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Abstract

We give efficient algorithms to sample uniformly, and count approximately, solu-
tions to the zero-one knapsack problem. The algorithm is based on using dynamic
programming to provide a deterministic relative approximation. Then “dart throwing”
techniques are used to give arbitrary approximation ratios. We extend this approach to
several related problems: the m-constraint zero-one knapsack, the general integer knap-
sack (including its m-constraint version) and contingency tables with constantly many
rows. We also indicate how further improvements can be obtained using randomized
rounding.

1 Introduction

In this paper we describe efficient algorithms to uniformly sample and approximately count
solutions to the zero-one knapsack problem and some related problems. Specifically we
address the multiple constraint version of zero-one knapsack, the general integer knapsack
with arbitrary upper bounds (both single and multiple constraint), and contingency tables
with a constant number of rows. In each case the algorithms are based on a dynamic pro-
gramming computation which provides a deterministic approximation ratio of polynomial
size. Then simple “dart throwing” techniques give arbitrary approximation ratios.

Previous approaches to the problems we discuss here have been based almost exclusively on
the Markov chain Monte Carlo (MCMC) approach. (See, for example, the survey of Jerrum
and Sinclair [12].) One exception is the algorithm of Cryan and Dyer [2] for contingency
tables with constantly many rows. This combines dynamic programming with volume ap-
proximation, but the approximate volume computation does itself involve MCMC methods.
In fact, few results are known in approximate counting which do not rely on MCMC. Of
course, the foundational paper of Karp and Luby [14] did not use MCMC, and the technique
developed there for estimating a union of sets has been employed elsewhere. The papers of
Karger [13] and Gore et al [9] use this idea, combined with application-specific methods.
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The zero-one knapsack problem has been approached by MCMC. The best result known,
due to Morris and Sinclair [17, 18], gives sampling in time O(n%?%€), for any € > 0, for a
problem with n variables. In section 2.1 we give an O(n?) time sampling algorithm and a
fully polynomial randomized approximation scheme (fpras), with relative error ¢, running
in time O(n® + e 2n?), i.e. essentially the same time bound. In section 2.2 we show how
this can be improved further to O(n®/?,/log(e 1) 4+ n2e~2) using randomized rounding.

The multiple constraint versions of the knapsack problem have also been considered pre-
viously [6, 16, 18]. Here the best result known, again due to Morris and Sinclair [16, 18],
gives sampling with time bound n2°" . We improve this substantially in section 2.1 to give

sampling, and an fpras, with a time bound of O(an“).

The general integer knapsack problem has perhaps been less studied from the viewpoint of
approximate counting. The analysis of [6] was extended to this case, but the time bound
for the Markov chain given there is 207(V1) when there are n variables. It is likely that the
methods of [16, 18] apply to this problem but it seems that this has not yet been done. In
section 2.3 we show that the single constraint problem has an O(n®) sampling algorithm
and an fpras with similar running time. Again, we can easily generalise these results to

2m+3)

give running times O(n for the m-constraint case.

The problems of sampling and counting contingency tables have been widely studied. (See,
for example, [1, 2, 3, 5, 7, 8, 10, 16].) The practical relevance of this problem was discussed
by Diaconis and Efron [4]. It is still not known how to sample general contingency tables
uniformly in polynomial time, but algorithms are known for some special cases. In partic-
ular, the case where the number of rows is considered to be a constant has been examined
in [2, 3, 7, 10]. The previous best result in this area is the algorithm of Cryan and Dyer,
which gives sampling in time nO(m?)
we improve this to O(n*"*1), and give an fpras with similar time bound.

for a problem with m rows and n columns. In section 3

Dynamic programming has been used to construct FPTAS’s for optimization problems of
types similar to those we study here. (See Woeginger [20] and its references.) It seems that
the reason the technique also works for counting is rather different. Nevertheless, there
is a possibility of extending our results to other problems where dynamic programming
FPTAS’s exist for optimization.

2 Approximately counting knapsack solutions

Throughout, N will denote the set of all non-negative integers. For integers ¢+ < j, we will
use [7, j] to denote the set of integers {i,...,j}, and [j] to denote the set [1, ] for 1 < j.

2.1 The zero-one case

Let S denote the solution set of

n
Zaj:vj <b, withz e B, ={0,1}",
j=1



where 0 < a1 <ag <---<aq, <bare integers.1

Let k be such that a; < b/n for j < k and either a1 > b/n or k = n. Let C =
{0,1}* x {0}"*. If x € C then > ajz < Z?:l a; < kb/n <b,soxecS. Thus C CS.

Let aj = |n%a;j/b] and &; = n%a;/b — aj, so 0 < §; < 1. Let S’ be the solution set of

n
Z ;T < n?, with z € B,
j=1

Now |S’| can be determined in O(n?) time, using dynamic programming. Write F(r,s) =
{z € By : 30 ajz; < s}l In O(n?) time, the dynamic programming tabulates F(r, s)
(1 <r <n,0<s<n?), using the recursion

1 if s < aq,
F(rs) = F(r—1s)+ F(r—Ls—a) (r>2), Fls=4_ 1"
2 otherwise.

Then we have|S’| = F(n,n?).
Ifz €S, Y0 ajmy < (n?/b) 35 ajz; < (n°/b)b = n? so z € §'. Thus § C S and
|S| < |S'). If S" # S, suppose z € S\ S. Then clearly there exists an integer p(z) such

that z, =1 and p ¢ [k]. Otherwise z € C C S C §’, a contradiction. If there is more than
one such integer, take p(z) to be the smallest. Note that we have a;, > n.

Define a map f : S’ — B,, as follows. If z € S then f(z) = z. Otherwise z € S’ \ S, and
p(z) is well defined. Define f(z) =y, where y; = z; for j # p(z), and y, =0. If z € '\ S
then, with y = f(x),

n n

b b [~ -
doayp = > (o5 +d)y; = E(Z Y+ 51%’)
j=1 j=1 =1 =1
b n n
7j=1 7=1

< (n2—n+n> = b,

3M| o~

so f(x) € S. Hence f(S') = S. But, fory € S, we have |f !(y)| < (n+1), since any element
of f~!(y) may change a single coordinate of y or none. Thus |S'| = |f~1(S)| < (n + 1)|S].
Hence 1 < |S'|/|S| < (n+ 1) so |S'|/v/n+ 1 approximates |S| deterministically within
a factor v/n + 1 and can be computed in O(n?) time. Since knapsack is obviously self-
reducible, existence of an fpras for the problem now follows from a general result of Sinclair
and Jerrum [12]. However, we will describe a simpler and more efficient “dart-throwing”
method.

The F(r,s) table can be used to determine a uniform sample from S’ in O(n) time, by
tracing back probabilistically from F(n,n?), as follows. Set z,, = 0 with probability F(n —
1,n2)/F(n,n?), else set x, = 1 with the remaining probability F(n — 1,n% — a;,)/F(n,n?).

' A single (rational) linear inequality in zero-one variables can always be put in this form.



If x, = 0, recursively determine x,_1,%,_s,...,2s, 21 by tracing back from F(n — 1,n?)
and, if z,, = 1, similarly trace back recursively from F(n —1,n? — ;). The resulting point
of S’ has probability at least 1/(n + 1) of lying in S. If so, it is uniformly distributed in
S, and we accept it. Otherwise we repeat the whole process independently. After n + 1
repetitions we have a sample with probability at least 1 — e~!. Hence a sample of v uniform
points can be determined in O(n? 4+ n?v) time? with probability at least 1 — e~ ™).

To have an fpras for |S|, we need only estimate the probability p = |[S|/|S'| > 1/(n + 1),
since |S'| = F(n,n?). With v points, the sampling error is O(1//vn). We require this to
be smaller than ep = 2(e/n). Hence we need v = O(e 2n). The complexity of the fpras is
then O(n3 4+ e7?n?).

The m-constraint (or multidimensional ) knapsack problem,

m n
S = m S;, where S; = {’I‘ € B, : Zaijmj < bl},

i=1 j=1

with a;; > 0 (i € [m], j € [n])3, can be solved by the same technique if m is a constant.
Let S' =i, S}, where S} = {z € By, : 37 ajjz; < n?} with «;; = [n2a;;/bi|. We can
show S C S’ exactly as before.

Let K; = {j : aij < bj/n}. For x € §'"\ S, let I(z) ={i:z € 5]\ S;}. As before, for every
i € I(z), there exists p;(7) ¢ K; such that z,, = 1. Construct f(z) =y by yp,(,) = 0 for
i € I(x) and y; = x; otherwise. Then it can be shown as before that f(z) € S. The inverse
mapping changes some set of coordinates P with 0 < |P| < m, so

1f M) <1+ + (Z) TR (Z) <n™  (myn>2).

The dynamic programming computation to determine |S’| takes O(n?™*!) time. Using the

same ideas as before, we can obtain a uniform sample of size v from § in time O(n?™*! +
n™+1y), and an fpras for approximate counting which takes O(n?™*+! 4 ¢~ 2n™+1) time.

2.2 An improvement using randomized rounding

We will show how to reduce the running time of the fpras for the zero-one knapsack problem
by (almost) a /n factor, using randomized rounding. If ¢ is as above, and 7 is a (small)

constant error probability, let K = y/—inIn(ne), and &; = [2nKa;/b], §; = 2nK a;j/b—d;.
Now let W; be independent random variables such that

Pr(Wj=1)=1-Pr(W; =0)=4d;  (j € [n]),

and let a; = &; + W;. Hence we have 2nKa;/b = a; +6; — W;, and E[a;] = 2nKa;/b. Let
S be defined as before and let S = {z € B, : }7_, ajwj < (2n+ 1)K} Then |S'| can be
determined by dynamic programming as before. We first show that

2Here and elsewhere we count arithmetic operations, rather than operations on bits.
#The problem provably has no fpras without this assumption, even if b; > 0 for all 5 € [m].



Lemma 1. Pr(|S'N S| < (1 —¢)|S]) <n.
Proof. If 2 € S, we bound Pr(z ¢ S') as follows.

n n n
Z T = Z(2nKa,j/b —0;+Wj)z; < 2nK + Z(W] —0j)z; < (2n+ 1)K
7j=1 7=1 7=1

with probability e 2K%/n — ne, using the Hoeffding bound [11]. Summing over z € S, we
have E[|S \ S'|] < ne|S|. Hence, by the Markov inequality,

nel S| .

els|

which implies the Lemma. O

Pr(|S\ &' > |S]) <

We define f : S" — B, as follows. If z € §'N S, we set f(z) =z and, if x € §'\ S, let k be
such that agzy > b/n. Now define y = f(z) by setting x = 0 as before.

Lemma 2. Pr(|S'Nn f~1(S)| < (1 —¢)9']) <.

Proof. If z € S’ \ f~1(S), then x € S’ but f(z) =y ¢ S. We bound Pr(y ¢ S) as follows.

n

Zajyj < Z(I,j.’L‘j — E = %—K(Z(O{] +(5j *Wj)yj *2K)

j=1 j=1 j=1

b n b
< - ) — L o) < _
- 2nK ((271 DK + jzjl((s] Wy)yﬂ) = 2nK(2nK) b,

with probability e 2K /n — ne, again using the Hoeffding bound [11]. Summing over z € S’,
we have E[|S"\ f1(9)|] < ne|S’|. Now, by the Markov inequality,
S’
Pr(S'\ f(S)] > e8] < ST —
r([ST\ f(S)] > lST) < a5 =
giving the Lemma. U

Thus, with probability at least (1 — 27), we have |S'N S| > (1 —¢€)|S| and |S'N f~1(S)| >
(1 —¢)]S'|. From these we may deduce

nl S| > [f7HS) 2 8" NFHS) > (1 -¢)lS,

and hence p = |SNS'|/|S'| > (1 —€)|S|/|S'| > (1 —€)?/n. Hence, by sampling from S’, we
can determine and estimate p of p satisfying < p < py/1 — ¢ in O(n?/e?) time. Then let
U = 5|S'|/v/1 — € be our estimate of |S|. We have
/ /
S| _Is'ns|_ S|

U < = d ¥ > nN=19 > (1-— .
P22 e P ad w2l = 18082 (1))

So we have an fpras, with overall running time O(n5/2\/log(e~1) + n2e2).

There are analogous improvements for the other problems we study, but we will not consider
them here.



2.3 The general case

Let U, = { 0 < z; <wj, j € [r]}, where the u; are given integers. We want to determine
|S|, where

n

S:{x:Zaj:vj <b, z €Uy},
i=1
with ai,...,a,,b > 0 given integers. Note that we can assume u; < |b/a;]|.

Let hj(z;) = L2n2aj:vj/bj (0 <z; <wj, j€[n]), and

S'={x:Y hj(z;) < 2n*, x€Up,}.
7=1

Now let C = {z : ajz; < b/n, j € [n]}. It follows easily that C C S C S'. Thus, ifz € S'\S,
there exists p(z) such that a,z, > b/n. Note that hy,(z,) > 2n. Define f : S — U, by
f(x) ==z if z € S and f(z) = y otherwise, where y; = z; for j # p(z) and y, = |z,/2].
Now, if y = f(x) and p = p(z),

n n

b b
Za,jyj = 3.3 2n2a;y; /b = W(ZZnQajmj/b-i-2n2ap{mp/2j/b)
j=1 j=1 i#p
b
< 55 (D) + 1) + wayw,fb)
J7p
b
< 5s (Do) +n = 1+ Sy (o) + 1)
J#p
b
< 2—n2< hj(%)"'n_l"‘hp(xp)_"‘i‘%)
J7p
< a2 1) <
< g(2 1)<

Thus f(S') = S. But |f '(y)| < 2n+1, since y € f (y) and, for any 1 < p < n, there are
at most two possible values of z,.

We calculate F(r,s) = {z € Uy : >3 hj(z;) < s}| by dynamic programming, with

S| = F(n,2n?). Let rj = = |u;/Kj| < 2n?. Then

anay
Aj(t) = Kmj « hj(ag) =t} = [(E+ Vs | = [trz] (0 <t < 7),
and Aj(7j) = u; — [tk;]|. Now the recurrence is

F(r,s) = i:Ar(t)F(r —1,s—1t), F(l,s) =1+ min [[sk1],u1].
=0

The table F(r,s) (1 <7 < n, 0 < s < 2n?) can be determined in O(n®) time. The
probabilistic traceback takes O(n?) time, so we can generate a sample of size v from S in



O(n®+n*v) time. Again we need O(s 2n) samples from S’ for an fpras giving O(n®4-¢2n?)
time. The generalisation to the m-constraint version is similar to the zero-one case, and
leads to O(n?™+3 4 vn™*+3) time for a sample of size v, and O(n?™+3 4+ ¢ 2n™+3) time for
an fpras.

3 Contingency tables with few rows

We consider m x n tables, where m is constant. We will assume m < n, otherwise we
will transpose the table. The row totals are 7, 4 € [m], and the column totals ¢;, j € [n],
and N = > r = 2?21 cj. Assume, without loss of generality, that ¢, = max;_, ¢;.
We will also assume that ¢, > m5. Otherwise, it is possible to count ezactly by dynamic
programming in O(n™*1!) time, for constant m.

We denote the i, jth element of a matrix z € N™*" by z;;, and its jth column by z;
(i € [m],j € [n]). Also z* € N™*(»=1) denotes x with its nth column deleted. Let

X;={z; eN" : Z:vijzcj} (j € [n—1]),

i=1
and
X={z": 5;€X;, jen-1]}.
Letting r = (r1,...,7y,), the set S of contingency tables with totals r;, ¢; can be written

n—1
S:{x*eX : ijgr}.
j=1
Let h; : X; — N™ be defined by [h;(z;)]; = [2n%z;j/r:] (i € [m]), and let

n—1
S = {’I‘* € X: Zh](’l‘]) < 277,21},

7=1
where 1 is the m-vector of 1’s. Clearly S C S'.
For t € T =[0,2n?]", we can calculate F(k,t) = [{z* € X : Zle h;(z;) < t}| by dynamic
programming, with |S'| = F(n — 1,2n?1).
Let &(t;) = [%-‘ and, for any j € [n — 1], define

n

Aj(t) = ‘{’I‘] € Xj : h,j(.’l,‘j) = t}| = ‘{’I‘] € Xj fl(tl) <z < fz(tz + 1), 1 € [’m]}|
Then, if s € T', the recurrence is

F(k,s) =Y Apt)F(k—1,5—1), F(1,5) = A(s).
teT

The table F(k,s) (k € [n — 1], s € T) can be determined in O(n*™*!'D) time, where D is
the time needed to determine Aj(#).



Lemma 3. Aj(t) can be determined in O(m2™) arithmetic operations.

Proof. Note that each Aj(#) is of the form
M={¢= (G, Cm) €Z™ : 0< (< (i €] Zcz £}- (1)

For o € {0,1}™, let e(0) = >, 04, 2(0) =& =Y 1", oi(u; + 1), and

={¢:G>0(ielm), Y G=z20)}

i=1

Note that |Z(o)| = (* 2o e 1). Now, using the principle of inclusion-exclusion, we have

M = Z (—1)6(U)|Z(U)‘ _ Z (_1)6(0’) (Z(O'?n:—_rfni— 1)
oe{0,1}m oe{0,1}™

Each term in the sum can be calculated in O(m) arithmetic operations, and there are 2™
terms. O
Hence, for constant m, all F(k,s) can be calculated in O(n*™*!) time. Hence we can
determine |S’|. The probabilistic traceback takes O(n?™t1) time, given that we can select
uniformly from sets of the form (1) in constant time (for fixed m). We will consider this
point later.

We now construct the mapping f from S’ to S. This is not as straightforward as the
construction of the mappings in section 2. If * € S, then we set f(z*) = z*. Otherwise let

I(z*) = {i: Z] 1 Tj; > ri}. Ford € I(z*), let p(i) be such that z}, = max’; ;> i/,
Now, for any z* € S,

Jj= 1

n—1

Z‘TU = 271 (hlj(x;(]) + 1) <

1

T 1
2,’;2 (2712 + n) = (1 + %>Tl

<.
Il

Now let J = {j : j = p(i) for some i € I(z*)} and £ = |J| + 1. Note that £ < m, since
zj € Xj, j € [n— 1], implies that [m] \ I(z*) # 0. Let g;; = 0 (i € [m],j € J), §ij = =z}
otherwise. Then p; = r; — Z?;ll ¥ij > 0.

Ifi € I(z*), pZZT*p 217“121 . Thus, ifiGI( )7€J’I’ S’I‘w<pl r2§2pl
Ifi ¢ I(z*), 5 € J, then clearly xZ] < pi- Also, 77 € X 1mpl1es z7; < ¢ Thus we have
z;; < 2min(p;, ¢;) for any i € [m], j € J.

Let J' = JU {n}. We use the columns in J' to “complete” ¢ to a contingency table y.
We can do this by setting these columns to any m x £ contingency table with row sums
pi, @ € [m], and column sums ¢;, j € J'. The method we use is similar to that in [3]. Let
N'"=33" pi = > ;e ¢j. and let us assume without loss that the rows are re-numbered if
necessary so that p, = max]", p;. Note that p,, > N'/m and ¢, > N'/¢.



Let Qi = Lmin(pi,c]-)/m3j, Qi]' = Lx;-‘j/(aij + 1)J < 2m3, Ri]' = .’E;(j mod (ai]- + 1), so that
z7; = (aij + 1)Qij + Rij, for i € [m —1],5 € J. Let
Qi = S - zij = (aij + 1)Qi; + Rij (i €[m—1].5 € J).
K N’((J,Z'j +1) ’ J J K I "

We must show that the z;; can be completed to a contingency table. This will be so if, and
only if,

S o < pi (i€ fm—1]), 2)
j€J

Y oz < ¢ (GED), (3)
i€[m—1]

Z Zzij > N' — pm — cp. (4)
i€[m—1] jeJ

For (2),

PiCi PiCj i 1 1
Yo sE (g em) S () <o (g m) <

jed jeJ jeJ

Similarly, for (3),

m—1 m—1 IO'(" m—1 IO.(:. C; ]_ ].

iCj iCy “J
>om < 3 () < (W+m3)<%‘<1a+m><%'
i=1 i=1 i=1

Finally, for (4),

R
<
V
/N
ZE
3.0
S
=
S
_I_
=
N———
V
/N
2?
SIS
\
o
%h
—_
N———

W%
|
|

3

> N pm et g s dos o mt 2 N e,

provided N’ > m5. But this is implied by our assumption that ¢, > m?>.

We can now define the mapping f. Let f(z*) = y*, where y; = 27, j ¢ J, and y] = z,
j € J. For the inverse mapping, the set J contains at most (m — 1) of the (n — 1) columns,
and there are at most n™ ! ways of selecting it. Given .J, the p;, i € [m], can be calculated,
and we determine the largest p;, which we assume to be p,,. Now the a;; can be determined,
and hence the R;; from R;; = y;; mod (a;; + 1), for ¢ € [m —1],5 € J. Finally we must
select the Q;;. Since Q;j € [0,2m?], i € [m — 1],5 € J, there are at most (2m? + 1)(m—1)?
ways of selecting them all. For fixed m this is constant. Thus [f!(y*)| = O(n™ ).

We can generate as before by tracing back. However, at each stage we now need to generate
a random point in a set M of the form (1). Let us defer this issue temporarily, and suppose



we can do this in constant time for fixed m. It then follows, using the same ideas as before,
that a sample of v tables can be computed in time O(n*"*! 4 v n3™), and that there is an
fpras with running time O(n4™m+! 4 ¢=2p3m),

Let us now return to the question of generation in the trace back. Fortunately, we can use
the method above to bootstrap itself. Note that any set of the form (1) is (essentially) the
set of solutions to a 2 x m contingency table, with row sums &, >, u; — £ and column
SUmS Uy, Uy, . . ., Uy,. Thus the method above will generate a point in O(m?) time, provided
that we can trace back when there are only two rows. Thus we need to generate a uniform
point in

G+¢=¢ 06 <u, 0< G < us.

But this is straightforward. We choose ¢; € [max(0,&—ug), min(u,¢)] uniformly at random,
and then (o =& — (;.

Finally, observe that this method for generation could in fact be used to count approxi-
mately in the dynamic programming phase. Thus we use Lemma 1 only for tables with two
rows. It is then possible to make the implied constants in the time bounds for the sampling
and approximation algorithms have polynomial dependence on m. We omit the details,
since the appearance of m in the exponent of n makes this an issue of lesser importance.
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