mnlog(ne~!). Therefore approximately counting edge coverings in a graph can be
done Q*(n?) times faster using a Markov chain Monte Carlo algorithm based on the
Markov chain M(Z(G)) (see Section 3.1).

Now consider the problem of counting independent sets in hypergraphs with maxi-
mum degree 3 and maximum edge size 3. We now sketch a proof that counting indepen-
dent sets in graphs of maximum degree 3 is #P-complete (for full details see [16, 11]).
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Theorem 4.2 Let #INDEPENDENT-SETS(3) denote the following counting problem.
An instance is a graph with mazximum degree three and the problem is to calculate the
number of independent sets in that graph. Then #INDEPENDENT-SETS(3) is #P-
complete.

Sketch of proof. The problem of counting the number of independent sets in graphs
with maximum degree A is # P-complete for A > 4, as follows from [29] or [26, Theorem
3.1]. We give a polynomial-time reduction from this problem to #INDEPENDENT-
SETS(3). Let G = (Vg, Eg) be a graph with maximum degree A where A > 3. We
construct a graph H = (V, E) with maximum degree three and edge bipartion E =
E’UE" by replacing every vertex v € Vg of degree greater than three by a chain of new
vertices vy, ...,v4_2, each of degree three. Each neighbour of v in G is joined to exactly
one v; by an edge in E’, while the edge {vj,vj11} belongs to E” for 1 < j <d—2. All
other edges in G are placed in E’. Clearly H can be formed from G in polynomial time.
For 0 <t <m, 0 <¢<tlet n,; denote the number of subsets X of V' such that

(i) if e€ E' thene € X,
(i) [{e€e B :enX =0} | =1,
(iii) |[{e€e B":e C X}| =t —1i.

It is not difficult to see that |Z(G)| = D7 ) Tm,i-

Let m = |E”|. Denote by C, denote the chain graph with r edges, where r > 1.
Let f, denote the rth Fibonnaci number, defined inductively by fi1 = 1, fo = 1 and
frae2 = fr + fr41 for r > 1. Then |Z(C,)| = frys. For 1 <r < m+ 1 for the graph H,,
which is the r-stretch of H with respect to E”. That is, form H, from H by replacing
every edge in E” by a copy of C,.. The family of graphs {H, : 1 <r <m + 1} can be
formed from H in polynomial time. By counting the number of independent sets in C,
which contain both, exactly one, or neither of the endpoints, we obtain an equation of
the form

t
Z Nt fr—l—lZ fr—lt_Z me—t'

=0

Ms

t

I
=)

This can be written as a polynomial in z,, where z, = f,./f-+1. Since these quotients
are distinct (see for example [30, Lemma A.1]), standard interpolation techniques ensure
that the coefficients of this polynomial can be found in polynomial time. Therefore we
can evaluate the polynomial at z, = 0, giving the value

> i =Z(G)].
=0

This completes the polynomial-time reduction from #INDEPENDENT-SETS(4) to
#INDEPENDENT-SETS(3), proving that the latter problem is # P-complete. 0

The set of independent sets in a given hypergraph corresponds in a natural way to

the set of satisfying assignments of a certain SAT instance (for background on SAT see,
for example, [23, Section 4.2]). A SAT instance is said to be monotone if no variable
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appears negated. Using notation borrowed from Roth [26], denote by [u-kMON the class
of all monotone SAT instances where each variable appears in at most [ clauses and each
clause contains at most k literals. Let G be a hypergraph where all edges have at most
m vertices and all vertices appear in at most A edges. Let each vertex correspond to a
variable (denoted by the same symbol) and for each e € E form a clause C. as follows.
If e = {v1,...,vq} then let

d
C, = \/ ;.
=1

Then

N Ce (4)

ecE

is a SAT instance with |Z(G)| satisfying assignments. Replace the variable v; by w;
for each variable v;. This gives an instance of Apy-mMON. The above construction can
be reversed, showing that the problem of finding the number of independent sets in
hypergraphs with maximum degree at most A and maximum edge size at most m is
equivalent to the counting problem #Apu-mMON. Thus Theorem 4.2 shows that the
counting problem #3u-2MON is # P-complete. It follows immediately that #3u-3MON
is also #P-complete. As far as we are aware, the Markov chain M(Z(G)) is the first
which can be used to approximately count the number of satisfying assignments of a
#3u-3MON instance.

Remark 4.1 It is not difficult to further show that the problem of counting indepen-
dent sets in 3-reqular graphs is # P-complete. Moreover, it is possible to show that the
problem of counting independent sets in hypergraphs with maximum degree three is # P-
complete, even when every edge has size three. This disproves the (admittedly rather
unlikely) conjecture that the counting problem #3u-3MON is # P-complete because of
the possible presence of edges of size two. For full details of these proofs see [16, 11].

5 Comparing Markov chains with the same stationary dis-
tribution

As remarked in the introduction, there are relatively few methods available for inves-
tigating the mixing time of Markov chains. In this paper we have used path coupling.
Some alternative approaches have been developed which involve the eigenvalues of the
Markov chain (see for example [10, 28]). Let (3; denote the second eigenvalue of the
Markov chain M. There is a well-known inequality relating the mixing time of a Markov
chain and the so called spectral gap 1 — 31 of the chain. The difficulty in applying this
inequality lies in obtaining a bound for the spectral gap of M. The bound on the mixing
time obtained in this manner involves a factor related to the stationary distribution 7
of M. This often results in a lack of tightness in the bound on the mixing time.

In this section we consider two Markov chains with the same state space and sta-
tionary distribution, one of which is known to be rapidly mixing. For the first result
we assume that a certain linear relationship exists between the entries of the transition
matrices of these chains. We prove that this implies a linear relationship between the
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spectral gaps of the chains. In the second result the mixing rate of a Markov chain
is used to provide an upper bound for the second eigenvalue of the chain. Combining
these results, we show that the mixing time of one of the chains can be bounded in
terms of the mixing time of the other using the relationship between the spectral gaps.
In certain circumstances this allows us to deduce that the other chain is also rapidly
mixing. The bound obtained on the mixing time of the other chain will be larger than
the bound for the mixing time of the first chain. This is partly due to the factor related
to 7 incurred through the use of the spectral gap bound, as mentioned above. At the
end of the section we apply our method to two Markov chains of independent sets: the
simple insert/delete chain described in Section 2 and the new chain M(Z(G)) defined
in Section 3.

Our approach is quite simple, but gives similar results to those in [7, 8, 9, 25],
which provide alternative methods for relating the spectral gaps of two Markov chains.
We consider only Markov chains with the same stationary distribution, but in this
case, the conditions of [8, Theorem 2.1] and [9, Lemma 3.3] are met whenever our
requirement holds; that is, when the transition matrices of the two chains are linearly
related. While our approach may yield worse constants than those produced by [8,
Theorem 2.1] or [9, Lemma 3.3], it has the advantage of being extremely simple to
apply. In [25] an alternative method of bounding the mixing time of one chain, using
the relationship between the spectral gaps of two chains, is given. The method we
present here improves the bound on the mixing time by a constant, assuming the same
value of a certain parameter.

First we introduce some notation. Let M be an irreducible Markov chain with
transition matrix P and state space ). Assume that P is reversible with respect to
some probability distribution 7 such that 7w(z) > 0 for all x € Q. The eigenvalues
Bo,...,08n_1 of P are real numbers which satisfy

1=0y>p > >Pn_1 > —1,

where N = |Q] (see, for example, [8]). For convenience, we can assume that all the
eigenvalues are nonnegative by adding a holding probability of 1/2 to every state of
M. This amounts to replacing P by (I + P)/2 and will double the mixing time. For
the remainder of the section we assume that all the eigenvalues are nonnegative. The
second largest eigenvalue (31 appears in the following well-known bound on the variation
distance of M at time ¢ with initial state x:

1—m(x)

()
For a proof see, for example, [10, Proposition 3]. It follows that the mixing time 7(¢) of

M satisfies log(x*(22) 1)
og(m*(2¢)~
< o\ T2 )
T(e) < 5

* = max mx
Tt = { @) EQ}. (6)

1
dry (P, m) < 3 Bt

(5)

where
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It follows from (5) that M is rapidly mixing if both log(7*) and (1 — 3;)~! are bounded
above by polynomials in n, where n is a measure of the size of the elements of 2. This
result is of theoretical importance, but of little practical value for a given chain unless
an upper bound on the spectral gap of M can be obtained.

Suppose now that M; and My are two Markov chains on the same state space ()
which are reversible with respect to the same stationary distribution 7. The first result
of this section shows how a linear relationship between the entries of the transition
matrices of My and My gives rise to a linear relationship between the spectral gap of
the two chains. Note added: Since submitting this paper, we have learnt that this result
is implied by results of Caracciolo, Pelissetto and Sokal [5, Theorems A.1, A.3].

Theorem 5.1 Let M1 and Mo be Markov chains with state space 2 and stationary
distribution 7. Let P; denote the transition matriz of M; and let $1(P;) be the second
etgenvalue of P;, for i = 1,2. Suppose that there exists o > 0 such that P, > aP,. Then

(1=5u(P1) = a (1= Bi(P)). (7)

Proof. Define the matrix P3 by
P3 _ P1 — OéPQ ‘
11—«

Then every entry in P3 is nonnegative and P3e = e, where e is the column vector with
every entry equal to 1. Therefore P5 is the transition matrix of a Markov chain on
Q. Moreover Pj is reversible with respect to w. Let D be the diagonal matrix with
(j, j)th entry equal to (/7 for 1 < j < [Q[. Let R; = DP,D~! for 1 < i < 3. Since
P; is reversible with respect to m the matrix R; is symmetric for 1 < ¢ < 3. Also
Bi1(R;) = pi(F;) for 1 <4 < 3. The usual min-max characterisation of eigenvalues of
symmetric matrices states that

B1(R;) = max {z'Riz : z.e = 0, |jzjo= 1}

for 1 < ¢ < 3 (see for example, [6, Theorem 1.9.1]). Since R = (1 — a)R3 + aRy it
follows that

Bi(R1) = max{(l—a)z'Rsz+ az'Rox:w.e =0, ||zf]2=1}
< (1-a) maX{:L‘tRﬁ cx.e =0, [jz]2= 1}
+ amax{l‘tRﬂ cxe=0, |lzfo=1}
= (1-a)Bi(R3) + abi(Ry)
< 1—a+afi(Re).
This proves the theorem. .

Remark 5.1 Suppose that M and My are two Markov chains which satisfy the condi-
tions of Theorem 5.1. Then M; will perform the same transition as My with probability
at least «, irrespective of the current state. This provides some intuition as to why rapid
mixing of Ms may in certain circumstances imply that M is also rapidly mixing.
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The second result of this section is a straightforward calculation, showing how the
second eigenvalue of a Markov chain may be bounded above using its mixing time.

Theorem 5.2 Let M be an irreducible Markov chain with mizing time 7(¢) and second
eigenvalue By. Then 31 < e VT where T = T(efl).

Proof. Consider a maximal coupling of M with an arbitrary pair of initial states. After
performing 7' steps of the coupling the probability that the process has not coupled is
at most e~ . If we run s independent coupling trials of length T then the probability
that we have not coupled after these sT steps is at most e”®. By the Coupling Lemma
it follows that

dpy (Ply, 1) < <e_1/T)t (8)

for t € {T, 2T, 3T, ...} and for all initial states . We now construct a particular initial
distribution p. Let v be a left eigenvector of 51 such that ||v|2= 1, and let e be the
column vector with each entry equal to 1. Now e is a right eigenvector corresponding to
eigenvalue (. It follows that v.e = 0. Let o0 = min {m(x) : z € Q}. Then ¢ > 0 as M is
irreducible. Finally let u be the vector defined by u = m — ow. Then every component
of v is nonnegative and p.e = m.e = 1. Therefore p is a distribution and

1 o
dry (P, m) > = | uP' =7 l2= 5 I = ™) P [|o= §ﬁlt-

DN =

It follows from (1), (8) that

t
drv(pPt, 7r) < (e_l/T)
for t € {T,2T,3T,...}. Therefore

ﬁl é (2/0_)1/15 e—l/T

for these values of t. Letting ¢ tend to infinity along this sequence we obtain 8, < e~ /7T

as required. O

Whenever two Markov chains M7, My satisfy the requirements of Theorem 5.1, the
following theorem gives a relationship between the mixing times of the chains.

Theorem 5.3 Let Py, Py be transition matrices of irreducible Markov chains M1, Mo
with state space Q and stationary distribution 7. Assume that all eigenvalues of M; are
positive, for i =1,2. Let ™ be as defined in (6) and let 7;(¢) denote the mixing time of
M; for i =1,2. Suppose that there exists « > 0 such that Py > aPs. Then

m(e) <2alm (e_l) log (7T*(2€)_1) . (9)

Proof. Let 31(P;) denote the second eigenvalue of P; for i = 1,2 and let T = (e~ 1).
Then

1=51(P1) 2 o (1= 61(P)) 2« (1 B 6_1/T>
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by Theorems 5.1, 5.2. Using (5), it follows that

_, log (7*(2¢)71)
1—eUT

2
es(l—s—> < (1+§>r
r r

is satisfied for all » > 1 and |s| < r (see for example [22, p. 435]). Taking r = 2 and
s = —1/T we obtain

() <« (10)

The inequality

2 _
oy AT AT+

472 — 2
Therefore )
1 _
(1 — e_l/T> < A -2 < 2T.
47 — 3

Substituting this into (10) we obtain
T1(e) < 207, (e_l) log (77*(25)_1) ,

as required. O

The following corollary is immediate.

Corollary 5.1 In the situation described in Theorem 5.3, let n be a measure of the size
of the elements of Q). Suppose that Mo is rapidly mizing. If o~ and log(7*) are each
bounded above by a polynomial in n, then M1 is also rapidly mizing.

Remark 5.2 The bound on the mixing time of M; obtained in Theorem 5.3 may be
significantly larger than the known bound for 75(¢). One reason for this is the a1 factor.
This factor is large if the probability that M; acts like My is small (see Remark 5.1).
Another factor involved in the bound for 71 () is log(7*). If || is approximately equal
to k™ for some k then log(7*) > nlog(k)/2. This increases the bound on the mixing
time by at least one extra factor of n.

Remark 5.3 Let M; be two Markov chains with the same state space () and stationary
distribution 7. Suppose that (7) holds for some o > 0. In [25, Proposition 4], Randall
and Tetali give the bound

7i(e) < da” ! m(e) log ((eme) ") /log ((2¢) 1),

where m, = min {7(z) : x € Q}. By setting ¢ = e, we can compare this upper bound
on 13(e~1) with the upper bound given in (9). (Note that 7(e™!) is sometimes taken as
the definition of the mixing time of a chain.) It is not difficult to show that the ratio of
the Randall-Tetali upper bound with the new upper bound is given by

RT 4a~t 7y (e71) log(e/m)

DG 2ol (e!) log(m* 6/2) log(e/2)
2 (14 log(m.™ 1))
(1 —1log(2)) (log(m* + 1 — log(2))

4 (1 +log(m 1))

(1 —1log(2)) (log(m~") + 2 — 21og(2))’
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since m, < (7*)%. Assuming that |Q| grows with n, we see that log(m, 1) also grows
with n and so dominates the constant terms. Hence this ratio tends to 4/(1 — log(2))
as n tends to infinity. Thus the bound given by (9) is at least 8 times better than the
Randall-Tetali bound, for the same value of «, for large values of n.

We now illustrate this method with reference to the insert/delete chain described
in Section 2 and the chain M(Z(G)) introduced in Section 3. Both chains have state
space Z(G), the set of independent sets of a graph G. The stationary distribution 7
of both chains is given by m(X) = AXI/Z for some positive parameter . We shall
not compare the chain M(Z(G)) directly with the insert/delete chain. One reason for
this is the fact that a transition of M(Z(G)) may involve two vertices of G while each
transition of the insert/delete chain involves only one vertex. Another reason is that we
must ensure that all the eigenvalues of the chains are positive. Therefore we consider the
two-step insert/delete chain M;(Z(G)) with a holding probability of 1/2 at each step.
A transition of M;(Z(G)) from current state X consists of performing the following
procedure twice:

with probability 1/2 do nothing, otherwise
(i) choose v € V uniformly at random,

(ii) let X' = X U{v} with probability A\/(1 + ) otherwise let X" = X \ {v},

(iii) if X’ € Z(G) then move to X', else stay at X.

Similarly, let M2(Z(G)) be the Markov chain obtained from M(Z(G)) by adding
a holding probability of 1/2 to every state. We prove below that the entries of the
transition matrices of these chains satisfy a linear relationship.

Theorem 5.4 Let M;(Z(G)) be the Markov chains with state space Z(G) and stationary
distribution , as described above. Let P; be the transition matriz of M;(Z(G)) for
i=1,2. Then P; > aPs, where

a = min EL
N 2" (1+XNn )

Proof. We need only verify the inequality P; > «aP, for nonzero entries of P». Now
M1 (Z(G)) has a holding probability of 1/2 at every state. Therefore

PUX,X)> = >a>aPy(X,X)

N —

for all X € Z(G). Suppose next that H(X,Y) = 1. We can assume without loss
of generality that |Y| = |X]| 4+ 1, so P(X,Y) = A/(2n(1 + A)). The probability that
M1 (Z(G)) makes the same transition is given by the probability that the chain performs
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the correct insertion in one step and does nothing in the other step. Since the order
that the steps are performed is immaterial it follows that

A
PI(X,)Y) > —— =PF(X,Y) > aP(X.,Y
(X, )*2n(1+)\) 2(X,Y) > aP(X,Y)

for these pairs (X,Y). Finally suppose that Y = (X U {v})\ {w} for some edge {v, w}.
Then P»(X,Y) = A/(8n(1+ X)) and
A 4

P(X,Y) = IV A)132()(, Y) > aPy(X,Y).

This proves the theorem. O

Since M; satisfy the requirements of Theorem 5.1, we can apply Theorem 5.3 to
relate their mixing times. This implies that the insert/delete chain is rapidly mixing for
A < 2/(A —2), as described below.

Theorem 5.5 Let G be a graph with maximum degree /A and let \ be a positive param-
eter. The insert/delete chain with state space I(Q) is rapidly mizing for A < 2/(A —2).

Proof. Consider the Markov chains M;(Z(G)) defined above, for i = 1,2. Let m denote
their stationary distribution and let « be as defined in Theorem 5.4. Let 7;(¢) denote
the mixing time of M;, for ¢ = 1,2. By Theorems 5.3 and 5.4, the mixing times are
related as follows:

11(e) < 2071y (e_l) log (7?*(2{-:)_1) . (11)

By definition, the Markov chain M3(Z(G)) is obtained by adding a holding prob-
ability of 1/2 to each state of the chain M(Z(G)) described in Section 3. Hence, by
Theorem 3.1, the chain My(Z(G)) is rapidly mixing for A < 2/(A — 2). The mixing
time 72(¢) bounded above by twice the bound given in Theorem 3.1. In order to ap-
ply Corollary 5.1, we must show that both log(7*) and a~! are bounded above by a
polynomial in n.

Now 7(X) = MX1/Z, where X is a positive parameter. Therefore the quantity 7,
defined in (6), is given by

. [VIZIr =1 A<,
mw =
VIZI=1 if A > 1.

In both cases n
log(r”) = 5 (log(A") +1) (12)

where \* = max {)\, /\*1}. This quantity is linear in n. Moreover the constant « defined
in Theorem 5.4 satisfies
o~ <max{2,(1+ \)n/4} (13)

which is either constant or linear in n. Thus, by Corollary 5.1, the Markov chain M; is
rapidly mixing for A < 2/(A —2).
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By definition, the transitions of M;(Z(G)) consist of two steps of the simple in-
sert/delete chain, with a holding probability of 1/2 added at each step. The simple
insert/delete chain (without the holding probabilities) has the same mixing time as
M (Z(G)), since the factor 2 increase incurred by adding a holding probability of 1/2
is cancelled by taking two steps per transition. Thus the insert/delete chain is rapidly
mixing for A < 2/(A — 2) with mixing time 71 (¢). 0

Let us compare this result with Theorem 2.2. We may conclude that the insert/delete
chain is rapidly mixing for a wider range of A than was previously known. In particular
the insert/delete chain can be used to approximately count independent sets of graphs
with maximum degree at most four. However, extending the range of A for which
rapid mixing of the insert/delete chain is known using this method comes at a cost.
Ignoring constant factors, the upper bound for the mixing time of the insert/delete chain
provided by Theorem 2.2 is O(nlog(n)) for A < 1/(A —1) and O(n?) for A = 1/(A —1).
Using Theorem 3.1, it follows that the upper bound given by (11) is O(n?log(n)) when
A < 2/(A —2), and O(n?) when A = 2/(A —2). A factor of n is introduced by each
of log(7*) and !, as can be seen from (12) and (13) respectively. This illustrates the
warning given in Remark 5.2.

This technique has also been applied to the problem of counting graph colourings.
In [4], a Markov chain was defined with state space Qx(G), the set of all proper k-
colourings of the given graph G. Using a computer-assisted proof, this chain was shown
to be rapidly mixing for k£ = 5 when GG has maximum degree 3. The result was extended
to show rapid mixing for kK = 7 when G is a triangle-free 4-regular graph. Previously,
other Markov chains for graph colourings were only known to be rapidly mixing for
k > 2A, including the simple Markov chain discovered independently by Jerrum [17]
and Salas and Sokal [27]. Using the comparison technique described in this section, we
can conclude that the Jerrum/Salas—Sokal chain is also rapidly mixing for £k = 5 when
G has maximum degree 3, and for kK = 7 when G is a triangle-free 4-regular graph.

Remark 5.4 Let Py be the transition matrix of the Luby—Vigoda chain and let Ppg
be the transition matrix of the new chain, as introduced in Section 3. It is not difficult
to show that there exists a constant «, independent of n, such that Py > aPpg.
Therefore, applying the comparison technique described in this section, we can conclude
that the Luby—Vigoda chain is also rapidly mixing for A < 2/(A — 2), and that the
mixing time of the Luby—Vigoda chain is at most O(n) times greater than the mixing
time of the new chain in the range 1/(A —3) < A < 2/(A — 2). However, this O(n)
factor is almost certainly just an artefact of the analysis.
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