
Approximate Counting byDynami
 ProgrammingMartin Dyer�November 4th, 2002Abstra
tWe give eÆ
ient algorithms to sample uniformly, and 
ount approximately, solu-tions to the zero-one knapsa
k problem. The algorithm is based on using dynami
programming to provide a deterministi
 relative approximation. Then \dart throwing"te
hniques are used to give arbitrary approximation ratios. We extend this approa
h toseveral related problems: the m-
onstraint zero-one knapsa
k, the general integer knap-sa
k (in
luding its m-
onstraint version) and 
ontingen
y tables with 
onstantly manyrows. We also indi
ate how further improvements 
an be obtained using randomizedrounding.1 Introdu
tionIn this paper we des
ribe eÆ
ient algorithms to uniformly sample and approximately 
ountsolutions to the zero-one knapsa
k problem and some related problems. Spe
i�
ally weaddress the multiple 
onstraint version of zero-one knapsa
k, the general integer knapsa
kwith arbitrary upper bounds (both single and multiple 
onstraint), and 
ontingen
y tableswith a 
onstant number of rows. In ea
h 
ase the algorithms are based on a dynami
 pro-gramming 
omputation whi
h provides a deterministi
 approximation ratio of polynomialsize. Then simple \dart throwing" te
hniques give arbitrary approximation ratios.Previous approa
hes to the problems we dis
uss here have been based almost ex
lusively onthe Markov 
hain Monte Carlo (MCMC) approa
h. (See, for example, the survey of Jerrumand Sin
lair [12℄.) One ex
eption is the algorithm of Cryan and Dyer [2℄ for 
ontingen
ytables with 
onstantly many rows. This 
ombines dynami
 programming with volume ap-proximation, but the approximate volume 
omputation does itself involve MCMC methods.In fa
t, few results are known in approximate 
ounting whi
h do not rely on MCMC. Of
ourse, the foundational paper of Karp and Luby [14℄ did not use MCMC, and the te
hniquedeveloped there for estimating a union of sets has been employed elsewhere. The papers ofKarger [13℄ and Gore et al [9℄ use this idea, 
ombined with appli
ation-spe
i�
 methods.�Supported by the EPSRC grant \Sharper Analysis of Randomized Algorithms: a Computational Ap-proa
h" and by the EC IST network RAND-APX. 1



The zero-one knapsa
k problem has been approa
hed by MCMC. The best result known,due to Morris and Sin
lair [17, 18℄, gives sampling in time O(n9=2+�), for any � > 0, for aproblem with n variables. In se
tion 2.1 we give an O(n3) time sampling algorithm and afully polynomial randomized approximation s
heme (fpras), with relative error ", runningin time O(n3 + "�2n2), i.e. essentially the same time bound. In se
tion 2.2 we show howthis 
an be improved further to O(n5=2plog("�1) + n2"�2) using randomized rounding.The multiple 
onstraint versions of the knapsa
k problem have also been 
onsidered pre-viously [6, 16, 18℄. Here the best result known, again due to Morris and Sin
lair [16, 18℄,gives sampling with time bound n2O(m). We improve this substantially in se
tion 2.1 to givesampling, and an fpras, with a time bound of O(n2m+1).The general integer knapsa
k problem has perhaps been less studied from the viewpoint ofapproximate 
ounting. The analysis of [6℄ was extended to this 
ase, but the time boundfor the Markov 
hain given there is 2O�(pn) when there are n variables. It is likely that themethods of [16, 18℄ apply to this problem but it seems that this has not yet been done. Inse
tion 2.3 we show that the single 
onstraint problem has an O(n5) sampling algorithmand an fpras with similar running time. Again, we 
an easily generalise these results togive running times O(n2m+3) for the m-
onstraint 
ase.The problems of sampling and 
ounting 
ontingen
y tables have been widely studied. (See,for example, [1, 2, 3, 5, 7, 8, 10, 16℄.) The pra
ti
al relevan
e of this problem was dis
ussedby Dia
onis and Efron [4℄. It is still not known how to sample general 
ontingen
y tablesuniformly in polynomial time, but algorithms are known for some spe
ial 
ases. In parti
-ular, the 
ase where the number of rows is 
onsidered to be a 
onstant has been examinedin [2, 3, 7, 10℄. The previous best result in this area is the algorithm of Cryan and Dyer,whi
h gives sampling in time nO(m2) for a problem withm rows and n 
olumns. In se
tion 3we improve this to O(n4m+1), and give an fpras with similar time bound.Dynami
 programming has been used to 
onstru
t FPTAS's for optimization problems oftypes similar to those we study here. (See Woeginger [20℄ and its referen
es.) It seems thatthe reason the te
hnique also works for 
ounting is rather di�erent. Nevertheless, thereis a possibility of extending our results to other problems where dynami
 programmingFPTAS's exist for optimization.2 Approximately 
ounting knapsa
k solutionsThroughout, N will denote the set of all non-negative integers. For integers i � j, we willuse [i; j℄ to denote the set of integers fi; : : : ; jg, and [j℄ to denote the set [1; j℄ for 1 � j.2.1 The zero-one 
aseLet S denote the solution set ofnXj=1 ajxj � b; with x 2 Bn = f0; 1gn;2



where 0 � a1 � a2 � � � � � an � b are integers.1Let k be su
h that aj � b=n for j � k and either ak+1 > b=n or k = n. Let C =f0; 1gk � f0gn�k. If x 2 C then Pnj=1 ajxj �Pkj=1 aj � kb=n � b, so x 2 S. Thus C � S.Let �j = bn2aj=b
 and Æj = n2aj=b� �j , so 0 � Æj < 1. Let S0 be the solution set ofnXj=1 �jxj � n2; with x 2 Bn;Now jS0j 
an be determined in O(n3) time, using dynami
 programming. Write F (r; s) =jfx 2 Br : Prj=1 �jxj � sgj. In O(n3) time, the dynami
 programming tabulates F (r; s)(1 � r � n, 0 � s � n2), using the re
ursionF (r; s) = F (r � 1; s) + F (r � 1; s� �r) (r � 2); F (1; s) = (1 if s < �1;2 otherwise:Then we havejS0j = F (n; n2).If x 2 S, Pnj=1 �jxj � (n2=b)Pnj=1 ajxj � (n2=b)b = n2, so x 2 S0. Thus S � S0 andjSj � jS0j. If S0 6= S, suppose x 2 S0 n S. Then 
learly there exists an integer p(x) su
hthat xp = 1 and p =2 [k℄. Otherwise x 2 C � S � S0, a 
ontradi
tion. If there is more thanone su
h integer, take p(x) to be the smallest. Note that we have �p � n.De�ne a map f : S0 ! Bn, as follows. If x 2 S then f(x) = x. Otherwise x 2 S0 n S, andp(x) is well de�ned. De�ne f(x) = y, where yj = xj for j 6= p(x), and yp = 0. If x 2 S0 n Sthen, with y = f(x),nXj=1 ajyj = bn2 nXj=1(�j + Æj)yj = bn2� nXj=1 �jyj + nXj=1 Æjyj�= bn2� nXj=1 �jxj � �p + nXj=1 Æjyj�� bn2�n2 � n+ n� = b;so f(x) 2 S. Hen
e f(S0) = S. But, for y 2 S, we have jf�1(y)j � (n+1), sin
e any elementof f�1(y) may 
hange a single 
oordinate of y or none. Thus jS0j = jf�1(S)j � (n+ 1)jSj.Hen
e 1 � jS0j=jSj � (n + 1) so jS0j=pn+ 1 approximates jSj deterministi
ally withina fa
tor pn+ 1 and 
an be 
omputed in O(n3) time. Sin
e knapsa
k is obviously self-redu
ible, existen
e of an fpras for the problem now follows from a general result of Sin
lairand Jerrum [12℄. However, we will des
ribe a simpler and more eÆ
ient \dart-throwing"method.The F (r; s) table 
an be used to determine a uniform sample from S0 in O(n) time, bytra
ing ba
k probabilisti
ally from F (n; n2), as follows. Set xn = 0 with probability F (n�1; n2)=F (n; n2), else set xn = 1 with the remaining probability F (n� 1; n2 ��n)=F (n; n2).1A single (rational) linear inequality in zero-one variables 
an always be put in this form.3



If xn = 0, re
ursively determine xn�1; xn�2; : : : ; x2; x1 by tra
ing ba
k from F (n � 1; n2)and, if xn = 1, similarly tra
e ba
k re
ursively from F (n� 1; n2��n). The resulting pointof S0 has probability at least 1=(n + 1) of lying in S. If so, it is uniformly distributed inS, and we a

ept it. Otherwise we repeat the whole pro
ess independently. After n + 1repetitions we have a sample with probability at least 1�e�1. Hen
e a sample of � uniformpoints 
an be determined in O(n3 + n2�) time2 with probability at least 1� e�
(n).To have an fpras for jSj, we need only estimate the probability � = jSj=jS0j � 1=(n + 1),sin
e jS0j = F (n; n2). With � points, the sampling error is O(1=p�n). We require this tobe smaller than "� = 
("=n). Hen
e we need � = O("�2n). The 
omplexity of the fpras isthen O(n3 + "�2n2).The m-
onstraint (or multidimensional ) knapsa
k problem,S = m\i=1Si; where Si = fx 2 Bn : nXj=1 aijxj � big;with aij � 0 (i 2 [m℄, j 2 [n℄)3, 
an be solved by the same te
hnique if m is a 
onstant.Let S0 = Tmi=1 S0i, where S0i = fx 2 Bn : Pnj=1 �ijxj � n2g with �ij = bn2aij=bi
. We 
anshow S � S0 exa
tly as before.Let Ki = fj : aij � bi=ng. For x 2 S0 n S, let I(x) = fi : x 2 S0i n Sig. As before, for everyi 2 I(x), there exists pi(x) =2 Ki su
h that xpi = 1. Constru
t f(x) = y by ypi(x) = 0 fori 2 I(x) and yj = xj otherwise. Then it 
an be shown as before that f(x) 2 S. The inversemapping 
hanges some set of 
oordinates P with 0 � jP j �m, sojf�1(y)j � 1 + n+�n2�+ � � �+�nm� � nm (m;n � 2):The dynami
 programming 
omputation to determine jS0j takes O(n2m+1) time. Using thesame ideas as before, we 
an obtain a uniform sample of size � from S in time O(n2m+1 +nm+1�), and an fpras for approximate 
ounting whi
h takes O(n2m+1 + "�2nm+1) time.2.2 An improvement using randomized roundingWe will show how to redu
e the running time of the fpras for the zero-one knapsa
k problemby (almost) a pn fa
tor, using randomized rounding. If " is as above, and � is a (small)
onstant error probability, letK =q�12n ln(�"), and �̂j = b2nK�j=b
, Æj = 2nK�j=b��̂j .Now let Wj be independent random variables su
h thatPr(Wj = 1) = 1� Pr(Wj = 0) = Æj (j 2 [n℄);and let �j = �̂j +Wj. Hen
e we have 2nKaj=b = �j + Æj �Wj, and E[�j ℄ = 2nKaj=b. LetS be de�ned as before and let S0 = fx 2 Bn :Pnj=1 �jxj � (2n+ 1)Kg. Then jS0j 
an bedetermined by dynami
 programming as before. We �rst show that2Here and elsewhere we 
ount arithmeti
 operations, rather than operations on bits.3The problem provably has no fpras without this assumption, even if bi > 0 for all i 2 [m℄.4



Lemma 1. Pr(jS0 \ Sj < (1� ")jSj) � �.Proof. If x 2 S, we bound Pr(x =2 S0) as follows.nXj=1 �jxj = nXj=1(2nKaj=b� Æj +Wj)xj � 2nK + nXj=1(Wj � Æj)xj � (2n+ 1)Kwith probability e�2K2=n = �", using the Hoe�ding bound [11℄. Summing over x 2 S, wehave E[ jS n S0j ℄ � �"jSj. Hen
e, by the Markov inequality,Pr(jS n S0j > "jSj) � �"jSj"jSj = �;whi
h implies the Lemma.We de�ne f : S0 ! Bn as follows. If x 2 S0 \ S, we set f(x) = x and, if x 2 S0 n S, let k besu
h that akxk > b=n. Now de�ne y = f(x) by setting xk = 0 as before.Lemma 2. Pr(jS0 \ f�1(S)j < (1� ")jS0j) � �.Proof. If x 2 S0 n f�1(S), then x 2 S0 but f(x) = y =2 S. We bound Pr(y =2 S) as follows.nXj=1 ajyj � nXj=1 ajxj � bn = b2nK � nXj=1(�j + Æj �Wj)yj � 2K�� b2nK�(2n� 1)K + nXj=1(Æj �Wj)yj� � b2nK (2nK) = b;with probability e�2K2=n = �", again using the Hoe�ding bound [11℄. Summing over x 2 S0,we have E[ jS0 n f�1(S)j ℄ � �"jS0j. Now, by the Markov inequality,Pr(jS0 n f�1(S)j > "jS0j) � �"jS0j"jS0j = �;giving the Lemma.Thus, with probability at least (1� 2�), we have jS0 \ Sj � (1� ")jSj and jS0 \ f�1(S)j �(1� ")jS0j. From these we may dedu
enjSj � jf�1(S)j � jS0 \ f�1(S)j � (1� ")jS0j;and hen
e � = jS \ S0j=jS0j � (1� ")jSj=jS0j � (1� ")2=n. Hen
e, by sampling from S0, we
an determine and estimate �̂ of � satisfying � �̂ � �p1� " in O(n2="2) time. Then let	 = �̂jS0j=p1� " be our estimate of jSj. We have	 � �jS0j1� " = jS0 \ Sj1� " � jSj1� "; and 	 � �jS0j = jS0 \ Sj � (1� ")jSj:So we have an fpras, with overall running time O(n5=2plog("�1) + n2"�2).There are analogous improvements for the other problems we study, but we will not 
onsiderthem here. 5



2.3 The general 
aseLet Ur = f 0 � xj � uj ; j 2 [r℄g, where the uj are given integers. We want to determinejSj, where S = fx : nXj=1 ajxj � b; x 2 Ung;with a1; : : : ; an; b > 0 given integers. Note that we 
an assume uj � bb=aj
.Let hj(xj) = b2n2ajxj=b
 (0 � xj � uj ; j 2 [n℄), andS0 = fx : nXj=1 hj(xj) � 2n2; x 2 Ung:Now let C = fx : ajxj � b=n; j 2 [n℄g. It follows easily that C � S � S0. Thus, if x 2 S0nS,there exists p(x) su
h that apxp > b=n. Note that hp(xp) � 2n. De�ne f : S0 ! U , byf(x) = x if x 2 S and f(x) = y otherwise, where yj = xj for j 6= p(x) and yp = bxp=2
.Now, if y = f(x) and p = p(x),nXj=1 ajyj = b2n2 nXj=1 2n2ajyj=b = b2n2�Xj 6=p 2n2ajxj=b+ 2n2apbxp=2
=b�� b2n2�Xj 6=p(hj(xj) + 1) + n2apxp=b�� b2n2�Xj 6=p hj(xj) + n� 1 + 12 (hp(xp) + 1)�� b2n2�Xj 6=p hj(xj) + n� 1 + hp(xp)� n+ 12�� b2n2�2n2 � 12� < b:Thus f(S0) = S. But jf�1(y)j � 2n+1, sin
e y 2 f�1(y) and, for any 1 � p � n, there areat most two possible values of xp.We 
al
ulate F (r; s) = jfx 2 Ur : Prj=1 hj(xj) � sgj by dynami
 programming, withjS0j = F (n; 2n2). Let �j = b2n2aj , �j = buj=�j
 � 2n2. Then�j(t) = jfxj : hj(xj) = tgj = d(t+ 1)�je � dt�je (0 � t < �j);and �j(�j) = uj � dt�je. Now the re
urren
e isF (r; s) = �rXt=0 �r(t)F (r � 1; s� t); F (1; s) = 1 +min �bs�1
; u1�:The table F (r; s) (1 � r � n; 0 � s � 2n2) 
an be determined in O(n5) time. Theprobabilisti
 tra
eba
k takes O(n3) time, so we 
an generate a sample of size � from S in6



O(n5+n4�) time. Again we need O("�2n) samples from S0 for an fpras giving O(n5+"�2n4)time. The generalisation to the m-
onstraint version is similar to the zero-one 
ase, andleads to O(n2m+3 + �nm+3) time for a sample of size �, and O(n2m+3 + "�2nm+3) time foran fpras.3 Contingen
y tables with few rowsWe 
onsider m � n tables, where m is 
onstant. We will assume m � n, otherwise wewill transpose the table. The row totals are ri, i 2 [m℄, and the 
olumn totals 
j , j 2 [n℄,and N = Pmi=1 ri = Pnj=1 
j. Assume, without loss of generality, that 
n = maxnj=1 
j .We will also assume that 
n � m5. Otherwise, it is possible to 
ount exa
tly by dynami
programming in O(nm+1) time, for 
onstant m.We denote the i; jth element of a matrix x 2 Nm�n by xij, and its jth 
olumn by xj(i 2 [m℄; j 2 [n℄). Also x� 2 Nm�(n�1) denotes x with its nth 
olumn deleted. LetXj = �xj 2 Nm : mXi=1 xij = 
j	 (j 2 [n� 1℄);and X = �x� : xj 2 Xj ; j 2 [n� 1℄	:Letting r = (r1; : : : ; rm), the set S of 
ontingen
y tables with totals ri, 
j 
an be writtenS = �x� 2 X : n�1Xj=1 xj � r	:Let hj : Xj ! Nm be de�ned by [hj(xj)℄i = b2n2xij=ri
 (i 2 [m℄), and letS0 = �x� 2 X : n�1Xj=1 hj(xj) � 2n21	;where 1 is the m-ve
tor of 1's. Clearly S � S0.For t 2 T = [0; 2n2℄m, we 
an 
al
ulate F (k; t) = jfx� 2 X :Pkj=1 hj(xj) � tgj by dynami
programming, with jS0j = F (n� 1; 2n21).Let �i(ti) = � riti2n2� and, for any j 2 [n� 1℄, de�ne�j(t) = jfxj 2 Xj : hj(xj) = tgj = jfxj 2 Xj : �i(ti) � xij < �i(ti + 1); i 2 [m℄gj:Then, if s 2 T , the re
urren
e isF (k; s) =Xt2T �k(t)F (k � 1; s� t); F (1; s) = �1(s):The table F (k; s) (k 2 [n� 1℄; s 2 T ) 
an be determined in O(n4m+1D) time, where D isthe time needed to determine �j(t). 7



Lemma 3. �j(t) 
an be determined in O(m2m) arithmeti
 operations.Proof. Note that ea
h �j(t) is of the formM = jf� = (�1; : : : ; �m) 2 Zm : 0 � �i � ui (i 2 [m℄); mXi=1 �i = �gj: (1)For � 2 f0; 1gm, let e(�) =Pmi=1 �i, z(�) = � �Pmi=1 �i(ui + 1), andZ(�) = �� : �i � 0 (i 2 [m℄); mXi=1 �i = z(�)	:Note that jZ(�)j = �z(�)+m�1m�1 �. Now, using the prin
iple of in
lusion-ex
lusion, we haveM = X�2f0;1gm(�1)e(�)jZ(�)j = X�2f0;1gm(�1)e(�)�z(�) +m� 1m� 1 �:Ea
h term in the sum 
an be 
al
ulated in O(m) arithmeti
 operations, and there are 2mterms.Hen
e, for 
onstant m, all F (k; s) 
an be 
al
ulated in O(n4m+1) time. Hen
e we 
andetermine jS0j. The probabilisti
 tra
eba
k takes O(n2m+1) time, given that we 
an sele
tuniformly from sets of the form (1) in 
onstant time (for �xed m). We will 
onsider thispoint later.We now 
onstru
t the mapping f from S0 to S. This is not as straightforward as the
onstru
tion of the mappings in se
tion 2. If x� 2 S, then we set f(x�) = x�. Otherwise letI(x�) = fi : Pn�1j=1 x�ij > rig. For i 2 I(x�), let p(i) be su
h that x�ip = maxn�1j=1 x�ij > ri=n.Now, for any x� 2 S0,n�1Xj=1 x�ij � ri2n2 n�1Xj=1(hij(x�ij) + 1) < ri2n2 �2n2 + n� = �1 + 12n�ri:Now let J = fj : j = p(i) for some i 2 I(x�)g and ` = jJ j + 1. Note that ` � m, sin
exj 2 Xj , j 2 [n � 1℄, implies that [m℄ n I(x�) 6= ;. Let ŷij = 0 (i 2 [m℄; j 2 J), ŷij = x�ijotherwise. Then �i = ri �Pn�1j=1 ŷij � 0.If i 2 I(x�), �i � x�ip � 12nri � 12nri. Thus, if i 2 I(x�), j 2 J , x�ij � x�ip � �i + 12nri � 2�i.If i =2 I(x�), j 2 J , then 
learly x�ij � �i. Also, x�j 2 Xj implies x�ij � 
j . Thus we havex�ij � 2min(�i; 
j) for any i 2 [m℄, j 2 J .Let J 0 = J [ fng. We use the 
olumns in J 0 to \
omplete" ŷ to a 
ontingen
y table y.We 
an do this by setting these 
olumns to any m � ` 
ontingen
y table with row sums�i, i 2 [m℄, and 
olumn sums 
j , j 2 J 0. The method we use is similar to that in [3℄. LetN 0 =Pmi=1 �i =Pj2J 0 
j , and let us assume without loss that the rows are re-numbered ifne
essary so that �m = maxmi=1 �i. Note that �m � N 0=m and 
n � N 0=`.8



Let aij = bmin(�i; 
j)=m3
, Qij = bx�ij=(aij + 1)
 � 2m3, Rij = x�ij mod (aij + 1), so thatx�ij = (aij + 1)Qij +Rij , for i 2 [m� 1℄; j 2 J . LetQ0ij = � �i
jN 0(aij + 1)� ; zij = (aij + 1)Q0ij +Rij (i 2 [m� 1℄; j 2 J):We must show that the zij 
an be 
ompleted to a 
ontingen
y table. This will be so if, andonly if, Xj2J zij � �i (i 2 [m� 1℄); (2)Xi2[m�1℄ zij � 
j (j 2 J); (3)Xi2[m�1℄Xj2J zij � N 0 � �m � 
n: (4)For (2),Xj2J zij �Xj2J ��i
jN 0 + aij� �Xj2J ��i
jN 0 + �im3� < �i�1� 1̀ + 1m2� < �i:Similarly, for (3),m�1Xi=1 zij � m�1Xi=1 ��i
jN 0 + aij� � m�1Xi=1 ��i
jN 0 + 
jm3� < 
j �1� 1m + 1m2� < 
j :Finally, for (4),m�1Xi=1 Xj2J zij > m�1Xi=1 Xj2J ��i
jN 0 � (aij + 1)� � m�1Xi=1 Xj2J ��i
jN 0 � 
jm3 � 1�� (N 0 � �m)(N 0 � 
n)N 0 � N 0 � 
nm2 �m2� N 0 � �m � 
n + N 0m2 � N 0m2 + N 0m3 �m2 � N 0 � �m � 
n;provided N 0 � m5. But this is implied by our assumption that 
n � m5.We 
an now de�ne the mapping f . Let f(x�) = y�, where y�j = x�j , j =2 J , and y�j = zj ,j 2 J . For the inverse mapping, the set J 
ontains at most (m� 1) of the (n� 1) 
olumns,and there are at most nm�1 ways of sele
ting it. Given J , the �i, i 2 [m℄, 
an be 
al
ulated,and we determine the largest �i, whi
h we assume to be �m. Now the aij 
an be determined,and hen
e the Rij from Rij = y�ij mod (aij + 1), for i 2 [m � 1℄; j 2 J . Finally we mustsele
t the Qij . Sin
e Qij 2 [0; 2m3℄, i 2 [m� 1℄; j 2 J , there are at most (2m3 + 1)(m�1)2ways of sele
ting them all. For �xed m this is 
onstant. Thus jf�1(y�)j = O(nm�1).We 
an generate as before by tra
ing ba
k. However, at ea
h stage we now need to generatea random point in a set M of the form (1). Let us defer this issue temporarily, and suppose9



we 
an do this in 
onstant time for �xed m. It then follows, using the same ideas as before,that a sample of � tables 
an be 
omputed in time O(n4m+1 + � n3m), and that there is anfpras with running time O(n4m+1 + "�2n3m).Let us now return to the question of generation in the tra
e ba
k. Fortunately, we 
an usethe method above to bootstrap itself. Note that any set of the form (1) is (essentially) theset of solutions to a 2 �m 
ontingen
y table, with row sums �, Pmi=1 ui � � and 
olumnsums u1; u2; : : : ; um. Thus the method above will generate a point in O(m9) time, providedthat we 
an tra
e ba
k when there are only two rows. Thus we need to generate a uniformpoint in �1 + �2 = �; 0 � �1 � u1; 0 � �2 � u2:But this is straightforward. We 
hoose �1 2 [max(0; ��u2);min(u1; �)℄ uniformly at random,and then �2 = � � �1.Finally, observe that this method for generation 
ould in fa
t be used to 
ount approxi-mately in the dynami
 programming phase. Thus we use Lemma 1 only for tables with tworows. It is then possible to make the implied 
onstants in the time bounds for the samplingand approximation algorithms have polynomial dependen
e on m. We omit the details,sin
e the appearan
e of m in the exponent of n makes this an issue of lesser importan
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