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Abstract. An optimization problem arising in the design of optical fibre net-
works is discussed. A network contains client nodes, each installed on one or
more SONET rings. A constraint programming model of the problem is described
and compared with a mixed integer programming formulation. In the CP model
the search is decomposed into two stages; first partially solving the problem by
deciding how many rings each node should be on, and then making specific as-
signments of nodes to rings. The model includes implied constraints derived by
considering optimal solutions to subproblems. In both the MIP and CP models,
it is important to deal with the symmetry of the problem. In the CP model, two
sources of symmetry are separated; one is eliminated dynamically during search
and the other by assigning ranges rather than explicit values to one set of decision
variables. The resulting CP model allows optimal solutions to be found easily for
benchmark problems.

1 Introduction

In this paper, the development of constraint programming models for an optimization
problem arising in the design of optical fibre networks is discussed. The problem was
introduced by Sherali, Smith and Lee [8], who discuss the practical scenario that the
problem is abstracted from and described mixed integer programming (MIP) formula-
tions. In both the MIP and CP models, it is important to deal with symmetry; Sherali
and Smith [7] discuss different ways of dealing with the symmetry in one of the MIP
models.

A CP model of a simplified version of the problem (ignoring the demand capacities
of the rings), using similar variables and constraints to the MIP model and passed to
a CP solver, could solve only small instances. An earlier paper [9] describes how this
model evolved into one that could solve larger instances of the full problem; further
improvements are presented here. In this paper, Section 2 describes the problem and the
MIP model, with the methods in [7] for dealing with symmetry. The following sections
describe a CP model for the simplified problem in which the traffic capacity of the rings
is ignored; solving this simplified problem is a precursor to solving the full problem. It
is useful to separate two sources of symmetry in the problem: Section 7 describes how
the symmetry due to the fact that the rings are interchangeable can be eliminated in the
CP model. The full problem, taking the traffic capacity into account, is returned to in
section 8; this introduces further symmetry from the fact that demand can often be split
between rings in different ways. The CP model of the previous sections is adapted, and
equivalent solutions are avoided by assigning ranges rather than specific values to the
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decision variables. Results are presented showing that optimal solutions for the largest
instances in [8, 7] can be found easily. Section 9 draws conclusions.

2 Problem Description and MIP Model

Sherali, Smith and Lee [8] describe a network design problem arising from the deploy-
ment of synchronous optical networks (SONET). The network contains a number of
client nodes and there are known demands (in terms of numbers of channels) between
pairs of nodes. (It is explained in [8] that when the model is used for planning, the
value assigned to each demand takes account of the uncertainty in predicting the actual
demand over the planning horizon.) A SONET ring joins a number of nodes; a node
is installed on a ring using an ‘add-drop multiplexer’ (ADM) that is capable of adding
and dropping the traffic. Each node can be installed on more than one ring, and traffic
can be routed between a pair of client nodes only if they are both installed on the same
ring. In this scenario, there is no traffic allowed between rings, but the demand between
a pair of nodes can be split between two or more rings. There are capacity limits on
the rings (in terms of both nodes and channels). The objective is to minimise the total
number of ADMs required, while satisfying all the demands.

The largest test instances used in [8] have 13 nodes, with 24 demand pairs. The rings
can accommodate 5 nodes and 40 traffic channels, and there are 7 rings available. (It
appears that the cost of SONET rings is negligible, so that there is no practical limit on
the number of rings used. The limit is specified in order to model the problem.) 80% of
the demand pairs were uniformly generated between 1 and 5, and 20% between 1 and
25. There are also two smaller sets of 15 problems each, one set having 7 nodes and 8
demand pairs and the other 10 nodes and 15 demand pairs.

The data for one of the large instances is given below. The first line gives the origin
nodes, the second the destination nodes, and the third the demands in terms of number
of channels.

1 1 2 2 2 2 2 3 4 4 4 4 5 5 7 7 7 8 8 8 9 10 11 12
9 11 3 5 9 10 13 10 5 8 11 12 6 7 9 10 12 10 12 13 12 13 13 13
8 2 25 5 2 3 4 2 4 1 5 2 5 4 5 2 6 1 4 1 5 9 3 2

For this instance, an optimal solution ignoring the traffic levels uses 22 ADMs on 5
rings. The sets of nodes installed on the rings are: {4, 8, 10, 12, 13}, {4, 5, 6, 11}, {1,
2, 9, 11, 13}, {2, 3, 5, 7, 10}, {7, 9, 12}. However, this is not a feasible solution if the
level of demand is taken into account, because the fourth ring requires 41 channels. The
demand pairs on this ring are not on any other ring, so that the demand cannot be split
between two rings. An optimal solution respecting the traffic limit uses 23 ADMs.

The Mixed Integer Programming (MIP) model in [8, 7] is as follows. Let N =
{1, ..., n} be the set of nodes, and dij be the traffic demand between nodes i and j.
This defines a set of edges E = {(i, j), i < j, dij > 0} and a demand graph G(N,E).
Let M = {1, ..,m} be the set of rings, r be the maximum number of nodes that can
be installed on any ring, and b be the capacity of a ring in terms of the number of
channels. Let Si be the set of neighbours of i in G, i.e. the set of nodes j such that there
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is a demand between nodes i and j, so that Si = {ρ ∈ E : ρ = (i, j) or ρ = (j, i)
for some j}.

The model has two sets of decision variables: xik, ∀i ∈ N, k ∈ M , where xik = 1 if
node i is assigned to ring k, 0 otherwise; fρk ∀ρ = (i, j) ∈ E, k ∈ M , representing the
fraction of the demand between the nodes i and j that is assigned to ring k. The model
can be stated as:

minimize
∑

i∈N

∑

k∈M

xik

subject to:
∑

k∈M

fρk = 1 ∀ρ ∈ E (1)

∑

ρ∈E

dρfρk ≤ b ∀k ∈ M (2)

∑

i∈N

xik ≤ r ∀k ∈ M (3)

0 ≤ fρk ≤ xik ∀i ∈ N, k ∈ M,ρ ∈ Si (4)

xik ∈ {0, 1} ∀i ∈ N, k ∈ M (5)

This basic model, RD1, has many alternative optimal solutions, because given any
feasible network design, equivalent designs can be obtained by “simply reshuffling the
demand allocations made to the various individual rings” [7]. Sherali and Smith de-
veloped a number of alternative models in which the problem symmetry was reduced
by introducing hierarchy into the model. The most successful model, RD3, replaced
constraints (3) by:

r ≥
∑

i∈N

xi1 ≥
∑

i∈N

xi2 ≥ ... ≥
∑

i∈N

xim

i.e. ring 1 has the largest number of ADMs, followed by ring 2 and so on. In their
experiments, this model gave the shortest average run-time, even though it does not
eliminate all the symmetry: each ring can accommodate only 5 nodes, and most rings
that are used at all will have 4 or 5 nodes allocated to them. The average run-time for
the 15 largest instances was just over 21,200 sec., compared with nearly 196,000 sec.
for RD1 (on a Sun Ultra 10 Workstation, running CPLEX).

Another model, RD2, which gave an average run-time of over 40,000 sec., replaced
constraints (2) by:

b ≥
∑

ρ∈E

dρfρ1 ≥
∑

ρ∈E

dρfρ2... ≥
∑

ρ∈E

dρfρm

i.e. ring 1 has the largest demand, followed by ring 2, and so on. Although this model
was not as good as the previous model, RD3, by itself, Sherali & Smith found that using
the demand allocated to successive rings to break ties in the case that two successive
rings have the same number of nodes allocated was promising, and in experiments gave
the second smallest average run-time (just under 23,000 sec. on average).
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Although even the worst model with symmetry breaking constraints (RD2) did
much better than the original model, it is surprising that RD3, using a simple set of
constraints which leave much of the symmetry intact, did so well. Sherali and Smith
concluded that this was because the constraints added tended to encourage integral so-
lutions, since the nonzero coefficients are all 1s. In CP, on the other hand, experience
is that as much as possible of the symmetry in the problem should be eliminated. In
CP models of the SONET problem, as shown later, all the symmetry can be eliminated
quite easily and this contributes to its successful solution.

3 The Unlimited Traffic Capacity Problem

This section describes a CP model for a simplified version of the problem in which the
demand capacity of the rings is ignored. The problem initially proved difficult to solve
using CP, so that it was helpful to start with a simplified problem. Moreover, solving
the simpler problem gives a good lower bound on the solution to the full problem, in
fact often a feasible solution, so that it is useful to solve the simpler problem even now
that better models have been developed. Finally, considering the simpler problem and
the full problem separately makes explicit the two sources of symmetry in the problem,
since one arises only in the full problem. These sources of symmetry can be eliminated
in different ways. Solution of the full problem will be described in section 8.

For the simplified problem, the relevant data can be represented by the demand
graph, G(N,E). Figure 1 gives an example, representing one of the large instances.
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Fig. 1. Demand pairs in a sample instance of the SONET problem

It is possible to build a CP model the unlimited traffic capacity problem using only
the xik variables of the MIP model. However, it was found that the resulting model
could only be solved in a reasonable time (using ILOG Solver) for the 15 smallest
instances. In any case, the expression of the constraint that if there is a demand between
a pair of nodes they must both appear on the same ring is somewhat awkward for CP.
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Partly to make it easier to express this constraint, two dual sets of set variables were
introduced: variable Rk represents the set of nodes assigned to ring k, ∀k ∈ M , and Ni

is the set of rings that node i is assigned to, ∀i ∈ N .
The model can then be written as:

minimize t =
∑

i∈N

∑

k∈M

xik =
∑

k

|Rk| =
∑

i

|Ni|

subject to: |Ni ∩ Nj | ≥ 1 ∀(i, j) ∈ E (6)

|Rk| ≤ r ∀k ∈ M (7)

(xik = 1) = (i ∈ Rk) = (k ∈ Ni) ∀i ∈ N, k ∈ M (8)

xik ∈ {0, 1} ∀i ∈ N, k ∈ M (9)

The first constraint expresses that if there is a demand between nodes i and j, there
must be at least one ring that they are both assigned to. The second could alternatively
be expressed as:

∑
i xik ≤ r, and so is equivalent to (3) in the MIP model. The third

constraint is a set of channelling constraints linking the old and new variables.
The xik variables are used as the search variables and an optimal solution is found

using the branch-and-bound optimization provided in ILOG Solver: whenever a solu-
tion is found, Solver adds a constraint that in future solutions, the value of t (the objec-
tive variable) must be smaller. Hence, when there is no solution satisfying the current
constraint on t, the last solution found is known to be optimal.

4 How Many ADMs for Each Node?

The approach described in the last section can solve the small and medium SONET in-
stances to a limited extent. With suitable variable ordering heuristics, good, and some-
times optimal, solutions for these instances can be found very quickly, but proving op-
timality is slow; as before, of course, we are still dealing only with the unlimited traffic
capacity problem.

Part of the difficulty is that very little can be deduced from the assignment of a value
to one of the xik variables, or even from several such assignments. In particular, when
it comes to proving optimality, it is hard to tell from such assignments whether the
current bound on the objective can be met. Thus, the search explores many unprofitable
branches, with no means of pruning them.

As described in [9], the proof of optimality can be speeded up by focusing on the
number of ADMs each node needs. Hence, for each node, an integer variable ni is
introduced, where ni = |Ni|, i.e. ni is the number of rings that node i is installed on.

Deciding how many rings each node should appear on is not sufficient to solve
the problem, so the ni variables cannot be used alone as search variables. After the
ni variables have been assigned, the search continues by assigning values to the xik

variables. Once it has been decided how many rings each node should appear on, it is
easy to find a consistent assignment of nodes to rings, or prove that there is no such
assignment. This is still a complete search, since if no assignment to the xik variables
can be found, the search backtracks to the ni variables.
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Hence, the problem is decomposed into first deciding how many rings each node
should be on, and then assigning each node to a specific set of rings. A similar approach
is common in scheduling and has proved useful for other problems, for instance in [4].

A further improvement comes from assigning increasing values of the objective
variable until a solution is found, rather than using the branch-and-bound procedure de-
scribed earlier. This is easily implemented by making t a search variable and assigning
it first. One benefit is that, since the objective t is equal to the sum of the ni variables,
fixing t reduces their domains. Once again, if no feasible assignment to the ni variables
can be found, the search backtracks to try a larger value of t; hence, the first solution
found must be optimal.

This would not be a useful solution strategy if finding the optimal solution were
very difficult and we were prepared to settle for a good solution and forgo the proof of
optimality. Alternatively, if there were a large gap between the smallest value of t found
by propagating the constraints and the optimal value, proving that every intervening
value is infeasible might take too long. For these instances of the SONET problem, the
minimum value of t which need be considered is between 18 and 20 (given the implied
constraints on the ni variables described in the next section) and the optimal value is
between 20 and 24, so that there are only a few infeasible values of t to consider before
the optimal value is reached.

5 Implied Constraints

It has proved much easier to reason about the number of rings that each node must be
installed on than whether or not node i should be installed on ring k. Consequently,
the ni variables have been a fruitful source of implied constraints, allowing infeasible
assignments to be detected early.

The simplest constraint is that if the degree δi of node i ≥ r, it must be placed on
more than one ring: for instance, in Figure 1, nodes 1, 3 and 6 must each appear on at
least 2 rings. In general, ni ≥ � δi

r−1�.
A similar constraint was used in [8], but only for the node with largest degree in

the demand graph: this node is assigned to the first ni rings in order to reduce the
symmetry in the problem. Here, we do not need such a constraint to deal with symmetry
(as discussed below in section 7), but the set of constraints is useful in detecting when
the current value of the objective cannot be attained.

The remaining implied constraints have been derived by considering subproblems
consisting of pairs of nodes with a demand between them, and their neighbours in the
demand graph.

– if two nodes i and j are connected, and each of them is connected to fewer than r
other nodes (so that, considered individually, it appears that each could be placed
on just one ring), but together they are connected to at least r − 1 other nodes, then
at least one of them must be on at least two rings i.e. ni + nj ≥ 3.
In Figure 1, nodes 9 and 11 are connected to nodes 1, 3, 8 and 13, and to each other.
There must be a ring that both nodes are installed on, since they are connected, and
both sets of neighbours cannot fit onto this ring as well. Hence, one of nodes 9 and
11 must be installed on another ring.
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– if two nodes i and j are connected, and one is connected to at least r nodes (so that
the last constraint does not apply), but the other is not, and they are connected to a
total of more than 2r−3 other nodes between them, then nodes i and j require at
least four ADMs, i.e. ni + nj ≥ 4.
For instance, for the example of Figure 1, node 3 must be on at least 2 rings, whereas
node 13 could be installed on a single ring, with its neighbours. One more of node
3’s neighbours could be on the same ring, but this would leave 5 of the demand
pairs involving node 3 not yet accommodated, and this would require at least 2
more rings. Hence n3 + n13 ≥ 4.

– Suppose that two nodes i, j are not connected; that each could be installed on just
one ring but they could not both be installed on the same ring (i.e. δi ≤ r − 1,
δj ≤ r − 1, δi + δj ≥ r − 1); and they have a mutual neighbour k which has
more than r−1 neighbours. (In Figure 1, nodes 2, 11 and 1 meet these conditions.)
If nodes i and j appear on just one ring each, then node k must also be installed
on these rings; if the three nodes have more than 2r−4 other distinct neighbours
in total, then node k must also appear on a third ring. We can add a constraint to
reflect this: if ni = 1 and nj = 1 then nk ≥ 3.
For instance, nodes 2, 11 and 1 have more than 2r−4 neighbours (nodes 3, 4, 7, 8,
9, 10, 13). The ring with nodes 2 and 1 could also accommodate two more of node
1’s neighbours; the ring with nodes 11 and 1 could accommodate another; but this
still leaves one of the demand pairs involving node 1 unplaced, requiring another
ring. Hence, if n2 =1 and n11 = 1 then n1 ≥ 3.

In [8], valid inequalities are derived which similarly express a lower bound on the
number of ADMs required by a subset of the nodes. The inequalities are generated by
selecting subsets of at least r nodes (where r is the maximum number of nodes on any
ring), or a set of nodes with total demand between them greater than b (where b is the
maximum demand capacity of a ring). For instance, any connected set of r+ 1 nodes
requires at least r+ 2 ADMs. In [8], these inequalities are reported to reduce runtime
by about one-third, with some care in selecting appropriate sets of nodes. However, in
the CP model, they would be weaker than the implied constraints listed earlier.

The foregoing implied constraints would still be valid in the full problem, i.e. taking
into account the traffic capacity of the rings. The following constraint would not then
be valid, but is useful in the simplified problem:

– the number of rings that a node is installed on should be no more than its degree,
i.e. ni ≤ δi.

The following dominance rules can also be added. They are not true of every consis-
tent solution, and so are not logical consequences of the existing constraints, as implied
constraints are, but they will be satisfied by at least one optimal solution:

– a ring cannot have just one node on it, i.e. |Rk| �= 1, for 1 ≤ k ≤ m. In fact, any
ring must have two connected nodes on it.

– the total number of nodes allocated to two non-empty rings must be more than the
number that can be accommodated on one ring, i.e. if |Rk| > 0 and |Rl| > 0 then
|Rk| + |Rl| > r , for all k, l with 1 ≤ k < l ≤ m. Otherwise there is an equally
good solution in which the two rings are combined into one.
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All these additional implied constraints and dominance rules are useful: they reduce
both search and runtime.

Once a complete assignment to the ni variables has been found, consistent with
all these constraints, the following constraints are useful while the xik variables are
being assigned. They help to complete the solution quickly or decide that it cannot be
completed.

– if ni = 1, and node i is installed on ring k, then all the neighbours of node i must
also be on ring k, i.e. if Si is the set of neighbours of node i:

if ni = 1 and xik = 1 then {i} ∪ Si ⊆ Rk for 1 ≤ i ≤ n, 1 ≤ k ≤ m

– similarly, if ni = 2, once node i has been allocated to two rings, all its neighbours
must be on these two rings as well, i.e.

if ni = 2 and xik = 1 and xil = 1 then {i} ∪ Si ⊆ Rk ∪ Rl

for 1 ≤ i ≤ n, 1 ≤ k < l ≤ m

6 Variable Ordering Heuristics

The search strategy described earlier requires two variable ordering heuristics, one for
the ni variables and one for the xik variables. The heuristics described in this section
are used both for the simplified problem and the full problem that includes the traffic
capacities of the rings.

Devising variable ordering heuristics for the first stage of search i.e. for assigning
the ni variables, is more complicated than when there is only one set of search variables.
The aim is not just to find an assignment to satisfy the direct constraints on the first-
stage search variables (which is easily done), but to find one that can be extended to the
second-stage variables. This makes it difficult to predict the behaviour of a proposed
heuristic.

Three variable ordering heuristics have been compared: smallest domain, minimum
degree and maximum degree. (The last two are static orders, using the original degrees
in the demand graph.) When the objective variable is assigned first, any variable order-
ing will generate the same set of sub-optimal complete assignments to the ni variables
(i.e. assignments for which the value of t is less than its optimal value). This is be-
cause all sub-optimal assignments satisfying the implied constraints on the ni variables
must be found, whatever heuristic is used, and will fail only when the second stage tries
to assign the xik variables. The different heuristics tested sometimes require slightly
different numbers of backtracks to explore the suboptimal assignments; however, they
principally differ in the number of complete assignments to the ni variables that they
consider at the optimal value of t, before finding one that leads to a solution. On aver-
age, minimum degree is the best of the three heuristics, with smallest domain slightly
worse, and maximum degree significantly worse. Clearly, the total number of complete
assignments to the ni variables at the optimal value of t is the same for all three heuris-
tics, but they each consider them in a different order, and hence find a solution earlier
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or later. Poor performance of a heuristic indicates that the assignments it considers first
are those that are less likely to be successfully extended to the xik variables, but it is
difficult to identify the reason.

A number of variable ordering heuristics have been investigated for the xik vari-
ables, which are assigned once a complete assignment to the ni variables has been
found. In all cases, the smallest numbered ring not yet fully occupied is chosen, and
then a node chosen to place on this ring. The value ordering is to choose 1 before 0,
i.e. when considering variable xik, choose to place node i on ring k before choosing
not to place it. The best heuristic found chooses the node i assigned to fewest rings
(i.e. for which ni is smallest), breaking ties by choosing the node with largest degree.
This means that any node that is only on one ring (i.e. ni = 1) is placed first. The con-
straint in section 5, that if ni =1 and xik =1, then every neighbour of node i must
be on ring k, will then be triggered. By choosing the node with maximum degree, the
largest number of neighbouring nodes will be placed as a result of this constraint. Since
all these nodes have to be on the same ring as node i, given the first-stage assignment,
postponing placing them is likely to lead to future failure and wasted search.

The heuristics investigated were selected largely by trial and error; although those
chosen have been found to be superior to the others considered, it is unlikely that they
are the best possible heuristics for these models. Nevertheless, the selected heuristics
are giving good results.

7 Symmetry Breaking

Sherali & Smith’s aim in [7] was to investigate ways of dealing with symmetry in MIP
models in order to speed up solution time: the SONET problem was one of several con-
sidered. Symmetry also causes difficulties for search in constraint programming. The
symmetry in the SONET problem partly arises because the available rings are indistin-
guishable: a solution is unchanged by permuting the rings, with their associated nodes.
This symmetry could be eliminated in a similar way to [7] by adding constraints to the
model to distinguish them; for instance, constraints that the set of nodes installed on ring
k is lexicographically greater than the set of nodes on ring k+1 (so that any empty rings
are the largest numbered). However, it is important to ensure that symmetry-breaking
constraints do not conflict with the variable ordering. If they do, it can happen that the
solutions in a symmetry equivalence class which the constraints eliminate are those that
would be found earlier, given the variable and value ordering, than the solutions al-
lowed by the constraints. Thus, finding a solution can be hindered rather than helped by
the symmetry breaking. As discussed earlier, a dynamic variable ordering heuristic is
used when assigning nodes to rings, and this makes it difficult to ensure that symmetry-
breaking constraints are consistent with the variable ordering.

An alternative approach is to eliminate the symmetry using SBDS (Symmetry Break-
ing During Search) [5]. This adds constraints during search, on backtracking to a choice
point, to ensure that no partial assignments symmetrically equivalent to those already
considered will be considered in future. Since the constraints are added dynamically, de-
pending on the choices already made, SBDS is compatible with any variable ordering,
including dynamic orderings. SBDS requires the user to supply a function describing
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the effect of each symmetry on the assignment of a value to a variable. It is particu-
larly simple to use when the symmetry is equivalent to permuting the rows or columns
of a matrix of variables, since in that case the symmetry functions need only describe
the transpositions of pairs of rows/columns, not all their permutations. Here, if the vari-
ables xik are thought of as corresponding to the elements of a 2-dimensional matrix, the
columns of the matrix (corresponding to the 2nd subscript) can be permuted and hence,
SBDS only requires functions describing the effects of transposing pairs of rings.

The symmetry breaking functions required by SBDS were first written for the orig-
inal CP model, using only the xik variables. With the two-stage search described in
section 4, the symmetry between the rings can be broken in the same way, using the
same SBDS functions. Symmetry breaking is only needed when assigning values to the
xik variables; the symmetry does not affect the ni variables. This demonstrates once
again the usefulness of having a symmetry breaking method that does not depend on
the search order: with the two-stage search, it would be even more difficult than before
to use symmetry-breaking constraints and ensure compatibility with the variable order-
ing, since the order in which the xik variables are assigned depends on the previous
assignments to the ni variables, as described in section 6.

The effect of using SBDS on the effort required to solve the SONET problem (ignor-
ing the traffic capacity) is shown in Table 1. The model used includes the search strategy
and variable ordering heuristics described earlier. The 15 medium-sized instances (10
nodes, 15 demand pairs, 6 available rings) are trivial if the symmetry is eliminated; if
not, some of them take much longer to solve. For the larger instances, with 13 nodes,

Table 1. Solving medium-sized SONET instances, with and without symmetry-breaking, using
ILOG Solver 6.0. ‘Value’ is the minimum number of ADMs required. ‘Backtracks’ is the number
of times the search backtracks following failure, reported by Solver. ‘Time’ is the cpu time in
seconds on a 1.7GHz Pentium M PC

With SBDS No symmetry breaking
Instance Value Backtracks Time Backtracks Time

1 14 14 0.03 596 0.21
2 14 11 0.02 27 0.03
3 14 25 0.03 292 0.12
4 13 43 0.04 917 0.31
5 15 49 0.04 7,423 2.35
6 14 19 0.02 20 0.03
7 13 9 0.03 17 0.02
8 14 12 0.02 13 0.02
9 15 33 0.03 499 0.18
10 14 50 0.05 2,270 0.70
11 12 1 0.02 9 0.03
12 15 50 0.03 776 0.27
13 15 104 0.05 2,361 0.74
14 15 270 0.18 28,960 9.14
15 15 28 0.02 667 0.21

Average 47.86 0.04 2,989.13 0.96
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24 demand pairs and 7 available rings, it is essential to break the symmetry in order
to solve them in a reasonable time: being larger, these problems are more difficult to
solve even when the symmetry is eliminated, and the larger number of available rings
means that the number of symmetrically equivalent solutions is up to 7!, rather than 6!.
(Given m available rings, there are fewer than m! symmetrically equivalent solutions,
since swapping a pair of empty rings does not change the solution.)

8 Modelling Traffic Capacity and Demand Splitting

As stated earlier, in solving the problem ignoring the traffic capacity we can at least get
a lower bound on the number of ADMs required in the full problem. In fact, several
of the solutions found for the large instances are still feasible, and therefore optimal,
when the demand levels between pairs of nodes and the traffic capacities of the rings
are added. Hence, developing a model to solve the simpler problem is not simply a stage
on the way to solving the full problem: the solutions found can be useful.

As in the MIP model, the demand capacity of the rings can be modelled by intro-
ducing variables fρk for ρ = (i, j) ∈ E and k ∈ M . fρk is the fraction of the demand
between nodes i and j that is assigned to ring k, and 0 ≤ fρk ≤ 1.

The constraints of these variables from the MIP model can be used without change.
In the CP model, most fρk variables are set to 0 or 1 by these constraints as the xik

variables are assigned. If neither node in a demand pair, corresponding to ρ ∈ E, ap-
pears on ring k, the corresponding fρk variable will be set to 0; if a demand pair appears
on only one ring, the fraction of the demand on that ring is 1. Relatively few demand
pairs appear on more than one ring, and so require reasoning about the fraction of the
demand allocated to each.

In the MIP models, the variables fρk are decision variables. However, this creates
another source of alternative equivalent solutions, since there are usually several ways
of splitting the demand between rings, given a feasible allocation of nodes to rings.
For instance, the optimal solution for the example in section 2, taking the demand lev-
els into account, uses 23 ADMs. The sets of nodes on each ring are: {4,8,10,12,13},
{1,4,9,11,13},{4,5,6}, {2,3,7,10,13}, {2,5,7,9,12}. The total traffic demand between
the nodes on the fourth ring is 45 channels, whereas the capacity of a ring is 40. How-
ever, this solution is feasible, because nodes 10 and 13, with a demand of 9 units be-
tween them, are also both installed on the first ring, which has enough spare capacity to
take all the demand between these two nodes. Hence, a feasible solution can allocate 0,
1, 2, 3 or 4 channels on the first ring to the demand between nodes 10 and 13 and the
remaining demand from this pair to the fourth ring.

Some of the formulations in [7] attempt to reduce the effects of this form of sym-
metry. For instance, RD2, discussed in section 2, has constraints to ensure that the to-
tal demand on successive rings is non-increasing, and these constraints reduce both
forms of symmetry in the problem, to some extent. However, this model does not
give as good performance as RD3, which only reduces the symmetry between the
rings.

Constraint programming offers a different way to avoid considering equivalent al-
ternative solutions in this case; it is not necessary to decide how the demand between a
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pair of nodes is to be split between rings, but simply to ensure that it can be done feasi-
bly. This can be done in ILOG Solver: the bounds on the fρk variables can be reduced
until they are consistent with the constraints acting on them. For instance, in the exam-
ple given earlier where the nine channels required between nodes 10 and 13 can be split
between two rings, with up to four channels on one ring and the remainder on the other,
the domain of the relevant variables would be reduced to [0, .., 0.4444] and [0.5555, ..,
1]. To take another simple case, if two nodes forming a demand pair are installed on two
rings, both of which can accommodate all the demand between the pair, the ranges of
the demand fraction variables will both be left as [0, .., 1], indicating that any fraction
of the demand can be accommodated on one ring and the rest on the other. In this way,
the alternative solutions from splitting the demand in different ways are not explicitly
considered. When the bounds of the variables have been reduced, any value remaining
(that gives an integral number of channels as a fraction of the total demand between
a pair of nodes) can form part of a feasible solution consistent with the traffic capac-
ity of the rings. It is straightforward then to construct a solution by choosing say the
smallest value in some variable’s domain (which must be one of the allowed fractions),
re-establishing consistency and continuing in this fashion until every variable has been
assigned.

A few other minor changes to the previous model are required to deal with the
traffic capacity. The constraint that any two rings must have a total of more than r
nodes installed on them is no longer correct, but can be modified so that two rings
either have more than r nodes or more than b channels between them. Further, it is no
longer necessarily true that a node with degree δi should appear on at most δi rings, and
this constraint is dropped.

Table 2. Solving the SONET problem for the large instances, either ignoring the traffic capacity
of the rings, or taking it into account. ‘Optimum’ is the minimum number of ADMs in each case

Without traffic capacity With traffic capacity
Instance Backtracks Time Optimum Backtracks Time Optimum

1 543 0.41 22 990 0.95 22
2 445 0.42 20 451 0.65 20
3 401 0.42 22 417 0.62 22
4 680 0.55 23 1,419 1.52 23
5 150 0.07 20 922 0.70 22
6 948 0.85 22 306 0.29 22
7 86 0.11 20 982 1.15 22
8 40 0.07 20 34 0.09 20
9 2,280 2.11 22 35,359 45.13 23
10 2,280 1.77 23 4,620 6.75 24
11 349 0.35 22 352 0.54 22
12 48 0.05 20 1,038 1.09 22
13 88 0.09 21 105 0.14 21
14 558 0.45 23 1,487 1.66 23
15 1,038 0.97 22 13,662 19.59 23

Average 662.27 0.58 4142.93 5.39
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Table 2 shows the results with this strategy. When taking the traffic capacity into
account, the revised model was used to find a new optimal solution from scratch in all
cases, even when the solution already found was still feasible and therefore optimal.
The average solution time for the instances used in the Sherali & Smith paper is now
only a few seconds. The average is dominated by just two of the problems (9 and 15)
for which satisfying the traffic capacity requires a larger number of ADMs than the
simpler problem; further improvements to the CP model will focus on problems of this
kind. In [7], the average solution time (with the level of symmetry breaking giving best
performance) was 21,220 sec., although on Sun Ultra 10 (a much slower machine), and
the corresponding average number of nodes in the branch and bound tree using CPLEX
was about 600. It is hard to compare the performance of the CP model and the MIP
model, but it is clear that these instances are now easy to solve using the CP model and
search strategy described.

9 Conclusions

Sherali and Smith [7] investigated different possible ways of reducing the symmetry
in the MIP model of the SONET problem. The most successful reformulation of those
that they compared (RD3) leaves much of the symmetry intact: it imposes constraints
that the number of nodes installed on successive rings is non-increasing. Optimal so-
lutions for their sample instances have several rings with the same number of nodes,
which will not be distinguished by these constraints. Furthermore, the RD3 mode does
not address the symmetry due to the fact that when a demand is split between two or
more rings it can often be done in different ways. In the CP model, the symmetry due
to the rings being interchangeable can be eliminated using SBDS: this can reduce the
run-time to solve the simplified problem for the medium-sized instances by more than
an order of magnitude, as shown in Table 1. In view of the importance of eliminating
the symmetry in the CP model, it is surprising that in the MIP approach reducing the
symmetry, rather than eliminating it completely, is sufficient to achieve the best results.
It is not clear what the implications are for hybrid MIP/CP algorithms for problems
with symmetry.

The remaining symmetry in the problem, from splitting the demand in different
ways, can also easily be eliminated in the CP model by finding feasible ranges of
values for the fraction of demand on each ring, rather than choosing specific values.
For a demand fraction variable, fρk, whose domain is still an interval after the do-
mains are made consistent with the constraints, the values in the interval that corre-
spond to integral numbers of channels can be seen as partially interchangeable, as
defined by Choueiry and Noubir [2]. In their definition, two values for a (discrete-
valued) variable in a constraint satisfaction problem are partially interchangeable with
respect to a subset A of variables if and only if any solution involving one value im-
plies a solution involving the other, with possibly different values for variables in A.
The set A for a variable fρk consists of the variables fρk′ for k′ ∈ M , k′ �= k,
whose domain is an interval rather than a fixed value after its bounds have been re-
duced, i.e. A consists of the fraction variables for the same demand pair on other rings
whose values are neither 0 nor 1. Choueiry and Noubir give an algorithm to iden-
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tify and exploit partially interchangeable values, but in this case, it is not required:
the method described in section 8 is sufficient. This demonstrates that partially inter-
changeable values can in some problems be easily exploited to allow the possible alter-
native solutions to be implicitly found, without enumerating them or choosing between
them.

The CP model explicitly represents more features of the problem than the MIP mod-
els (the set of nodes on each ring, the set of rings each node is on, the number of rings
each node is on), using multiple sets of variables, linked by channelling constraints.
This richer model allows the decomposition of the search into two stages: first deciding
how many rings each node should be on, and then assigning the nodes to specific rings,
backtracking to the first stage if the assignment in the second stage fails. Although a
similar decomposition has been used in other problems, it is worth noting that much
previous work in CP using redundant models linked by channelling constraints [1] has
used one model as a primal model, providing the search variables. The CP model of the
SONET problem is an example of the more complex possibilities in using redundant
models.

Modelling the problem in this way also allows implied constraints to be derived
on the variables representing the number of rings each node is on. The implied con-
straints have been derived by hand from considering subgraphs of the demand graph,
consisting of pairs of connected nodes and their neighbours, and finding lower bounds
on the number of rings the pair of nodes must be installed on. It would be possible
to extend these constraints to take account of the level of demand between the nodes,
and not just the existence of a demand. This was done, for instance, in deriving valid
inequalities for the MIP model [8]. It would also be possible to derive further implied
constraints systematically by solving subproblems consisting of two or three connected
nodes and their neighbours in the demand graph. The implied constraints already used
have proved invaluable, and such a systematic approach, taking the demand levels into
account, could lead to further improvements. Generating implied constraints from solu-
tions to subproblems could also be a useful approach in CP models for other problems.

Considerable effort has been put into developing the CP model from the initial sim-
ple model based on the MIP model. Remodelling currently requires expertise in con-
straint programming, and it would be preferable if the process could be automated or
at least supported. A proposal for a system to do this is presented by Frisch et al. [3],
using models of the SONET problem as an illustration.

The SONET problem initially appeared intractable for constraint programming; re-
modelling has eventually resulted in a CP model that appears competitive with Sherali
& Smith’s MIP model. The largest instances that they solved can be solved with the CP
model in an average of 30 sec. on a 600 MHz Celeron PC. Optimization is generally
considered to be difficult for CP, but this experience suggests that successful CP models
could be developed for other initially unpromising optimization problems too. Régin
[6], for instance, has developed a CP approach to solving the maximum clique problem
and has shown that it is competitive with existing methods, achieving new solutions to
benchmark problems. Improved CP models might improve overall performance even
for problems that are eventually solved using a CP/IP hybrid.
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