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Abstract

We analyze Markov chains for generating a random k-coloring of a random graph Gy, 4/p-
When the average degree d is constant, a random graph has maximum degree logn/loglogn,
with high probability. We efficiently generate a random k-coloring when k = Q(log logn/logloglogn),
i.e., with many fewer colors than the maximum degree. Previous results hold for a more general
class of graphs, but always require more colors than the maximum degree.For k > (Inn)* we
can also show that Glauber Dynamics mixes in polynomial time.

1 Introduction

We study Markov Chain Monte Carlo algorithms for generating a random (vertex) k-coloring of
an input graph G = (V, E). When k > A where A is the maximum degree of G, it is trivial to
construct a proper k-coloring. Therefore, we can hope to generate a k-coloring (almost) uniformly
at random from the collection of proper k-colorings.

Simple Markov chains, such as the Glauber dynamics, appear extremely effective. In the Glauber
dynamics, at each step we randomly recolor a random vertex. More precisely, from a k-coloring X}
at time t, the transition Xy — X311 is defined as follows. First, a random vertex v; is chosen. We
then set Xy41(v¢) to a color chosen uniformly at random from those colors not appearing in the
neighborhood of v in X;. For all w # v, we set Xy11(w) = X¢(w). The stationary distribution
of the Glauber dynamics (and the other Markov chains we will study in this paper) is uniformly
distributed over k-colorings. We are interested in the mizing time of such Markov chains, which is
the number of steps until the chain is within variation distance 1/4 of the stationary distribution,
regardless of our initial k-coloring Xy (see Jerrum [13] for relevant background on finite Markov
chains).

Jerrum [13] proved that whenever k£ > 2A the mixing time of the Glauber dynamics is O(nlogn).
Vigoda [19] improved Jerrum’s result, by analyzing an alternative chain, reducing the lower bound
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on k to 11A/6. This is still the best lower bound on k for general graphs.

Subsequent work, beginning with Dyer and Frieze [6], used the so-called burn-in method, and
analyzed the Glauber dynamics on restricted classes of graphs. Building upon [6, 16, 10|, Hayes
and Vigoda [11] proved the Glauber dynamics has O(nlogn) mixing time when k& > (1 + ¢)A for
all € > 0, assuming G has girth > 9 and A = Q(logn). Dyer, Frieze, Hayes and Vigoda [7] reduced
the lower bound on A to a sufficiently large constant, assuming k > 1.489A and girth g > 5.
Further improvements were recently proved for amenable graphs (without any lower bound on A)
by Goldberg, Martin and Paterson [9], and for “locally sparse” graphs (assuming A = Q(logn)) by
Frieze and Vera [8, 12].

In many classes of graphs, e.g., random graphs and planar graphs, the chromatic number is inti-
mately related to the average degree, as opposed to the maximum degree. This paper focuses on
randomly coloring sparse random graphs. These graphs have constant average degree d and much
larger maximum degree A. We randomly color such graphs with many fewer than A colors.

We work with G = G,, , where p = d/n, d > 11is the random graph with vertex set [n] = {1,2,...,n}
and where each possible edge is independently included with probability p. Such graphs have
relatively few vertices of large degree. Thus, it would seem that we might be able to randomly
colour such a graph with many fewer than A colours. We will prove this in our main theorem
below.

The main difficulty in dealing with high degree vertices in the analysis is that in many colorings,
these vertices have few color choices, i.e., almost all of the colors might appear in their neighborhood.
Thus, the color choice of the neighbor of a high degree vertex v can have a large influence on the
color choice of v when v’s color is updated. To avoid this, we cluster the high degree vertices into
sets of nearby vertices. We then pad these sets with a radius r of low degree vertices. The radius r
is chosen sufficiently large so that these padded sets are not overly influenced by the color choices
of their neighbors. We analyze a Markov chain tailored to our clustering of high degree vertices.

We need some notation before formally defining the Markov chain we analyze. For b > 1, let
Ly = {v: deg(v) > b} denote those vertices with minimum degree b. For r > 1, let N}, denote those
vertices within distance < r of some vertex in L. Finally, let Hy, be the subgraph of G induced by
Vi = Ly U Ny.

In addition to the Glauber dynamics defined earlier, we consider the following Markov chain, which
we refer to as the modified Glauber dynamics. Let A(v) = 1if v ¢ V, and A(v) = 1/|C] if v € V},
and C' is the component of Hj containing v. Let A =} i, A(v). The transitions of the modified
Glauber dynamics are defined as follows. From a coloring X;, we choose v; € V' with probability
Avg)/A. If v, € O, then we randomly re-color the component C, otherwise we randomly re-color v.

We can now state our main theorems.

Theorem 1. For all d > 1, with probability 1 — o(1) the random graph g = Gh,d/n 1s such that

(a) if (2+Ind)r

r=Inlnn, b= and k> 12b (1)

Inr
then

o Modified Glauber dynamics has mizing time O(nlogn).

o A step of the modified Glauber dynamics can be implemented in time polynomial in logn.



(b) if 0<a<1and
r=2(1+1/a) and b= (Inn)* and k > 12b (2)

then

e Modified Glauber dynamics has mizing time O(nlogn).
o A step of the modified Glauber dynamics can be implemented in time polynomial in logn.

o Glauber dynamics has polynomial mizing time.

Note that if d < 1 then whp! G consists of trees and unicyclic components of size O(logn) and
then it is trivial to randomly color G. Also, we can allow d to grow with n, but once d = Q(logn)
the result is subsumed by Jerrum’s result.

It is well known that the maximum degree of G is ~ hﬁfﬂ whp. Thus the number of colors required

for rapid mixing is o(log A) in our first case, and o(A) in the second.

2 Ergodicity

We first show that Glauber dynamics (and hence modified Glauber dynamics) is ergodic for a
random graph G, 4/, when k > d + 2.

For a graph G = (V, E), the k-core is the unique maximal set S C V such that the induced subgraph
on S has minimum degree at least x. It follows from work of Pittel, Spencer and Wormald [17]
that whp G has no k-core for K > d. A graph without a k-core is k-degenerate i.e. its vertices can
be ordered as vy, v9,...,v, so that v; has fewer than k neighbors in {vy,vs,...,v;—1}. To see this,
let vy, be a vertex of minimum degree and then apply induction.

Lemma 2. If G = (V,E) has no k-core, then, for all k > k + 2, the Glauber dynamics for
k-colorings is ergodic.

Proof. Let vy, ...,v, denote an ordering of V such that v; has degree < x in Gj;, defined as the
induced subgraph on {v1,ve,...,v;}. For 1 <1i < n, let ©; denote the k-colorings of G;.

We need to show that the set €2, is connected with respect to transitions of the Glauber dynamics.
We will prove the claim by induction. The claim is trivial for n = 1. Assume the set {1;, for all
j < 1, is connected. Consider a pair of colorings X,Y € Q;. Let X', and Y’ respectively, denote
the projection of these colorings on G;_;.

We inductively know there exists a path of Glauber transitions (for G;_1) connecting X’ to Y.
Consider any such path, say it has length ¢. Let (wj, ¢;) denote the (vertex,color) update at step
j of this path. We construct a path (of length < 2¢) from X to Y along Glauber transitions for G;.

For j =1,2,...,¢, we will re-color w; to color ¢;, if such a transition is valid (i.e., no neighbor of
wj has color ¢;). If it is not valid, then v; must be the only neighbor of w; that is colored ¢;. Since
v; has degree < k in G;, there exists a new color for v; which does not appear in its neighborhood.
Thus, we first re-color v; to any new (valid) color, and then we re-color w; to ¢;. Hence, the length
of the path at most doubles. O

!Throughout this paper, we use the term with high probability, denoted whp, to refer to events which occur with
probability 1 — o(1).



3 Structure results

In this section we will define some useful graph properties and show that G has these properties
whp.

3.1 Case (a)

The graph properties of interest are the following:

P1  The maximum component size in Hj, is at most Ciax = (In1)3(2d)" = (Inn)°W).

P2 Ifv ¢ Hy and C is a component of Hp then v has at most 2 neighbors in C.
P3  Each component C of Hy has at most |C| edges.

Theorem 3. Under the hypotheses of Theorem 1(a), with probability 1 — o(1) properties P1-P3
hold.

3.2 Case (b)

We modify our claims about the structure of G under the hypotheses of Theorem 1(b):

P1  The maximum component size in Hy is at most Cpax = (10d)" Inn.
P2 Ifv ¢ Hp and C is a component of H then v has at most 2 neighbors in C.
P3  Each component C of Hy has at most |C| edges.

Theorem 4. Under the hypotheses of Theorem 1(b), with probability 1 — o(1) properties P1-P3
hold.

We prove Theorem 3 in Section 6.1 and Theorem 4 in Section 6.3.

3.3 Implementing modified Glauber dynamics

Implementing a transition of the modified Glauber dynamics is equivalent to generating a random
list coloring of the updated component C. In the list coloring problem every vertex v € C has a
set L(v) of valid colors, where |L(v)| C {1,2,...,k}, and v can only receive a color in L(v). In our
case, L(v) are those colors not appearing in N(v) N S.

For a tree on £ vertices, using dynamic programming we can exactly compute the number of list
colorings in time fk. Therefore, we can also generate a random list coloring of a tree. By property
P3, our components are trees or unicyclic. For a unicyclic component, we can simply consider all
< k? colorings for the endpoints of the extra edge, and then recurse on the remaining tree. By
property P1, this implies that the modified Glauber dynamics can be efficiently implemented.



4 Coupling Analysis: Proof of Theorem 1(a)

In this section, we prove Theorem 1(a), using the structure results from Theorem 3.

We use path coupling [4]. For a pair of colorings X, Y, our metric d(X,Y’) is Hamming distance:

d(X7 Y) = Z 1X(v)7éY(v)a
veV

We are therefore obliged to extend the state space to include improper colorings as transient states.
Hence, for all (Xy,Y;) where d(X;,Y;) = 1, we need to define a coupling (X¢,Y;) — (X¢41,Yit1)
such that

E(d( X1, Y1) | X, V) < (1 —1/2n)d( X, Yy).

This implies mixing time O(nlogn) by a standard application of the path coupling method.

Fach chain chooses the same random vertex w, and both chains re-color w, if w ¢ V4, or re-color
the component C,, > w, if w € V. The choices will be coupled as described below. We divide
the coupling analysis into two cases, depending on whether X; and Y; differ at a (unique) vertex
v €V, or at a vertex v € V3. Recall that A =n — o(n), from Q1.

Case 1: X;(v) # Yi(v) and v € C,, € Cp.

If we re-color component C,,, then both chains can choose the same coloring and Xy = Yii1.
Consider w € N(v). If w € V}, then w € C,, and Xiy1(w) = YViy1(w). If w ¢ V4 then deg(w) < b,
and there are at least k — b colors not appearing in X;(N(w)), and similarly for Y;(N(w)). Using
the maximal coupling, there is at most one choice for X;;(w) which results in X1 1(w) # Yiq1(w),
ie. Xip1(w) =Yy (v). It follows that

1

Pr (Xip1(w) # Yiga(w) [ & = w) < E—b

where &; is the random vertex chosen at step t.
We can now bound the expected change in distance after a coupled transition,
E(d(Xt41,Yi41) —d(X, V) = —Pr(§&e )+ Z Pr (& =w A X (w) # Vi (w))

weN (v)\Cy

oL, b
= A (k—bA

1
—— for k > 4b and n large.
2n

Case 2: X;(v) #Yi(v) and v ¢ V},.

For w € N(v) \ Vp, using the maximal coupling, the probability w receives a different color in the
two chains is bounded by 1/(k — b)A as above. Otherwise we will couple the colorings of Cy, in X
and Y, as described below, so as to have few disagreements. Let ®(w) be the expected number of
disagreements between X;y1 and Y41 in Cy, i.e.

E(d(X141(Cu). Vi1 (Cu)) | & = w) = D(w),



and ® = max,, ®(w). Then, bounding the expected change in distance,

N Vi
B(d(Xi11, Yinr) — d(X,, V) < —Pr<5t:v>+%+ > Pr(& e Cu)ow)
weN (v)NV}

1 b 1
< 4T 4=
S XtGopatr 2t

weN (v)NVy

1 b bd

<

A (k—=DbA A
< —2i for k > 6b, 4b® <1, and n large.
n

It remains to show that 4b6® < 1. We use the “disagreement percolation” coupling construction
of van den Berg and Maes [1, Theorem 1]. We wish to couple X(Cy,) and Y (C,,) as closely as
possible, but the identity coupling is precluded by the disagreement at v. The technique of [1]
assembles the coupling in a stepwise fashion working away from w. In our case, it may be viewed
as follows. From P3 we know that C, is a tree with at most one additional edge. Also, from the
definition of Hjp, it has degree at most b except for a central “kernel” of higher-degree vertices at
distance r from its boundary. The disagreement at v propagates into C, along paths from w. A
disagreement at vertex = € (), at (edge) distance ¢ from w propagates to a neighbor z at distance
¢+ 1if X(z) # Y(2). The distributions of X(z), Y(z) are invariant under Glauber heat-bath
dynamics. Thus, if z is not in the kernel, we may couple X(z), Y (z), using the maximal coupling,
to have Pr (X (z) # Y (2)) <2/(k —b) = ¢ (say), since
(i) z can have at most two neighbors which disagree, since C,, is almost a tree,
(ii) each such neighbor of z will have at most one disagreement,
(iii) there are at least k — b colors available at z.
The disagreement percolation is dominated by an independent process. Thus a disagreement prop-
agates to a vertex at distance ¢ < 7 from w with probability at most ¢¢T'. Moreover there are at
most b’ such vertices. It propagates to a vertex in the kernel with probability at most ¢"!(Inn)?
for large n, using Q3. If this happens, we couple arbitrarily with the remaining probability, and
concede |Cy,| disagreements. If & > 12b, it 1follows that
—

O(w) < > B4 (Cu|¢ (Inn)?
£=0

< <§(%)e+o<c>,

1
< %(1 +0(1)),

1
< I for n large,

using |Cy| = (logn)°M from P1, and r = Q(loglogn) so (" = (logn)eeloglogn) O

5 Proof of Theorem 1: Part (b)

We first analyze the mixing time of the modified Glauber dynamics in Section 5.1. Then, in Section
5.2, we use the comparison method of Diaconis and Saloff-Coste [5] to bound the mixing time of
the Glauber dynamics.



5.1 Coupling Analysis
In this section we bound the mixing time of the modified Glauber dynamics as claimed in Theorem
1(b).

We follow the argument of Section 4. The only place we might run into trouble is showing that
|Cu|¢" Inn = o(C), noting that the kernel now has size O(logn). The remaining parts of the
argument are unchanged. But, since ( = Q((log n)_o‘), for large n we have

= o(¢).

920d )2(1+1/a)

r+1 2
|Cw|¢" Inn < As(Inn) ((A4—1)(lnn)0‘

5.2 Comparison: Part(b)

We now bound the mixing time of the Glauber dynamics. Let 7 denote the mixing time of the
Glauber dynamics, and 7j; denote the mixing time of the modified Glauber dynamics. Let P and
Pys denote their corresponding transition matrices. Let 2 denote the k-colorings of the graph of
interest.

Lemma 5. Under the hypotheses of Theorem 1(b),
7o < dPUosm) log €],

for the dynamics on G,, 4/, Wwhp.

We will use the comparison technique of Diaconis and Saloff-Coste [5]. For all I, F' € © where
Py (I,F) > 0, we will define a path vip = (Z0 = I, 21,...,Zy = F) such that Pg(Z;, Zi+1) > 0,
forall 1 <i < {. Fort=(Z,2") € Q% where Pg(Z,7Z') > 0, let

ep(t) ={(I,F) € Q*:t € ~p},

denote the set of canonical paths which contain t. We are interested in its congestion:

1
p(t) = W(I,F)Ze:cp(t)hIF‘W(I)PM(LF)

< nk Z |vrr|Pr (I, F) (3)
(I,F)€cp(t)
< nk’Cp(t)"Ymaxa (4)

where Ymax = max(r Fen? 71| Let
p = max p(t).

Then, e.g., see [18],
176 < pralog Q.

Now we're ready to prove Lemma 5.



Proof. Consider a Glauber transition ¢ which recolors a vertex v. We only need to consider the
case v € Hy. Say v is in a component S of Hy. Fix an arbitrary coloring o of S =V '\ S. Let Q(S)
denote the set of colorings of S consistent with o.

We’ll begin with an easy bound on p(t), which suffices when k£ = O(1). Clearly,
ep(t) C Q(S)2.
Since |S| = O(logn), we trivially have
lep(t)] < 10 < k15T = gOUosm),

Using the canonical paths implied by the ergodicity proof implies Ymax < 2/°/. Hence, from (4), we
have
p < exp(O(lognlogk)).

And, for constant number of colors k, we have a polynomial bound on the mixing time of the
Glauber dynamics.

We'd like to get a polynomial bound when np is constant, and k£ = Q(1). So we’ll fine-tune the
above argument, and use (3).

Recall, with probability > 1—o0(1), our input graph has no d-core. Fix an ordering vy, ..., v, ¢ = |S]
such that v; has degree < d in the induced subgraph on S; = {1,...,i}. Let G; denote the induced
subgraph on S; U S. Note, vertex v; has degree < § := d + bd in G;. Hence, in any coloring of G},
vertex v; has at least two valid color choices. Let 2; denote the colorings of S; in G; (S has the
fixed coloring o).

Consider a pair of colorings I, F' € ;. We'll inductively define the canonical path ~;(I, F') along
Glauber transitions for G;. Let I’, F’ denote the projections of I, F' onto G;_1. We inductively have
a path ;1 (I’, F') connecting I', F'. Let (v}, ¢;) denote the j-th transition on ~v;_1 (I, F’). We will
attempt the same transitions, in order, with a possible recoloring of v; before and/or after each
transition of v;_1 (I, F'), in order to: (i) free up v;’s color for a neighbor of v; (as in the ergodicity
proof), and (ii) keep v; colored with I(v;) unless a neighbor of v; has color I(v;).

More precisely, consider the j-th transition, updating v; to color ¢;j, and let Z denote the current
coloring. Before the update (vj,c¢;), if v; € N(v;) and ¢; = Z(v;), then choose an arbitrary new
valid color for v;. This ensures the recoloring of v; to ¢; is valid. After the update (vj,c;), if
vj € N(v;) and I(v;) € Z(N(v;)), we recolor v; to I(v;). This, of course, may be redundant if v;
already has color I(v;). We are trying to “remember” the initial coloring. Finally, after all of the
transitions of the path v,_1(I’, F"), we recolor vy to F(vy).

Note, the length of these paths are at most 3!°l. We bound the congestion with a similar inductive
construction. For a Glauber transition ¢; in Gj, let ¢p;(t;) denote the set of canonical paths crossing
t;. We inductively assume, for all j < 4, all ¢;,

|ep; ()] < 192;](1 + )% (5)
Moreover, consider an injective map, or “encoding”,
Mt :ij(tj) — Qj X {0,...,5}j X {0,,5}]

Consider a transition t; = Z — Z’ in G;. Suppose t; recolors a vertex vj # v;. Then, let t;_; denote
the corresponding transition in G;_1.



For (I, F) € cpi(t;), we define n, (I, F') by a simple modification of n;, ,(I’, F’). Let

Mt (I/7 F/) = (C/7 {Oél, ceey ai—l}) {Blv s 7/8i—1}}5

where C' € Q;_1, and for all 1 < j <1, a;,0; € {0,...,d}. Now we’ll define a coloring C € €; and
a;, i, which will define 7. Let wy,...,wg,d < 4§, denote the neighbors of v;.

The coloring C' is the same as C’ for all v; # v;. If no neighbor of v; has color F(v;), we set
C(v;) = F(v;) and set a; = 0. Otherwise, we color v; to an arbitrary valid color, and set

a; =min{l < j <d : C'"(w;) = F(v;)},

3

to “remember” the color F'(v;).

Similarly, we set 3; = 0 if Z(v;) = I(v;). (Recall, the transition is t; = Z — Z’.) Otherwise, set
Bi =min{l <j <d: Z(w;)=I(v)},

to “remember” the color I(v;). Note, we defined our canonical paths so that, for all colorings W
on the path, W(v;) = I(v;) or a neighbor of v; has color I(v;) in W.

From the encoding and the transition ¢; we can uniquely recover (I, F') € cp;(t;). Hence, our new
mapping is again injective. For a transition ¢; which recolors v;, define the encoding identically to
the adjacent transition which recolors some v; € N(v;).

We can now bound the congestion via (3). Note, for all Z,Z" € Q, Py (Z,Z') = 1/|Q)|. Hence,
applying (5) with (3), we have
p < nk3'(1406)%*

This completes the proof of the lemma. U

6 Proof of Structure Results

6.1 Proof of Theorem 3

In this section we assume 7, b, k are defined as in Theorem 1(a). To show that properties P1-P3
hold whp, it is convenient to define the following additional properties and prove that they also
hold whp.

Q1 |Hy| = o(n), and thus A = n — o(n).

Q2  For all k < n/(2e3d?), there is no subgraph of G with k vertices which contains more than
2k edges.

Q3  There does not exist S C L such that |S| > k = 2r~!'lnn and S induces a connected
subgraph in G".

Q4 For v € V let B(v,r) denote the set of vertices at distance at most r from vertex v. Then
|B(v,r)| < A3(2d)"Inn for all v € V.

Lemma 6. Properties Q1-Q4 hold whp.



First we will show how Lemma 6 implies Theorem 3. Then we perform the calculations necessary
to verify Lemma 6.

Proof of Theorem 3

P1: The mazimum component size in Hy is at most (Inn)2b" whp.

Let C be a component of Hy. Let K = C'N L. Then from Q4 we have |C| < |K|AA3(2d)" Inn.
But A = o(Inn) whp and by Lemma 6, Q3 holds whp which implies that |K| < 2r~!Inn and so
P1 also holds whp. O

P2,P3: Ifv ¢ Hy then whp v has at most 2 neighbors in the same component of Hp.

Let N;; denote the set of vertices within distance 7 of L. Thus, IV, = U;Zl N;p. To prove these
properties, we fix a “typical” degree sequence d = dy,do,...,d, for G, ), and generate a random
graph with this degree sequence using the configuration model as described in Bollobéds [2]. Let
m = (di + -+ dy)/2. We construct a random pairing F' of the points in W = (J;_, W;, |[W;| = d;
and interpret them as edges of a (multi-)graph on [n]. A typical degree sequence is such that the
probability it is simple is bounded away from zero by a function of d only. We first expose all the

pairs {z1, 22} in F such that {z1,z2} N (UieLb WZ> # (). This will define Nj ;. Then we expose all

pairs {z1,z2} € F such that {z1,z2} N (UieLb NLb) # (). This will define Ny p. Continuing in this
way define N;p,7 =1,2,...,r and then the components of Hj will be determined. Conditioning on
P1,Q1 we see that the probability any component C' gets |C| + 1 edges is at most

1((ACmax)*(2m — o(n))™)* = o(1).

We continue by exposing all remaining pairs {21, x2} for which both points z; lie in (J;¢ N, W;. The
rest of I will be a random pairing of the points of W which are (i) not incident with (J;c;, Wi
and (ii) meet X = [J;¢ n, Wi in at most one point. We may generate this by randomly pairing
the unpaired points in X and then randomly pairing up the remaining points. We consider one
component C of Hp and estimate the probability that 3 vertices have a common neighbor outside
H,. Now, since all the vertices with edges still unassigned are not in Ly, each has at most b edges
left to assign. So, if P1 and Q1 hold and m = |W| > dn/3, then probability there exists a vertex
v € Hp with 3 neighbors in a component C of Hy is at most the sum over v, C of the expected
number of triples of vertices in C'N IV, which are adjacent to v, which is at most

() () o

Let R1 = (-P2U-P3) NP1 N Q1. Then, we have Pr[R1 | d] = o(1).

We obtain the result unconditionally by this summing over values of d for which % Yooy dy >dn/3
and then

Pr[-P2U —P3| < Pr[-P1] + Pr[-Q1] + Pr[m < dn/3] + Z Pr[R1 | d]|Pr[d]
d:m>dn/3
= o(1).

10



6.2 Proof of Lemma 6

Q1: |Hy| = o(n).

,
E(|H|) <n) n'pPr(Bin(n,p) > b—1). (6)

i=0
We verify Q1 by showing that the RHS of (6) is o(n) and using the Markov inequality. (The

RHS of (6) bounds the expected number of vertices within distance r of a vertex in L;). But,
Pr(Bin(n,p) > b—1) < (de/(b —1))~! and we are done here.

Q2: For all k < n/(2e3d?), there is no subgraph of G with k vertices which contains more than 2k
edges.

Let pig = n/(2e3d?) and define B to the event that there exists a set S with |S| = k < g such that
S contains at least 2k edges. Then

Py <3 (1) ()
() () (4
3 ()

N =

<3

_ i" AN i Sd2k\*
- 16n 16n

k=1 k=logy n

e3d? logy n 1) o82n
< ed ogn -
_(0g2”)< Ton >+Md <32>

= o(1).

a

Q3: There does not exist S C Ly, such that |S| > k = 2r~'Inn and S induces a connected subgraph
in G".

If S exists then we can assume that |S| = k and that there exists a tree T in G such that (i)
TNLy,=S8, (ii) t =|T| < kr and (iii) the leaves of T" are in S. We can also assume that S contains
at most 2k edges, from Property Q2.

Suppose that T has leaves L and |L| = ¢. We use the identity

(=24 )" (degp(v) —2). (7)

veT\L

Let T, = (T'\ L)N Ly and D = 3 ;. degp(v). Then (7) implies £ > D — 2(k — ¢) and from this
we deduce that D < 2k.

Then let M be the number of edges joining L UTy, to V' \ T. We need a bound on M.

M>0(b—1)+(k—0b—D—2k > (b—5)k.
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(Subtract 2k for edges in 5).

So,
Pr(35) < ﬁ_r:( >< )tt 2 t— 1<k(zlb__ké)_kt)>p(b—5)k

kr
< ) n(2ed)’(3db~ )0k
t=k
< 2n((2ed)" (3db=1 )P0k (8)
< 2ne kT
= o(1).

Q4: |B(v,r)| < A3(2d)"Inn for allv e V.

Fix v € V and let B; = B(v,i). We first observe that since |B;;1] is stochastically dominated by
Bin(n|B;|,p) we have

PI’(|B¢+1| > 2d|BZ| ‘ |Bz| > Glnn) e—2dlnn < n_2

<
Pr(|Bit1| > 12Inn | |B;| < 6d 'Inn) <

e—2dlnn < TL_2.
Now whp |Bj| = o(Inn) and then whp either |B(v,r)| < 12Inn or there exists iy such that
|Bi,| € [6d~!Inn,12Inn]. In the both cases we see that whp |B(v,7| < 6(2d)" Inn as required.

6.3 Proof of Theorem 4

In this section we assume 7, b, k are defined as in Theorem 1(b).

Proof Properties P2,P3 are proved as for Theorem 3, the components are smaller now and
so in some sense they follow from this part.

We have to work to prove P1. If this fails then there exists S C V3, Ty, T4, ... T, such that (i) S is
connected in G" and 7' = S UTj defines a tree in G with leaves L C S (just as in Q3 of Part (a))
and then (ii) 77 is the neighbor set of T and T;11 is the neighbour set of T; for 0 <14 < r and (iii)
|S| 4+ |To| + - -+ |T7| > AsInn.

The argument for Q4 is still valid and this shows that whp |T'| < 2logn for any S C V}, which
is connected in G" We now prove that whp there does not exist a set Y such that (i) ¥ induces
a connected subset of G and (ii) |Y| < (Inn)? and (iii) |N(Y)| > 9d|Y| + Inn. This will complete
the verification of P1, since we have already shown that whp |T'| < 2Inn.

(Inn)? t( t)
n n —
Pr(3Y < tt72 t—1 9dt+Inn
@) < tzl <t> P 10dt +Inn ¥

(Inn)?
< n Z (de)t(e/g)gdt—‘rlnn

t=1
= o(1).
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7 Open questions

There are two natural questions that we would like to resolve:

1. Can we prove that the modified Glauber mixes rapidly if k£ = O(d)?

2. What can we say about the mixing time of the Glauber dynamics under the hypotheses of
Theorem 1(a)?
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